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Abstract: This report studies an instance of zero-sum games in which one player (the leader)
commits to its opponent (the follower) to choose its actions by sampling a given probability mea-
sure (strategy). The actions of the leader are observed by the follower as the output of an arbitrary
channel. In response to that, the follower chooses its action based on its current information, that
is, the leader’s commitment and the corresponding noisy observation of its action. Within this
context, the equilibrium of the game with noisy action observability is shown to always exist and
the necessary conditions for its uniqueness are identified. Interestingly, the noisy observations have
important impact on the cardinality of the follower’s set of best responses. Under particular con-
ditions, such a set of best responses is proved to be a singleton almost surely. The proposed model
captures any channel noise with a density with respect to the Lebesgue measure. As an example,
the case in which the channel is described by a Gaussian probability measure is investigated.
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Comment Exploiter les Observations Bruitées dans les
Jeux a Somme Nulle

Résumé : Ce rapport étudie une instance de jeux a somme nulle dans laquelle un joueur (le
leader) s’engage envers son adversaire (le suiveur) & choisir ses actions en échantillonnant une
mesure de probabilité donnée (stratégie). Les actions du leader sont observées par le suiveur
en tant que sortie d’un canal arbitraire. En réponse a cela, le suiveur choisit son action en
fonction de ses informations actuelles, c’est-a-dire ’engagement du leader et I’'observation bruitée
correspondante de son action. Dans ce contexte, on montre que I’équilibre du jeu avec une
observabilité bruitée des actions existe toujours, et les conditions nécessaires a son unicité sont
identifiées. De maniere intéressante, les observations bruitées ont un impact important sur la
cardinalité de ’ensemble des meilleures réponses du suiveur. Dans des conditions particulieres,
un tel ensemble de meilleures réponses est prouvé étre singleton presque stirement. Le modele
proposé capture tout bruit de canal avec une densité par rapport a la mesure de Lebesgue. A titre
d’exemple, le cas ou le canal est décrit par une mesure de probabilité gaussienne est examiné.

Mots-clés : Jeux a somme nulle, Canal Gaussian, et équilibre de Nash, Mesure de Lebesgue
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Leveraging Noisy Observations in Zero-Sum Games 1

1 Introduction

Zero-sum games (ZSGs) have proven to be a valuable tool across an array of disciplines, ranging
from machine learning (ML) to economics. ZSGs can be utilized to proficiently model interactions
between mutually adversarial decision makers (players) and have taken on a pivotal role in the
advancement of techniques that enhance the robustness of machine learning algorithms against
adversarial attacks. Game theoretic adversarial learning/training techniques are introduced as
a competitive game between the learner and the adversary in [i] and [2]. Additionally, the
fundamental concept of generative adversarial networks (GANs) draws inspiration from a two-
player zero-sum game played between the discriminator and the generator [3-8].

The majority of the research at the intersection of game theory and adversarial ML utilizes
the properties of ZSGs to forecast game results based on mixed strategies rather than individual
actions. To put it simply, the core premise of the Stackelberg equilibrium (SE) [@] in mixed
strategies assumes that the leader’s chosen strategy is completely observable by the follower,
while actions remain unobservable. Conversely, in the context of the SE in pure strategies, the
assumption is that the actions are perfectly observable, rendering the concept of committing to
a strategy irrelevant [Ri0]. Regardless, these assumptions are rarely fulfilled in the majority of
ML applications and can be challenging to substantiate their realism. Indeed, data is acquired
through a data acquisition system, which is prone to quantization errors, additive noise, and
distortions arising from data transmission and storage. These supplementary imperfections are
not necessarily attributable solely to adversarial intent but rather stem from the inherent char-
acteristics of transmission channels. This work makes a step towards this direction and studies
new equilibrium concepts. This work extends the game theoretic framework that was introduced
in [I00] by considering arbitrary channels. Driven by the growing relevance of game theory in
the progress ML [(2-4], particularly in the context of GANs and adversarial learning, this work
presents the subsequent contributions:

o Under perfect observation of the commitment (strategy of the leader), a new game formu-
lation is introduced in which the follower observes a noisy version of actions played by the
leader. In order to capture the impact of imperfect data acquisition, leader’s actions are
the inputs of an arbitrary channel, while the observations of the follower are the outputs
of the channel.

e The formulation is not restricted to specific types of noise distributions; rather, it is general
enough to facilitate any noise distribution that can be described by a probability density
function (pdf).

e The set of best responses of the follower is characterized and found that is a singleton
almost surely. Moreover, the cases in which the noise is beneficial or irrelevant for the
follower are investigated and the optimal commitments of the leader are characterized.

e The equilibrium is shown to always exist and the key conditions that affect its uniqueness
are identified.

e An example for the case in which the channel is an additive white Gaussian noise chan-
nel (AWGN) is investigated and the equilibrium solution is characterized.

RR n° 9538



2 Emmanouil-M. Athanasakos and Samir M. Perlaza

2 Preliminaries and Notation

2.1 Game Formulation

Consider a two-player ZSG in normal form in which Player 1 and Player 2 choose their actions
from the sets A; and Ay, respectively. These sets are countable, and for all k € {1,2}, A =
{ak1,ak2,...,akm,} exhibits cardinality my > 1. Let the function

’U,ZA1><.A2—>R, (1)

be such that if Player 1 plays a;; and Player 2 plays as j, the payoff achieved by both players
is u(a1,;,as,;). Note that the function v in (I) is a simple function as its image is formed by
the elements in the set {u(a1,a2,) : (i,7) € {1,2,...,m1} x {1,2,...,mqe}}. For the ease of
notation, for all (4, j) € {1,2,...,m1} x {1,2,...,ma} consider that u; ; £ u(ay ;,az ;). Player 1
and Player 2 choose their actions to maximize and minimize their payoffs, respectively.

