
HAL Id: hal-04425030
https://inria.hal.science/hal-04425030v1

Submitted on 27 Aug 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution - NonCommercial 4.0 International License

Computational Design of Flexible Planar
Microstructures

Zhan Zhang, Christopher Brandt, Jean Jouve, Yue Wang, Tian Chen, Mark
Pauly, Julian Panetta

To cite this version:
Zhan Zhang, Christopher Brandt, Jean Jouve, Yue Wang, Tian Chen, et al.. Computational De-
sign of Flexible Planar Microstructures. ACM Transactions on Graphics, 2023, 42 (6), pp.185:1-16.
�10.1145/3618396�. �hal-04425030�

https://inria.hal.science/hal-04425030v1
http://creativecommons.org/licenses/by-nc/4.0/
http://creativecommons.org/licenses/by-nc/4.0/
https://hal.archives-ouvertes.fr


Computational Design of Flexible Planar Microstructures
ZHAN ZHANG, University of California, Davis, USA
CHRISTOPHER BRANDT, 1000shapes GmbH, USA
JEAN JOUVE, University Grenoble Alpes Inria, CNRS, Grenoble INP, LJK, France
YUE WANG, University of Houston, USA
TIAN CHEN, University of Houston, USA
MARK PAULY, EPFL, Switzerland
JULIAN PANETTA, University of California, Davis, USA

Fig. 1. We introduce an efficient, accurate method for periodic homogenization of nonlinear elasticity and develop a computational framework for designing
microstructures that best reproduce an input hyperelastic constitutive law over a finite region of applied macroscopic strains. For validation, we design a
catalog of metamaterials best fitting a broad range of isotropic Hooke’s laws (𝐸, 𝜈) at finite strain. For each highlighted sample, we show the design produced
by a traditional linear-elasticity-based method (left) and our optimization result (right), visualizing the accuracy with which the target stress-strain map is
reproduced using surfaces in stress space (𝜎𝑥𝑥 , 𝜎𝑦𝑦, 𝜎𝑥𝑦 ) as described in Figure 5. The colormap visualizes the relative error in fitting to the target stress
(indicated by the translucent ellipse). Right: an assortment of structures that we fabricated and tested to validate our design optimization.

Mechanical metamaterials enable customizing the elastic properties of phys-
ical objects by altering their fine-scale structure. A broad gamut of effective
material properties can be produced even from a single fabrication mate-
rial by optimizing the geometry of a periodic microstructure tiling. Past
work has extensively studied the capabilities of microstructures in the small-
displacement regime, where periodic homogenization of linear elasticity
yields computationally efficient optimal design algorithms. However, many
applications involve flexible structures undergoing large deformations for
which the accuracy of linear elasticity rapidly deteriorates due to geometric
nonlinearities. Design of microstructures at finite strains involves a massive
increase in computation and is much less explored; no computational tool
yet exists to design metamaterials emulating target hyperelastic laws over
finite regions of strain space.
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We make an initial step in this direction, developing algorithms to accel-
erate homogenization and metamaterial design for nonlinear elasticity and
building a complete framework for the optimal design of planar metamateri-
als. Our nonlinear homogenization method works by efficiently constructing
an accurate interpolant of a microstructure’s deformation over a finite space
of macroscopic strains likely to be endured by the metamaterial. From this
interpolant, the homogenized energy density, stress, and tangent elasticity
tensor describing the microstructure’s effective properties can be inexpen-
sively computed at any strain. Our design tool then fits the effective material
properties to a target constitutive law over a region of strain space using
a parametric shape optimization approach, producing a directly manufac-
turable geometry. We systematically test our framework by designing a
catalog of materials fitting isotropic Hooke’s laws as closely as possible. We
demonstrate significantly improved accuracy over traditional linear meta-
material design techniques by fabricating and testing physical prototypes.

CCS Concepts: • Computing methodologies → Shape Modeling; Simu-
lation.

Additional Key Words and Phrases: metamaterials, homogenization, physics-
based simulation, computational design, fabrication

ACM Reference Format:
Zhan Zhang, Christopher Brandt, Jean Jouve, Yue Wang, Tian Chen, Mark
Pauly, and Julian Panetta. 2023. Computational Design of Flexible Planar
Microstructures. ACM Trans. Graph. 42, 6, Article 185 (December 2023),
16 pages. https://doi.org/10.1145/3618396

ACM Trans. Graph., Vol. 42, No. 6, Article 185. Publication date: December 2023.

HTTPS://ORCID.ORG/0009-0006-2611-4809
HTTPS://ORCID.ORG/0009-0003-7155-2515
HTTPS://ORCID.ORG/0009-0004-7761-1712
HTTPS://ORCID.ORG/0009-0005-4062-1316
HTTPS://ORCID.ORG/0000-0002-9100-7202
HTTPS://ORCID.ORG/0000-0003-4957-4825
HTTPS://ORCID.ORG/0000-0002-8331-2354
https://doi.org/10.1145/3618396
https://doi.org/10.1145/3618396


185:2 • Zhan Zhang, Christopher Brandt, Jean Jouve, Yue Wang, Tian Chen, Mark Pauly, and Julian Panetta

1 INTRODUCTION
Modern high-resolution digital fabrication technologies have opened
up the possibility of creating custom-tailored elastic metamaterials,
fine-scale layouts of deformable material whose geometric structure
can give rise to fine-tuned, spatially graded elastic properties. With
the right geometry, metamaterials can exhibit strikingly different be-
haviors from any natural material, like extreme positive or negative
Poisson’s ratios (pentamode [Kadic et al. 2012] or auxetic materials
[Ren et al. 2018], which have been the subject of significant recent
research activity). A large body of past work has focused on the
inverse homogenization problem: designing a microstructure ge-
ometry achieving a desired elastic material behavior. However, the
vast majority of this work relies on the assumption of infinitesi-
mal displacements to replace the nonlinear governing physics with
linear elasticity. The linearized theory brings dramatic simplifica-
tions, permitting a metamaterial geometry’s effective small-strain
material properties to be concisely summarized by a fourth-order ho-
mogenized elasticity tensor, calculated efficiently by solving a small
number of sparse linear systems.

Although linear elasticity is reasonable for stiff structures, flexible
metamaterials used in, e.g., compliant mechanisms, soft robots, and
prosthetics, quickly enter the large deformation regime where geo-
metric nonlinearities cannot be neglected and designs can deviate
strongly from their linearly elastic behaviors. This issue is illustrated
in Figure 2, where an isotropic auxetic metamaterial optimized to
produce a Poisson’s ratio of 𝜈 = −0.75 under linear elasticity is
stretched horizontally. Its tangent Poisson’s ratio − 𝜕𝜀𝑦𝑦

𝜕𝜀𝑥𝑥
immedi-

ately deviates from the designed value, even changing sign before
reaching a horizontal strain of 𝜀𝑥𝑥 = 10%. We note that nonlinear
properties like these could be harnessed for certain applications,
but linear-elasticity-based design fundamentally lacks awareness or
control of them.
The few past efforts to extend microstructure design to finite

strains have employed severe simplifications: controlling behavior in
only a single loading scenario [Nakshatrala et al. 2013], at a few sam-
pled loads [Behrou et al. 2021], or along one deformation path (e.g.,
uniaxial stretching) [Clausen et al. 2015; Schumacher et al. 2018a;
Wang et al. 2014]. These limitations are acceptable in some situations,
like for bistable auxetics [Chen et al. 2021a]
known to admit a single low-energy deforma-
tion path. However, many applications call for
tailoring properties over finite regions, E, of strain
space (see Figure 4). The distinction is visualized
in the inset sketch: control is needed over a full
volume (translucent ball) instead of the sparse and low-dimensional
samplings of past work, e.g. uniaxial strains with varying magnitude
or direction (brown and blue dots, respectively). Characterizing and
optimizing material properties over this finite region poses several
computational challenges that our work seeks to address.

Applications of finite-strain elastic metamaterial design abound.
At themost basic level, microstructures can be designed to reproduce
simple analytical models, like linear Hooke’s laws or neo-Hookean
materials. Such target materials are intuitive for engineers to work
with and are defined by a concise set of parameters that can be
systematically swept (e.g., Young’s modulus and Poisson’s ratio in

Fig. 2. Finite-strain properties of a microstructure designed using linear
elasticity: the tangent Poisson’s ratio quickly deviates from the requested
value of 𝜈 = −0.75.

the isotropic case). This enables generating catalogs of elastic meta-
materials covering a wide range of material properties to support
efficient, fully decoupled multiscale design, as has proven effective in
the setting of linear elasticity [Panetta et al. 2015; Tozoni et al. 2020;
Zhu et al. 2017].

