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A HYPOCOERCIVITY-EXPLOITING STABILISED
FINITE ELEMENT METHOD FOR KOLMOGOROV EQUATION*

ZHAONAN DONG', EMMANUIL H. GEORGOULIS!, AND PHILIP J. HERBERT®

Abstract. We propose a new stabilised finite element method for the classical Kolmogorov equation. The latter serves
as a basic model problem for large classes of kinetic-type equations and, crucially, is characterised by degenerate diffusion.
The stabilisation is constructed so that the resulting method admits a numerical hypocoercivity property, analogous to the
corresponding property of the PDE problem. More specifically, the stabilisation is constructed so that spectral gap is possible in
the resulting “stronger-than-energy” stabilisation norm, despite the degenerate nature of the diffusion in Kolmogorov, thereby
the method has a provably robust behaviour as the “time” variable goes to infinity. We consider both a spatially discrete version
of the stabilised finite element method and a fully discrete version, with the time discretisation realised by discontinuous Galerkin
timestepping. Both stability and a priori error bounds are proven in all cases. Numerical experiments verify the theoretical
findings.
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1. Introduction. In the study of kinetic modelling, degenerate evolution problems are abundant.
These may arise from the integration of stochastic processes, which upon integration typically give rise
to Kolmogorov/Fokker-Planck type partial differential equations (PDEs). In many examples, diffusion
(stemming from Brownian motion/randomness) is present in some of the spatial directions in the respec-
tive Kolmogorov/Fokker-Planck PDE. Quite interestingly, despite this, many such PDEs with degenerate
diffusion give rise to initial/boundary value problems that are, nonetheless, characterised by convergence to
long time equilibria. Villani in [19] coined the term hypocoercivity to signify the subtle property of certain
degenerate evolution (integro)differenetial operators to yield dissipation in directions where no diffusion is
explicitly present. Hypocoercivity has been formulated as a general framework in proving decay to equilib-
rium for kinetic equations in the seminal work [19] by Villani, who conceptualised and expanded key ideas
proposed in the seminal works of Hérau & Nier in [10], Eckmann & Hairer in [6], Mouhot & Neumann [14]
and others.

To highlight the role of degeneracy of diffusion with respect to long-time behaviour, we consider the
classical Kolmogorov equation:

(1.1) Lu = up — Ugy +xuy = f,  in (0,¢7] x Q;

for some final time ¢; > 0, with © C R?, and a suitably smooth forcing f: (0,00) x 2 — R, along with
appropriate initial and boundary data. (The above notation used above is typical in PDE literature; in
kinetic applications, the operator £ may appear as Lf := f; — fy,, + v f; with v denoting the particle velocity
variable, z the displacement /position and f the respective probability density function.) Let (-,-)z,q) the
standard Lo (§)-inner product, for some ’spatial’ domain Q C R?, along with the respective norm ||-|| La(Q)-
Assuming suitable boundary conditions, such that the skew-symmetric term (zu,,w) vanishes, the standard
energy argument for (1.1) yields

1d 1 €
(1.2) 5&””@)“%2(9) + lluall7, ) = (fs ) o) < 2*€Hf||%2(9) + 5”“”%2(9)7

for almost all ¢t € (0,tf] and all € > 0, where t; € Ry is some final time. Observing that a Poincaré-
Friedrichs/spectral gap estimate of the form |u(|z,q) < C||Vul|1,(q) is not applicable, and since an estimate
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of the type |lul|L,) < Clluz| L, may not hold, standard arguments involving Gronwall’s Lemma give

(1.3) lult )70 < € (€ N 1o 055000 T w0l Z,0):

for any € > 0, where we have used standard notation for Bochner spaces. The presence of the term e/ mean
that the stability estimate (1.3) is not robust with respect to the final time.

The hypocoercivity of of (1.1), however, can be manifested through non-standard energy arguments.
More specifically, by considering different inner products of form (-, )ne = (+,-) () + (AV-, V'), (), where
A € RE:2,, is a suitable positive semidefinite matrix, and the associated norm [|-||ne := v/(:, )., one arrives
at an energy estimate of the form

1d
5 g @ e + e(IVullZ, @) + luallie) < (£, e,
for some constant ¢ > 0. Crucially, if u is such that it satisfies a Poincaré-Friedrichs inequality, (e.g., satisfying

suitable boundary conditions,) we can deduce

1d
57 lu®lie + encllullie < (f wne,

2 dt

for some constant ¢, > 0 which depends on A, so that & ||u(®)||Z, + cnellullZ, < e || fIIZ., using standard

arguments. Thus, Gronwall’s Lemma gives

ty
(1.4) lu(t)|2e < et ug |2, + et / e=neltr=2)| f(s)||2, ds.

This is reminiscent of the standard parabolic decay estimates. In particular, for f = 0, this provides decay
as t — o0.

