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p-robust equivalence of global continuous and local discontinuous
approximation, a p-stable local projector, and optimal
clementwise hp approximation estimates in H!

Martin Vohralik?*
February 3, 2024

Abstract

Let a polygon or polyhedron €, a function v in the Sobolev space H' (), and a simplicial mesh of
be given. We prove the equivalence of two piecewise polynomial best approximations of v: 1) globally
on the whole computational domain 2, with the (trace) continuity requirement; 2) locally on each
mesh element, without any interelement continuity requirement. The former (global-best continuous
piecewise polynomial approximation) arises in numerical methods for partial differential equations
related to the H'(Q) space, whereas the latter (local-best discontinuous piecewise polynomial ap-
proximation) is a key quantity in approximation theory. Crucially, we establish p-robustness in that
the equivalence constant only depends on the mesh shape regularity and the spatial dimension. This
improves the recent results of [Found. Comput. Math. 16 (2016), 723-750] and [Numer. Math. 135
(2017), 1073-1119], where the equivalence constant was possibly dependent (algebraically or logarith-
mically) on the underlying polynomial degree. Consequently, we obtain fully h- and p- (mesh-size-
and polynomial-degree-) optimal approximation estimates under the minimal Sobolev regularity only
requested separately on each mesh element, where we also cover locally variable polynomial degrees.
These two results immediately follow by our construction of an operator from the infinite-dimensional
Sobolev space H*() to its finite-dimensional piecewise polynomial subspace that has the following
properties: 1) it is defined over the entire H L (©2) and preserves boundary conditions imposed on a
part of the boundary of €2; 2) it is defined locally in a neighborhood of each mesh element; 3) it is
based on elementwise H'-orthogonal polynomial projections; 4) it is a projector, i.e., it leaves intact
objects that are already continuous piecewise polynomials; 5) it is locally and p-robustly stable in
the H 1(Q)-seminor]fn; 6) its approximation property is locally and p-robustly equivalent to that of
the local discontinuous (elementwise H'-orthogonal) projection.

Key words: Sobolev space H', best approximation, continuous approximation, discontinuous approxi-
mation, piecewise polynomial, local-global equivalence, minimal regularity, elementwise regularity, pro-
jector, hp finite elements, error bound, polynomial-degree robustness

1 Introduction

Let Q be a polygon or polyhedron and let H'(€) be the Sobolev space of functions square-integrable
together with their weak gradients, cf. Adams [1], Ciarlet [16], or Ern and Guermond [23]. Let 7, be a
simplicial mesh of €.

1.1 h and hp approximation in H!

The question of error arising in approximation of v € H'(Q) by continuous piecewise polynomials over 7y,
is central in numerical approximation and namely in finite element analysis [16, 23]. Numerous (quasi-
)interpolation operators were proposed and studied in the past in Clément [17], Dupont and Scott [21],
Scott and Zhang [37], Bernardi and Girault [9], Falk and Winther [27, 28], Bank and Ovall [§], Ern
and Guermond [22], Arnold and Guzmén [4], Gawlik et al. [30], and the references therein. Often, the
approximation error is studied with respect to the mesh size h, for a bounded (and uniform) polynomial
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degree p. In the hp context, the approximation error with respect to both the principal parameters,
the mesh size h and the polynomial degree p, needs to be examined, see Babugka and Guo [7], Babuska
and Suri [6], Schwab [36], Ainsworth and Kay [3], Demkowicz and Buffa [18], Melenk [33], Karkulik and
Melenk [31], and the references therein.

1.2 Equivalence of global continuous and local discontinuous approximation

A central result has been recently established in Veeser [38] see also the predecessor results in Carstensen et
al. [13, Theorem 2.1 and inequalities (3.2), (3.5), and (3.6)] and Aurada et al. [5, Proposition 3.1]. It
shows the equivalence of the global-best approximation of v by continuous piecewise polynomials over
Tr, with the local-best approximation of v by discontinuous piecewise polynomials over 7j. This seems
surprising at a first sight, since the discontinuous piecewise polynomial space over Ty, is (much) bigger than
the continuous one, not imposing any (trace) continuity constraint. Congruently, the best continuous
piecewise polynomial approximation arises from a global minimization over the whole {2, whereas the
best discontinuous piecewise polynomial approximation is obtained by a minimization separately over all
mesh elements K € Tj,. In [38], this result is established for a bounded (and uniform) polynomial degree
p, where the hidden equivalence constant degrades (algebraically) with increasing the polynomial degree.
Improvement of this dependence (to logarithmic) in two space dimensions has been later developed in
Canuto et al. [12, Theorem 4] in the context of study of convergence and optimality hp finite elements,
relying on constructive approximation of Binev [10].

1.3 Main results of this manuscript

Our main result is a construction of an interpolation operator from H&D(Q) to continuous piecewise
polynomials over Tp, Py, : H&D(Q) — Pp(Tn) N Hj () (details on notation are given in Section 2
below) with the following properties: 1) it is defined over the entire H&D(Q), preserving the homogeneous
boundary conditions imposed on a part I'p of the boundary of €; 2) it is defined locally in a neighborhood
of each mesh element K € Tj; 3) it is based on elementwise H!-orthogonal polynomial projections; 4) it
is a projector, i.e., it leaves intact objects that are already continuous piecewise polynomials,

Ppy(v) =v Yv € Pp(Tn) N H&D(Q); (1.1)
(projection)

5) it is locally and p-robustly stable in the H!(£2)-seminorm, i.e.,

2 2
VPl S Y IVeli Yo e Hyp(Q), (1.2)
LT (H'-stability)
where Tj is an extended element patch consisting of two layers of vertex neighbors of K € Tp: 6) its
approximation property is locally and p-robustly equivalent to that of the local discontinuous (elementwise
H'-orthogonal) projection:

IV =Pyl < > Join V(= wllli Vv e Hyp(), (1.3)
LeTk PR

(approximation p-robustly equivalent to elementwise H!-orthogonal projector)

where p, . is the minimal polynomial degree over ’7~'K, see (2.7). The generic constants hidden in (1.2)
and (1.3) only depend on the mesh shape-regularity k;, given by (2.1) below, the polynomial-variation
parameter £, given by (2.8) below, and the space dimension d, which improves the results in [8, 22, 4,
30, 18, 33, 31] discussed above in Section 1.1. Details are given in Definition 3.5 and Theorem 3.7. The
properties of P, immediately lead to two important consequences. Let v € H&yD(Q).

First, for a uniform polynomial degree p > 1 for simplicity,

min V(v — vpp)||* =~ min ||V (v —v,)|/%, (1.4)
thEPP(T}z)OHOI,D(Q) P || K;—h Up p(K)H pIIK
(p-robust global continuous — local discontinuous equivalence)

where the hidden constant only depends on x; and d. The full version of this result, also considering
variable polynomial degree, is stated in Theorem 3.3. This improves [38, Theorem 2] and [12, Theorem 4]



discussed in Section 1.2, where the equivalence constant was unfavorably (algebraically or logarithmically)
dependent on the polynomial degree p.
Second, (1.3) immediately implies the optimal hp approximation bound

, hr;in(sL—l7BK) 2
IV - Pyl < 3 (psL_lwnHw)) VK €T (1.5)
L€7~—K LK

(optimal local hp approximation estimate)

whenever the approximated function v € H&D(Q) additionally has, separately on each mesh element
K € Ty, the Sobolev regularity

v|g € H?% (K) for a Sobolev regularity exponent sx > 1. (1.6)

The constant hidden in < in (1.5) only depends on &y, Ky, d, and the regularity exponents sx. In the
context of the discussion in Sections 1.1 and 1.2, this extends [38, equation (3)] to the hp-setting while
removing the possible dependence of the generic constant on the polynomial degree p. In comparison
with hp approximation estimates such as [31, Corollary 3.5], the regularity of the approximated function
v is only requested elementwise. Note that in (1.5)—(1.6), neither any global and minimal regularity over
the entire computational domain Q such as v € H*(Q2) with s > 1 is requested, nor v|,, € H*(w) for some
patch subdomains w C € and s > 1 is needed. Details form the content of Theorem 3.4.

1.4 Crucial tools: polynomial extension operators and stable decompositions

There are two crucial tools used to obtain the above results. First, these are polynomial extension
operators. After the seminal contributions in Gagliardo [29] and Mufioz-Sola [34], these have been
obtained in Ainsworth and Demkowicz [2] in two space dimensions and in Demkowicz et al. [19] in three
space dimensions, see also the references therein. We more precisely employ their broken extensions on
patches of elements, obtained in Ern and Vohralik [26, Theorems 2.2 and 2.4, Corollaries 3.1 and 3.7],
following Braess et al. [11] (cf. also Chaumont-Frelet and Vohralik [14, Corollaries 3.4 and 4.4]). Second,
these are p-robust stable decompositions. We will namely use that of Schoberl et al. [35] for a uniform
polynomial degree in both two and three space dimensions and that of Karkulik et al. [32] for a variable
polynomial degree in two space dimensions

1.5 Organization of this manuscript

We set up the notation in Section 2. We then present our main results in full details in Section 3, with
the more involved proofs collected in Sections 4 and 5. We also state four independent results in the
Appendix. We first formulate the stable decomposition results from [35, 32] in a form suitable for us
in Appendix A. We then study patch enumerations in respectively two and three space dimensions in
Appendices B and C. We finally generalize the results from [26, 14] to larger (extended) patches and no
trace boundary conditions in Appendix D.

This contribution only concerns the H! case. Extensions to the H(div) context are addressed in
Demkowicz and Vohralik [20], whereas the H (curl) case is studied in Vohralik [39].

2 Setting and notation

In this section, we collect the notation.

2.1 Domain €2, simplicial mesh 7,, and patch subdomains w

Let the computational domain Q € R%, d = 2,3, be an open, bounded, and connected Lipschitz polygon
or polyhedron. We reserve the notation w C RY, possibly with subscripts, for open, bounded, Lipschitz,
and polygonal or polyhedral subdomains of 2 corresponding to a face-connected set of mesh elements
from Tp; moreover, we suppose @ contractible (homotopic to a ball). Here Ty, is a simplicial mesh of ,
i.e., a collection of nontrivial closed triangles or tetrahedra K covering €2, where the intersection of two
different simplices is either empty or their common vertex, edge, or face. The shape-regularity parameter

Kp is given by N
Kp = max —, (2.1)
KeTn pr
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boundary patch 7, and subdomain wq
interior patch 74 and subdomain wg aa Dirichlet boundary I'p

= 1), = 0 corresponds to dw, == part of dw, where g =0

Figure 1: Vertex patch T, for a € V, in the interior of  (left) and on the boundary of Q (right)

boundary extended patch 7~’A and subdomain Wy

interior extended patch 7, and subdomain @, v Dirichlet boundary I'p

Figure 2: Extended vertex patch T for a € Vp, in the interior of  (generated by the marked vertex
patches Tp) (left) and extended element patch Tk for an element K € T, on the boundary of 2 (generated
by the marked vertex patches Tp) (right)

where hy is the diameter of the simplex K and pg that of the largest ball contained in K. Uniformly
bounded kj, allows for families of strongly graded meshes with local refinements, but not for anisotropic
elements.