Single-scale optimization of large microstructured parts like soft
robots [Jin et al. 2020; Mark et al. 2016; Rafsanjani et al. 2019],
prosthetics and medical implants [Kim et al. 2021; Pirozzi et al.
2022], or compliant mechanisms [Tozoni et al. 2020; Zhu et al. 2020]
directly at the resolution of modern additive manufacturing tech-
nology (exceeding the teravoxel level) is intractable. But nonlinear
homogenization enables a two-scale optimization where the full
part is represented by a coarsened, solid mesh whose micro-scale
detail is encoded by a collection of scalar fields. In past approaches,
these fields encode the microstructure geometry, which ultimately
requires solution and sensitivity analysis of nonlinear homogeniza-
tion cell problems to be performed for each quadrature point in each
coarse element concurrently with macro-scale design [Nakshatrala
et al. 2013; Raju et al. 2021]. With the general-purpose material
catalogs we generate, the scalar design fields on the coarsened mesh
can instead represent the material parameters of achieved effective
constitutive laws (like Young’s moduli and Poisson’s ratios), fully de-
coupling the coarsened design optimization from the microstructure
optimization and dramatically improving efficiency.

Flexible microstructures can also be designed to exploit inherently
nonlinear elastic material behaviors like multistability and jamming.
Multistability is the mechanism underlying a number of fascinating
emerging technologies like mechanical logic gates [Song et al. 2019]
and neural networks [Lee et al. 2022], shape-reconfigurable materi-
als [Haghpanah et al. 2016], reprogrammable materials [Chen et al.
2021b], and deployable surface structures [Chen et al. 2021a]. It is
characterized by having multiple states at which elastic energy is
locally minimized and frequently arises from buckling instabilities
in slender beam structures. Jamming refers to a mechanical phase
transition in which a metamaterial abruptly shifts from deforming
flexibly into a near-rigid configuration upon application of certain
strains [Wang et al. 2021]. This has applications in impact absorption
[Wang et al. 2019] and robotics [Brown et al. 2010]. While we do not
address the design of such materials in this work, we believe that
our algorithms will provide a useful foundation for future efforts.

ACM Trans. Graph., Vol. 42, No. 6, Article 185. Publication date: December 2023.
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To summarize, the need for full nonlinear elasticity models in the
analysis and design of flexible elastic metamaterials is twofold: it
ensures correctness of designs and unlocks fundamentally nonlinear
behaviors that are impossible within the framework of linear elas-
ticity. Yet despite this clear need, little progress has been made, and
developing optimal design algorithms for nonlinear metamaterials
“remains fiendishly difficult” [Bertoldi et al. 2017] due to the im-
mense computations involved. We develop algorithms to ease this
computational burden, making the following main contributions:

• We develop an adaptive, data-accelerated homogenization al-
gorithm that efficiently achieves a requested level of accuracy
over a finite region of strain space.

• We introduce a material design algorithm optimizing for ge-
ometries best fitting a target hyperelastic model.

• We propose a robust scheme for promoting collision-free
microstructures, avoiding the need for differentiable contact
simulation in the inner loop of the design optimization.

• Wegenerate a catalog of intuitive, as-linear-as-possible isotropic
planar metamaterials to support applications in finite-strain
multiscale design.

2 RELATED WORK
We contribute to a large and active area of research in the computer
graphics community on fabrication-aware design of mechanical
objects, which we briefly survey here, referring to [Bermano et al.
2017] for a recent comprehensive overview. Several methods have
been proposed for enhancing the structural stability of additively
manufactured objects by automatically hollowing, thickening, or
inserting supports [Lu et al. 2014; Schumacher et al. 2018b; Stava
et al. 2012; Ulu et al. 2017]. Finding the structurally weakest parts of
an object with worst-case or stochastic analysis has been addressed
by [Langlois et al. 2016; Zhou et al. 2013], as has designing under
these loads [Cui et al. 2020; Langlois et al. 2016; Panetta et al. 2017;
Schumacher et al. 2018b]. Many techniques have been developed to
optimize the large-deformation behaviors of elastic objects [Bickel
et al. 2010; Chen et al. 2014; Skouras et al. 2013; Xu et al. 2015].
Other works have optimized objects’ balance [Musialski et al. 2015;
Prévost et al. 2013], spinnability [Bächer et al. 2017], natural fre-
quencies [Bharaj et al. 2015; Musialski et al. 2016], rate of dissolution
in a solvent [Panetta et al. 2022], and appearance while retaining
structural soundness [Martínez et al. 2015; Zehnder et al. 2016].
The design of kinetic, shape-morphing, and deployable struc-

tures is especially relevant, as these often leverage metamaterials
to actuate or control their transformations. Several works in this
direction design patterns of rigidmaterial that can be attached to pre-
stretched elastic sheets, guiding their contraction motion to actuate
towards a desired curved surface [Guseinov et al. 2017; Jourdan et al.
2022; Pérez et al. 2017]. Similar transformations to target curved
surfaces have been achieved by inflatable sheets [Ou et al. 2016;
Panetta et al. 2021] and networks of elastic beams [Baek et al. 2018;
Panetta et al. 2019; Pillwein and Musialski 2021; Ren et al. 2022].
The spiral structures of [Malomo et al. 2018], while not deployable
per se, are optimized to produce the right bending and stretching
stiffness so that patches deform into a desired curvature upon con-
straining their boundaries. Ion et al. [2016] develop an interactive

design tool that can be used to create compliant mechanisms from
a few metamaterial building blocks. Celli et al. [2018] and Chen
et al. [2021a] design incision patterns that, when cut into a flat sheet
of material, induce metric frustration under stretching and cause
out-of-plane deformation. The latter is perhaps the most closely
related, as it employs a similar nonlinear periodic homogenization
framework. However, it could restrict its analysis to uniaxial trajec-
tories due to the constraints imposed by the material system and
did not need sensitivity-analysis-based design optimization due to
the small numbers of structure parameters considered.
Past literature on the design of mechanical metamaterials using

linear elasticity is vast. We mention only a few representative works
from the graphics community, starting with [Panetta et al. 2015;
Schumacher et al. 2015] that optimized periodic microstructures to
achieve target elasticity tensors and satisfy tileability constraints to
support creation of 3D printable parts with spatially graded proper-
ties. Microstructures have been used to support two-scale design
for linear elasticity [Panetta et al. 2017; Zhu et al. 2017], including
conforming to the boundary of the coarsened design mesh (and ac-
counting for the ensuing unit cell distortion during homogenization)
[Tozoni et al. 2020]. Extremal microstructures with properties close
to the theoretical bounds have also been designed using topology
optimization techniques [Chen et al. 2018; Ostanin et al. 2018]. We
adopt and improve upon the parametric metamaterial shape opti-
mization framework of [Panetta et al. 2017], which was originally
developed to produce microstructures with low worst-case stresses.
The homogenization and design of elastic microstructures for

finite elasticity is a much less mature field [Bertoldi et al. 2017].
As discussed in more depth in Section 1, the few works that have
tackled large-deformation metamaterial design have restricted their
focus to small subsets or trajectories through strain space [Behrou
et al. 2021; Clausen et al. 2015; Schumacher et al. 2018a; Wang et al.
2014; Zehnder et al. 2017], rather than fitting over a finite region.
Homogenization has been used to accelerate simulation in computer
graphics, initially for linear elasticity [Kharevych et al. 2009], but
later for nonlinear solids [Chen et al. 2015] and shells [Sperl et al.
2020]. Emerging techniques like proper generalized decompositions
[Chinesta et al. 2013; Lamari et al. 2010] and neural networks [Le
et al. 2015] have also been applied to homogenization of nonlinear
mechanical metamaterials, but so far only in simplified settings
as proofs of concept. We note that our interpolation-accelerated
homogenization approach bears close resemblance to the recent
method of [Chan-Lock et al. 2022] in that it constructs high-order
interpolants of unstructured samples in strain space (in their case,
using RBF interpolation). However, that work interpolates the ho-
mogenized energy density rather than the microstructure deforma-
tion as we do. That leads to more compact storage requirements but
sacrifices the native measure of interpolant quality that we leverage
to drive adaptive refinement (Section 4.3) and the ability to use
partially-built interpolants to accelerate sampling (Section 4.2).
Our collision detection and avoidance approach is inspired by

past simulation and modeling techniques that formulate response
forces as the gradient of an interpenetration volume [Allard et al.
2010; Faure et al. 2008; Harmon et al. 2011]. Our method robustly
accounts for multiple overlaps and is incorporated in the outer loop
of the design optimization using adjoint sensitivity analysis.
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Fig. 3. We use nonlinear periodic homogenization to define the effective
properties of a periodically tiled unit cell 𝑌 containing microstructure Ω.