Retaining hypocoercive structures upon discretisation of respective PDE problems is desirable. This is
because numerical methods admitting such structures would give rise to robust performance for long time
computations. So far, only few works have been concerned with such numerical hypocoercivity properties.
We mention [16] for a study of hypocoercivity for a central difference method discretising the Kolmogorov
equation (1.1), using the abstract framework from [19, Theorem 18], and [5] where the approach from [16] was
taken further to discuss the availability of spectral gap for central difference discretisations of the respective
Fokker-Planck equation. Also, Foster, Lohéac & Tran [8] discuss the development of a Lagrangian-type
splitting method based on a carefully constructed similarity transformation and linear finite elements over
quasiuniform meshes, although no proof of decay to equilibrium is given for the numerical method itself. Also,
Bessemoulin-Chatard & Filbet [1] present design principles for the construction of equilibrium-preserving
finite volume methods for nonlinear degenerate parabolic problems. Recently, Bessemoulin-Chatard, Herda
& Rey [2] presented an asymptotic-preserving in the diffusive limit finite volume scheme for a class of one-
dimensional kinetic equations, using the hypocoercivity framework of Dolbeault, Mouhot & Schmeiser [4].

Developing Galerkin finite element methods which preserve/admit hypocoercivity structures is a largely
unexplored area. This is despite the potential advantages of Galerkin methods, allowing for high order
discretisations, over unstructured, possibly locally adapted meshes. We are only aware of [9], whereby a
hypocoercivity-preserving family of spatially discrete non-conforming finite element methods for (1.1) is
constructed and analysed. The key idea in the design of the methods in [9] is the construction of certain
consistent stabilisations based on carefully selected numerical fluxes on the skeleton of the mesh, along with
imposition of additional boundary conditions in the PDE problem. The method family in [9] scales like a
fourth order discrete operator in space, due to the involvement of the (-, ). inner product with arguments
derivatives of the solutions uw. This may result to higher computational cost if used in conjunction with a
fully discrete implicit time-stepping fashion and iterative linear solvers for each time-step.

This work is concerned with constructing a new, hypocoercivity-exploiting, stabilised finite element
method, which address three key issues that arose in [9]: 1) the new method scales like a second order discrete
operator, thereby reinstating the expected computational complexity of discretising a second order differential
operator, 2) both spatially discrete and fully discrete methods are presented, with the time discretisation
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realised by an arbitrary order discontinuous Galerkin timestepping approach, and 3) no additional boundary
conditions other than standard Cauchy/Dirichlet-Neumann ones are required for the analysis of the new
method. On the other hand, however, the three aforementioned developments are possible for reduced
negative Gronwall exponent compared to the one in [9]. In particular, the exponent below and, thus the
available spectral gap, degenerates when increasing the dimension of the space-time approximation spaces
(i.e., reducing meshsize/timestep and/or increasing polynomial degree). Nevertheless, for fixed discretisation
parameters, hypocoercivity is proven and used, in turn, for the proof of a priori error bounds which are
robust with respect to the final time ¢.

The remainder of this work is structured as follows. In Section 2, we discuss the the special weak
formulation of (1.1) which utilizes the concept of hypocoercivity in order to generate a contractive semigroup.
Following this, we discuss two semi-discretisations. The first semi-discretisation is discussed in Section 3 comes
in the form of a streamline-upwinded Petrov-Galerkin method which does not itself immediately achieve an
optimal rate of convergence. This is followed in Section 4 by a discretisation which makes use of both the
properties discussed in Section 2 and the streamline-upwinded Petrov-Galerkin method. Both of these semi-
discretisations make use of continuous finite elements in space. Once the semi-discrete case has been treated,
we move to Section 5 which considers a full discretisation of (1.1) by use of discontinuous Galerkin methods
in time.

Notation. To simplify notation, we abbreviate the Lo(w)-inner product and Ls(w)-norm for a Lebesgue-
measurable subset w C R? as (-,-),, and |-||,,, respectively. Moreover, when w = €, we will further compress
the notation to (-,-) = (+,-)o and ||-|| = ||-||a. The standard notation H*(w) for Hilbertian Sobolev spaces,
k € R will be used. In addition, given an interval J C R and a Banach space V', we use the standard notation
Bochner spaces that are denoted by L, (J; V).

For the rest of this work, we restrict to {2 being a polygonal domain and introduce a family of triangula-
tions of €2, say 7, consisting of mutually disjoint open triangular elements T' € T, whose closures cover () ex-
actly. Also, let h: Ure7T — R4 be the local meshsize function defined elementwise by h|p := hy := diam(T).
For simplicity, we further assume that 7T is shape-regular, in the sense that the radius pp of the largest in-
scribed circle of each T' € T is bounded from below with respect to each element’s diameter h|p, uniformly
as ||h||z. (o) — 0 under mesh refinement. Also, we assume that 7 is locally quasi-uniform in the sense that
the diameters of adjacent elements are uniformly bounded from above and below. Finally, let I := Upc70T
denote the mesh skeleton, and Ty, := T'\OS2.

The family of finite element spaces subordinate to 7 we consider are defined by

Vi =VP:={V e H.(Q): V|r € P(T), T€ T},

with P,(w), w C R%, denoting the space of polynomials of total degree at most p over w, p = 1,2,3,....
Notice that this choice of V}, is only H!-conforming despite the higher order derivatives which appear in the
definition of a. Further, we define the broken Sobolev spaces H" (2, T) := {v|r € H"(T),T € T}, and the
broken gradient V7 to be the element-wise gradient operator with Vyw|r = Vw|7, T € T, forw € H (2, T).