2.2 Vertices, edges, faces, and patches of mesh elements

For a simplex K € Ty, denote by Fx the set of its (d — 1)-dimensional faces and by Vg the set of its
vertices; in three space dimensions, we additionally use the set €k of the edges of K. Let V} collect all
mesh vertices. For a vertex a € V,, denote by 7T, the patch of the elements of 7, that share a and by
wg the corresponding subdomain, see Figure 1. We will also need the extended vertex patch 7T, and the
corresponding subdomain Wg; this includes 7, and all elements I € Tj sharing a vertex with K € T,
see Figure 2 (left) for an illustration. For a simplex K € Ty, let Tx be the extended element patch given
by the extended vertex patches T, for all vertices of @ of K, see Figure 2 (right) for an illustration. Tx
comprises K and all L sharing a vertex with K or its vertex neighbor; the corresponding subdomain is
wx. We collect the vertices from respectively T, and Tk in the sets V, and Vg . Diameters of respectively
Wa, Wa, and wg are denoted by hy,,, hg,, and hg, .

2.3 Hat functions and the partition of unity

Let the continuous, piecewise first-order polynomial (affine) “hat” function 1® take value 1 at the vertex
a and zero at all the other vertices. We note that w, corresponds to the support of ¥ and that these



functions form the partition of unity

> =1 (2.2)
acV),

2.4 Boundary subsets I'p and I'y

Let I'p, I'n be two disjoint, relatively open, and possibly empty subsets of the boundary 0§ such that
00 = I'p UI'n. We also require that I'p and I'n have polygonal Lipschitz boundaries and we assume
that each boundary face of the mesh 7}, lies entirely either in I'p or in I'y.

2.5 The space H' on the entire computational domain and its subdomains

Let w C Q. We let L?(w) be the space of scalar-valued square-integrable functions defined on w and
we use the notation L?(w) := [L?(w)]? for vector-valued functions with each component in L?(w). We
denote by ||-||» the L?(w) or L?(w) norm and by (-,-),, the corresponding scalar product; we drop the
index when w = Q. Then, H'(w) = {v € L?(w); Vv € L*(w)}. Moreover, if dw N T'p is of nonzero
measure (Ow contains at least one face from the Dirichlet boundary I'p), then we use

H&D(w) ={ve H' (w); v=0o0n (dwNTp)°}, (2.3)

Let a € V), be a mesh vertex. For the vertex patch subdomain wg, cf. Figure 1, we will employ the
specific notation H&’D,wa(wa) for the subspace of H'(w,) with zero trace on that faces in dw, where the

hat function 1 vanishes (all dw, for interior vertices) or which lie in the Dirichlet boundary I'p,
H&D’wa(wa) = {v € H'(wq); v =0 on dws N {1b* = 0} and (Qwa NTp)°}. (2.4)

In Figure 1, this respectively corresponds to the double line (for interior patches g, left) or to the double
and zigzag lines (for boundary patches Ty, right). Congruently, for an arbitrary patch subdomain w and
a vertex a therein, H&,D,wa (wa Nw) stands for the subspace of H!(w, Nw) with zero trace on that faces

in O(wg Nw) where the hat function 1 vanishes or which lie in the Dirichlet boundary T'p,

H&7D7wa(wa Nw):={ve H(weNw);v=0

(2.5)
on Iwg Nw) N{p* =0} and (O(we Nw) NT'p)°}.

This is as above in (2.4), with the exception of vertices a on the boundary of w: functions from
Hj 1 ya(wa Nw) do not vanish on d(wq Nw) unless this is a part of T'p.

2.6 Discontinuous piecewise polynomials

We suppose that with each mesh element K € 7Tj, there is an associated polynomial degree px > 1.
This is a general variable polynomial degree case. In turn, we call a uniform polynomial degree case the
situation where px = p > 1 for all K € 7j,. For each simplex K € Ty, we denote by P, (K) the space of
scalar-valued polynomials on K of total degree at most px. On the whole mesh, we then let P,(75) be
given by the discontinuous (broken) piecewise polynomials elementwise from P, (K),

’Pp('ﬁl) = {’Uh € L2(Q); 'Uh|K S PPK (K) VK € 77L} (2.6)

To form the usual continuous (conforming) finite element spaces, we will write P,(7,) N H(£2) (this
could be equivalently written as P,(75) N C%(Q)) and similarly for the subspaces reflecting the boundary
conditions. The same notation will also be used on the patches Tq, ’7~;, and 7~'K. For vy, from P, (7Ty), we
denote by Vup, the broken (elementwise) gradient, (Vop,)|x := V(vpp|k) for all K € Tp,.
For a mesh element K € Tp, let
Py = min{pr} (2.7)
LeTk
be the smallest polynomial degree over the extended element patch 7~'K. We will need below the
polynomial-variation parameter «, given by
Pk

= —. 2.
T RE Py (2:8)

Note that k, = 1 if the polynomial degree p is uniform, px = p for all K € Tj,.



2.7 Discontinuous piecewise polynomials with degree lowered according to
the neighbors

Let K € T. Let simply Py, (K) := Py, (K) = P,(K) if the polynomial degree p is uniform, px = p for

all K € T;,. To work with p variable, we let P, (K) be the subspace of P, (K) where the trace on each

face F, € Fi between the element K and its face neighbor L € T}, is a polynomial of degree min{px, pr }
and, if d = 3, the trace on each edge e, € £k between the element K and its edge neighbor L € T}, is a
polynomial of degree min{px, pr}. The space P, (K) is “aware” of the polynomial degrees of the edge
and face neighbors of K. We then define

Py(Tr) = {vn € L*(Q); vn|x € Py (K) VK € T} (2.9)
In the uniform polynomial degree case,

Pp(Tn) = Pp(Tn),

i.e., Pp(Tp) from (2.9) is simply the broken piecewise polynomial space Pp(Ty) of (2.6). For a general
variable polynomial degree, there holds

Pp(Th) N Hy p(Q) = Pp(Th) N H p(€), (2.10)

since the trace-continuity requirement in H, (}’D (Q) exactly leads to the polynomial order decrease of Pp(7r)
with respect to P,(75). We, however, note that

Pp(Te) N H (W) # Pp(To) NH (W), Pp(Te) N Hy p(w) # Pp(Te) N Ho p(w) (2.11)

for a submesh 7, of 7, and the corresponding patch subdomain w C €. This follows since the polynomial
order decrease in P,(7,,) also applies on the boundary of w on the above left-hand sides, but not on the
above right-hand sides.

2.8 Elementwise Lagrange interpolator

Separately in each mesh element K € Tj,, we will need the Lagrange interpolate operator, cf. Ciarlet [16,
Section 2.2] or Ern and Guermond [23, Section 7.4]. We more precisely let
I, {v € L*(Q); 0|k € CH(K) VK € T} = Pp(Th)

be prescribed, separately on each K € T, by
(pr(v)(:ﬂ))h( = (v|g)(x) in all Lagrange nodes « of the space P, (K). (2.12)

We stress that we will only employ I ,fp on (broken) piecewise polynomials which clearly belong to {v €

L?(Q);v|x € CHK) VK € Tp}; recall that Iffp cannot be applied directly to functions v € H&D(Q)
which may not admit point values.

2.9 Notation <

We will use the notation a < b when there holds a < Cb for a positive constant C and a ~ b when a <b
and b < a hold simultaneously. All dependencies of C will systematically be given. In any case, all such
constants C' in this manuscript are independent of the mesh size h and of the polynomial degree p.

3 Main results

We present here our main results.
We will need the following assumption on enumeration of extended patches if d = 3 or if d = 2 and
I'p is non-empty:

Assumption 3.1 (Enumeration of extended patches). Let K € Ty,. Consider a patch given by a collection
of extended vertex patches Tk = Upevy {7~;} as per Section 2.2, where Vi is a (sub)set of vertices Vi .
Let Wy be the associated open subdomain. If d =3 and 0wk does not contain any face from 0Q, suppose
that Tk can be enumerated as per Definition C.1. If d = 3 and if 0k contains at least one face from 09,
or if d = 2 with I'p non-empty and if 0Zx contains at least one face I'p, suppose that Tx can be mapped
by d symmetries as in [14] for boundary patches into a patch that can be enumerated as per Definition C.1
or Definition B.1.



Similarly, for the variable polynomial degree case, since Karkulik et al. [32, Theorem 2.5] is only stated
in two space dimensions, we assume:

Assumption 3.2 (Stable decomposition with variable polynomial degree in three space dimensions).
Suppose that [32, Theorem 2.5] holds for d = 3 and variable polynomial degree px > 1 for all K € Ty,.

3.1 p-robust equivalence of continuous and discontinuous approximation in H'

The following result improves [38, Theorem 2] and [12, Theorem 4], removing the possible dependence of
the equivalence constant on the polynomial degree p. It also addresses the case of variable polynomial
degree.

Theorem 3.3 (p-robust equivalence of global-best and local-best approximations in H'). Let v €
H&D(Q), a simplicial mesh Ty, of Q, and a (variable) polynomial degree px > 1 for all K € Ty be
given. Let Assumptions 3.1 and 3.2 hold. Then

min V(v —vp)||? = min  ||[V(v—v,)? 3.1a
e, BB TP X min, 90—l (3.1a)

(p-robust global continuous — local discontinuous equivalence)

if the polynomial degree is uniform, px =p > 1 for all K € Ty, and

min ||V(v—vhp s> > mm ||V(v—vp)||% (3.1b)

P NnH} €P,
Vip €Pp (Th)NH{ 1y KETh Ley vp€Pp

if the polynomial degree is variable, px > 1 for all K € Ty. The hidden constant only depends on the
mesh shape-regularity parameter kp, given by (2.1), the polynomial-variation parameter k, given by (2.8),
and the space dimension d.

Proof. The left-hand sides of (3.1) employ continuous (H&’D(Q)—conforming) piecewise polynomials from
Pp(Tr) N H[}’D(Q), whereas the right-hand sides employ (broken) piecewise polynomials without any
interelement continuity requirement.