3 BACKGROUND AND METHODS OVERVIEW
In this section, we provide some background material on how the
effective material properties of a microstructure geometry can be
defined in the finite-strain setting and give an overview of our
computational framework.

3.1 Periodic Homogenization for Hyperelastic Materials
We specifically design periodic microstructures that are produced
by tiling a periodic unit cell patch 𝑌 ⊂ R𝑑 (often referred to as a
representative volume element, or RVE, in the mechanics literature)
into a regular grid. This enables the use of periodic homogenization
to rigorously define effective material properties in the limit of an
infinite tiling. We focus on single-material structures, which are
defined by the periodic geometry Ω ⊂ 𝑌 of the subdomain to be
filled with fabrication material (see Figure 3), although our formulas
hold also for heterogeneous fabrication materials.

Tiling Deformations. The fundamental assumption of periodic
homogenization is that deformations of the tiling preserve its trans-
lational symmetry. In other words, all periodic copies of cell 𝑌 are
assumed to deform into an identical shape that still periodically tiles
space. It follows that the deformed position of each material point
X ∈ Ω takes the form:

Φ(X) = 𝝎(X) + 𝐹X,

where 𝐹 ∈ R𝑑×𝑑 is an applied macroscopic deformation gradient
determining how the tiling grid is distorted by the deformation
(the linear map relating the lattice of cell corners in the rest and
deformed configurations), and 𝝎 : Ω → R𝑑 is a periodic fluctuation
displacement field indicating how the microstructure relaxes into
equilibrium under this distortion. Note that this assumption can
be violated by symmetry-breaking buckling modes whose periods
span multiple unit cells, a caveat that we discuss in Section 8.

Homogenized Energy Density. In this work, we further assume
that the fabrication material is hyperelastic, being described by a
function 𝜓 : R𝑑×𝑑 → R that associates an elastic energy density
with each micro-scale deformation gradient. This hyperelastic law
enables us to compute the average energy density over each unit of
the deformed periodic tiling, which is minimized at equilibrium:

𝜓 (𝐹 ) := min
𝝎 periodic

1
|𝑌 |

∫
Ω
𝜓 (∇𝝎 + 𝐹 ) dX. (1)

Fig. 4. Homogenization process: given an applied macroscopic Biot strain 𝜀

in strain space (left), we solve (3) to compute the deformation of the periodic
microstructure tiling. Averaging the resulting PK1 stress over the unit cell (2)
obtains the homogenized Biot stress 𝜎 = 𝜓

′
, a point in stress space (right).

This nonlinear map from the applied average deformation gradient
𝐹 to the resulting average energy density𝜓 (𝐹 ) is called the homoge-
nized energy density function, and serves as a complete description
of the effective material properties of geometry Ω.
We note that 𝜓 inherits rotational invariance from 𝜓 : applying

a rigid rotation 𝑅 to the equilibrium deformation yields a new, ro-
tated equilibrium configuration 𝑅Φ(X) = 𝑅𝝎(X) + 𝑅 𝐹X for which
𝜓 (𝑅 𝐹 ) = 1

|𝑌 |
∫
Ω𝜓 (𝑅∇𝝎 + 𝑅 𝐹 ) dX = 𝜓 (𝐹 ). Therefore, it suffices to con-

sider only symmetric 𝐹 in (1), and these can be thought of as the
symmetric part of the polar decomposition (𝐹 = 𝑅 𝑆 = 𝑆). For these
symmetric deformation gradients 𝐹 , the macrosopic Biot strain is
given simply by 𝜀 = 𝐹 − 𝐼 .

Biot Stress and Stiffness. The homogenized Biot stress 𝜎 resulting
from an applied macroscopic Biot strain 𝐹 − 𝐼 , can be obtained by
averaging the micro-scale stress at equilibrium:

𝜎(𝐹 ) := 𝜓
′(𝐹 ) = 1

|𝑌 |

∫
Ω
𝜓 ′(∇𝝎∗(X; 𝐹 ) + 𝐹 ) dX, (2)

where𝜓 ′ := 𝜕𝜓

𝜕𝐹
denotes the first Piola-Kirchhoff stress at the micro-

scale, and 𝝎∗ denotes the equilibrium fluctuation displacement:

𝝎∗(𝐹 ) := argmin
𝝎 periodic

∫
Ω
𝜓 (∇𝝎 + 𝐹 ) dX. (3)

The stress formula follows directly from the envelope theorem: in-
tegrand terms of the form 𝜓 ′ : ∇(𝛿𝝎) must integrate to zero for
admissible perturbations 𝛿𝝎 due to optimality of𝝎∗. Tangent elastic-
ity tensors𝐶 can be obtained by differentiating 𝜎(𝐹 ) once more with
respect to 𝐹 , and in this case derivatives of 𝝎∗ cannot be neglected:

𝐶(𝐹 ) : 𝑒𝑖 𝑗 = 1
|𝑌 |

∫
Ω
𝜓 ′′(∇𝝎∗(X; 𝐹 ) + 𝐹 ) : (∇𝝎𝑖 𝑗 + 𝑒𝑖 𝑗 ) dX, (4)

where 𝝎𝑖 𝑗 := 𝜕𝝎∗

𝜕𝐹
: 𝑒𝑖 𝑗 are equilibrium derivatives that we provide

formulas for in Section 4.1, and 𝑒𝑖 𝑗 := 1
2 (e𝑖 ⊗ e𝑗 + e𝑗 ⊗ e𝑖 ) is the

canonical basis for symmetric matrices.

Homogenization Process. To probe the material’s behavior at a
single applied Biot strain tensor 𝜀, one first must solve the non-
linear, nonconvex optimization (3) with 𝐹 = 𝐼 + 𝜀, after which the
homogenized energy and stress can be calculated via (1) and (2). This
process is visualized in Figure 4. However, we recall that our goal is
to characterize the behavior over a finite strain region E, which for
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planarmicrostructures is a three dimensional space with coordinates
(𝜀𝑥𝑥 , 𝜀𝑦𝑦, 𝜀𝑥𝑦 ). Therefore, separate instances of (3) must in theory be
solved for each of infinitely many 𝐹 ∈ F , where F = {𝐼 + 𝜀 |𝜀 ∈ E}.
In practice, an approximation to𝜓 or 𝝎∗ must be constructed with
suitable accuracy over all of E, and this process must be computa-
tionally efficient to run in the inner loop of a design optimization.

3.2 Overview
The first core technical contribution of our work is an accelerated
scheme for constructing an interpolant of the equilibrium fluctua-
tion displacement 𝝎∗ with controlled accuracy over a suitably cho-
sen strain region E, effectively solving the homogenization problem.
This approach is described in Section 4. The second contribution,
described in Section 5, is an optimal design algorithm for generating
metamaterials best-fitting target hyperelastic laws𝜓 tgt over E. This
section also describes our approach to eliminate self-contact at the
level of design rather than augmenting (3) with collision constraints
or a smoothed contact model like Incremental Potential Contact
(IPC) [Li et al. 2020]; this approach circumvents the large increase in
nonlinearity inherent in accurate contact simulation and is effective
when𝜓 tgt can be achieved without harnessing self contact. Next, we
provide the details of our implementations and explain our choice of
validations in Section 6 before reporting results in Section 7. Finally
we conclude in Section 8 by discussing a few of the many avenues
for further research to build on our methods.

4 INTERPOLANT-ACCELERATED HOMOGENIZATION
Given a microstructure geometry Ω and a strain region E, our
ultimate goal is to characterize the effective properties𝜓 (𝐹 ) to con-
trolled accuracy at all macroscopic deformation gradients 𝐹 ∈ F .
However, our insight is that rather than approximating𝜓 (𝐹 ) directly,
it is advantageous to construct an approximant of the equilibrium
fluctuation displacement 𝝎∗(𝐹 ) (from which𝜓 (𝐹 ) and 𝜎(𝐹 ) can be in-
expensively computed): (i) the optimality conditions of cell problem
(3) provide a natural, physically meaningful measure of approxima-
tion quality with no need for ground-truth solutions; (ii) a partially
built approximant yields high-quality initializations for solving at
new sample points; and (iii) the data defining our specific approxi-
mant can be reused in the shape derivative formulas of Section 5.