When the game is played with commitments and one of the players observes the action played
by its counterpart subject to noise, the notion of memoryless channels in the sense of [I5, 6]

is utilized. Let A (Ag\/lg) be the set of all probability measures on Ay conditioned on the

elements of As. The channel is represented by PA2| 4, €A (A2|A2), for some given set As.
More specifically, given a channel input b € As, the channel output is b e A, with probability

PA2|A2:b(b)- A strategy for Player 1, denoted by PAllAz eA (.Aﬂ/(g), is a probability measure

on A; conditioned on the elements of Ay. Hence, when the channel output is l~), Player 1 chooses
its actions by sampling the probability measure P, \Ay=h € A (Ay), where A (A1) denotes the set
of all probability measures on the set A;. Alternatively, a strategy for Player 2 is a probability
measure denoted by P4, € A (Ay). That is, Player 2 chooses its actions by sampling Pa,.

The extended ZSG that includes the noisy channel P sl As is represented by the tuple:

G (wPaya,) 2 (A Ao, Paa, ) - 2)

The game ¥ (u,PA2‘ A2> is played in three stages. In the first stage, Player 2 announces its
strategy P4, € A (Az) to Player 1 and commits to choose its actions by using such a strategy.
In the second stage, Player 2 plays action b € A with probability Pa,(b) and Player 1 observes
the channel output b € A, with probability P A A,—p(b). In the final stage, Player 1 plays action
a € A;, with probability Py 1A,=b (a) and both players obtain equal payoffs u(a,b).

Therefore, the expected payoff obtained by the players is determined by the function v :
A E)Al |A2) x A (Az) = R, such that given the strategy Py, 4, of Player 1 and the strategy Pa,
of Player 2, the expected payoff is

o(Pagaeri) = [ ([ (] n00p, a@)aPap @ )ara). @)

While the sets A; and A, are assumed to be countable, the set As is assumed to be a subset of
R. For all j € {1,...,mz}, the channel P, a, satisfies

P; <> A, (4)

2|Az=as ;

where <> denotes mutual absolute continuity; and A denotes the Lebesgue measure on (R, Z(R)).

Inria



Leveraging Noisy Observations in Zero-Sum Games 3

Under these assumptions, the expected payoff function v in (B) satisfies

dPA

|[Ax=az,;
U(PAl\A27PA2) / (Z Al Ap=b(01,i (Zu%JPAz ay,j dP;I: - (b))>dPAQ|A2_a2,l(b)’ (5)
2 2=0a2,1

dPA2\A2*a2 J

where for all j € {1,...,mz}, the function ar; : Ay — (0,400) is the Radon-Nikodym

AglAg=az 1

derivative of Py | ,,_,, = With respect to Pg 4 _,, -

2.2 Equilibrium

The necessary mathematical objects for characterizing the solution concept of the extended game
9 (u, PA2|A2) in (@) are defined in this section.

Definition 2.1 (Best Responses of Player 1) Given a commitment P € A (Ag) and a channel
output b € A,, the set of best responses of Player 1, is determined by the correspondence
BR; : A (Ay) x Ay — P (A (A))), where 22 (A (A;)) denotes the power set of Aj, such that

mi

- dP; .
BR; (P, b):arg emz%)jl z::Q ai ;) <Zu” (az.; dpzzlAg_azj (b)) (6)

2|Az=asz1

A strategy Py, i, € A (A1|A2> of Player 1 is a best response to the commitment P € A (Az),
if for all b € Ay the probability measure Py 4,=1 € BRa (P,b).
Let the function ¢ : A (A3) — R be such that for a given commitment P € A (As),
o(P) = max (QAI‘[va)v (7)
QAI‘A2€A(A1|A2)
st.¥b e Ay Qy 4,5 € BRa(P,b),

where the function v is defined in (B) and the correspondence BR; in (B).
Accordingly, the set of optimal commitments is the set of minimizers of the function ¢ given
in (@). This observation leads to the following notion of equilibrium.

Definition 2.2 (Equilibrium) The strategies Pj; A, € A (A1|/{2) and PIL € A (Ay) for Player 1

and Player 2, respectively, are said to form an equilibrium of the game ¥ (u, Py, A2> in () if

PAz € arg PEIRl(Ijb)U(P) (8)
and for all b € A,
PJ‘I‘AQ _; € BRy(P},,b), (9)

where the function ¢ is defined in (@) and the correspondence BR; is defined in (B).