As for (3.1a), for uniform p, P,(7n) N Hy(2) C Pp(Th), so that the inequality 2 follows trivially.
For the < inequality, we bound the minimum by employing the projector P, from Definition 3.5. The
elementwise use of (3.20) from Theorem 3.7 together with a finite overlap argument by the mesh shape
regularity yield the claim:

min V(v —wvp)||? < V(v — Ppy(v 2 V(v — Ppy(v 2
e, By 1= I V0= Pl = 3 V(0= Pulo)l
g 20) Z Z Z 7
min ||V( v—vp)||L < min _[|V(v —vp)|%-
& 5 e o P ()

As for (3.1b), for variable p, the < inequality is as above, though we are obliged to keep the lowered
polynomial degree p X from (2.7) and we cannot combine the double sum into a single one. Congruently,
the inequality 2> does not hold in this case, since, recalling (2.11), for a mesh element K € Ty, (Pp(Tn) N

Hj (2))]z, may contain functions that are not lowered-degree polynomials from Py, (Tk)- O

3.2 Optimal local hp approximation estimates under minimal elementwise
Sobolev regularity in H*

We now focus on functions with additional regularity only requested locally on each mesh element. For
any element K € Tj, let H°%(K) be the usual Sobolev space on the element K with a fixed regularity
exponent sx > 1, cf. [1, 23]. The following is a fully h- and p- (mesh-size- and polynomial-degree-)
optimal approximation estimate under the minimal Sobolev regularity only requested separately on each
mesh element. It extends [38, equation (3)] to the hp-setting while removing the possible (unfavorable)
dependence of the generic constant on the polynomial degree p. In comparison with [31, Corollary 3.5],
the regularity of the approximated function v is only requested elementwise and not patchwise, but the
dependency region contains an additional layer of neighbors (extended vertex patch in contrast to vertex
patch). Recall the lowered polynomial degree p,. from (2.7).

7



Theorem 3.4 (hp-optimal approximation estimate in H' under minimal elementwise Sobolev regularity).
Let a simplicial mesh Ty, of ) and a (variable) polynomial degree px > 1 for all K € Ty, be given. Let
Assumptions 3.1 and 3.2 hold. There exists a stable local projector Py, : Hy () — Py(Tn) N Hy ()
such that, if separately on each mesh element K € Ty,

v|k € H°¥(K) for a Sobolev regularity exponent s > 1, (3.2)

then

(hTin(sLl,pK)

2
IV - Poo)li < 3 : ||v||HsL<L>) VK € Th. (3.3)

L67~'K

S —
Pk

The constant hidden in < only depends on the mesh shape-regularity parameter ky given by (2.1), the
polynomial-variation parameter k, given by (2.8), the space dimension d, and the reqularity exponents sk .

Proof. We take the projector Py, from Definition 3.5 below. Let K € T be fixed. The approximation
property (3.20) from Theorem 3.7 gives

V(v =Pk < D min [V (v —,)|[7-
—~ vPG'PEK(L)
LeTk

Thus the claim (3.3) follows from the well-known hp-approximation bounds, see, e.g., [6, Lemma 4.1],
with the hidden constant only depending on ky, xp, d, and sk. O

3.3 A p-stable local projector in H!

We finally define our p-stable local projector in H' and state its properties. Our construction extends and
builds on some ideas from potential reconstruction in a posteriori error estimation, namely [25, 26]. In
order to achieve p-robust approximation, broken polynomial extension generalizing [26, 14] and the stable
decomposition of [35] or [32] is employed in a correction stage. The construction proceeds in five stages: 1)
elementwise L?-orthogonal projection (local-best approximation); 2) patchwise potential reconstruction
and gluing of the patchwise contributions; this stage employs the hat functions ¥® from (2.2) together
with the canonical elementwise Lagrange projector I ,fp from (2.12) and builds a projector that would not
be p-robust; 3) correction by elementwise bubbles as in [24, equation (3.16)] to achieve an elementwise
mean value property; 4) patchwise potential reconstruction of the remainder (relying on the broken
polynomial extension from Appendix D) followed by the stable decomposition of Appendix A and gluing
of the patchwise contributions into a correction; here, crucially, no hat functions ¥® from (2.2) and no
elementwise projector such as [ ,fp from (2.12) are used; and 5) combination of the previous steps.

3.3.1 Definition of the projector

Recall the notation from Section 2, namely the definition (2.9) of P,(7s) of piecewise polynomials with
degree lowered according to the neighbors.

Definition 3.5 (A stable local projector in H'). Let a function v € H&D(Q), a simplicial mesh Ty, of
Q, and a (variable) polynomial degree px > 1 for all K € Ty, be given.
1. On each mesh element K € Ty, consider the H'(K)-orthogonal projection of v onto Py, (K) (without
any trace prescription)
Thp| K 1= arg v,,egii,r:(K) IV (v =vp)lx- (3.4)
(vp, ) =(v,) Kk
(elementwise projection Thy)

This gives the broken piecewise polynomial

Thp € Pp(Th)- (3.5)

2. Starting from Tpp:
(a) On each vertex patch Ta, a € Vi, see Figure 1, define the continuous piecewise polynomial sy €

Pp(Ta) N H&D,lpa (wa) via

5% .= arg min |V (15, (% 7hp) — vy) | (3.6a)

P vp€P(Ta)HL 1y ya(wa)

wa’

8



(patchwise “homogeneous” potential reconstruction)

recall from (2.4) that H&,D,wa (wa) is the subspace of H'(wg) with zero trace on that faces in Owq

where the hat function 1® vanishes or which lie in the Dirichlet boundary T'p. See Figure 3 (left)
for illustration.
(b) Estending sj by zero outside of the patch subdomain wa, define

Shp 1= Z sp- (3.6b)
a€eVy
(gluing patchwise contributions)

This gives the intermediate continuous piecewise polynomial
Shp € Pp(Th) N H(%,D(Q) (3.7)
(standard potential reconstruction spp)

and the broken piecewise polynomial

Thp — Shp € Pp(Th)- (3.8)

(provisional remainder Tny, — Spp)

3. Starting from Tpy, — Spp, on each mesh element K € Ty, let

5hp‘K =0 ifpg <d+1, (393)

(Thp — Shp, 1)Kb

br 1 Kk fpx>d+1, (3.9b)

5hp‘K =
(elementwise bubble correction if px > d+1)

where by is the bubble function on K, b € Pay1(K) N HF(K), b = Haey, (V| k). This gives the
intermediate continuous piecewise polynomial

Sty € Pp(Th) N Hy () (3.10)

and the broken piecewise polynomial
Thp — Shp — 5hp S ,Pp(ﬁ)a (311&)
(Thp — Shp — Onp, L)k =0 VK € Ty such that pg > d + 1. (3.11b)

(remainder Thy, — Spp — Opp with vanishing lowest-order moments if pr > d+1)

4. Starting from Thp — Spp — Opp:
(a) On each extended vertex patch ’7;, a €V, see Figure 2 (left), define

=0 ifpx <d+1 for at least one K € ’7;, (3.12a)

or the continuous piecewise polynomial & € Pp(Ta) N Hj p(@a) via

¢y = arg _min IV (Thp — Shp — Onp — Vp) || @,
Upepp(Ta)mHé,D(ma) _
(Wp D)aa=(Thp=8np=0np:)aq =0 #f 106aNI'p|=0if pre > d + 1 for all K € Tg; (3.12b)

(patchwise remainder potential reconstruction)

recall from (2.3) that H&D(@a) is the subspace of H'(&a) with zero trace on Oiwe NT'p when some
boundary faces from Owg lie in T'p. See Figure 3 (right) for illustration.
(b) On each extended vertex patch Ty, a € Vy, set

G =0 ifpx <d+1 for at least one K € Tas (3.13a)



¢ supported on @q but (; # 0 on 0We

stable decomposition (; = Z (I‘,“b
beVa
component ¢f* supported on wq (red horizontal lines)

== (* =0 on dwg N {Y* = 0} and (dwa NT'p)°

Wa

component C;,“b‘ supported on wp, (blue north east lines)
sy supported on wq

component Cﬁ'bz supported on wp, N @, (green north west lines)
=5} =0 on dwg N {¢p* = 0} and (we NTp)° @a

Figure 3: The standard non-p-robust potential reconstruction component sg from (3.6a) (left) and the
p-robust correction ¢ from (3.12b) together with its stable decomposition (3.13b); only the “interior”

component (® is used (right)

or employ to (p from (3.12b) the stable decomposition of Corollary A.1 (with T, = To and V,, =
Va)7
G = Z Cl‘f’b with in particular (¢* € Py(Ta) N Hj 1 ypa(wa)
beVa ifpr >d+1 for al K € Ta. (3.13b)

(patchwise p-stable reconstructed remainder decomposition)

See Figure 3 (right) for illustration.
(¢) Extending the “interior” component Cpo® by zero outside of the patch subdomain wq, define

Cp 1= Y G (3.14)

acVy
(gluing patchwise correction contributions)

This gives the intermediate continuous piecewise polynomial

Chp € Pp(Th) N H&,D(Q)- (3.15)

(p-robust correction Cpp by treatment of Thy — Spp — Opp without Y* and I}fp)

5. Define
Prp(v) := Snp + Onp + Crp- (3.16)
(combining the previous steps)

This gives the final continuous piecewise polynomial
Pip(v) € Pp(Th) N Hj p(9). (3.17)
Crucially, this definition is correct:

Lemma 3.6 (Well-posedness of Pp,). The linear operator P, : Hjp(Q) — Pp(Th) N Hyp(Q) from
Definition 3.5 is well defined.

We will prove Lemma 3.6 in Section 4 below, along with stating the properties of the various objects
from Definition 3.5.

3.3.2 Design principles

Let us stress the design principles of Definition 3.5.

1. The construction of 7y, in step 1 sets our local-best discontinuous projection “target”. There holds
Thp € Pp(Tn) but in general 7, & Hj 1, (€2). In the rest of Definition 3.5, we search to stay in P,(T5),

as close as possible to 17, and keeping its approximation power, but recovering H&D(Q)—conformity.
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2. The construction of sp, in step 2 is identical to [25, Construction 3.8 and Remark 3.10] and [26,
Corollaries 3.1 and 3.7 together with equation (4.3)] from a posteriori error analysis. This is not
p-robust since the cut-off by the hat functions ® from (2.2) increases the polynomial degree by one
and is brought back down to p by the canonical elementwise projector I ,fp from (2.12). The purpose
here is to obtain the provisional “remainder” 4, — sy, such that if v € P,(Tn) N Hj (), then
Thp = Spp = v and the provisional remainder vanishes (projection property)(then the remaining steps
give 6hp = Chp = 0).

3. The purpose of the construction of oy, in step 3 is to obtain the (final) remainder 77, — Spp — dpp. This
has vanishing lowest-order moments as per (3.11b) on all mesh elements K € T, where the polynomial
degree is at least equal to d + 1 (cf. [24, equation (3.16)]). Note that dp,|x, if nonzero, is only a
(d + 1)-degree polynomial.

4. The construction of (p, in step 4 is the salient feature for p-robustness (note that it is only nontrivial
when pg > d+1 for all mesh elements K in the extended vertex patch 7~:1) Neither the hat functions ¢®
nor the elementwise projector I ,fp are present. First, in (3.12b), we employ a potential reconstruction
similar to (3.6a) which however does not impose zero trace on dwg (except for 0wga NI'p). Second,
in (3.13b), p-stable decomposition is applied (this cannot be applied directly to the remainder 73, —

Shp — Opp which lies in P, (Ta) but not in Hj 1, (W0a)). In (3.14), we then merely employ the “interior”

component which does have zero trace on dw, (for interior vertices) or on dws N {Y* = 0} and
(wa NTp)° (for boundary vertices) as per the definition of Hj 1y ya(wa) in (2.4), cf. Figure 3.
5. In step 5, Ppy(v) is defined as spy, + 5y corrected by Cpp.