2. A special weak formulation. The problem of closing a degenerate parabolic PDE with suitable
boundary conditions is well understood via the classical theory of linear second order equations with non-
negative characteristic form [7, 15]. In particular, with n(-) := (n1(:),n2(-))7 denoting the unit outward
normal vector at almost every point of 9€2, which is assumed to be piecewise smooth and Lipschitz, we first
define the elliptic portion of the boundary

0082 := {(x,y) € 0Q : n1(z,y) # 0}.
On the non-elliptic portion of the boundary 9Q2\0€, we define the inflow and outflow boundaries:
0_Q = {(x,y) € 9N : zna(z,y) <0}, 0:Q:={ € IO : anz(x,y) > 0}.

For notational brevity, any characteristic portions of the boundary {(z,y) € 0\ : zns(z,y) = 0}
have been included into the outflow part, since their treatment is identical in what follows. Notice that
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00 = 0,QU0_-QU Q. Introducing the notation Lu = —uz, + xu,, we consider the initial/boundary-value
problem:

U + Lu = uy — Uge + 2Uy = f, in (0,t5] x Q,
u = up, on {0} x €,

u=0, on (0,tf] x 0_Q,

niug; = 0, on (0,tf] x 0o,

(2.1)

for t; > 0 and for f € L2((0,t¢); H'(£2)), noting the stronger, non-standard regularity assumption for f.
The well-posedness of the above problem is assured upon assuming that 0_¢2 has positive one-dimensional
Hausdorff measure [15]. For brevity, denote the time interval by I := (0,%¢;]. We note that, in contrast to the
previous work [9], in what follows, we do not prescribe any additional boundary conditions.

Let A be a symmetric and non-negative definite matrix of the form

(2.2) A= (g g)

where «a, 8,y are non-negative parameters. Denote by ((-,-)) 4 the inner product
(w,v)) 4 = (w,v) + (Vw, AVv),

1
for w,v € H'(Q) with induced inner product ||-|[4 := ((,-))3. This norm will play the role of ||-||5. from the
Introduction.
Assuming sufficient regularity for the exact solution u, so that the following calculations are well defined,
(1.1) implies

(2.3) (ur, v) 4 + (ua, v2) + (zuy, v) + (VLu, AV0) = ((f,v))a,
for all v € HL(Q) := {v € HYQ) : v|s_q = 0}, and set
(2.4) a(u,v) == (ug, vg) + (Tuy,v) + (VLu, AVv).
2.1. The hypocoercive structure of a(-,-). Setting v = w into (2.4) gives
a(u,u) = Jug||* + (2uy, u) + (—Upze + (TUy )z, Uz + By) + (—Usay + Tlyy, Buz +Yuy),

which, upon integration by parts, gives

1
23 a(u,u) = [lue* + S vVanaulg, o + VAV |1? + Blluy |I* + aluy, ug)
2.5

1

+ (ianVu —n1Vug, AVu)sq.
In [9] additional boundary conditions are considered, so that the last two terms on the right-hand side of (2.5)
are non-negative and, thus, they can be omitted. After applying Young’s and Cauchy-Schwarz’ inequalities
and electing a > 0, 3 = 4a?/9, and v = o3 /3, for instance, we deduce

1 2 3
(2:6) alu,w) 2 Jlus | 4 5 s + -y I + 5y |

Thus, remarkably, using the non-standard test function v—V - (AVwv) for well-chosen A, results in L providing
coercivity with respect to u, also: this is a manifestation of the concept of hypocoercivity, as 9, = [z0,, 0];
we refer to [19, Theorem 24] for details.
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Remark 2.1. To emphasise the potential generality of the approach, one may consider a (d+1)-dimensionall]
version of (1.1): for Q C R¥*! open, find u: (0,t;] x Q — R, such that

d
(2.7) Ut + L1t = Up — Ugyz, + mewi“ = f, in (0,tf] x Q,

i=1

for t; > 0 and f € H'(Q), along with suitable initial/boundary conditions. Interestingly, (2.7) is smoothing,
despite possessing explicit diffusion in one spatial dimension only. Indeed, we have, respectively, [0,,,b V] =
0 thereby, Hormander’s rank condition is satisfied [11], implying that (2.7) is, in fact, hypoelliptic!

Tit1
Moreover, since full rank is achieved via commutators involving the skew-symmetric 1st order part b - Vu,
the PDE in (2.7) satisfies also the commutator hypotheses of [19, Theorem 24]. The developments discussed
in this work can be transferred to this problem also with minor modifications only.

3. A streamline-upwinded Petrov-Galerkin formulation. For equations with non-negative char-
acteristic form, such as (2.1), a streamline-upwinded Petrov-Galerkin formulation (SUPG) was proposed [13]
to achieve optimal rates of convergence in the presence of degenerate diffusion for continuous finite element
spaces like VP In the present setting, the method in [12] reads: find U = U(t) € Vi, t € (0,ty], such that

(3.1) (U, V) +ansupc(U, V) = (f,V +7(Vi + 2V,)),
for all V € V},, with

(3.2) ansupc(U,V) = (Us, Va) + (aU,, V) + Y (Us + LU, 7(Vi + 2V},)) 1,
TeT

for an SUPG parameter 7: {2 — R defined element-wise precisely below. We also set U(0) := 7wug € V}, with
m: La(Q) — V3, denoting the orthogonal Lo-projection onto the finite element space.
Setting U =V = w € V' in (3.2), we have the coercivity relation:

1
ansupc(w,w) = |lw.|* + §||\/33”21UH%+Q + VT (we + 2w,)|?