4.1 Hermite Interpolation of the Micro-Scale Equilibrium
A simple approach would be to sample 𝝎∗ at a number of macro-
scopic deformation gradients 𝐹 ∈ F and interpolate the vector
fields. However, each solve of (3) is expensive, making it desirable
to extract as much data for each 𝐹 as can be obtained and stored
efficiently. Fortunately, the derivatives 𝝎𝑖 𝑗 of 𝝎∗ with respect to the
three independent coordinates defining symmetric 𝐹 are efficient to
compute, enabling the use of higher-order𝐶1 Hermite interpolation
with substantially improved approximation power. Implicit in our
approach is an assumption that 𝝎∗ depends smoothly on 𝐹 . While
𝝎∗ can change non-smoothly in the presence of self-contact, or
even discontinuously at the onset of buckling, we do expect 𝝎∗

to be smooth for optimal designs reproducing the simple hyper-
elastic laws we target in this paper. We leave more sophisticated,
discontinuity-aware interpolation for future work.

To obtain this derivative data, we consider the optimality condi-
tions characterizing the solution of (3):∫

Ω
∇𝝓 : 𝜓 ′(∇𝝎∗ + 𝐹 ) dX = 0,

for all admissible perturbations 𝝓 of 𝝎∗ (those preserving period-
icity). Differentiating both sides of this equation with respect to
𝐹 (computing a directional derivative along each symmetric basis
matrix 𝑒𝑖 𝑗 ) obtains an equation for 𝝎𝑖 𝑗 :∫

Ω
∇𝝓 : 𝜓 ′′ : (∇𝝎𝑖 𝑗 + 𝑒𝑖 𝑗 ) dX = 0 ∀𝝓 . (5)

After discretization, this is a sparse linear system featuring the
same Hessian matrix used to solve (3) with Newton’s method. We
also note that at the undeformed configuration 𝐹 = 𝐼 , this equation
reduces to the cell problems solved for periodic homogenization of
linear elasticity.

To further boost sampling efficiency, we construct a trivariate 𝐶1

Powell-Sabin interpolant [Worsey and Piper 1988] on an tetrahedral
mesh T adapted to tightly contain E rather than sampling on a regu-
lar grid. Beyond the efficiencies of better conformance to E, we note
that adaptively refining a tetrahedron of this
grid by a standard edge-splitting scheme only
requires inserting 6 new points (see inset),
more surgical than the 19 new sample points
involved in subdividing a voxel into 8 subvoxels.
The Powell-Sabin scheme achieves a piecewise quadratic 𝐶1 in-

terpolant by splitting each tetrahedron of the interpolation mesh
into 24 subelements and defining a quadratic polynomial on each
consistent with the data𝝎∗ and𝝎𝑖 𝑗 at the original tet corners. Strict
geometric requirements must hold to ensure all of these quadratic
interpolants meet with 𝐶1 continuity; a sufficient condition sug-
gested by Worsey and Piper [1988] is for the scheme’s split points
(one per edge, face, and interior of the original tetrahedron) to
be placed at the circumcenters of each associated simplex—which
works provided the circumcenter falls within the simplex. However,
ensuring each tetrahedron’s circumcenter lies within, even after the
subdivisions applied by adaptive refinement, turns out to be difficult.
Surprisingly, the regular tetrahedra that meshing algorithms typi-
cally aspire to produce are unacceptable: four of the eight refined
tetrahedra generated by edge subdivision have circumcenters lying
on an edge rather than the interior. We therefore developed a cus-
tom mesh optimization algorithm detailed in the supplement that
minimizes the distance between 𝜕T and 𝜕E along with a distortion
measure based on a St. Venant Kirchhoff energy, all while ensuring
tet circumcenters fall within the tet at all levels of subdivision with
a stiff penalty term.

4.2 Accelerated Interpolant Construction
Constructing our interpolant requires solving the nonlinear elastic-
ity simulation problem (3) once for each vertex of the interpolation
mesh, probing the microstructure tiling with the vertex’s associated
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Fig. 5. Visualization of our homogenization result: given a microstructure
(bottom), we construct an accurate interpolant of𝝎∗ over the entire ellipsoid
E, which enables us to efficiently sample the strain-stress map𝜓

′
at any

𝜀 ∈ E. This map is visualized by showing the images of concentric ellipses.
We observe significant nonlinearity in this structure: the stress surfaces
deviate from ellipses even at this mild 𝜀max = 0.05.

𝐹 . This simulation will converge much faster if started with a high-
quality initial guess, which we note can be obtained from existing
interpolation data.
We construct the interpolant with a breadth-first search (BFS)

approach: we begin at the vertex closest to the origin of E for which
we expect the solver to converge most rapidly. All interpolation
meshes used in our results contain a vertex directly at the origin
𝜀 = 0, in which case the exact solution 𝝎∗ = 0 is immediately
returned with no iteration. We next solve the tangent cell problems
(5) to obtain the full interpolation data for the initial vertex. Our BFS
algorithm then iteratively expands outwards from the initial vertex
along the mesh edges. Every time a new vertex is encountered,
an initial guess is obtained from the first-order Taylor expansion
defined by the data at a processed neighbor. If multiple processed
neighbors exist, the guess yielding the lowest elastic energy is picked.
As we demonstrate in Figure 15, this strategy achieves a measurable
speedup over a naïve 𝝎 = 0 initialization.

4.3 Adaptive Refinement
Our aim is to characterize the homogenized properties to controlled
accuracy, which the user specifies in terms of a tolerance 𝜖 for
the residual norm of the optimality conditions for (3) when eval-
uated on our 𝝎∗ interpolant. Physically speaking, we require that
residual forces are negligible in the interpolated deformation of the
microstructure tiling.

We enforce this condition approximately throughout E by check-
ing the interpolant quality at the barycenter of each tetrahedron
of T : we obtain the interpolated fluctuation displacement field and
evaluate its residual norm. If the residual norm exceeds 𝜖 , we sub-
divide the tetrahedron into 8 subtetrahedra, inserting new points
at each edge midpoint. For each of these six new vertices created,
we solve (3) using the existing interpolant as a high-quality initial
guess, and then obtain the required derivative data from (5). We
repeat this process on all subdivided tetrahedra until the requested
subdivision tolerance is met by all query points (or a maximum
number of subdivision levels is hit).

Fig. 6. Our automatic construction of E and its discretization T for the
structure depicted in the upper left. The tangent elasticity tensor at the
undeformed configuration,𝐶 , is applied to stresses within the unit ball in
Mandel space (middle), producing an ellipsoid (left) of likely low-energy
strains. Right: a tetrahedral discretization of this ball that was optimized
for compatibility with our adaptive Powell-Sabin technique, and the subdi-
visions made during adaptive refinement of 𝝎∗.

The result is an highly accurate interpolant defined on a tetra-
hedral mesh hierarchy T̃ that can be used to evaluate 𝜓 and 𝜎

throughout E, as visualized in Figure 5. Given a query point 𝜀𝑞 ∈ E,
we locate the finest-level tetrahedron containing 𝜀𝑞 and evaluate
the Hermite interpolant on that tetrahedron. This point location is
done recursively, first locating the coarse tetrahedron containing 𝜀𝑞
and then, if the containing tetrahedron was refined, repeating the
search process over its 8 subtetrahedra.

4.4 Picking the Interpolant Domain
The question remains what region to pick for E; while this could be
selected by users with knowledge of the deformations they intend to
apply, an automatic choice is desired for generatingmaterial catalogs
for multiscale design. Picking a strain radius 𝜀max and taking the ball
∥𝜀∥𝐹 ≤ 𝜀max might seem like the most natural choice, but it is often
problematic. The metamaterial is likely to resist some strains much
more stiffly than others, and forcing the structure into those strains
not only fails to reflect practical use cases but also leads to contorted,
high-energy deformations for which (3) can be slow to converge.
An example would be an isotropic auxetic material with Poisson’s
ratio 𝜈 = −1: such materials freely expand and contract uniformly
but strongly resist shearing. Picking a reasonable domain E is even
more important for material design to prevent the optimizer from
attempting to fit properties at extreme strains that never will be
exercised in practice at the expense of more typical strains.

The automated selection strategy we propose picks an ellipsoid in
macroscopic strain space that approximately corresponds to a ball
∥𝜎 ∥𝐹 ≤ 𝜎max in macroscopic stress space; the resulting ellipsoid
will naturally stretch along the structure’s flexible directions and
contract in its stiff directions as desired. Specifically, we use the
tangent elasticity tensor at the undeformed configuration to map
each point within the stress ball into strain space, obtaining E as the
image. When running our homogenization as a standalone process,
this is the homogenized elasticity tensor 𝐶(𝐼 ) given by (4), while for
material fitting we use the tangent elasticity tensor of the target
constitutive law, 𝜓 ′′

tgt. The user still specifies a strain bound 𝜀max,
from which we determine 𝜎max = 𝜀max/𝜆max, where 𝜆max is the
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largest eigenvalue of the tangent elasticity tensor. This choice scales
the ellipsoid E so that the strain bound holds tightly.