3.3.3 Properties of the projector

Recall the definition (2.7) of the minimal polynomial degree p - The following theorem summarizes the
properties of the projector from Definition 3.5, improving the results in [37, 9, 18, 33, 27, 31, 28, 8, 22,
4, 30].

Theorem 3.7 (Projection, stability, and approximation of Py,). Let a simplicial mesh Ty, of Q and a
(variable) polynomial degree pr > 1 for all K € Ty, be given. Let Assumptions 3.1 and 3.2 hold. The
operator Py, : Hj 1 (2) = Pp(Tn) N Hy 1, (Q) from Definition 3.5 satisfies

Ppy(v) =v Yo € Py(Th) N Hj p (). (3.18)
(projection)

Moreover, for any function v € H&D(Q) and any mesh element K € Ty, there holds

IVPw(©) S D IVl (3.19)

et (H*!-stability)

IV =Pyl < > A vp)lIL- (3.20)
LeTk PR

(approzimation p-robustly equivalent to elementwise H'-orthogonal projector)

The constant hidden in < only depends on the mesh shape-regularity parameter kj given by (2.1), the
polynomial-variation parameter k, given by (2.8), and the space dimension d.

4 Properties of the intermediate objects from Definition 3.5 and
proof of Lemma 3.6
We justify here all steps of Definition 3.5 and summarize the properties of the intermediate objects 7y,

Shp, Onp, and Cpp therefrom. Collecting the results from this section in particular proves Lemma 3.6. Let
us start by observing that all the minimization problems (3.4), (3.6a), and (3.12b) are well posed.

4.1 Step 1 (construction and properties of the elementwise projection 7;,)
We note that by (3.4), there is no interelement continuity in 7pp; Tsp is a broken piecewise polynomial in

P, (Tr) which typically does not lie in Hj ,(2). This confirms:

Lemma 4.1 (Property (3.5)). Property (3.5) holds true.
11



4.2 Step 2 (construction and properties of the standard potential reconstruc-
tion sp,)

Let us now confirm that sy, is also well-defined:

Lemma 4.2 (Properties (3.7), (3.8)). Properties (3.7) and (3.8) hold true.

Proof. In view of the definition (2.4), all s¢ from (3.6a) have zero trace on that faces in dwq where the hat

function 1)@ vanishes or which lie in the Dirichlet boundary I'p. Thus it follows that all sy extended by
zero outside of the patch subdomains w, belong to Py(Th) NHy 1 (2) = Py(Th) NHg (), recalling (2.10).
Consequently, (3.7) follows by (3.6b). Then, (3.8) is a trivial consequence of (3.5) and (3.7). O

4.3 Step 3 (construction and properties of the elementwise bubble correction
Orp)

Let us move to dpy:
Lemma 4.3 (Properties (3.10), (3.11)). Properties (3.10) and (3.11) hold true.

Proof. Property (3.10) follows immediately from the definition (3.9), since dp,|x is either zero, or a
polynomial of degree (d + 1) < pg; importantly, dj, vanishes on all mesh faces. Then (3.11a) is an
immediate consequence of (3.10) and (3.8). As for (3.11b), let a mesh element K € T, with px > d+ 1
be fixed. By construction, we see from (3.9b)

(Thp — Shp, 1)K

O Dic = (brs Vi

(brs 1)k = (Thp — Shp, ) -

4.4 Step 4 (construction and properties of the p-robust correction (;,)

We continue with (pp:

Lemma 4.4 (Construction (3.12b) and decomposition (3.13b)). For each mesh vertex a € Vi, such that
px > d+1 for all K € T, the construction (3.12b) and the decomposition (3.13b) are well defined.

Proof. We first note that if px > d+ 1 for all K € T, then (3.11b) implies
(Thp — Shp — 5hp, 1)@@ =0.

We have directly included this equality in the definition (3.12b), where we ask (, to either take zero values
on the boundary faces from 9w, lying in I'p, or (7 to have mean value zero. Thus assumption (A.1)
below is satisfied with T, = T, and w = @. Consequently, (3.13b) follows immediately from (A.2) (with
V, = )7@) and (A.4) in Corollary A.1. Note that we only employ the “interior” component (f*¢; this is

from (A.3) supported on the vertex patch subdomain w, N We which is simply w, (no patch truncation
happens for the “interior” component, cf. Figure 3 (right)). O

Lemma 4.5 (Property (3.15)). Property (3.15) holds true.

Proof. As in the proof of Lemma 4.2 above, recalling definition (2.4), all (; extended by zero outside
of the patch subdomains wq belong to Hj(Q2). Thus the inclusion (w € Pp(Tn) N Hjp(2) follows
immediately by (3.14) and (2.10). O

4.5 Step 5 (combining the previous steps)
We finish by Py, (v):
Lemma 4.6 (Property (3.17)). Property (3.17) holds true.

Proof. This is an immediate consequence of the definition (3.16) and the properties (3.7), (3.10), and (3.15).
O
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5 Proof of Theorem 3.7

Let the assumptions of Theorem 3.7 be satisfied. We prove the three claims separately.

5.1 Projection

Projection is ensured by Steps 1-2 of Definition 3.5:
Lemma 5.1 (Projection property (3.18)). The projection property (3.18) holds true.

Proof. Let v € Py(Ty) N Hy (). Then clearly 7, from (3.4) satisfies 7, = v. Moreover, I;fp(z/}amp) €
Pp(Ta) N H b ya(wa) by (2.12). Indeed, this follows since 74, = v is continuous, with no face jumps,
and since (crucial for p variable) the canonical elementwise Lagrange projection (2.12) employs the space
Py (K) from Section 2.7 with the polynomial degrees lowered according to the neighbors. Consequently,

by (3.6a), s = I}fp(warhp). Then, (3.6b), the partition of unity (2.2), the linearity as well as the

projection property of I}fp, and (2.10) give

Shp = Z 3; = Z Iffp(waThp) = I}fp( Z T/JGThp) = Iffp(Thp) = Thp- (5.1)

acVy, acVy, acVy

Thus, also sy, = v. Next, step 3 of Definition 3.5 builds on 73, — spp, so that the bubble correction dy,
is always zero (for any polynomial degree). Finally, step 4 builds on 74, — spp — pp, s0 that all Gy G
and (p, are likewise zero. Then, from (3.16), Py, (v) = Spp + dpp + Chp = Spp = . O

5.2 Stability

Stability is a simple consequence of approximation (3.20):
Lemma 5.2 (Stability property (3.19)). The stability property (3.19) holds true.

Proof. This follows by the triangle inequality from the approximation (3.20). Indeed, let K € T}, be fixed.
Then

(3.20)
IVPp(0)[% < (IVollie + IV (0 = Pop())ll)* S Y Vo],
LeTx

where we have also used the trivial H'(L)-orthogonal projection stability

min |V (v =)l <[[Vvl|z.

VpEPp

5.3 Approximation

We are left to prove the approximation property (3.20). We establish it first in the case of a uniform
polynomial degree such that p > d + 1. Then we generalize it to the variable polynomial degree px > 1
for all K € Tj,.

Lemma 5.3 (Approximation property (3.20), uniform polynomial degree p > d+1). Consider a uniform
polynomial degree px =p > d+ 1 for all K € T,. Then the approzimation property (3.20) holds true.

Proof. Let K € Ty, be fixed. As p > d + 1, formulas (3.9b), (3.12b), (3.13b) apply.
(i) Like in problem (3.12b), but on the extended element patch Tk in place of the extended vertex
patch T, see Section 2.2 and Figure 2 (right), define

K .
G =arg _min IV (Thp — Shp — Onp — Vp) || - (5.2)
UPG'PP(TK)F]H&D(C)K)
('Upvl)I;K:(Thp_sh,p_(shp71)§;K:0 if |8$KQFD‘iO
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To sz( , we furthermore apply a mean value ajustement by elementwise bubble functions as in (3.9b), i.e.,
we define 5}{; € Pd+1(7~'K) by

(Thp — Shp — 5hp - 1{(7 1)L
(br, 1)L

oL = b, VL€ Tk, (5.3)

so that ~ R
G =Gy o, (5.4)

was of elementwise mean value zero,

Thp — Shp — Onp — CI, 1)1,

( P D P D ) (bL, I)L

(br, 1)L (5.5)
GUPD o v e T,

(5;{7 1)L = (C;{v 1)L +

= (Thp — Shp — Orp, 1)1,

where we have crucially used that 7p, — spp — Op is of elementwise mean value zero.
(ii) Importantly, the above bubble correction is p-stable in that

IV (Thp — $tp — O = GMlwe SV (Tip — S1p — p — G )l + V(0 = )

| (5.6)

where the constant hidden in < only depends on the shape-regularity of the mesh 7, and the space
dimension d. Indeed, on the one hand,

IV (T = $tp — Omp — G|z = IV (Thp — Shp — Op — G — 070) e

<NV (i = st = Shp — GOl + 1 VO [l
On the other hand, for any fixed L € 7~'K,
VoLl S b lbelc (5.7a)

by the inverse inequality and
[brll2] L[V =~ (br,1)x (5.7b)

by equivalence of norms on finite-dimensional spaces and mesh shape regularity; recall that by, is a low-
order (d 4 1)-degree nonnegative polynomial, so that the constants hidden in < and ~ above are indeed
independent of p. Thus, also using the fact that (71, 1) = (v,1)r from the constraint in (3.4) and the
Cauchy—Schwarz inequality,

< (v — sy — Oy — (5, 1) [0 = snp — Onp — G| L| LI/
6K — 4 b < P P 4 b
[Vl o [Vbelz < R [Vbe| L
S hil\lv — Shp — Onp — C;f(”L S h;:}l( v = Snp — Onp — Cf”oix

SUIV@ = 81— 0mp = G lore < NV (Thp = Sp — p — G5 llaone

FIV© = Tip)

in the last but one step, we have applied the Poincaré inequality, since, crucially from (5.2) (recall
(Thp» 1) = (v,1) on L), (v — spp — pp — ) € H'(@x ) is zero on ok NI'p or of mean value zero on

WK . ~
(iii) Now, as in (3.13b), we decompose the mean-value adjusted ¢ from (5.4) using Corollary A.1

(With T, = 7~—K and V, = \7]()

G =" (P with (S € Pu(To N Tie) N H} o (ws N k). (5.8)
ngK

Assumptions (A.1) are indeed satisfied by Ef ; in particular, the boundary condition comes from the
constraint in (5.2) (the shift from Qf to flf( is by bubbles that are zero on the mesh faces) and the mean

value condition comes from (5.5) (mean value zero on all elements L € Tk implies mean value zero on
Wr). Now, crucially, as in (3.13b), the contributions for the vertices a of the element K, a € Vg, lie in
Pp(Ta) N H&,D,wa (wa) (as Tq are included in Tk, Ta N Tk = To and no patch truncation happens).
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(iv) For each vertex a € Vg, let us also consider C;f( from (5.4) restricted to the extended vertex
patch wWg (recall that w, C Wi by definition, see Figure 2, right). We again decompose CN;( |z, using
Corollary A.1 (this time with 7, = T and V, = V,)