- Z (Waz, T(we + Twy))r
(3_3) TeT

1
> |lwe” + S IVEnawlg, o + V7w + zw,)|?
- 1
—IConv P Vrw [IIV7 (we + zwy)l| = Sllwllsuee,

for

Nl=

llwllsupe = (lwal? + Ivanzwl3, o + V7w +w,)]?) 7,
whereby, for each T € T, we set
(3.4) T = C’I_J\Q,Vp*4h27

with C}yy the constant of the inverse estimate ||Vollr < Crnyp?hyt|v|r, valid for v € P,(T), depending
only on the shape-regularity of the mesh.

For f = 0, starting from (3.1), we set V = U and, employing (3.3) along with standard arguments, we
arrive at

d
U1 + 11U 1Eupe <0,
which implies the expected stability:
(3.5) U < U],

for all 7 > 0, i.e., we have stability of the SUPG scheme with respect to the PDE initial data.
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3.1. A priori error bound. Set now
pi=u— Tu, 9 :=7u—U,

so that e = p + 9, whereby, following [3], 7: La(2) — V}’ is the orthogonal Ly-projection operator onto the
finite element space, giving (p¢,9) = 0.
Employing (3.1) with V' = ¢ gives the error equation

1d
QEWHQ + ansurc(V,9)

= ((mu)t, V) + ansvpc(mu,9) — (f, 9 + 7(9: + 20,)),
= —(pt,9) — ap,svrc(p, V) = —ansupc(p, V).

(3.6)

Using (p,¥:) = 0, we have (p, zdy) = (p, z¥y + ;). Then, we have,

ansupc (0, 0) = (02 02) — (0, 29,) + / wnopdds
8,.Q

+ (o1 + 2py, 70+ 29y)) = D (P T + 20y)) 7
TeT

_1
< (leall + 720l + IlVam2pllo. 0 + IV (01 + 2y
1
(X IVreelp)?)

TeT

x (0]l + IVamzdllo,o + 2V7 (@, +20,)] )
_1 1
< 4(llellsure + 7= 2ol + (3 IVTouall$)? ) IWllsurc.

TeT
Using (3.7) along with (3.3) into (3.6), we arrive at
d 9 1 2 _1 24,1 2
53 Lol + S13ure < 32(ollsurc + 7ol + (X IvFnael)?)
TeT
We note that |[|-||supe may only be a seminorm, in general, in V}”, for instance when (0,y) € Q for some

y € R. In particular, it is not necessarily true that ||9|| < Cpg|||9||supa, for some constant Cpp, independent
of ¥. Therefore, from (3.8), using standard arguments, we can only conclude the a priori error estimate

ty
et P+ [ lellBop e < e + 2lo(es)I?
(3.9) N 1 e
+128 [ (lellsvre + 720l + (X [Vrpeal)?) .
0

TeT
Assume, now, optimal best approximation properties for the projection 7, viz.,
— 1 3
(3.10) |0 ol + 1AVl 4+ 3 (1A 2 Vpll3r + [0 92l13) < Capp D (Bl ay).
TeT TeT

for u € HY(I; H*(Q) N H*1(Q,T)), s > 1, and k € R, with V? denoting the (weak) Hessian of its argu-
ment. Assuming, now, sufficient space-time regularity for the exact solution u, the above best approximation
estimates yield the error bound

ty
et + [ leliBupe de < @)1 +C Y (maxlnutr)
(3.11) i

N 2 1, 12
+ C Z (/ (|héu|H5+1(T) + |h5+ ut|H5+1(T)) dt>7
TeT 70
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for some C' > 0, independent of ¢; and of u. Thus, if the exact solution were to satisfy u € H*(I; H*(2) N
HH(Q,T)) for 1 < s < p, (3.11) implies

ty
(3.12) le(t ) + / lellZupe dt < Ctph2,.,

with hmax = max,ecq b for some C' > 0 constant depending on wu.

We remark that, for 7 =0 in (3.1) and employing energy estimates, the resulting ‘plain’ Galerkin semi-
discrete method may admit stronger dependence on t¢. Indeed, setting 7 = 0 and working as above, (3.3)
degenerates to:

1
(3.13) ansupa (9, 0) = [0 + Sllvanadlls, o,

while (3.7) gives
ansupc(p, V) = (pz,V2) — (p, x0y) +/ xngpdds
8,9
< (Moall + 1 Conyp*h~ pll + 1amaplo, ) (192 + IvEnz0la,0 + 191
so that, (3.6) and standard arguments give
1d, p 1.5 1 )
5&\\79” +Z||Q9w|| +Z||\/33n219||8+9

< 2(llpull + ICo 2 ol + T3]l ) 9]
or

L1017 < 22 (lpall + Ny w?h~ w0l + I VETzplage) + ell9)?,

for any € > 0. The triangle inequality, together with (3.10), then, implies
(3.14) let)]I* < Cle™)e™ hya
for some constant C' > 0 depending proportionally on ¢! and on u, assuming the same regularity setting as
in (3.12).