The resulting strain domain is visualized in Figure 6, along with
our tetrahedral discretization. We wish for its vertices to be roughly
uniformly distributed in stress space, and thus construct this dis-
cretization in the coordinate system where the ellipsoid is a unit
sphere. This can be interpreted as meshing a sphere in the “Man-
del stress space” (𝜎𝑥𝑥 , 𝜎𝑦𝑦,

√
2𝜎𝑥𝑦 ) in which the Euclidean norm

corresponds to the Frobenius norm ∥𝜎 ∥𝐹 .
An alternative to constructing ellipsoid E as the (approximate)

image of a ball in stress space would be to simply use that stress-
space ball as the native sampling domain. This means reformulating
the homogenization problem (1) in terms of an applied macroscopic
stress 𝜎 , which can be implemented simply by adding a linear load
term −𝜎 : 𝐹 to the potential energy in (3), and optimizing over 𝐹 in
addition to 𝝎. The material design problem formulated in Section 5
likewise can be recast as fitting strains at prescribed stresses. We
implemented this version of our framework but found it less robust
than the strain sampling approach, particularly in the presence of
buckling.

4.5 Exploiting Reflectional Symmetry
Especially when designing isotropic materials, it is often desirable
to restrict microstructure geometries to have reflectional symmetry
across the period cell faces. In this case, by assuming this additional
symmetry imposed on the tiling deformation is not broken by buck-
ling, we can both reduce the number of displacement variables and
speed up the simulation by roughly a factor of two. This is done
by posing the homogenization problem over the smaller symmetry
base cell—the positive quadrant in 2D or octant in 3D. The way
shear strains transform under reflection ends up requiring multiple
copies of the 𝝎 field to be defined over the symmetry base cell (two
in 2D, four in 3D), hence the only 2× reduction in problem size. The
details of our orthotropic homogenization method, which we used
for all examples in the paper, are provided in the supplement

5 MATERIAL DESIGN
Given a target hyperelastic material model𝜓 tgt, our goal is to con-
struct a microstructure geometry Ω∗ whose homogenized properties
computed using the methods of Section 4 best fit to it. Ideally we
would solve for a geometry satisfying the constraints𝜓 (𝐹 ) = 𝜓 tgt(𝐹 )
for every 𝐹 ∈ F . However, we propose the following more amenable
nonlinear least squares optimization formulation:

min
Ω

1
|F |

∫
F
w𝑒

Ä
𝜓/𝜓 tgt − 1

ä2
+w𝜎 ∥𝜓

′ −𝜓
′
tgt∥2

/
∥𝜓 ′

tgt∥2 d𝐹, (6)

where the objective penalizes relative deviations from the target
energy values𝜓 tgt and Biot stresses𝜓 ′

tgt. Although both terms ex-
press a similar goal, including both improves robustness when the
integral in (6) is approximated by quadrature and enables the user to
trade off between different forms of error by adjusting the weights
w𝑒 and w𝜎 when a perfect fit is impossible.

We evaluate the integral in (6) using linear Newton-Cotes quad-
rature over the tetrahedral discretization T of E: the quadrature
points of this rule are simply the vertices of T , so the sampled 𝝎∗

and 𝝎𝑖 𝑗 data can be used directly without interpolation. If the origin
𝜀 = 0 is a vertex of T (as in all our examples), that quadrature point
is dropped: its relative error is undefined, but its absolute error is
zero. The resulting discrete objective is in the form of a standard
nonlinear least squares problem with a finite number of residuals
(four per vertex of T ). We minimize it using a Gauss-Newton solver
[Wright 2006] after defining a finite set of variables parametriz-
ing the design geometry Ω (Section 5.3). We note that each step
of this design optimization requires solving the homogenization
problem for the design candidate (Section 4) and then differentiating
these homogenized properties with respect to the microstructure’s
geometry to determine how best to improve the design.

5.1 Shape Derivatives of the Residuals
The Gauss-Newton algorithm needs only the gradients of each resid-
ual function (which are just the derivatives of𝜓 and𝜓 ′ evaluated
at vertices of T ). We employ shape optimization in this work, pre-
ferring to explore different topologies by enumeration as discussed
in Section 5.3. Therefore, we need formulas for the shape deriva-
tives of these properties: how they change when the rest shape
Ω is advected. As in [Panetta et al. 2017], we prefer the “volume
integral form” of the shape derivative expressions (also known as
a “distributed shape derivative” [Laurain and Sturm 2016]) rather
than the more common boundary integral form. This is because the
former yields the exact discrete gradient when discretized directly.
We show in the supplement that the initial rate of change of

each residual when the rest shape is advected by a velocity field v
(undergoing the map X ↦→ X + v(X)) can be written in the form:Æ

𝜕𝜓

𝜕Ω
, v

∏
=

∫
Ω
𝐺
𝜓
: ∇v dX,

≠
𝜕𝜎𝑖 𝑗

𝜕Ω
, v
∑
=

∫
Ω
𝐺𝜎𝑖 𝑗

: ∇v dX, (7)

with the tensor fields:

𝐺
𝜓
= 𝜓𝐼 − (∇𝝎∗)⊤𝜓 ′, 𝐺𝜎𝑖 𝑗

= ((∇𝝎𝑖 𝑗 + 𝑒𝑖 𝑗 ) : 𝜓 ′)𝐼 − (∇𝝎𝑖 𝑗 )⊤𝜓 ′

− (∇𝝎∗)⊤𝜓 ′′ : (∇𝝎𝑖 𝑗 + 𝑒𝑖 𝑗 ).

We discretize Ω with quadratic subparametric elements. Despite
having mid-edge nodes that allow the elements to curve in the de-
formed configuration, the rest shapes of these elements are straight-
edged, defined only by their vertex positions. We can therefore use
the formulas in (7) to obtain the exact discrete gradient with respect
to each rest vertex position X𝑘 efficiently as

∫
Ω𝐺∇𝜆𝑘 dX, where

𝜆𝑘 is the piecewise linear shape function associated with vertex 𝑘 ,
and 𝐺 stands for either 𝐺

𝜓
or 𝐺𝜎𝑖 𝑗

. The resulting discrete shape
derivative can be visualized as a vector field as in Figure 9.

5.2 Collision Detection and Avoidance
At finite strain, and particularly under compression, self-collisions
of the microstructure are likely. A straightforward though expensive
approach for capturing collision behavior in our framework would
be to incorporate a robust, differentiable contact model like IPC [Li
et al. 2020] into our simulation. In particular, the IPC barrier terms
can be added to the potential energy in (3) and accounted for in
sensitivity analysis. However, this not only increases the cost of
each simulation step (requiring continuous collision detection), but
the resulting more complex physical behaviors take more iterations
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Fig. 7. Collision area visualization: the collision area A computed for each
strain 𝜀 ∈ E is visualized as a scalar field on the left. For the marked
point, the microscopic deformation is visualized, with the self-colliding
regions highlighted in red. This example features multiple levels of overlap
as indicated by the winding numbers annotated for each polygon in the
positive quadrant. We note that in this example, the collision area was
computed within reflectional symmetry base cell.

to simulate, are more difficult to approximate with our interpolants
of Section 4.1, and greatly increase the nonconvexity of the design
optimization.