Kz = D Go*b with {08 € Py(Ty N Ta) N H} 1y (Wb N ). (5.9)
beV,

Again, Q:Zf( |, satisfy assumptions (A.1). This would not be the case of ¢/ from (5.2), which only satisfies
the mean value condition (A.1b) on the extended element patch wx but not on its subpatches wq; for
this reason, we pass from ¢/ to (¥

(v) Now a central observation comes from (A.3): since C}{( and @f( |z, are identical on the extended
patches wq, the d + 1 contributions ff’a from (5.8) for the vertices a of the element K respectively
coincide with the d 4+ 1 contributions C;f(’a"‘ from (5.9),

(o= VaeVg. (5.10)

Indeed, by (A.3), these contributions have the vertex patches 7, as support and the extended vertex
patches ’7~; as dependency regions. This is actually the reason for the remainder potential reconstruc-
tion (3.12b) and the decomposition (3.13b) to be performed on the extended vertex patches Tq; merely
the vertex patches T, would not be sufficient, as the dependency regions are not given by the vertex
patches T, but by the extended vertex patches T,. Overall, from (5.8)—(5.10), we conclude that

= (5.8) *K.a (5.10) ‘K.a.a
Gl = D> Gk =" ) Gk (5.11)
acVk acVk

(vi) Recall now the definition of 75, from (3.4) and that K € 7, is fixed. We estimate by the triangle
inequality and employing the definitions (3.16) and (3.14) together with the equality (5.11),

IV (v = Ppp(v))||
< V(v — Thp)HK + HV(Thp — Shp — Onp — Chp>||K
1
1

(3.14)
(51D ~ ~K,a,a a,a
= Iv(v_Thp)||K+HV(Thp_Shp_(Shp_C;{'i_ Z (Cf’ = ))H (5.12)
a€Vk K
(5.6) )
S V@ =)k + IV = sip = 0rp = GOz + D VGO = Gl
ac€Vg

in the last estimate, we have crucially used (5.6) to go back from the bubble-shifted C}f( to Cf . From (3.4),
the first term above already has the form requested in (3.20). For the last term, we crucially use the
linearity of the decomposition (A.3) and its p-robust stability expressed by (A.5) from Corollary A.1 (note
that hg, /ming. 7 hx only depends on ry). Thus, for a vertex a € Vi, recalling (5.9) and (3.13b),

IV (G = ¢ )l

(A.5) Tk a
SJ HV(Cp _Cp)HDa
<

FK a (5.13)
IV (Thp = Shp = 0np — G Mlaxe + IV (Thp — shp — 0np — ¢ )|z

ot
[=2)

(5.6)

S VT = sip = mp — Gz + IV (Trp = S0p — Omp — ()15 + IV (0 = Tip) e

where we have added and subtracted 73, — sp, — 0pp, used the triangle inequality, extended the integration
region, and again used (5.6). We are thus left estimating ||V (74, —snp—0np — ()|, for ¢ given by (3.12b)
and ||V (7hy — Snp — Onp — )|z for ¢ given by (5.2). As these take the same form, we only show details
for the latter.

(vii) Let us finally consider ||V (7hp — spp — pp — G2 |z, With ¢ given by (5.2). Such problems (recall
that 73, from (3.4) is merely a broken polynomial from P,(75) but not from Hg ,(€2)) have recently been
analyzed and p-robust stability has been shown in [26, Corollaries 3.1 and 3.7], see also [14, Corollaries 3.4
and 4.4] on: 1) vertex patch subdomains wg; and 2) with zero Dirichlet boundary conditions on Jwsg.
We now rely on the extension of this result to larger (extended) patch subdomains where zero Dirichlet
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boundary conditions are not prescribed from Appendix D. As a preliminary step, though, first note that

IV (Thp = Shp — Onp — Cp[()”‘:’K = _min _ IV (Thp = Shp — Onp — vp) l|&ic
1)p€7)p(TK)ﬂHé)D(UJK)

. (5.14)
= _min ~ ||V(7'hp - Up)”@K-
00 Py (T )V 1 @)

Indeed, this follows by the shift by (sp, 4+ 0np)|a, since, by (3.7) and (3.10), it lies in ’Pp(7~}<) NH;p(@k);
the (trace) continuity of sp, + dpp together with sy, + 6, = 0 on I'p are crucial here. In this important
conceptual step, the non p-robust usual potential reconstruction sy, together with its mean value correc-
tion dpy, are played out. Please note that the minimum in (5.2) and that in the above first line coincide:
the (possible) mean value constraint in (5.2) only fixes ¢ uniquely but has no influence on its gradient.

We now finally apply Corollary D.2 on the extended vertex patch Tk (recall that we suppose a uniform
polynomial degree p here) to deduce that

min V(7 —vp)llae & min_ [[V(7 — w) g, - (5.15)
vp€Pp (T )NH (k) weH; (Wk)

Finally, we can play in the target function v € H&D(Q) from the announcement of Theorem 3.7, which
satisfies v|g, € Hj p(@k), and obtain

min_ V(7 — w)llzxe SV (Thp = 0) - (5.16)

wEHéﬁD(GK)

Combining the above bounds (5.12)—(5.16) together with the definition (3.4) of 7, gives the asser-
tion (3.20). O

Lemma 5.4 (Approximation property (3.20), variable polynomial degree). Consider the general case of
a variable polynomial degree px > 1 for all K € Ty,. Then the approxzimation property (3.20) holds true.

Proof. Let K € Ty, be fixed. We consider several cases.

(i) Case pxg < d + 1. In this low-polynomial-degree case, following (3.9a), there is no bubble correc-
tion, dpy|x = 0. Moreover, on each extended vertex patch 7~; for a € V}, such that K € 7~;, by (3.12a)
and (3.13a), there holds Gy = ¢®* =0, so that, in view of (3.14), there is also no p-robust correction,
Chplx = 0. Thus, by (3.16), (Prp(v))|x = Shp|k, Where sp, is given by (3.6). This is the usual construc-
tion of sp, from [25, Construction 3.8 and Remark 3.10] and [26, Corollaries 3.1 and 3.7 together with
equation (4.3)]. As discussed in point 2 in Section 3.3.2, it is not p-robust, but here the polynomial degree
is low, px < d + 1, so there will be no problem. To see (3.20), we start by the triangle inequality,

V(v = Prp(0))lx = V(0 = smp)llx < IV (0= 7)1 + [V (Thp = smp)l| -

Then, similarly to the above references and using the three last equalities from (5.1) together with (3.6b),
we see

IV (7hp — smp)ll i

Hv( S (I () — sg)) H < 3 IVUE W) — s0)lx
acVik K acVig

DIV @) = $5) lwa-

a€Vk

IN

If the polynomial degree in the neighbors of K is different from pg, then the use of the polynomial space
Py (K) with degree lowered according to neighbors from Section 2.7 in (3.4) is crucial, since only then,
cf. (3.5), Tnp € Pp(Tr), and only then I,fp(Thp) = Tpp, which is crucially used in (5.1).

For each vertex of the element K, a € Vi, let us next introduce the following auxiliary problem:

a . a _
Sp = argvp€73p+1(71r§1%r11{é,13,w‘1(wa)Hv(w Thp Up)Hwa'

This problem takes a similar form to (3.6a), but increases the polynomial degree by one and does not
employ the elementwise Lagrange projector [ }fp. We observe that [ ,fp(ég) € Pp(Ta) NHg 1 ya(wa). Thus,

since s7 is the minimizer from (3.6a) and since 7, pr is linear, we have

IV (75, (% Tp) = 59w < IV Ly (¥ Thp — 37) |- (5.17)
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Finally, we employ the stability of the Lagrange projector I }fp (this is not p-robust, but fine here, since
pr < d+ 1 and since the polynomial degrees in the patch 7, are controlled by x, of (2.8)). Employing
also [26, Corollaries 3.1 and 3.7 together with equation (4.3)], since, for the given function v € H&D(Q),

Y0 € Hy 1y ya(wa), we finally arrive at

IV Ui (7 = 39D e S IV @ Thp = 35) e S IV (@ (T = 0)) |-

Finally,

IV @ (1 — )2, = D IV (T = 0) + 4V (mhy = )3

LeTa
> oo, L||Thp — VJ|L 0o, L Thp — U)|IL
< D AIVYHlee.Lll 24 [ loe. LIV ( )cy?
LeTa
S IV = 0)I2,

applying | VY|l r S ALY [[¥]lco.r = 1, and the Poincaré inequality |7, — vz < hr/7||V (Thp —v)]| L,
since (Tpp, 1), = (v, 1)1 for all L € T, from the constraint in (3.4), similarly to, e.g., [25, inequality (3.29)].
Thus, by combining the above inequalities,

IV (v = Prp()) e S IV (0 = 7hp)leose

which implies (3.20).

(ii) Case px > d+1 and (7 = (3* =0 for all @ € V}, such that K € T, SO that Chplx = 0, resulting
from py, < d+1 for some L € T, and the prescriptions (3.12a), (3.13a). Consequently, in view of (2.8), px
is still small in that it can be controlled by the space dimension d and the polynomial-variation parameter
kp from (2.8). Here, by (3.16), (Pip(v))|k = Shplk + Onpl ik, where sp, is given by (3.6) and dp, by (3.9b).
As in the proof of Lemma 5.3, step (i),

(3.9b) |(Thp — Shps 1) 7o — 5hp||K|K|1/2

K|||VbK||K <

J = b
196112~ St < 1 = L
(5.1)
G _ (3.6D) , _ a a
S hK1||7'hp — smllx = hK1 Z (Iffp(w Thp) — Sp)
K

acVk

< IV ) — 52k

a€Vik

note that I ,fp (Y% 7hp) — sy 1s zero on at least one face of K, which allows us to use the Poincaré inequality

in the last step. Thus, the triangle inequality

V(v = Prp()llxc = [[V(v = 81p = mp)llx < V(0 = 7p)l[c + IV (Tp = smp)ll & + [ VOmpllee (5.18)

in combination with step (i) above, branching at (5.17), implies
V(0 = Prp(0) & S IV (0 = Tip) lleose

and consequently (3.20) also in this case.

(iii) Case px > d+ 1 and (7, (;® non (necessarily) zero for all @ € Vj, such that K € 7~;, resulting
from the prescriptions (3.12b), (3.13b). Note that consequently p;, > d+ 1 for all L € Tk, and we are in
a high-polynomial-degree case. The proof of Lemma 5.3 applies verbatim until (5.14); in particular, the
mean value fixes (5.5) are well defined for all L € '7}(, since py, > d+ 1, and variable polynomial degree is
treated in Corollary A.1. We cannot, unfortunately, proceed as in the last paragraph, namely for (5.15),
since Corollary D.2 only addresses uniform polynomial degree. We thus adjust the arguments as follows.

In addition to 75, from (3.4), let, for all L € Tk,

T}{I()|L = arg min V(v =wvp)llL, (5.19)
- vp € gK( )

(vp,1)=(v,1)
where we recall that p 18 the smallest polynomial degree over the extended element patch 7~'K, see (2.7).