4. A hypocoercivity-exploiting SUPG method. Starting from (2.3), we consider the spatially
discrete finite element method: find U = U(t) € V4, t € (0, ty], such that
(4.1) (U, V)a+an(U V) = (f,V)a+ (f,7(Ve + 2V})),
for all V' € V, for

(4.2) an(U,V) == ansupa(U, V) + Y (VLU, AVV)7.
TeT

We set U(0) := #ug € Vj, with #: H(Q) — V}, defined as the A-orthogonal projection operator onto the
finite element space V},.

Remark 4.1. The weak form (4.1) is a Petrov-Galerkin formulation arising formally by testing the PDE
against v + 7(vs + 2vy) — V - (AVw), modulo a boundary term arising from integration by parts.

Define
1 1
llwl] := ( §||wac||2 + IV 70w, |I* + SV (we + zwy)||? + VAV 7we||®

1
2
+Vanawl3, o+ > |l imzAVwH%J) ;

TeT

with A as in (2.2). We have the following coercivity result.
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LEMMA 4.2 ((Hypo)coercivity). For all w € V},, we have
(4.3) an(w, w) = *|||w|||2

when o = (86)71, B = (246%)71, v = (646%) 71, whereby for each T € T,

r h%
4.4 Olr :=0p =C d =
(4.4) |7 := o7 = Cj nz and 7|7 102
where CF := CE"” (BllznallL. o 1) + 2||n1\|L (8T))’ and Ciny > 0 the trace-inverse inequality constant de-

_1
pending only on the shape-regularity of the mesh, viz., ||v||or < Cinvphy?||v||7, valid for v e Py(T), T € T.

Proof. Now, working as above, we have
1
an(w,w) = Jwe|* + S IVanaw(3,q + V7w + zw,)|?

+ 3 ((VLw, AV0)r = (e, 7w + 2w,))r ),
TeT

whilst the last term on the right-hand side gives

1
T = [|[VAVw, |3 + Bllwy||% + a(wy, we)r + (ianVw —n1Vwg, AVw)ar

- (wzza T(wt + xwy))T

61

2 VA + Bl — o1~ Sl — 3 1ol AVwl3
4 Ve AT Wl — e o) VAV, for VAV 0] o7
L VN | Y N (Rt

> (1 &) IVAVwal + (8- o Ylwylfy — (5 + &) lhwel

Oznvp ||zn2||Loo([“) T) ”anL (8T) Cznvp
( 2h2 + 4h2 )”fvaT

- *Ilf(wﬁrxwy M7+ II\/anzAVwIIaJ,

upon selecting 7 := C;va_4h2/4. We set €5 = 4, and recall the definition of dr, for which we note that
5t # 0 since n? + n3 = 1 pointwise. Continuing, we have

T2 VAVl + (8 o Yl 1~ (2 + 1) el — sralunl
bl = 20r 8w )+ IV AV, 1 — 5V + zw,)
> i”\/ZszHT (ﬁ —5— =07y — 5T Z )”waT
-(§+gras eg)aTa) ol + 51 ama AVl = 51V + ) -
Setting e = 1, 3 =1, a = (857) 71, B = (2462)7 !, and v = %%2 = (6403)71, we deduce

5§T’Y 7
15 el — gllwell7

1
+ 5 IVEma AV, — SV + )

1
> J|VAVw 7 + =~
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By combining the above estimates, we deduce

1 1 1
ap(w, w) > g\lwwll2 +2 H\/véwyll2 + *II\/ZVTmeZ + 5 IVanawl3,q
+5 Z IV an AVwll3. 7 + 5 VA + 2w,

TeT

from which the result follows. O

Remark 4.3. The choice for a, £, is not unique in the above proof. The particular numbers have been
chosen as a typical example of possible values.

The following result provides a mesh-dependent spectral gap.

LEMMA 4.4. Assume that hypmax = maxzcq h < 1, and set Ay, := mingecq h. Then, there exists a constant
1 > cpe > 0, independent of h and p, such that, for all w € HY(I; H*(Q) N H2(,T)), we have

llwl® > sllwlZ,  with &= k(h,p) = chchipip ™"

Proof. Let B := diag(1,(326%)~!). Then we have, respectively,
2wl|* > [|VBVw|® = VB — vAVw|? + v||[VAVw|?*.

Upon defining § := minpes 05 p*h 2 we immediately have § > §. Selecting now v = §/2, the eigenvalues

min’

iy i = 1,2 of B — vA satisfy 2 3 <A <1and g ‘Z"‘S <) < %, which implies

IVB = vAVw|* > X[ Vwl* > Cppafw]?,

where Cpr > 0 is the Poincaré-Friedrichs/spectral gap inequality ||w||? < Cpp||Vwl||? for any w € HX(Q) N

H?(Q,T), independent of w and discretisation parameters. Thus the result follows for cj,c = 27! min{(192Cpg)~

On the other hand, for the hypocoercivity-exploiting SUPG method (4.1), for f = 0 and V = U we have,
respectively,

1d 1d 1d

SO + SIU1E < 52 N0IE + 0N < 5 -SI01 + a(0,0) =0,
implying
(4.5) lU(tp)] < e /U],

which improves upon (3.5). Therefore, the “hypocoercivity-inducing” stabilisation results into favourable
dependence of the error with respect to the final time ¢¢ as ¢y — co. Even though the negative exponential
decay may only be effective for ¢ty > k=1 ~ pghmfn, it is nonetheless a manifestation of the concept of
hypocoercivity, i.e., convergence to equilibrium despite the degenerate nature of the diffusion in Kolmogorov’s
equation. We shall refer to the preservation of the hypocoercivity structure by a numerical method as

numerical hypocoercivity.