RR n° 9538



4 Emmanouil-M. Athanasakos and Samir M. Perlaza

2.3 [Existing Special Cases of the Game ¥ (u,PA2|A2>

Consider that the channel Pj, , is such that for all be A, PA2|A2:a2j(B) = Pi, Ay—as T(B),
with (4,7) = {1,...,m2}? and j # r. This is the case in which the channel input and output are
independent. In such case, the game ¥ (u, P A A2) simplifies to the game denoted by

G (u)2(Ay, Az, u) . (10)

When players simultaneously choose their actions in the absence of commitment the game in (I)
has been studied in [I7]. The solution concept is the Nash Equilibrium (NE), as introduced in [Ig].
When there exist a deterministic one-to-one mapping between the inputs and the outputs of

the channel, the game ¢ (u, PAzlAz) is reduced to the game studied in [19] and [20], [24]. This

is the case in which for all as; € Ay, with j = {1,...,ma}, it holds that PAz\Az:azj(b) =1
That is, regardless the commitment, Player 1 can always select an optimal action in response to
Player 2’s action.

When the commitment is the only information that Player 1 has regarding the action played
by Player 2, i.e., the channel input and output are independent, the game ¥ (u, PAzlAz) is
equivalent to the one investigated in [22] and [23], and the solution concept is the SE in mixed
strategies.

Other special cases of the game ¢ (u, PAzIAz) are studied in [24] and [i]. In the former, the
strategies of the players are restricted to pure strategies and the sets A, and A, are finite and

assumed to be identical. In the latter, the analysis is generalized to include the consideration of
mixed strategies.

3 Main Results

For the rest of this work, it is assumed that for all (i,1) € {1,...,m}?,

A {BEAQ:Z(uid_ul7j)P(a27j)fA2|A2az’j(g)zo} =0, (11)

j=1

where fA2|A2:a2,j is the corresponding pdf of the measure PAQ\AQ:az,j'

The assumption in () is always satisfied when for all (i,1) € {1,...,m}?, it holds that
H;.njl (ui,; —wij) P(ag,;) > 0. In [, it has been shown that imposing such condition restricts
the game ¢ (u) to exhibit a unique NE in mixed strategies.

The following lemma describes the set of best responses of Player 1.

Lemma 3.1 Given a commitment P € A(Az) and a channel output b € Ay, the set of best
responses of Player 1 is

BR,(P,b)2{QeA(A1):Q(a) >0 if ac S(P,b)}, (12)
where
S(P,b) 2 argmax mzu(a as.;)P(as )m(é) . (13)
’ acds | i Y7 dPs, Aya

Inria



Leveraging Noisy Observations in Zero-Sum Games 5

Proof: The proof of is presented in Appendix Al [ ]
The preceding lemma indicates the fact that given a commitment P € A (Az) and a channel
output b € As, Player 1’s optimal strategy is to concentrate the probability measure P Ay | As=b

over the set S(P,b) C Ay, with S(P,b) in (I3). If |S(P,b)| = 1, there is a unique best response
P:‘ pb € BR,(P,b) that assigns probability one to the smgleton S(P,b). The set of best
responses of Player 1 might also contain infinitely many strategies. In the specific case in which
BR;(P,b) = A (Ay), then as observed in [il], Player 1 opts for indifferently choosing its actions.
Interestingly, under assumptions (@) and (), for each channel output, Player 1 deterministically
chooses a specific action almost surely, which will be discussed in the sequel.

For all i € {1,...,m1} and for all P € A (Ap), let the set H;(P) be

o ma APy s -
Hq(P)ﬁ{bEAQ : iGargmax{Zui,jP(azﬂ)de}zAz 2,j }}\Hz L (14)
j=1 Az|Az=a21

with Ho(P) £ 0. Let also for all (i,1) € {1,...,m;}2, with i # [, the set H;; be

o m APi a dP; )
Hi,l(P)é{beAg;Zui,jp(azj)w Zuu (a2.; dP{‘Z'Az (b)}. (15)
Ao A

j=1 |[A2=as 2|A2=az,1

Note that Hi(P),Ha(P), ..., Hm,(P) form a partition of Ay. The following theorem presents a
property exhibited by the set H; ;(P) in (I3).

Theorem 3.1 Given a commitment P € A (As), under assumptions (@) and (@), if for all
(i,0) € {1,...,m1}?, with i # 1, and for all az; € Az

(uij —w,z) Plag,;) # 0, (16)
then it holds that

P, (Hii(P)) =0, (17)

where H; 1 (P) is defined in (Id); and the probability measure Py, is such that for all measurable
subsets A of Az, it holds that

Pi(A) = [ Py, (AP(). (15)

Proof: The proof of is presented in Appendix B. [ ]
A first observation from Theorem B, is that if Player 2’s commitment is in strict mixed strate-
gies, then the elements of the set H; ;(P) are observed with probability zero with respect to P Ay
in (I8). Note that an element b of the set H, ;(P) is the output of the channel for which actions
a1, and a;; might be both best responses for Player 1 to the commitment P and the channel
output b. Hence, under the assumptions of Theorem B, the set S(P, b) is always a singleton and
thus [BR;(P,b)| = 1. On the other hand, if (I8) does not hold, then the set of best responses
of Player 1 includes infinitely many strategies. This indicates that Player 1 indifferently chooses
its actions from the set S(P,b). This is formalized by the following lemma.

Lemma 3.2 Under assumptions (|) and (1), given a commitment P € A(Az) that satis-
fies (T@), for all b € Ay and for all Py, 4, € BRu(P, b), with BR1(P,b) in (@), it holds that for
allie{l,...,m}

1, if b e H;(P)

0, otherwise,

Py a,=iar) = { (19)

RR n° 9538



6 Emmanouil-M. Athanasakos and Samir M. Perlaza

where H;(P) is defined in (I4) and a1,; € A1. Moreover, the set of best responses satisfies

Pa, <{b e A, ‘BRl (P,E)‘ - 1}) ~ 1, (20)

Proof: The proof of is presented in Appendix 0. [ ]

The following theorem characterizes the equilibrium of the extended game ¢ (u, P s AQ) in (B).