Here, T,f; is a lowered uniform polynomial degree local-best approximate of v, T,{; € PpK (7~'K) Let us

17



also denote the argument of the minimization on the left-hand side of (5.15) by L{f

Lff = arg _min IV (Thp — vp) @ (5.20)
’UPEPP(TK)OH&,D(GK)
(’UP,I)Q,K:(Sh,er(sh,p,l)g,K if ‘B(TJKHFD‘:O

note that from (5.2) and (5.14), 1) = ¢ + (snp + )|z, - Then, also consider

Lf = arg min ||V(T}{; —Up) |z (5.21)
- vp€Pp (Tk)NH{ b (@) —
(vp: 1)@ g =(shp+0mp, 1)z if [0BKNIp =0

this is a lowered uniform polynomial degree version of (5.20) which employs Tf{; from (5.19) in place of

Thp from (3 4).
Since & t,, belongs to the minimization set in (5.20), the triangle inequality, Corollary D.2 (applied with

the uniform lowered polynomial degree P, ), and the trivial estimate ||V (7, — v)||L < ||V(T,f§ — )|l for

all L € Ty give, in remplacement of (5.15),

min V(7 — vp)[lak
vPEPp(TK)ﬁHlD(wK)
= ||V(Thp —p )wa < |IV(7rp f)HUJK

< IV = ) e + IV~ )l
< IV = )l + IS = W)l + IV (LS = 5 e
(

SV = )llax + 1V (7 — )llax + Hllm IV (7 — W)l
— weHj b (WK) —_—

<V~ )z + IV~ 0)lla + 19T — o)
< 3|V ~ )z

We have also played in the target function v € H&D(Q) from the announcement of Theorem 3.7. Thus,
(3.20) follows from the definition (5.19).

(iv) Case px > d+ 1 and ¢¢ = (2% = 0 for some b € V), such that K € Tp, resulting from the
prescriptions (3.12a), (3.13a) since p;, < d+1 for some L € 7~7,, whereas (7, (7® non (necessarily) zero for
some other a € V, such that K € T, resulting from the prescriptions (3.12b), (3.13b). Here, by (3.16),
(Prp(V) i = Snpl i +0mp|ic + g ep,. G, Where spy, is given by (3.6), dpp is given by (3.9b), (3+* is given
by (3.12b), (3.13b), and Vi collects the vertices of the element K with Gy G ® prescribed by (3.12b),
(3.13b). We cannot proceed exactly as in the above step (iii): the problem (5. 2) is well-defined, but the
elementwise mean values (5.5) cannot be fixed for those L € Ty N Ti where the polynomial degree is too
small, p, < d+ 1.

The fix is, fortunately, easy. Define T = U achx {%} which is a subset of the extended element

patch ’TK, the subdomain corresponding to TK, denoted by W, is then a subset of Wx. We then introduce
¢ asin (5.2) but restrlctmg the minimization to 7x and &. Then the mean value fixes (5.5) are well

defined for all L € 'TK and one can verify that the proof proceeds similarly, merely employing the reduced
set of vertices Vg in place of Vk. O

A Stable H' decomposition on patches

We now state a stable decomposition result which immediately follows from Schéberl et al. [35] for a
uniform polynomial degree and, in two space dimensions, Karkulik et al. [32] for a variable polynomial
degree. We consider subdomains w C 2 and the corresponding meshes 7, as in Section 2.1 which will
later be taken “small”, typically the extended vertex patch T, with the corresponding subdomain w, or
the extended element patch Tx with wg. Recall the notation from Sections 2.6 and 2.7. There holds:

Corollary A.1 (Stable H' decomposition on patches). Let a simplicial mesh T, of 2, a (variable)
polynomial degree px > 1 for all K € Ty, and w C R?, an open, bounded, and connected Lipschitz
polygonal or polyhedral subdomain of @ corresponding to a face-connected submesh (patch) of Tr, denoted
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by T, with vertex set V,,, be given. For d = 3 and variable polynomial degree, let Assumption 3.2 hold.
Let

sp € Pp(To) (7o) N Hj p(w), (A.la)
(p;1)w =0 if [OwNTp| =0 (A.1b)

be a p-degree continuous piecewise polynomial on w, respecting the zero trace condition on I'p if Ow
contains faces from I'p, or mean-value free. Then there exists a decomposition of s, as

= Z sg (A.2)

bev,
where the contributions

52 are supported on the (truncated) vertex patch subdomains wp Nw, linearly (A3)

depend on s, on the (truncated) extended vertex patch subdomains Wy Nw,

and satisfy
sb € Pp(To N 7o) N Hy 1y o (wp Nw), (A.4)

i.e., recalling (2.9) and (2.5), are such that sg are p-degree continuous piecewise polynomial on wpy N w
and sg = 0 on that faces in O(wp Nw) where the hat function ® vanishes or which lie in the Dirichlet
boundary T'n. Moreover, the decomposition is stable in that

IVspllunnw S 1Vspllapne — ¥b € Ve, (A.5)

where the constant hidden in < only depends on the shape-regularity parameter k1, of the mesh T, and
the ratio hy,/minget, hi.

Remark A.2 (No global low order component and no local orthogonality constraints). In stable de-
compositions, there usually appears a lowest-order component supported over the whole domain w (as in
Schaoberl et al. [35, Section 3.1]), or some local orthogonality constraints are imposed (as in [15, Ap-
pendix B]. This is avoided here under the zero trace or mean value condition in (A.1) and for the price
of the ratio h,/ minger, hx. Note that, for T, the local patches T or TK, this ratio is bounded solely
in function of the mesh shape reqularity parameter y, from (2.1).

Proof, uniform polynomial degree px =p > 1 for all K €Ty,. Let s, satisfy (A.1) and consider the de-
composition of Schéberl et al. [35] on the domain w and mesh 7. Importantly, we choose the “coarse
grid contribution” (ug in equation (2) or IIu in Section 4.1 of [35]) as zero. This is eligible in terms
of [35, Lemma 3.1], since

VOl < [[Vspllw, (A.6a)

Hvsp”w = ”VSp”wv (A.Gb)
L 1 1 Poin<caré hw v A

- <— e , ,
sl € el S Tyl (A0

Consequently, there is no global low order component, cf. Remark A.2. The construction of [35] then gives
the decomposition, see equations (11) and (24) (after associating the face, edge, and element contributions
with the vertex contributions),

=D

bev,
stable as
b)|2 2

Z ||vsp||wbﬁw ,S ||V8P||w

bEVw
The inspection of the developments of [35] shows that sg are supported on wp Nw and solely constructed
from and linearly dependent on the values of s, on the (truncated) extended patches W, Nw as expressed
in (A.3) and satisfy more precisely the local stability as expressed in (A.5). Crucially, the constant hidden
in < above only depends on the shape-regularity parameter k7, of the mesh 7, and, through (A.6¢), on
the ratio h,/ minger, hi. O

Proof, variable polynomial degrees px > 1 for K € Ty,. The proof is as above, relying, in two space di-
mensions, on Karkulik et al. [32, Theorem 2.5], and, in three space dimensions, on Assumption 3.2. [
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Figure 4: Examples where Definition B.1, property (i), point 1, is not satisfied (left and middle) and
where Definition B.1, property (ii) is not satisfied (right). For the marked vertex a and the hatched
triangle, where the already enumerated triangles sharing a are dotted. Enumeration shown explicitly or
indicated by the order of vertices and direction of rotation.

Figure 5: Example of enumeration of Algorithm B.3 (left and middle). Illustration of the necessity of the
prioritization in the queue on step 3 of Algorithm B.3 (right; the running submesh 7; after the enumeration
of the elements sharing the vertices a; and ay would create a non contractible (not simply connected)
subdomain @; corresponding to 7; (a hole including the hatched triangle), later causing violation of
Definition B.1, property (i) for the marked vertex and the hatched triangle).

B Patch enumeration in two space dimensions

The following definition will be central:

Definition B.1 (Suitable patch enumeration in two space dimensions). Let T, be an edge-connected
triangular mesh with the corresponding open and bounded polygon w C R? such that @ is contractible. An
enumeration {K1,..., K1} of the triangles in T, is suitable if:

(i) For all1 < i <|T,l, if there are 2 edges of K; shared with previously enumerated triangles, intersecting
in a vertex a, then 1) all the triangles sharing the vertex a come sooner in the enumeration; 2) the
vertex a lies in the interior of w.

(i1) Foralll < i <|Tg|, there are between 1 and 2 edge neighbors of K; which have been already enumerated
and correspondingly, there is at least 1 edge neighbor which has not been enumerated yet, or K; has
an edge on the boundary Ow. In particular, there is no enumerated edge neighbor only for K1 and all
edge neighbors are already enumerated for K1, |, which moreover has an edge on the boundary Ow.

Property (i), point 1, is illustrated in Figure 4 (left and middle) and property (ii) in Figure 4 (right).
Importantly, we have:

Lemma B.2 (Definition B.1 on extended patches Tx in 2D). Let K € Ty,. Consider a patch given by
acv 1 Ta} as per Section 2.2, where Vi is a (sub)set of

vertices Vi . Then ’7}( can be enumerated as per Definition B.1.

a collection of extended vertex patches 7A'K =U

In order to prove Lemma B.2, we will apply an algorithm of breadth-first search type. We enumerate
the triangles one by one, starting from K, with an enumeration index i. To do so, we consider, also
one by one and also yielding an enumeration, with an enumeration index j, all vertices a lying in the
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interior of 7,,'. Every vertex will have an associated clockwise direction of rotation. We also create a

vertex queue, with a first-in first-out organization but with a possible application of a prioritization rule
in order to avoid violations of the properties of Definition B.1 such as in Figure 5 (right). The algorithm
is illustrated in Figure 5 (left and middle) and reads as follows:

Algorithm B.3 (Enumeration of an extended patch Tk in 2D).

1. Enumerate the element K as K.

2. Form the initial vertex queue by the vertices of the element K1 lying in the interior of the domain W .
The first vertex is arbitrary and the other vertices are added in the clockwise direction. Set the vertex
counter j to 0.

3. Increase the vertex counter, j := j + 1. Take the next vertex from the queue (first-in first-out organi-
zation), and enumerate it as a;j. If, however, the next step 4 shall create a non contractible subdomain
w; corresponding to the running submesh T; given by all enumerated triangles K ... K; (a hole in T;),
then discard this and take instead (repeatedly) the subsequent vertex from the queue.

4. Number those triangles which share the vertex a; and have not been enumerated yet, in the clockwise
direction, starting from the neighbor of an already enumerated triangle.

5. Add those interior vertices of all triangles sharing the vertex a; which are not there yet, in the clockwise
direction, into the verter queue.

6. If all triangles and interior vertices have been enumerated, then stop. Otherwise go to step 3.

Proof of Lemma B.2. We employ Algorithm B.3 and verify (i)—(ii) of Definition B.1 by proceeding by
induction on the vertex counter j.