4.1. Error estimate. We split the error as before,
pi=u— Tu, ¥ :=7u—U,
so that e = p + 9. Employing (4.1) with V' = ¢ and using (2.3), respectively, gives the error equation

1d
(4.6) 2dt

— 9% + an(9,9) = ((7Fu)e, ) a + an(7u,9) — (f,9)a = (f.7(Vi + 2V,),

= — (e, M) a — an(p, V) = —an(p, V),

1 : T
, MINT e C(S }
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since ((pt,¥)) 4 = 0, from the definition of the A-orthogonal projection. Similarly, use the relation (p, ;)4 =
0, we have, respectively,

Qh(p,’ﬂ) = (pﬁfa 7-9%) - (xpa Y ) + (anpa 79)6+Q + (Pt + mpva(ﬂt + xﬁy))

+y ( (Pwas (02 + 29,))7 — (Vpng; AVO) 7 + (V(xpy),AW)T)
TeT

= (pe92) — (pady + 1) + (wnzp, D)o, + (pr + 2py, 70 + 9,)

+ 37 (= (P T+ 29,7 — (Ve AV) 7
TeT

+ (V(xpy), AVI) 1 — (Vp, AVﬁt)T)
= (pz,V2) — (p, v, + V¢) + (zn2p, 19)8+Q + (pt + xpy,T(ﬂt + zﬂy))

+ 3 (= o 71+ 29,))2 + (Vi AVI)r = (Vs AV
TeT

+ (V(wpy), AV + (Vp, AV (@)1 — (Vp, AV(J, + 29,1 )
For the eighth and ninth terms on the right-hand side of the above identity, we have

(V(zpy), AV + (Vp, AV (29y))r
=(py(Va), AVO)r + (Vpy, AVIZ)r + (Vp, AVIyz)r + (Vp, A(Va)dy))r
= (O‘Py; ﬁm)T + Q(pra ﬁy)T + (apm, ﬂy)T + (xn2vp7 AVﬁ)BT

Using the above relation, we have

an(p, V) = (pz,9z) — (p, 20y + V¢) + (xn2p, Vo, 0 + (ot + xpy, (I + 20y))

+ 37 (= (P W0+ 20,)7 + (Vpu, AV — (T, AV (I, + 20,)) 7
TeT

+ (apy, Vz)7 + 2(Bpy, V)1 + (pe, Uy)1 + (212V p, AV ) o1 — (11 Vo, AVﬁ)[‘)T)-
For the last two terms on the right-hand side of the above identity, we have
(xn2Vp, AV )or — (n1Vpy, AVD)ar = (zn2ps, ¥, + BYy)ar
+ (30712,011’5199: + 'Yﬁy)OT - (nlpwwa oty + /Bﬂy)BT - (nlpwyaﬂﬁz + 'Yﬁy)OT
< Cinophy? (IlawnszllaT +[|Banapyllor + lanipusllor + 1811 payllor) 9l
+ Cinophy* (18(18) " Fanzpullor + V7 /0anzpyllor + 18(v8)* n1pesllor

+ IV 61 psyllor) 11V 709, |7

using the trace-inverse estimate in the last step. In addition, using the inverse inequality, definition of 7 and
A in Lemma 4.3, we have

—(Vp, AV (0 + 29,))r <||All o) lIVollrCrnv by [[(9¢ + 2y |7
<I(CinvrPh Al by 2) Vol VT + 29, |1
<N Cinv BCH) Vol VT (0 + z9y) | 7,

where we have used the bound ||A]|,_ () < (66)7!, with 6 defined Lemma 4.3. Performing estimation in
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standard fashion, and using the last bound, we have

an(p.9) < llpa | 19zl + 1172 pllIV/7 (@0, + 90|l + [Vamaplo,allvVanzdlo,
+ VT (o + 2o ) [ IVT@e + 20)l + (D IVTpaallF) * VT W: + 20,

TeT

+ VAV VAV zpull + (Y ICinv (3CT) Vpll7) 2 IV (9 + 2d,)|
TeT

+ llapy [ 19 ||+2H575 2pyllIVA90y [l + [l a(r8) ™2 po | /769, |

+ (3 C2pthr (lawnape e + 1Bznapy 7 + llam pee 3
TeT

+||6n1pxy|\aT) ol + (2 C2p?hz (18(:8)~Fanzp.|l3r

TET
+ IVAT0anap, 3 + 18:8) mpas e + VA 0100 137) ) I1V/A00, .