Theorem 3.2 Under assumptions (@) and (1), and if (@@) holds for all j € {1,...,ma} and for
all (i,1) € {1,...,m1}?, with i # I, then the game ¥ (u, Pj, |, ) possesses a unique equilibrium

almost surely with respect to Py, .

Proof: The proof is presented in Appendix 0. [ |
The game ¢ (u) in (M) holds significant importance due to the fact that its the expected payoff
can be used as reference point when analyzing the game in (2). Let the function w : A (A;) x
A (A3) — R represent the expected payoff of game ¢ (u) such that

mi mo

W(Pa,, Pa,) =D > Pa,(a1,:)ui;Pa,(az;). (21)

i=1 j=1
Let the function @ : A (Az) — R be such that for all commitments P € A (As),

a(P) = Qeniazﬁl)w(Q,P), (22)

where the function w is defined in (22). The term 4(P) in (22) represents the expected payoff
of the game ¢ (u) in (M), when Player 2 commits to play strategy P. Note that, the minimum
value over all commitments P of the function @ is the payoff at the NE. The following lemma

compares the payoffs at the equilibria of the games ¢ (u) in (M) and ¢ (u7 P, A2> in (B).

Lemma 3.3 Let the probability measures (PL A ,PL) form an equilibrium of the game
1 2

G (u7 PA2\A2) in (@) and let the pair of strategies (P4, P4,) € A (A1) x A(Az) be an NE of the
game ¢4 (u) in (ID). Then for all commitments P € A (Asg), it holds that

a(P5) < v (Pjhl&, Pj,z) < §(P) < minmaxu; . (23)

where the functions G4, ¥ and v are given in (23), (@) and (@), respectively.

Proof: The proof is presented in Appendix [E. [ |
Lemma B33 unveils the fact that the payoff of the game ¢ (u, P s Az) at the equilibrium is lower

bounded by the payoff of the game ¢ (u) at the NE and upper bounded by the payoff of such
a game at the SE in pure strategies. The former is the case in which Player 1 does not observe
the actions of Player 2 (e.g. very noisy channel, I(P FRP Pa,) = 0); and the latter corresponds
to the case in which Player 1 perfectly observes the actions of its opponent (e.g. channel with
zero noise, I(Pg, 4,5 Pay) = H(Pa,)).

Inria



Leveraging Noisy Observations in Zero-Sum Games 7

4 Example: Gaussian Channel

Thus far, the probability measure that describes the channel P sl As of the game ¥ (u, P s A2)

n () is not yet specified. This generality signifies a key feature of the theoretical model, which
captures several data processing impairments. Moreover, while the specific game solution concept
relies on the characteristics of the channel, the generality of the game formulation presented in
Section B highlights its capability to effectively address any type of noise which has a density
with respect the Lebesgue measure.

In this section, the channel is assumed to be an AWGN channel and the action sets of Player 1
and Player 2 have the same cardinality and contain two actions. In this scenario, the channel is
such that for all as ; € A2 and all measurable subsets A of Ay

_ ; L h— . — 2 7
Py taman, (A) = N /A exp<2%2 (b= 1y — az,) )d/\(b), (24)

where )\ is the Lebesgue measure in R; p;—ao ; and a are the mean and the variance, respectively.
From (P4), it holds that the Radon-Nikodym derlvatlve of Py, | As—as., with respect to Py,

and for all b € A, is
dPAzIAz—az 2 7 (a5, —a3,) E(az 1—a22)
_ AzfAs=azo gy _ ; , , , 9
ap;, () = exp + 5 : (25)

_ 2
|As=as 20 o

|[Az=a21’

where it is assumed that ,uj =0 and O'J =0 >0, with j € {1,2}. From (I3), for all P4, € A (As3)
the set H; ;(Pa,), with (i,1) € {1,2}?, satisfies

{ A dIDAz|Az =az 2 INJ) o (ul,l - u2,1) PA2 (U‘?,l) }

T

dPAz|Az —a.1 (uz,2 — u1,2) Pa,(az,2)

log <(U1 1—U2.1) PA2(02,1)>

a21 —ag2 (u2,2 — u12) Pa,(az,2)
+D (PA?A2_a2,2||PA2|A2_a2,1)) }’ (27)

where D denotes the Kullback-Leibler divergence. Note that the set H1 2(Pa,) is a singleton.
This said, it holds that A (Hi12(Pa,)) = 0 and thus, Py (H12(Pa,)) = 0, which demonstrates
the validity of Theorem Bl

Let the complementary cumulative distribution function (ccdf) of the Gaussian pdf be

Q) == / +ooexp< 2)dz (28)

Using this notation, the following lemma provides an explicit expression for the function ¢ in (@)

H12(Pa,) (26)

Lemma 4.1 Given a commitment Pa, € A (As), if for all az; € Az, the probability measure
P, Ay=a,, Sotisfies (22), then it holds

) i bp,, =02,
0(Pa,) = max  0(Qu, 4, Pa) = Pay(az) | vz i+ (ur j—us ;)Q| —2—=) ], (29)
@a,4,EBR1(Payb) = o

where function v is defined in (@); bp,, € Ha 2(Pa,); and function Q is in (23).