We note that self-collisions induce discontinuous changes in the
material properties that are counterproductive for fitting a smooth
target model𝜓 tgt. Consequently, in this work we focus on the goal of
avoiding collisions rather than attempting to harness them (as might
be needed to produce, e.g., jamming behaviors). Accordingly, we
propose to preserve the simplicity and robustness of the simulation
(3) by permitting interpenetration at the simulation level but then
adding a penalty term to (6) that guides the design algorithm to
eliminate it.
Our collision penalty term is a global measure of how much

interpenetration exists in the microstructure tiling across the full
strain domain E:

𝑤𝑐

|F |

∫
F
A(𝝎∗(𝐹 ) + 𝐹X;Ω)2 d𝐹 . (8)

This penalty is added to the nonlinear least squares problem (6) by
including a weighted version ofA as an additional residual function.
Function A evaluates the “collision area,” which we define as:

A(Φ;Ω) :=
∫
Φ(Ω)

(wind(x,Φ(𝜕Ω)) − 1)+ dx,

where wind(x, Γ) evaluates the integer winding number of a closed
curve Γ around deformed point x, and (·)+ clamps its argument to
positive values. This collision area is visualized as a function of 𝜀
in Figure 7; note how the winding number expression accounts for
the multiple layers of overlaps occurring in this example.
We implement this term in 2D using CGAL’s 2D Arrangements

package [Wein et al. 2023], inserting all boundary curves of the
deformed microstructure tiling that intrude into the symmetry base
cell, along with the borders of this base cell. Specifically, we insert
piecewise linear approximations of these curves, ignoring the edge
midpoint nodes. The resulting arrangement decomposes the base
cell into polygons whose constant winding numbers we can deter-
mine using a BFS approach starting from the unbounded face, as
suggested in [Zhou et al. 2016]. The desired integral A is obtained

Fig. 8. Top: the six topologies selected as described in Section 6.1 along
with the number of parameters in each associated parametric design space
(which is constrained to preserve reflectional symmetry). Bottom: a few
geometries sampled from the design space of the upper-left topology.

simply by summing each collision polygon area times its correspond-
ing winding number expression.

We compute the shape derivative of A in multiple steps, employ-
ing the chain rule. First, we compute the derivative with respect
to each vertex of the collision polygon, which is straightforward:
the winding number of each polygon is constant, and only polygon
areas must be differentiated. We note that collision polygon vertices
are either mesh boundary vertices directly or are defined by an
intersection—either between two mesh boundary edges or one edge
and the base cell boundary. Using derivatives of the intersection
point positions, we obtain a gradient with respect to deformed mesh
node positions by chain rule. Finally, we use the adjoint method to
obtain a gradient with respect to the rest vertex positions.

5.3 Parametric Shape Optimization
For improved robustness, ease of enforcing manufacturability con-
straints, and to benefit from higher-order optimization algorithms,
we choose to solve (6) using parametric shape optimization: rather
than perturbing individual vertices according to the shape deriva-
tive formulas from Section 5.1, we work within a parametric design
space. We specifically use the framework of [Panetta et al. 2017],
which defines organic truss-like structures composed of smoothly
blended beams. These microstructures are specified by first picking
a lattice structure topology, after which the geometry is defined by a
smooth implicit function controlled by a vector of shape parameters
p ∈ R𝑛𝑝 ; example geometries are visualized in Figure 8. Each vertex
of the lattice is converted to a ball specified by position and radius
parameters. Each edge becomes a beam defined by the convex hull
of the endpoint balls. Finally, beams are blended together smoothly
according to the smoothness parameter associated with each vertex.
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Fig. 9. Each component of the design objective gradient is computed as
the inner product of two vector fields: the shape derivative computed using
(7) (represented on the left as a steepest-ascent vector field) and the shape
velocity for parameter 𝑝𝑖 (visualized at the right for a horizontal position
parameter) computed from the parametric geometry model using automatic
differentiation.

In this parametric design subspace, the discretized version of (6)
becomes a finite-dimensional nonlinear least squares problem:

min
p

1
|T |

∑︁
𝜀∈T

∥r(𝜀, p)∥2 Vol(𝜀),

where in 2D, r : R3 × R𝑛𝑝 → R4 evaluates the weighted residuals
(the weighted relative error in energy and each stress component),
and Vol(𝜀) evaluates the volume of the barycentric region of vertex 𝜀
in tetrahedral mesh T . Constraints are additionally imposed on this
problem to ensure manufacturability and to keep the lattice nodes
within the unit cell. In 2D, this entails minimum bounds on the
radius parameters; for 3D structures, a self-supporting constraint
can be formulated using linear inequality constraints as detailed in
[Panetta et al. 2017].

The necessary residual Jacobians 𝜕r
𝜕p are obtained by computing

inner products of the shape derivatives from Section 5.1 with the
shape velocities, the piecewise linear perturbation velocity on Ω
induced by changing pattern parameters (Figure 9). These velocities
for boundary vertices are obtained via automatic differentiation of
the implicit function and then interpolated throughout the interior
by solving a Laplace equation (harmonic interpolation). For effi-
ciency, the adjoint of the harmonic interpolation operator is applied
to the shape derivative field to avoid solving for an interpolation
for each parameter 𝑛𝑝 , and again we refer to [Panetta et al. 2017]
for the details.

5.4 Improved Beam Blending
We highlight one improvement we made to the parametric geometry
definition of [Panetta et al. 2017] to fix an issue with how beams
are blended. The original approach, though striving for smooth-
ness, produces kinks in certain common situations like the one
pictured in Figure 10. These kinks are problematic since they lead to
stress concentrations and degrade the accuracy of our shape deriva-
tives. Following the original blending algorithm, we first construct
a smooth implicit geometry 𝜑 𝑗 separately for each joint 𝑗 by blend-
ing together the beam primitive signed distance functions 𝜑𝑒 for
each incident edge 𝑒 using a smoothed union controlled by joint 𝑗 ’s

[Panetta et al. 2017] Ours

Fig. 10. We improve the beam blending algorithm of [Panetta et al. 2017],
fixing a discontinuity issue that led to sharp corners in the blended geometry
(left). These kinks are smoothed away with our new method for blending
together the per-joint geometries 𝜑 𝑗 (right).

smoothing parameter. Ideally the material added by the smoothed
unions performed at different joints do not interfere (overlap), in
which case all 𝜑 𝑗 can be combined with an exact union (min opera-
tion) without introducing creases. However, in the case of overlaps,
they must be joined smoothly. The difficulty is that smooth union
operations induce bulging, adding material wherever the boundaries
of the input shapes nearly coincide. Simply smooth-unioning all
𝜑 𝑗 will cause every beam to bulge (since each edge geometry 𝜑𝑒 is
present in two blended joint geometries). The solution proposed in
[Panetta et al. 2017] was to evaluate the final implicit function by
(i) finding the closest two joints ( 𝑗1, 𝑗2); and (ii) blending 𝜑 𝑗1 and
𝜑 𝑗2 together with a spatially modulated smoothness determined by
an estimate of the degree to which their blends conflict to form a
crease (Figure 10 of that paper). Unfortunately, we discovered that
the spatial discontinuities induced by selection (i) causes creases.

We propose a simpler approach that eliminates these creases. We
blend all 𝜑 𝑗 smoothly using the Kreisselmeier-Steinhauser (KS) but
subtract away the “double counting” committed by this operation
that would lead to bulging. Specifically, we obtain the full implicit
function via the formula:

𝜑 =𝑚 − 𝑠 log

Ñ∑︁
𝑗

exp((𝑚 − 𝜑 𝑗 )/𝑠) −
∑︁
𝑒

exp((𝑚 − 𝜑𝑒 )/𝑠)

é
,

where𝑚 = min𝑗 𝜑 𝑗 is an implicit function for the exact union, and 𝑠
is a global smoothing parameter that we set to 0.05. The subtracted
sum over all edges is motivated by the observation that each edge is
contained in two different joints whose implicit functions contribute
to the first sum. There exist certain degenerate configurations (like
evaluating at the center of a triangle arrangement of edges) where
the edges are not fully double-counted and the subtraction can end
up eroding material. To prevent this, we clamp the argument of
log to remain above 1, guaranteeing the operator is additive. This
clamp operation is the only potential source of nonsmoothness in
our improved definition, and in practice we noticed no creases in
our results—a substantial improvement over the frequent kinks in
the original geometries, as demonstrated in Figure 10.

ACM Trans. Graph., Vol. 42, No. 6, Article 185. Publication date: December 2023.