Rearranging terms, we have

an(p,9) < |Vanzpllo,allvanzdllo,o + VAV oo | [ VAV 0. + ( > (= =plz

TeT
+ Vo + 20 + IV paslF + I Conv (B3CE) 1 pl3) ) IV + 9,

+ (3 (oell3 + lapyllf + C2ophz! (laanzpu |3y + | Banzpy 3
TeT

1
2
+ lamspaallde + 18m1p2l132)) ) * 192

+ (2 () Ulapal} + 4l1Bpy I13) + Coup®hz (18(v6) 2 anapallbr
TeT

_1 z
+ VA /0xn2py 37 + 18(v8) ™2 n1paallBr + 1V 7/5nlﬂmy|\§T))> [0y
Then, using the definition of A and 7, and the approximation (3.10), we deduce

Qp paﬁ) _
|||(19|||| < Capp(”\/MHLOO(&Q) + ||\/Zh 1||Lm(ﬂ) + CINVPQ

+ Cravp 2 (L bl @) + Crny (max(CD) + 1+ o]z @)

+ Cinvp([laznah™ |1y + | Bznah™ o) + loh ™01 ()

+ 18R | n ) + 1e(v0) 2 |y + 1B(¥0) 2 [l oy
Cinvp(18(v0) "2 ana||p vy + IV/7/0h  anal L. ) + 18(¥8) "2 A~ 204l r)

1
+ H\/W/M_QMHLOO(F))) ( > \h‘su\%mm) T+ C?ﬁvPJ( > \hSHUthQHsH(T))
TeT

TeT

N=

S S %
< O(1+ llznal o) + ||l‘h||Lo°(Q))< D Pl + R +1Ut|?qs+1(T)) ;
TeT

for some C' > 0, independent of h, of ¢, of ||z _(q), and of u, but dependent, in principle from p and the
shape-regularity of the mesh. We note that the lack of dependence on ||z|[1__ (o) is due to the presence of
lznallL (o_1) in O, in that the ratio [|x[|;__ (1y/||zn2ll L (o_T), is uniformly bounded by a constant dependent
only on the shape regularity of the mesh (perhaps times h).



12 Z. DONG, E. H. GEORGOULIS, AND P. J. HERBERT

Therefore, applying (4.3) and (4.7) into (4.6), gives

1d

1 S S
(47) S0+ D1 < € 37 (Boulyons ) + 1B ).

TeT

upon absorbing the dependence on hx into the generic constant C.
Using the calculations above, we are now ready to state an a prior:i error bound.

THEOREM 4.5. Assuming that the ezact solution uw € H(I; H*5%¢(Q)) N
HY(I; HYY(Q,T)), for 1.5 < s < p, p > 2, then the error of (4.1) satisfies

le(t)lla < e 57 le(0)]1a
4.8 ty . 1
" +O</ DY (hSUI%sH(Tﬁhs“Utlffm(T))dS) :
0 TeT

for C >0, independent of ty, of u and of U.
Proof. From the definition of the projection 7, we have (ps,3)a = (%, p)a = (¥, p)a = 0. Using the
latter, along with Lemma 4.4 and (4.7), we have, respectively,

1d 9 K 9

§a|\e(t)||A + g”e(f)HA

1d K K

E L o)A + SR + (o) a + S0

¢ Z (\hsu\?qsﬂ(T) + |hs+1ut|%fs+1(T) + \hs+3u\2Hs+1(T)),
TET

(4.9)

IN

upon absorbing the dependence of x in the generic constant C. Gronwall’s Lemma already implies the result.0

Comparing (4.8) and (3.11), (or even (3.14),) we observe that the additional “hypocoercivity-inducing”
stabilisation results into favourable dependence of the error with respect to the final time t; as t; — oco.

Remark 4.6 (p =1). The error bound (4.8) only states the result for polynomial order p > 2. However,
we point out that for p = 1, the proposed method will converge at an optimal order O(h) under the regularity
assumption u € H25¢(Q).

Remark 4.7. It is possible to prove hp-version a priori error estimates upon considering H'-conforming
hp-version best approximation estimates instead of (3.10). However, available hp-version best approximation
estimates in the literature for the Lo-projection error in the H2-seminorm are significantly suboptimal with
respect to the polynomial degree p. To avoid dwelling in such issues, we opted for not tracking the convergence
rate with respect to p.

5. A fully discrete hypocoercivity-exploiting method. We shall now modify the spatially discrete
method (4.1) above and further discretise the evolutionary derivative by a discontinuous Galerkin (dG)
timestepping method.

We begin by subdividing I = (0, ¢y], into the family 7 :={I, : n = 1,..., N}, where I, := (t,_1,ty] for
a strictly increasing sequence 0 =ty < t; < ... <ty =ty, and let k : I — Ry, with k|7, =k, = t, — tp_1,
the timestep. We define space-time finite element space

Viw = VP = {V € Lo(L; VP) : V|1, € Py(Ln)n =1,...,N}
for ¢ € N. We denote by |V],, the time-jump across t,, viz.,

V]p:=V(tH) = V(t,) = lim V(t,+e) — lim V(t, —¢)

e—0t e—0t

forn=1,...,N.
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Starting from (4.1), we consider the following dG methods in time variable, hypocoercivity-exploiting
SUPG method: find U € V},, such that

(5.1) BOY) = W&V EDa+ [ (GVa+ GtV +aby)) e

for all V € V}, 1, whereby

N

N
/I (U V) a+an(U. V) dt+ S (U, VI ))a
WD VD)

with U(ty) := ftug, for #: HL (Q) — V}, A-orthogonal projection operator.
Of course, in practice (5.1) is typically solved on each time-step, viz.,

(5.2)

/ (U, V)a+an(U, V) dt + (U (t5_1), V(1)) a
(5.3) fn

= DV EDat [ (GVDa+ (Vi a)) i,

forall V € Vi, n=1,...,N. The SUPG parameter 7 is defined as in (4.4) for all T € T on I,,.