RR n° 9538



8 Emmanouil-M. Athanasakos and Samir M. Perlaza

Proof: The proof is presented in Appendix [E. [ |

In Fig. I, the strategies (P} ,P4,) with PX (a1,1) =1 — P} (a12) = 0.23 and P} (a2,1) =
1 — P}, (az2) = 0.45 form the unique NE of the game ¢ (u) whose payoff is 4(Pj,) (red star).
Examining the behavior of the function 9 in (@) for a range of noise variance values o2, it is

observed that; (7) the equilibrium of the game ¥ (u, P As| AQ) is always lower bounded by the

equilibrium of @ (dashed blue line in the zoomed subfigure) as Lemma B3 revealed; (i) the
function % is monotonically decreasing with respect to o?; (ii4) letting 0? grow to infinity, results

in the equivalence of the equilibrium of ¢ (u, Py, Az) and the NE of game ¢ (u) (green curve
approaching the red star); and (iv) letting o2 to be close to zero, the equilibrium payoff of the
game ¥ (u, Pz, Az) in (2) becomes identical to the SE in pure strategies of the game ¥ (u)

in (@) which is the min-max solution in pure strategies (red line).

Figure 1: Plots of ¢ in () and @ in (E2) as a function of the commitment P,,. The payoff matrix
is u = (8,—6;—2,2). The channel is the AWGN defined in (24) with variance o7 = 0% = 0%
M1 = M2 = 0; and —az1 = 022 = 102.

Inria



Leveraging Noisy Observations in Zero-Sum Games 9

In Fig. B, the game ¢ (u) exhibits a unique equilibrium in pure strategies and the NE payoff
of the game ¢ (u) is @(P},) (red star). Here, the equilibrium payoffs of both games are identical.

In both examples it holds that 4 (P:b) <w (Pj; ¥ ,PJ‘Q), which signifies that even subject to
1 2
noise, the equilibrium payoff increases when Player 1 observes a noisy version of the action played

by Player 2.

3 T T T T T T T T T
f)(PAZ) o? =102
.......... a(Py,)
2r * (Pi, a(Py,)) = (P, w(Pi, Pi,)) |
1 |
0 — —
Q:& 1 N N -
= N
N
2N
2 \\% _
o
D
",
“.
3k S i
—
) N
RN

_4 — -

5 4 L J L J L ol L il
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

PAz (al)

Figure 2: Plots of ¢ in () and @ in (22) as a function of the commitment P,4,. The payoff matrix
is u = (=5,1;—6,3). The channel is the AWGN defined in (P4) with variance 0? = 03 = 0?;
M1 = 2 = 0, and —a21 = a22 = 102
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Appendices
A Proof of Lemma 31

Let PAl\le €A (A1|¢4~2) and P € A (Az) be the strategies of Player 1 and Player 2, respectively.
Then, the expected payoff given in (B) satisfies the following:

v(PAllAz,P)

PA2 Az—az J 7 7
/ (ZPA ‘AQ b a’l ) (Zuld G‘Qa] dPA | (b)>>dPA~2A2a2’1(b)

|A2 =a2,1

< / i (m?x{zuw azj%b)b AP, s (D), (30)

Az|Az=az 1

where the equality in (80) is obtained by concentrating the probability measure P A1 | A, OVEr the
set

PA2|A2 =az,; 7
i 2220 () 5, 31
g {}:u,g o) T )} @)

[A2=az1

which completes the proof.

B Proof of Theorem 31

Assume that for a pair (i,1) € {1,...,m1}?, with i # [, and given a commitment P € A (Ay)
the set H;;(P) in (I3) is empty, then it follows directly that the equality in () holds, and thus
there is nothing to prove. Otherwise, there exists a b € H; ;(P) such that

mao B ' P ‘ dPA2|A2=a2J Z~) _
§ (uij — w,;) Plaz,;) : (b) =0, (32)
Py,

j=1 |[A2=a21

Suppose that 1 < |H;;(P)| < +oo, i.e., the set #;,;(P) is finite. Hence, it holds that
A(Hi(P)) = 0, which implies from (@) that the equality in (1) holds.
Alternatively, assume that |H; ;(P)| = +oo, then it holds that for all (i,1) € {1,...,m1}?, with
i # 1, the equality in (B2) satisfies

dP; dP; dPj; dP;
Ag|As=az,; 7\ Az\Az az,1,7 Ag|As=az,; 7\ As|As=az1.7
E u; ;P (ag ;) (b) (b)= E uy ;P (as ;) (b) (b), (33)
J 7 dPAz\A2 az1 J 7 dPAz\Az az,1 dA

where A denotes the Lebesgue measure on (R, Z(R)). Equality in (83) is equivalent to

Zui,jp(a&j)fﬁﬂAz:azj(B) :Zul,jp(%,j)fgzmzzaz,j(5)7 (34)
j=1 j=1

where f Ao As—as., is the corresponding probability density function of the measure Pj;
Note that, the expression in (B2) satisfies

2|Az=az ;"

Zuw i) P(a2;5) f ) ay—ay , (B) = 0, (35)
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Leveraging Noisy Observations in Zero-Sum Games 11

which implies that for all P € A (As) the set H; ;(P) defined in (IH) can be written as
Hiu(P) & {bE Aj: Zui,jp(az,j)f&m?:a“ (b)= Zuz,jp(azj)fAﬂAFaH (b)}~ (36)
j=1 j=1

Therefore, from (), it can be concluded that for all (i,1) € {1,...,m;}?, with i # [, it holds
that A\(H;,(P)) = 0. Moreover, from () it holds that the probability measure Pz, is mutually
absolutely continuous with the Lebesgue measure, which implies that the probability of the
existence of a b satisfying (83) is zero and thus the set #; ;(P) in (B8) is negligible with respect
to the probability measure Pz , which concludes the proof.