185:10 • Zhan Zhang, Christopher Brandt, Jean Jouve, Yue Wang, Tian Chen, Mark Pauly, and Julian Panetta

6 IMPLEMENTATION DETAILS
We generate all designs using a plane stress neo-Hookean model
with Poisson’s ratio 𝜈 = 0.35 for the base material𝜓 . We note that
the Young’s modulus parameter simply globally scales the gener-
ated metamaterials’ stiffnesses without fundamentally changing
the results. We investigate the influence of the Poisson’s ratio in
Figure 12. Our modular implementation supports other hyperelastic
models like corotated linear elasticity and St. Venant Kirchhoff, and
adding additional more realistic models is straightforward. All of
these fabrication material models differ only in their large-strain be-
haviors, which we argue does not significantly impact the behavior
of flexible microstructures: deformations of flexible metamaterials
feature primarily bending deformations that do not highly strain
the base material, keeping strain magnitudes within the regime that
a simple neo-Hookean model is reasonably accurate.
Simulations and shape derivative calculations are implemented

using our custom quadratic triangle finite element simulation code
developed in C++. We use SciPy’s nonlinear least squares solver [Vir-
tanen et al. 2020] for (6). Our implementation is fully parallelized
using TBB apart from collision area calculation, yielding multifold
speedups for individual material design tasks on a multi-core system.
However, for the large-scale material design reported in Section 7.1,
we restricted each material design task to a single thread and ran
them in parallel on an HPC cluster. In this single-threaded mode,
the 6137 design optimizations reported on in the top row of Fig-
ure 14 each took 42 minutes on average on an Intel Xeon 8280 CPU.
Of this time, an average of 27.5 minutes were spent solving (3), 3
minutes on computing collision areas, and 3.5 minutes calculating
shape derivatives. Designing a single material for 𝜀max = 0.05 takes
roughly 13 minutes when run multithreaded on a Mac Studio with
an M1 Ultra CPU.
As initial designs often behave poorly when stretched to large

strains, we run our design optimization incrementally, starting at
strain magnitude 𝜀max = 0.05 and rerunning at increments of 0.05
until reaching strain magnitude 𝜀max = 0.15. We use𝑤𝑒 = 0.1 and
𝑤𝜎 = 1 for all design optimizations. When penalizing collisions,
we fix 𝑤𝑐 = 105 for the results presented here in the main paper,
and show in the supplement results for the higher penalty weight
𝑤𝑐 = 106; increasing this weight further decreases the number and
severity of collisions with only minor sacrifices to fitting quality.

6.1 Validation Methodology: Isotropic Hooke’s Laws
We systematically test our pipeline on the task of designing as-linear-
as-possible isotropic materials. This is a challenging test case that
can be attacked comprehensively and one for which performance
is easy to visualize and interpret. The resulting material catalog
also has direct applications for multi-scale design problems, e.g., for
compliant mechanisms or soft robots.
We first ran the pipeline of [Panetta et al. 2017] to generate lin-

early elastic designs and determine a feasible set of target Hooke’s
laws. That code optimizes designs on a regular grid in the (log(𝐸), 𝜈)
plane. For each feasible grid point, the linearly elastic design tool
produces multiple designs with different topologies and shape pa-
rameters, and we use these both as the baseline for the comparisons

Load
transducer

Compression
plate

Tension
grippers

Enveloping
plates

Direction
of loading

Direction
of loading

Fig. 11. Our experimental setup for both compression and tensile testing of
small tilings of our planar microstructures.

Fig. 12. We rehomogenize our structures (which were optimized for a fab-
rication material with 𝜈 = 0.35) at 𝜀max = 0.05 using different settings for
the base material’s Poisson’s ratio. We note the resulting homogenized
properties are essentially unchanged, achieving similar closeness to the
target properties (compare to the top left of Figure 13).

of Section 7.1 and as initial guesses for our finite-strain design opti-
mization. To reduce the total number of design optimizations run,
we manually picked a few topologies with high coverage—those
visualized in Figure 8—and for each grid point, clustered the initial
designs of the same topology based on their parameter vectors to re-
move redundancies (keeping each parameter vector only if it differs
by more than 1% from the other kept vectors). Furthermore, because
our focus is on designing flexible metamaterials, we removed target
properties exceeding one tenth of the fabrication material’s stiffness.
The resulting set of target Young’s moduli and Poisson’s ratios can
be seen in Figure 1 and the scatter plots in Section 7.1

6.2 Fabrication and Testing Setup
We fabricated our structures using a multi-material 3D printer
(Stratasys J35). Analogous to inkjet paper printers, this 3D printing
technology jets up to three photopolymeric resins at the same time
in a layer-by-layer fashion. A UV light cures the photopolymers
after each layer of deposition. The novel rotational printing platform
of the J35 reduces the degree of anisotropy in the elastic properties
of the printed structures. As a result, we assume that the fabricated
materials are transversely isotropic. All the physical specimens are
fabricated using RGD8530, which is a digital material blend between
VeroUltraWhite (stiff polymer) and ElasticoBlack (elastomer). This
material has a Young’s modulus of 1.1−1.7GPa [Stratasys 2021] and
a Poisson’s ratio of 0.4 [Zhang et al. 2018]. For the tensile testing,
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Fig. 13. Statistics for metamaterials designed without penalizing collisions. (a): maximum relative error in stress; (b): improvement in maximum relative stress
error vs. linearly elastic design; (c) fraction of the strain ellipsoid volume exhibiting collisions. The vertical axis reports the target relative Young’s moduli (with
1.0 corresponding to the full fabrication material’s stiffness), and the horizontal axis reports target Poisson’s ratio.

additional solid blocks are printed to both ends of the specimens
for gripping. The microstructured unit cells are tiled either in a
3 × 3 or 5 × 5 arrangement. For these two arrangements, the edge
lengths of the unit cells are set to 30mm and 20mm respectively.
The thickness is set to 3mm for all specimens. This approximates
the plane stress condition while ensuring that the specimens do not
buckle easily under compression.
We test the microstructures under uniaxial tension or compres-

sion using a universal testing system (Instron® 68SC-2) with a 500N
load transducer. The testing system allows the application of a pre-
scribed displacement and the measurement of the corresponding
reaction force (or vice versa). For tensile specimens, clamps are
used to grip both ends of the specimens. Prescribed displacements
are applied at these boundary edges parallel to the sheets while
the lateral displacements are constrained to zero. For compression
testing, a sleeve is fabricated using acrylic sheets to sandwich the
specimens in between. Two additional acrylic sheets are used to
apply prescribed compressive displacements to the specimens (Fig-
ure 11). Liquid lubricant is used to minimize the influence of friction.
Here, the lateral displacements at the boundaries are unconfined.

All experiments are conducted under ambient conditions, and the
loading rate is set to 3mm/min. Given that room temperature is
significantly below the glass transition temperature of the polymer
(≈ 60 ◦C), we assume that the material is in its glassy phase.

7 RESULTS AND VALIDATIONS

7.1 Material Design
The results of our large-scale material design experiments described
in Section 6.1 are summarized in Figure 13 and Figure 14. The first
figure reports the results of running design optimization (6) without
including our collision avoidance term. Consequently, a significant
number of the designs feature collisions over a large fraction of their
respective strain domains E as seen in column (c). We clipped this
collision fraction colormap to 0.5 as we expect collision to occur
primarily in the compressive half-space (although surprisingly we
found some patterns for which nearly 100% of the strain domain
was inaccessible due to collisions).

A worst relative stress error over E is computed by rehomogeniz-
ing the design using adaptive refinement (with 𝜖 = 10−2) and then
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Fig. 14. Metamaterial design results penalizing collisions. (a): maximum relative error in stress; (b): improvement in maximum relative stress error vs. linearly
elastic design; (c) fraction of the strain ellipsoid volume exhibiting collisions.

finding the maximum of ∥𝜓 ′ −𝜓
′
tgt∥𝐹 /∥𝜓

′
tgt∥𝐹 over all vertices of

the subdivided strain tetrahedralization T̃ ; the results are plotted in
(a). We note that this measurement differs from the term optimized
by (6): it uses the ℓ∞ norm rather than the ℓ2 norm. When designing
for mild strains (𝜀max = 0.05), we note that most material properties
can be fit closely with the notable exception of high Poisson’s ratios
𝜈 > 0.75. To put this performance in context, we compare with
the relative errors of the designs generated using a linear elasticity-
based approach ([Panetta et al. 2017]): column (b) reports the ratio
of the maximum relative stress error of the baseline designs (aver-
aged over all original designs retained for that target property grid
point by clustering) to the error achieved by our optimization. We
note dramatic improvements, especially for more flexible materials
(lower Young’s moduli), where improvements reach 100×.

When designing for higher strain (𝜀max = 0.15), we found that
attempts began to fail for the stiffest target materials. These failures
occur when the Newton solver for (3) is unable to converge within
the allotted iteration limit. Homogenization is especially difficult
for the poorly behaved baseline designs, and failures occurred even
for designs that were able to optimize (due to our strategy of ini-
tializing the optimal designs for 𝜀max = 0.15 with the 𝜀max = 0.10

results); these are reported with the bright dots seen at the top of
the improvement ratio plot.
We reran this entire design and analysis process including our

collision avoidance term (8) with a fixed weight𝑤𝑐 = 105, reporting
the results in Figure 14. We observe from the collision fractions (c)
the high effectiveness of our collision removal strategy. Note that
our term is a soft penalty, and so does not drive collision areas fully
to zero. Therefore, when calculating collision fraction for this figure,
we allow a negligible collision area of up to 10−5 in a deformation
before counting it as colliding: we expect the work done by collision
forces in eliminating tiny overlaps like these to be insignificant.
Furthermore, since we used a fixed 𝑤𝑐 across all optimizations,
collision areas can grow commensurately with the fitting term of
(6), explaining the mild reemergence of collisions at 𝜀max = 0.15.