1) Consider j = 1. Then a; is the first vertex of the element K7, since the prioritization rule does not
apply. Then, any triangle K; enumerated on step 4 of Algorithm B.3, i > 2, is an edge neighbor (in the
clockwise direction) of K;_1, both sharing the vertex a;. Hence, Definition B.1 is clearly satisfied after
enumerating all triangles sharing a;. In particular, the situation of Figure 4 (left) cannot happen with
respect to the vertex aq, since we proceed continuously in one (clockwise) direction.

2) Consider the enumeration at the end of step 4 of Algorithm B.3, while enumerating all triangles
sharing the vertex a;. Then property (i), point 1, is satisfied for a;, since by the induction hypothesis,
(i), point 1, is satisfied up to a;_1 and since we start from an edge neighbor of an already enumerated
triangle and enumerate in a fixed direction of rotation; situation of Figure 4 (left) cannot happen with
respect to the vertex a;. Property (i), point 2, is automatically satisfied for a;, since a; is an interior
vertex in Algorithm B.3.

An algorithm employing enumeration in the direction of rotation around each vertex a; without
additional rules may, however, potentially violate property (i), point 1, with respect to another vertex
with not all elements sharing it already enumerated, say a, as illustrated in Figure 4 (middle) for j = 7.
The vertex queue helps to prevent this. Yet another problem can, however, arrive even in presence of the
vertex queue. This is depicted in Figure 5 (right). There, the enumeration would violate property (i),
point 1 if @ is on the interior of @Wx and property (i), point 2 if @ is on the boundary of &x. Indeed,
on step 2 of Algorithm B.3, the initial queue would be formed by the vertices as, a3 and after the first
passage through steps 3-5, this would become as, a3, as. However, enumerating around as would create
a non contractible (not simply connected) subdomain @; corresponding to the running submesh 7; given
by all enumerated triangles around a1, as, so that rather enumeration around ag is performed first. Now
the queue becomes as, a4, as. Taking as would still create a hole in 7;, so that rather a4 is employed
first. Finally, the queue becomes as, as, still as is inadmissible, as passes first, and only then, last, as
is treated, leading to the enumeration of Figure 5 (middle). To avoid this, property (i) for the vertices
different from a; is satisfied by the construction of Algorithm B.3 (there is always a suitable vertex in the
queue: this may not be the case for a domain @Wx such that D is not contractible, but here we consider
extended patches of elements from Section 2.2).

3) We finally treat property (ii). Triangle K clearly has no enumerated edge neighbor and K7, has
all edge neighbors already enumerated. Further, by construction of Algorithm B.3, for K;, 1 < i < |T,|,
there is at least 1 edge neighbor which has been already enumerated (we always attribute a subsequent
number to an edge neighbor). We are left to show the two remaining properties. First, we need to
show that any K;, 1 < i < |T,| (excluding the first and last elements), has at most 2 edge neighbors
which have been already enumerated. (Then, clearly, there is at least 1 edge neighbor which has not been
enumerated yet, or K; has an edge on the boundary 0Wg.) Second, we need to show that the last triangle

1To simplify the presentation, we do not describe here the treatment of the irregular cases caused by trimming by the
boundary 992, like when there are no interior vertices in 7, when 7, = T}, is only composed of a single element, or when
7., contains a stripe of triangles.
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Figure 6: Example where Definition C.1, property (i), point 1, (left) and Definition C.1, property (ii),
point 1, (right) is not satisfied . For the marked vertex a and the hatched tetrahedron, where the already
enumerated tetrahedra sharing a are dotted.

K1, has an edge on the boundary dig. Both these situations are illustrated in Figure 4 (right): either
with the hatched triangle enumerated before the dashed triangles (it has 3 edge neighbors which have
been already enumerated but only one of the dashed triangles is the last)(first case) or with the hatched
triangle enumerated last (it has no edge on the boundary 0Wg) (omitting the dashed triangles) (second
case). This is again ensured in Algorithm B.3 by construction by the use of the priority vertex queue. O

C Patch enumeration in three space dimensions

The equivalent of Definition B.1 in three space dimensions is:

Definition C.1 (Suitable patch enumeration in three space dimensions). Let T, be a face-connected
tetrahedral mesh with the corresponding open and bounded polyhedron w C R® such that @ is contractible.
An enumeration {Ky,..., K7} of the tetrahedra in T, is suitable if:

(i) For all 1 < i <|Ty|, if there are at least 2 faces of K; shared with previously enumerated tetrahedra,
intersecting in an edge e, then 1) all the tetrahedra sharing the edge e come sooner in the enumeration;
2) the edge e lies in the interior of w.

(i) Foralll < i <|T,|, if there are 3 faces of K; shared with previously enumerated tetrahedra, intersecting
in a vertex a, then 1) all the tetrahedra sharing the vertex a come sooner in the enumeration; 2) the
vertex a lies in the interior of w.

(11i) Foralll < i <|T,|, there are between 1 and 3 face neighbors of K; which have been already enumerated
and correspondingly, there is at least 1 face neighbor which has not been enumerated yet, or K; has a
face on the boundary Ow. In particular, there is no enumerated face neighbor only for K1 and all face
neighbors are already enumerated for K7, |, which moreover has a face on the boundary Ow.

We currently do not see how to prove the existence of enumeration satisfying Definition C.1 for an
arbitrary patch given by a collection of extended vertex patches TK = UnePp {T} for a tetrahedron
K € Ty. This lead us to Assumption 3.1. We, however, as in Appendix B, can construct an algorithm
that produces, in most cases, the requested enumeration. This again employs a queue of vertices lying
in the interior of @y with priority and a breadth-first search procedure. The idea is to employ therein
a 2D enumeration of surface triangular meshes in the spirit of Algorithm B.3, where, however, three
adjustments are needed: 1) one needs to extend it to arbitrary patch subdomains; 2) one needs to ensure
that “or K; has an edge on the boundary dw” from Definition B.1, point (ii) is removed (so that for all
K;, 1 <i<|T,]|, there is at least 1 edge neighbor which has not been enumerated yet); 3) one needs to
start the enumeration in a way that K; touches the boundary dw. Various variants of Algorithm B.3 can
be designed but for the moment we do not see any that works in all possible geometrical situations.

To describe the 3D enumeration algorithm, we will need a notion of “interior-like vertex patch”
To which is formed by tetrahedra sharing the vertex a such that the corresponding patch subdomain
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Figure 7: Example of enumeration of Algorithm C.2 at the stage of a boundary-like vertex patch g,
with 4 tetrahedra, 6 faces F1—Fp on Ow,; sharing the vertex a; (hatched), 3 faces F7—Fy inside Wa,
sharing the vertex a;, and 6 edges e;—eg (on Owg,) sharing the vertex a; (left); the corresponding planar

triangular mesh 7\;]. with 4 triangles corresponding to the 4 tetrahedra, 6 boundary edges e;—es on 0lg,
corresponding to the faces F}—Fg, 3 interior edges e;—eg inside @a]. corresponding to the faces F7—Fy, and
6 (boundary) vertices by—bg on 0i,; corresponding to the edges e;—eg (right)

wg contains an open ball around a, cf. [26, Section 2.1]. This corresponds to a vertex patch 7, from
Section 2.2 for the vertex a inside §2. We will also need a notion of a “boundary-like vertex patch” Tg
where the corresponding patch subdomain w, only contains an open ball around a minus a sector with
a solid angle 6, € (0,4m), cf. [26, Section 2.4]. This corresponds to a vertex patch 7 from Section 2.2
for the vertex a inside €2 but where only some tetrahedra sharing a are considered. We will only
employ face-connected boundary-like vertex patches with one solid angle opening, where the closure of
the corresponding subdomain is contractible. R

Let T4 be a “boundary-like vertex patch”. Consider the surface triangular mesh, say 7, made by the
faces of Tq lying on the boundary dwg but not sharing the vertex a. There is a one-to-one correspondence
between the tetrahedra of 7, and the triangles of 7:1, between the faces of 7, sharing the vertex a and
the edges of 7;, and between the edges of 7, sharing the vertex a and the vertices of 7; In particular,
enumerating 7, is equivalent to enumerating Ta. Moreover, by a homeomorphism, 7. can be identified
with a two-dimensional planar triangular mesh, where we take the “outside” viewpoint with respect to
the vertex a. This mesh is edge connected and the closure of the corresponding domain is contractible.

Figure 7 shows an example of the enumeration of a boundary-like vertex patch 7,; by applying the

above-discussed adjustment of Algorithm B.3 to the triangular mesh ﬁj. We employ it to enumerate
the tetrahedra sharing the interior vertex a; form the queue in the algorithm that reads as follows:

Algorithm C.2 (Enumeration of an extended patch T in 3D).

1. Enumerate the element K as K.

2. Form the initial vertex queue by the vertices of the element Ky lying in the interior of the domain Wk .
The order of the vertices is arbitrary. Set the vertex counter j to 0.

3. Increase the vertex counter, j := j + 1. Take the next vertex from the queue (first-in first-out organi-
zation), and enumerate it as a;j. If, however, the next step 4 shall create a non contractible subdomain
w; corresponding to the running submesh T; given by all enumerated tetrahedra Ky ...K; (a hole in
T:), then discard this and take instead (repeatedly) the subsequent vertex from the queue.

4. Consider all tetrahedra from Ti sharing the verter a; which have not been enumerated yet. This
forms a boundary-like vertex patch Ta; with the associated patch subdomain wq,. Consider the surface
triangular mesh ’72‘7 corresponding to Ta,. Enumerate '7;9. using Algorithm B.3 with the adjustments
discussed above; this also creates an enumeration of all vertices of ’7A;j. Herein, start the enumeration
from a neighbor of an already enumerated tetrahedron. The one-to-one correspondence between the
triangles of 7\;]. and the tetrahedra of Ta, creates the continuation of the enumeration of the tetrahedra
of ?K. Moreover, the one-to-one correspondence between the vertices of ﬁj and the edges of Ta,
sharing the vertexr a; enumerates all edges of Ta; sharing the vertex a;.

5. Add those interior vertices of all tetrahedra sharing the vertex a; which are not there yet into the
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vertex queue. The adding is done following the enumeration of all edges of Ta, sharing the vertez a;.
6. If all tetrahedra and interior vertices have been enumerated, then stop. Otherwise go to step 3.

D Stable broken polynomial extension on patch subdomains

We summarize here our results on stable broken polynomial extensions on patch subdomains. We only
consider here a uniform polynomial degree p.

D.1 Available results

Stable H' polynomial extensions on a single triangle or tetrahedron have been achieved in Muhoz-
Sola [34], Ainsworth and Demkowicz [2], and Demkowicz et al. [19], see also the references therein. Let
K be a triangle or a tetrahedron and let p > 1. Let 7 € P,(K) be a volume datum and rp € P,(F)
a target trace; the latter is prescribed on FR, a subset of all (d — 1)-dimensional faces of K, possibly
empty or containing some or all faces of K. Importantly, rr has to be compatible in that it is a trace on
FE of some p-degree polynomial in K. The combination of the above-cited trace liftings allows to prove,
see [26, Lemma A.1], that

min A\ —v < min A\ —v D.1
, i V(T —vp)llk S Jun V(T —v)llk, (D.1)
vp=rp on all FGJ:I]% v=rp on all FE]:I]?

where the hidden constant only depends on the shape-regularity parameter of the element K and the
space dimension d (the form (D.1) follows from [26, Lemma A.1] by a shift by 7x).