C Proof of Lemma

From (8), it holds that
v (PA1|A27PA2)

As|Az=asz,; 7
/ (ZPAl| Aop(a <ZumPA2 aQJ)—(b)))dP& vz, (D)

Az|As=az 1

mi
Az|Ax=as ; 5

Z/ <Z Aq|As=b alz (Zul ]PAQ an)del#(b))> Ag|As=as, 1(b) (37)
1=17 Hi(Pay) Ag|As=az

As|As=a >

SZ/ <Z]l{z z}(ZUuPAQ CLZ,JWM)) Aol As=as (D) (38)

1=17 Hi(Pay) Az|As=az1

where equality in (B7) is due to the fact that [ J;"} H;(Pa,) = Ag; and the equality in (88) holds
when for all i € {1,...,m1}:
1, if a1 € S(Pa,,b) and |S(Pa,,b)| = 1
Py, ay=i(a1,:) =3 7 if a1, € S(Pa,,b) and |S(Pa,,b)| > 1 (39)
O, if aLi ¢ S<PA2a 5),
where 7; € [0,1] are such that it 1 +v2 4+ ... + ym, = 1.
Essentially, this results in the characterization of the elements that belong to the correspon-
dence BR, (PAQ,lNJ . This is because from (BY) it holds that given a commitment Py, € A (Asg)
and for all (i,1) € {1,...,m1}?, with i #1

P, ({b € Ay 1 |S(Py,,b)| > 1}) (40)

:PA2<{beA2 %(5)’>1}> (41)

arg max E u(a1,4,a2, 7)PA2(G2’7)dP~
Az|Az=az 1

i€{l,.. ml}

L APj e - 2 dp .
§PA2<{bEAQ:Zu(aLi,ag,j)PAQ(aQ,j)dPAiQAW(b):Zu(al,l,agd)P(ag,j)dPA2|A2 2] }>
j=1 Az|Az=az 1 j=1 As|As=az 1
(42)
=Py, (Hi1(Pa,)) (43)
—0, (44)
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12 Emmanouil-M. Athanasakos and Samir M. Perlaza

where the equality in (21) follows from the definition of the set S(Pa,,b) in (I3); inequality
in (£2) holds since the set in () is a subset of the set in (E2); equality in (E3) is due to the
definition of the set H; ;(Pa,) in (IH); and equality in (£4) is due to Theorem B. This shows that
the cardinality of Player 1’s set of best responses is a singleton almost surely, which completes
the proof.

D Proof of Theorem

For all commitments P; € A (Az) and P> € A(Az) and for all o € (0,1) the function ¢ in (@)
satisfies

O(aP; + (1 — a)Py)= max U(QAl\AQ’O‘P1+(1 —a)Py) (45)
Qa, 14, €A (ALl A2)

_ max / <ZQA1A2 b (a1, (Zu” aPl (a2,;)

QAl\AzeA(All‘AZ

+(1_a)P2(a2,J))#(b))>dPAQA2=a2)1(5) (46)

As|As=az 1

P a
= max )/ (ZQA1A2 i(a14) (aZuupl agj)%(b)

QA \A2€A(A1|-A2 As|As=as 1

+(1—a) ZUMPQ az,]%bO)dPAQAQ_@J(E) (47)

j=1 Az|Az=a2,1
—max av(@y . P+ (- 0)0(Qa s P2) (48)
QAl‘AQEA(.Al\Ag)
< max U(QAI\AQ7P1)+ max (1—a)v(QA1|A2,P2) (49)
QA1\52€A('A1|A2) QAI\A2€A(A1\-A2)

=ab(Py) + (1 - )0 (P), (50)

where equality in (E8) is due to (@); and the inequality in (€9) follows from the fact that the
maximum of the sum is at most the sum of the maxima [25]; and the equality in (B0) is due

to (@). This implies that function ¢ is convex. Moreover, the equality in (E9) is obtained if and
only if for all P € A (Az)

max vV(Q4 14i,P)= max vu(T,P 51
Qay 4, €A (AL A2) Qi ) TEA(A) @B, (51)

where the function v is defined in (B).
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However, from (B1) it holds that

max (@4 14.,P)— max o(T,P 52
Qa, 4, €A(AL]A2) Q1. ) TEA(A1) T F) 52)

mo

. dPA |As=as ;5 ~
=, max Qa4 _~(a1,z—)( u; ;P (as, )—‘(b)) AP 4o (D)
QA1A26A(A1|‘A2)/~ <; A= J; ! VAdP; Az|As=az,1

Az Az|Ax=az 1

TeA(A) Az|Az=az1

- = AP, aymas ; ~ =
— max /A (ZT(G@J) (Zul,jP(ag’j)ﬁ(bO)dPAQA2_a2yl(b) (53)
2\ =1 j=1