Importantly, we emphasize that the optimization is generally able
to eliminate collisions without substantial sacrifices to fitting quality
(with the exception of targets at the upper-left of the material prop-
erty space). We provide expanded visualizations in the supplement
that offer more insight on the severity of remaining collisions as
well as the effect of increasing𝑤𝑐 .
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Fig. 15. Homogenization cost vs. requested accuracy for our Powell Sabin +
BFS approach and alternatives. Especially when the tolerance for error is
low, constructing our higher-order interpolant requires orders of magnitude
fewer Newton iterations than a piecewise-linear interpolant.

7.2 Homogenization
We demonstrate in Figure 15 the speedup achieved by our use of
𝐶1 interpolation and our BFS strategy when homogenizing to a
specified level of accuracy (controlled by subdivision tolerance 𝜖).
We use the total number of Newton iterations taken in solving
instances of (1) as an implementation-agnostic proxy for perfor-
mance. We implemented a variant of our adaptive interpolant con-
struction with a simpler piecewise linear interpolation (where only
values of 𝝎∗ are interpolated, not its derivatives) and show that
it requires orders-of-magnitude more iterations to converge (and
demonstrates asymptotically worse performance with increased
accuracy demands).
The improvement due to our BFS initialization strategy is less

dramatic, but still reduces Newton iterations by roughly 33% in the
lower-accuracy regime used during design optimization, even for
the mild strain bound 𝜀max = 0.1 used in this experiment. We note
that the impact of this initialization speedup shrinks as higher accu-
racy is requested, when the Newton iterations are predominantly
spent on adaptive refinement (for which we use the high-quality𝐶1

interpolant of the tetrahedron being subdivided in both strategies).
In Figure 12, we confirm stability of the homogenized properties

with respect to perturbations of the input fabrication material. Using
the designs produced by our optimization run for a fabrication
material with 𝜈 = 0.35, we rerun homogenization using 𝜈 = 0.3 and
𝜈 = 0.4 and compute the new deviation from the target properties.
Because our flexible metamaterials’ properties derive primarily from
their geometries, the influence of this base material property is not
significant.

7.3 Physical Experiments
We selected a few designs that are amenable to physical experi-
ments, and we selectively apply tensile or compressive loading to
a tiled grid of these designs. Since it is infeasible to replicate the
periodic boundary condition physically, we choose to approximate
uniaxial loading instead. To draw meaningful comparisons, and
tease apart errors that might be contributed by the assumptions of
periodic homogenization, numerical simulations of the finite tilings
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Fig. 16. Results of physical experiments and their simulation counterparts.
The simulations (solid curves) indicate significant nonlinearities in the orig-
inal designs that are virtually eliminated by our optimization. The experi-
mental data (dotted curves) show good agreement with the simulation and
clearly demonstrate the improved linearity of our structures.

we fabricated with experimentally correct boundary conditions are
performed. Under compression, it is shown that for the two rep-
resentative designs each featuring an original and an optimized
versions, the deformations are captured accurately throughout the
entire loading sequence (Figure 16). Quantitatively, we plot the
effective stress-strain response of these metamaterials. Since the
experiments are displacement-controlled, the strain can be easily
derived. The effective stress is simply the reaction forces divided by
the enveloping cross-sectional area. The plots show that the initial
slope of the curves remain similar. This is expected as the original
designs were optimized to match the same target properties using
linear elasticity [Panetta et al. 2017]. The curves diverge at larger
strains however, with the optimized structures continuing to exhibit
a linear response up to a strain of -0.1. The excellent agreement for
the optimized designs between the experiment and simulation is
made more remarkable as the constituent material (of RGD8530)
was selected at random. This demonstrates the desired properties
are largely influenced by the geometry of the microstructure rather
than the material. For the original designs, a number of non-linear
events (such as buckling) cause the experimental response to deviate
from simulation.

To demonstrate that the 2Dmetamaterials are indeed transversely
isotropic as designed, we re-apply the same displacements after a 90◦
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Fig. 17. Our parametric shape optimization framework and solver for (1) all
work in 3D, but scaling our 𝝎∗ interpolant homogenization approach to 3D
will require new algorithmic breakthroughs.

rotation. As seen in Figure 16, the behavior in both these directions
are virtually indistinguishable for the optimized structures.
We emphasize that these physical tests only probe a single tra-

jectory through E and are limited due to the boundary conditions
that are practical to apply in a lab setting; therefore, they fail to
demonstrate the full extent of improvement achieved by our designs,
especially since the worst nonlinearities of the original designs often
occur under shearing conditions.

8 CONCLUSIONS AND FUTURE WORK
We have developed several new algorithms centered around the
design of elastic metamaterials at finite strains, enabling for the
first time a large-scale optimization of planar microstructures fit-
ting target hyperelastic laws over entire regions of strains space.
While our methods are able to generate performant designs across a
wide range of target material properties in our challenging material
design tasks, there are many exciting opportunities for improving
and extending our work.

The most obvious extension is to tackle the microstructure design
problem in 3D. While our framework can already solve for and
tune the behavior of individual instances of (1) in 3D as visualized
in Figure 17, our finite-region homogenization and design methods
cannot be directly applied for volumetric metamaterials. One simple
reason is that a Powell-Sabin interpolant has not been developed in
dimensions higher than three (as needed for the 6D strain space);
alternative interpolation strategies would need to be explored. Even
if an off-the-shelf 6D simplicial Hermite interpolant were available,
the increased strain dimension paired with the dramatically higher
cost of each 3D elasticity simulation means a daunting increase in
computational expense. We believe that breakthroughs in sampling
and interpolation technologies are needed to make the full 3D design
problem tractable.

Certain instances of volumetric metamaterial design may yet be
within reach of our methods. For example, the space of uniaxial
strains in 3D is just three dimensional: these strains can be specified
by a unit direction and a signed magnitude. Furthermore, the region
of strain space that must be sampled can be reduced by leveraging
symmetries. For instance, a structure with cubic symmetry will have
identical properties along each coordinate axis, meaning a more

Fig. 18. A visualization of the shape derivative evaluated at an optimal
design in our parametric subspace. This vector field indicates the potential
for improvement by enriching or departing from our parametric subspace.

compact (yet still six-dimensional!) subregion of strain space can
be probed during homogenization. If a parametric geometry space
can be constructed that guarantees isotropic behavior over finite
deformations—as can be done for linear elasticity by enforcing six
axes of five-fold symmetry [Christensen 1987]—then the probing
domain can be reduced to just three dimensions (parametrized by
principal strains).
If one wishes to harness the self-contact behavior of microstruc-

tures, our efficient collision avoidance strategy (Section 5.2) is no
longer appropriate. Instead, the true physics of the contacts must be
simulated and differentiated—and we anticipate this to be important
to achieve highly nonlinear behaviors like jamming.
Despite the apparently simplicity of fitting as-linear-as-possible

materials, the design problem we pose (6) is actually highly chal-
lenging due to the extreme constraints it imposes on the design.
Better fitting quality could be achieved by addressing easier goals
(like restricting to uniaxial strains). We expect our contributions,
once suitably adapted, will still yield meaningful accelerations in
these settings but leave this investigation for future work.

Our parametric shape optimization, though offering many advan-
tages like enabling the use of high-order solvers for (6) and simpli-
fying the imposition of fabrication constraints, is fundamentally
limited to the subspace of designs representable by our parametric
geometry definition. We note that the shape derivative remains
nonzero after converging to an optimum in our parametric space,
indicating the possibility of improving our results by enriching or
departing from our design space (Figure 18).

We do not capture buckling modes whose periods span multiple
unit cells. This is a fundamental challenge in nonlinear homoge-
nization, as the number of spanned cells can be arbitrarily large
and cannot be determined a priori. In fact, our reduced orthotropic
homogenization method potentially worsens the problem since it
assumes additional symmetries of the response. We leave system-
atic study of this phenomenon for future work. However, we have
observed empirically that by optimizing structures to be as linear
as possible in our single-cell periodic homogenization framework,
we reduce the likelihood of buckling in finite tilings.

Finally, we would like to apply the metamaterial catalogs gener-
ated using our approach to build a multiscale design framework for
nonlinear elasticity.
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