Stable broken polynomial extensions achieve a similar result to (D.1) but on patches of elements,
where, crucially, the datum 7x is a broken piecewise polynomial. For patches of elements sharing a
vertex and prescribed trace boundary conditions in three space dimensions, they have been established
in [26, Corollaries 3.1 and 3.7], see also [14, Corollaries 3.4 and 4.4].

D.2 General meshes and no trace boundary conditions

We now extend the above results in two directions. First, we consider possibly larger patches than merely
all elements sharing a given vertex. Second, we consider the case with no trace boundary conditions
prescribed. Recall that by “face”, we mean “(d — 1)-dimensional face”.

Our main result is:

Theorem D.1 (Stable broken polynomial extension on extended patches and without boundary condi-
tions). Let T, be a face-connected simplicial mesh with the corresponding open, bounded, and Lipschitz
polygon or polyhedron w C R?, d = 2,3, with @ contractible, where T,, can be enumerated as per Defi-
nition B.1 or Definition C.1. Let 1, € Pp(T) be a volume datum, a broken piecewise polynomial of (a
uniform) degree p > 1 for all K € T;,. Then

min \Y — )y < min ||V — )|, D.9
wep, (i IV T =)l S i 11V (7 =) (D.2)

where the constant hidden in S only depends on the shape-regularity parameter k1., of the mesh T, the
ratio hy,/ minger, hx, and the space dimension d.

Proof. We present the proof for d = 3; the two-dimensional case is (much) easier. We follow [26, Section 6],
see also [14, Section 6.4]. Let
v*i=arg min V(7 = 0)lle (D.3)
veEH" (w)
(v,1),=0
denote the infinite-dimensional H'(w) minimizer from the right-hand side of (D.2); the mean value
constraint is employed merely for uniqueness. We present a constructive proof of (D.2) which proceeds
along the enumeration of Definition C.1. On each element K;, 1 <14 < |T,|, we in particular construct a

suitable minimizer §; € P,(K;) and we gradually set

Enplrc =& (D.4)

We then verify that
Enp € Pp(To) N H' (w) (D.5)
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and that

IV (7rp = &)l S NIV (Trp = v [|eos (D.6)
which establishes (D.2). More precisely, on each step 1 < i < |7,]|, we will verify that
IV (T — &)l S N1V (Tp = 07) ;s (D.7)

which yields (D.6) up to a constant depending on the shape-regularity parameter k7, of the mesh 7,
the ratio h,,/minget, hi, and the space dimension d. Moreover, as &x,|k, Will have its trace prescribed
by &l x; of the previously enumerated Kj, it will have no jumps and (D.5) follows. We proceed along
the enumeration 1 <14 < |7,| of Definition C.1 and consider different cases.

(i) On the first element K7, let

= i \Y% — . D.8
£ = arg vpelgir(lKl)II (Thp — vp) 1 iy (D.8)
('U;wl)Kl =0

This is a well-posed problem. Actually, V& = V7, on K, so that (D.7) is trivial, but les us outline the
path we will take subsequently. Since the datum 7y,|k, in (D.8) is polynomial, we know from (D.1) that
we can pass to the infinite-dimensional level,

IV~ €0l S i [V~ ), (D.9)
Then, since the infinite-dimensional minimizer v* from (D.3) restricted to the element K1, v*|k,, belongs
to the minimization set on the right-hand side of (D.9), i.e., v*|k, € H'(K1) (please note that there are
no trace conditions in (D.9)), we obtain

IV(mp — €l 5y S IV (Thp — 0755 (D.10)

which gives (D.7) for i = 1.
(ii) On each element K; with exactly one face shared with some previously enumerated simplex, say
F; ; shared with K, j < i, we consider
& = arg min IV (Thp — vp) | ;- (D.11)

vp€EPp(K;)
vp=Enp|r; on Fi;

Please note that since j < i and by (D.4), &plk, is known. Then (D.11) is well-posed; there is in
particular no compatibility condition to verify, since the trace is only imposed on one face. We now again
employ (D.1). This yields

IV (Thp = &)

kS min o [[V(7p —0)|k; (D.12)
veH" (Kj;)
’L):fhlej on Fi’j

Unfortunately, now v*|g, does not belong to the minimization set on the right-hand side of (D.12)
since there is a trace condition on the face F; ; imposed. The fix is, for the moment, easy. Consider the
face neighbor K; and let T : K; — K; be the unique affine geometric mapping that maps K; to Kj,
leaving the face F; ; invariant. Now we “bring” the function v* — &, from K to K, forming

K, — (V7= ghp>|Kj o T_17 (D.13)

see [26, Proof of (5.11b), (1)] for the details. On Fj ;, this removes the trace of v* and brings instead
the requested &p,|r, (in appropriate weak sense), so that v from (D.13) now crucially belongs to the
minimization set on the right-hand side of (D.12). Consequently, we obtain

IV (Thp — &)

Finally, by the triangle inequality and the properties of the geometric map T (recall that we suppose
shape regularity of 7,,)

IV (Thp = &)

v ="

K SV (Thp — 07

K+ (0" = &), 0T

K;- (D.14)

K <V — 0k, + IV (0" = &)l i, o T7H) |,
SV (T = )k, + IV = i)l (D.15)
< ”V(Thp - ")k, + ”V(Thp - U*)HK]- + HV(Thp - fhp)”Kj
SV — v9)lw,
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where, in the last estimate, we have employed (D.7) in K, which has been established previously since
j <. Thus (D.7) is established.

(iii) On each element K; with exactly two faces shared with some previously enumerated simplices,
say F; ; shared with K, j < ¢, and F; j, shared with K}, k < ¢, we consider

;= ar min Vi — v . D.16

Gomag min o [Vim,—u)l (D.16)
U;n:ghlej on Fi,,j
vp=Enp| K, on Fi

Again, since j < i and k < i and by (D.4), {plk, and &plk, are known. Since the trace is imposed
on two faces, problem (D.16) is well-posed if the two data &,|x; and &,|k, are compatible, i.e., match
along the common edge of F; ; and F; , say e. This is crucially implied by Definition C.1, property (i).
Indeed, by property (i), point 1, of Definition C.1 on the enumeration, all the simplices sharing the edge
e come sooner in the enumeration and by property (i), point 2, the edge e does not lie on the boundary
of w. Thus &p|x; and &ylk, match along e as &, is trace-continuous on all faces sharing the edge e
different from F; ; and Fj . We then again employ (D.1), which now yields

IV (7hp = &)l x; S min IV (Tp = 0)ll ;.- (D.17)
veEH" (K;)
’LJ:fhlej on Fi,j
v=E&np|K;, on Fy

As above in step (ii), the continuous-level minimizer v* from (D.3) restricted to K; does not belong
to the minimization set on the right-hand side of (D.17) since there are two trace conditions on the two
faces F; ; and F; j, imposed. Here again, Definition C.1, property (i) is crucial: it enables to construct a
suitable v in this sprit of (D.13) but which now involves the geometric mappings from all the simplices
sharing the edge e except for K;. This is done in a “2-folding” way which replaces v* on F;; and F}
(in a proper weak sense) by respectively &p|x, and &up|k, ; the precise formula is [26, equation (5.12)].
Existence of a two-color refinement around edges of [26, Lemma B.2] is crucial at this step. Then (D.7)
is established similarly to (D.15).

(iv) Finally, on each element K; with exactly three faces shared with some previously enumerated
simplices, say F; ; shared with Kj, j < i, F; , shared with K, k < ¢, and F;; shared with K, | < i, we
consider

& = arg vpergir(lKi) IV (7hp — vp) |l 5, - (D.18)
vp=EnplK; on Fij
vp=E&np| K, on Fik
vp=&np|K, On Fiy
Again, all &y, Eplk,., and &plk, are known at this stage. Then (D.18) is well-posed; as above, by
consequence of Definition C.1, property (i), for any edge e common to two of the three above faces Fj ;,
F, i, Fi 1, the face data given by &, are compatible, i.e., match along e. Employing once more (D.1), we
have

IV (T — &)l S min V(7 — 0)| k.- (D.19)
veEH" (K;)

1):§hp|;(]. on F; ;

v=Enp|K, on Fix

v=Enp|K, on Fi;

As above in steps (ii) and (iii), the infinite-dimensional minimizer v*|k, does not belong to the
minimization set on the right-hand side of (D.19) since there are three trace conditions on the three faces
F; j, Fir, and F;; imposed. Crucially, by property (ii), point 1, of Definition C.1 on the enumeration,
all the simplices sharing the vertex a common to the three faces F; ;, F;, and F;; come sooner in the
enumeration and by property (ii), point 2, the vertex a does not lie on the boundary of w. This enables
to construct a suitable v in this sprit of (D.13) but which now involves the geometric mappings from all
the simplices sharing the vertex a except for K;. This is done in a “3-folding” way; the precise formula
is [26, equation (5.14)]. Existence of a three-color refinement around vertices of [26, Lemma B.3] is crucial
at this step. Then (D.7) is established similarly to (D.15). O

D.3 Application to extended patches of elements and imposition of trace
boundary conditions

We now finally formulate the result precisely in the form needed in the proof of Lemmas 5.3 and 5.4 in
Section 5.3. We again only consider a uniform polynomial degree p.
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Corollary D.2 (Stable broken polynomial extension on extended patches 7A'K) Let K € T,. Consider
a patch given by a collection of extended vertex patches 7\}( = Uaeﬁx{ﬁ} as per Section 2.2, where ]7[(
is a (sub)set of vertices V. Let Wi be the associated open subdomain. Let Assumption 3.1 hold. Let
Thp € ”Pp(ﬂ{) be a volume datum, a broken piecewise polynomial of a uniform polynomial degree p > 1.
Then

min IV(Thp —vp)llax S min_ [[V(7hp = v)[ag (D.20)

vp€P (T )NH} 1 (@) vEH; 1, (0K )
where the constant hidden in < only depends on the shape-reqularity parameter K7 of the mesh %K and
the space dimension d.

Proof. Let d = 2 and let I'p be empty. Then (D.20) is a combination of Theorem D.1 together with
Lemma B.2. Similarly, if d = 3 and if 00k does not contain any face from 9, (D.20) is a combination
of Theorem D.1 together with the first part of Assumption 3.1. Note that the ratio hg, /min; 7 hy, for

an extended patch 7A}< only depends on the shape-regularity parameter K7, - If d = 3 and if O0Wk contains
at least one face from 0, or if d = 2 with I'p non-empty and if Jwx contains at least one face T'p, using
the second part of Assumption 3.1, Tx can be mapped by d symmetries as in [14] for boundary patches

into a patch that can be enumerated as per Definition C.1 or Definition B.1, where we can branch with
Theorem D.1. O
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