A As|As=as 1

m m APi 4 )

|A2=a2 ;
= max E Qi _ilar g U i P(ag, ; e 2 ']b) APz 4. —a. (b
/~2QA1A“2_E€A(-A1) <i=1 A1‘A2—b( 1, )<J=1 5J ( 2,j dP- ) ) Az|Ax= 2’1( )

L 2 dPA Aoy o~ -
- max T(a u ;P(a )Mb) dP; 4_ (b 54
Memﬂ(; (m(; ) LU 54)

my M
= max max i _i(a1;)T(a
[ msy ms (zzmlmz_a (e

A i=11=1

G dPAz Ax=az j 7 7
<Z(uz‘,j—Ul,j)P (a;ﬂﬁ(@) > AP, ar=as.4(0): (55)

=1 AQ\A2=G2,1

where the equality in (64) is derived by interchanging the max with the integral since for all
b € Ay it holds that Q4 | 4,5 € A (Av).
Hence, from (B3) and the condition in (I@), it holds that (B1) satisfies for all P € A (As)

max (@, 4, P max (T, P). 56
QAl\AQGA(Al‘AQ) ( A1|A2 )#TEA(-AI) ( ) ( )

Therefore, the function ¥ is strictly convex in A (Ag). This implies that it has a unique minimum

and shows that the equilibrium of the game ¢ (u, PA2| Az) is unique. That completes the proof.

E Proof of Lemma

Suppose that the pair of strategies (P}, Pi,) € A (A1) x A (Az) forms a NE of the game ¢ (u)
in (IM). For all probability measures P € A (As), it holds that

4w(P3,)= max min u(Q,P) 57

QEA(A;) PEA(A) (57)
= min max u(Q, P) (58)
(59)
(60)

PeA(Az2) QEA(Ay)

< ma , P 59
_QGA(ﬁl)w(Q )
=u(P), 60

where the equalities in (57) and (B8) follow from the min-max theorem [I7]; and the last equality
is due to the definition of the function @ in (232).
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14 Emmanouil-M. Athanasakos and Samir M. Perlaza

Moreover, from (22) it holds that for all P € A (As)

o v 61

w(P) Qeni%ﬁl)w(Q ) o

= max w i P), Ybe A 62

QAHAz:EEA(u‘h) (QAI‘A27b ) 2 ( )

< max  v(Qy4,,P) -
QAl‘AQGA(Al‘AQ)

=0(P), o

where equality in (62) follows from (EI); inequality in (G3) is due to the larger optimization
domain and the fact that for all b € A, it holds that Q4,1 4,=p € A (A1); and equality in (64) is
due to ().

Moreover, for all P € A (Asz), the function in (@) satisfies

o(P)= max U(QAl\Az’P) (65)
Quy 4, €A(ALlA2)

UENUE AP, sz, -
= max / ) Zzui,jQAl|A2:5(a1,i)P(a2,jwb) dP4, a0, ,(b)  (66)

QAleeA(Al‘A2) Az \ j=1i=1 As|Ar=az1

ma My dPA _ B B
) |Az=a 3
< max ZZP(aQVj)le{max Uy (/ 2QA1|A2:B(al,i dP~2 2=az b)dPA2|A2—a2,1(b))

Qa4 €A (AAR) ST Lyeema} A As)As=as
(67)
2 i dPj; _ - -
|A2=as,;
= max P(azj) max wuy; /Q i1 )= b)dPs 4. (b
QA1|A2€A(A1I«52); ( 2;)16{17‘__’7”1} U(; " Ay A=5(01 T VAP, 4,=a,,,(0)
(68)
mo my dPA \Agmas ;- _
=Y P(as;) max uy; / max Qi@ —=—"—4b)dPs 40 (D)
j; ]lE{l,..-,’rrn} »J ; 2o@a 14, pEA(AY) Ai|Ax=b dPA2|A2:ag,1 Az|Az=az 1
(69)
ma
=3 Plag, - 70
; (a2’])le{§?§§nl}ulm (70)

where the equality in (B8) follows from (B) and from [26, Th.1.6.3]; the inequality in (64) holds
due to the maximization of the payoff function v in (Il); the equality in (69) is by interchanging
the max with the integral since for all b € A; it holds that @, | 4,_5 € A (A1); and () follow
by observing that the summation over i and the integration over the set Ay do not depend on
the index [ and therefore are treated as constants with respect to the maximization problem over

le {1,...,7’77,1}.
Note that from (62) and (Bd), it holds that for all P € A (Az)
a(Ph,) <9(P). (71)
Moreover, letting P = ij, it holds that
) t i
a(Py,) <o (P PL). (72)
since {’(P,L) =0 (ij&, PL). From, inequality in (1) and from the fact that
: o _ T T
PGIRI&Q) B(p) =v (PA1|A2’PA2> ’ (73)
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it holds that

with equality if and only if P = ij
Finally, for all P € A (As), the inequality in (Z0) satisfies

= in max ;. (76)

= m
JE{1,...;ma}i€{l,....m1}

Observing inequalities in (I22), (I22), (7d) and (78) completes the proof.

F Proof of Lemma AT

Let the sets of actions of Player 1 and Player 2 be A; = {a1,1,a21} and Ay = {a11,a2.1},
respectively. Additionally, from (Id) it follows that given a commitment Ps, € A (Az) the
subsets H;(Pa,) of As, with ¢ € {1,2}, are such that

-~ AP a,—ay, 50 (urg —ugi) Pay(azy)
HQ(PA )é be Ay : $(b) > : . 22 = ; and (77)
’ P4, Ay=as, (u2,2 — u1,2) Pa,(az,2)

(78)

- . dPja_ - _
7—[1(PA2)£{b6A2: Al dszess ) (01 “271)]3“‘2(“271)}.

dP4, ay—as (u2,2 — u12) Pa,(az2)

The expected payoff function in (8) satisfies

v (PAl\A27 PAZ) :PAZ(Q2,1)U2,1+PA2(G2,2)U2,2+/

Py a,=p(a1,1) ((Ul,l—uz,l)PAz(az,l)
H1(Pasy)

—(uz.s — 1 .2) Pa, )%(5) dP- (b)
U2,2 —UL,2) LA, (A2,2 dPA Az|Az=az1
2

|[As=a21

+/ PAIA25(G1,1)<(U1,1 —ug,1) Pa,(az,1)
Ha(Pa,)

( Pa( Phsltrmasa )\ g p. b)
—(u2,2 —u1,2) Pa, a2’2)dPA (0) )dP4, Ay, (
2

[A2=az1

+/ PA1|AQ_5(01,1)((U1,1 —u21) Pa,(az1)
Hi,2(Pay)

dPA2|A2=02,2 7 7
—(u2,2 —u1,2) Pay(a22) =5 ———(b) |dPg, 4,4, , (b). (79)
dPA2|A2:a2,1 2[A2 2,1
:PAZ(CL2¢1)U2,1+PA2(02,2)U2,2+/ Py a,=p(a1) ((U1,1—U2,1)PA2(02,1)
H1(Pas)
dPAzlAzzaz,z 7 ~ 7
—(uz2—u1,2)Pa,(az22) 75— (0) |dPg, 4,0, , (b), (80)
dPA72|A2:a271 2|A2=a2z1
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where equality in (Z9) follows from (Z2), (Z8) and the fact that Pj (H1,2(Pa,)) = 0 from
Theorem BT; and equality in (80) is obtained by concentrating the probability measure P, | As—b

over the set H(Py,).
Specifically, when the probability measure P ) As is such that (22 holds and the probability
density function satisfies for all b € Az

T —b)2
FAy)a,=5(2) = U\}% exp <( 202b) ) ’ (81)

then the function in (@) satisfies

O(P)= max  v(Py,4,,P) (82)
PA1|;52€A(.A1|.A2)

=max {P(a271)U2’1 =+ P(agﬁg)uZQ —+ / (PA1|A2_B(G') ( (ul_’l — u2’1) P((IQJ)
H1(P)

AP - )
—(ugp =11 2) P(az 2) 52 2="22b) ) APy, 4,0, () (83)
dPAQ‘AQI(lQ,l 2|A2 2,1
=P(ag1)uz1 + Plag2)uz
dPA2\A22112 2 7 7
+/ (w1, —u1) Plag,y) = (uzz —ur2) Plaz2) 5= ()| dPg, 4,20, , (b) (84)
Hl(P) AQ‘A2=G2,1 '
=P(az,1)uz,1 + P(az2)uzs + (u1,1 — uz,1) P(&Q,l)/ dPA2|A2:a2,1(l~7)
Hi(P)
dPA2\A22112 2 7 7
—(uz,2 —ul,z)P(az,z)/ B, 0 AP, a,m,, () (85)
Hi(P) Az|Az=az 1 '

=P(az,1)uz,1 + P(az2)uss + (u1,1 — uz,1) P(a2,1)/ AP, 4,=as 1(5)
H1(P) '

(uwuw)p(az,g)/ﬂl(mexp (2; <(l~7a272)2(l;a2,1)2>>dPA2Az_azyl(é)(SG)

:P(ag,l)UQJ —|—P(a2,2)uQ,2 + (U171 —UQ71)P((1271)/ fAQ\AQ:ag L (B)dg
bL '

_(ug,z—ul,z)ng,z)/ooeXp (—;((E—ag’gf— (5—a271)2)>fg2A2_a271(5)d5 (s7)

bp
_ P oo 1 . .
=P(az)uz,1 + Plazz2)uz2 + 1~ ) (a2,1)/ exp (_Q(b_a2,1)2) @
oV 2T b, 20
(ug2 —u12)Plagz) [ 1 (5 2 /- 2 1 - A
gy b}exp 52 (b a2,2> (b a271) exp 202(1) az,1)”)db(88)

ZP(G2,1)(U2,1 +(u1,1— u2,1)Q(b}_Ua2’l>> +P(a2,2)<u2,2 — (u2,2 —u1,2)Q(bTD_Ua2’2)) (89)

where the equality in (B3) follows from (BO); equality (Bd) in is derived by applying Lemma B2;
equality in (B8) is derived by substituting the Radon-Nikodym derivative with (23); equality
in (%2) follows from replacing the set H;(P) with its corresponding interval b € (b%, +00),
with b} € Hi 2(P) and by substituting the probability measure P sl As—b with its corresponding
density in (E1). Finally, (89) follows by rearranging the terms inside the exp(-) and by recognizing
that the integrals are actually the complementary cumulative distributions of the Gaussian pdf
in(2R).
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