5.1. Numerical hypocoercivity. To study the numerical hypocoercivity structure of the space-time
method (5.2), we set V. =U and f = 0 into (5.3) and, following standard arguments, (see, e.g., [18, Chapter
12],) we have

SIUEIE + 10 DI = U6V D)a+ [ an@0)de=0,

I,
or
(5.4) SITEDIE + 51 ULanalls + [ an@.0)at = 10 I
From Lemmata 4.2 and 4.4, we deduce
(5.5) WO + U)o+ 2 / W15 at < Uty 2

Next, we manipulate the third term on the left-hand side of the last inequality to ensure a non-trivial spectral
gap. Employing the hp-version trace inverse estimate [20], we have

(5.6) knll U5 < (a+ 1)2/1 U1 dt,

Using the above estimate, we deduce

Kk,
m” / U5 dt,

which upon substitution into (5.5) gives

(1+ 5o I < 0.
we deduce
N 1
(5.7) (S5 H( 2) U1,

which is, again, a manifestation of “numerical” hypocoercivity.
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Remark 5.1. From (5.7), assuming constant timestep k, = k for alln =1,..., N, we deduce
K:k 7% _ -t stf —
(5.8) Ul < (14 5.7 g55) 710G = e T U )]a

as k — 0. Comparing with (4.5), the exponent has the same scale of the respective one in the semidiscrete
case for ¢ = 0.

5.2. Error analysis. We define the space-time norm

N-1 n
1 _ 1
(5.9) N1 = 5 (D2 HTLall + IR + I0EDIE) + / L2 .
n=1 n=1""n

Set e :=wu — U. The consistency of the method implies the error equation:

(5.10) Z/I (s V)a+an(e, V) dt+ D (lela1, VE_))a + (e, V(ET))a =0,

forall V € Vi, .

DEFINITION 5.2. We define the space-time projection s, : H' (In; H' () — V73! constructed for each
I,,n=1,...,N, as the tensor product ms = 7' o &# = 7t o &, whereby 7: H*(2) — V}, is the A-orthogonal
spatial projection, defined by (7v,V)a = (v,V)a for all V € Vi, and 7|1, : H'(I,,) = Py(I,), such that

(7tv)(t,) = v(t,), and
/ Flow dt z/ vw dt,
I, I

for allw € Py_1(1,,).

We comment on the approximation properties and stability of 7¢, confining ourselves to h-version estimates;
see [17, 18] for details. For any function v € H"(I,,) with 1 <r < ¢+ 1, we have

(5.11) 106 = 701, < Coppll™" 3]s, m=0,1
and

- r—21ar
(5.12) (v =7'0)(th_1)] < Cappllk™ 207 0]l1,.,

and the stability
(5.13) 170l < llvlir, + Cappllkdrvllz,,

where constant Cl,p,, is independent of k.
Combining (5.11), (5.13) and the approximation results (3.10), we can deduce the following relation:

IV = man)lfdt <Cupy [ (K700l + 1570l

+ ‘hs+1_/\katvﬁ—15+1(T)) dt.

(5.14)

Similarly, using the trace inequality, we deduce

J A = melrdt <Copy [ (K070 oy + 1 ol

+ ‘hs+17)\katv‘%ls+1(T)> dt,

(5.15)

for any functions v satisfying v € HY(IL,; H*TY(Q,T)) N H"(IL,; H?>5%¢(Q)), with arbitrary small ¢ > 0,
1<r<g+1,15<s<p,p>2and A <2.
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We now split the error as e = n + &, where n = u — mu and £ = mgu — U. From (5.10), along with
completely analogous elementary manipulations to the derivation of (5.4), we arrive at

1 —\([2 N Y 2 a
5 (@RI + eI > lgln-111%) > / anlg. )

(5.16) N

- -y / ((10: ) + an(,€)) &t — S (tlt, €E-_ ) — (ED), ) s

n=2

upon setting V' = &£.
A key motivation for using the projection 7y is the following orthogonality result.

LEMMA 5.3. For allV € Vy andn=1,... N, it holds

(5.17) = [ @ Vhade = (@t VEE D)
In
Proof. By construction of 7y, we have
(n(t), V(t))a = (u(ty,) — Fult,),V(t,))a=0  and / (n,W)adt =0,

I’VL

whenever W € P,_1(I,,) x V},. Hence, since V; € Py_1(I,,) x V},, integration by parts on the left-hand side of
(5.17) already yields the result. |

Inserting, now, (5.17) into (5.16), we get

1 N N N
5 (I + 1A+ gt )+ [ ane =3 [ anteyat
n=2 n=1"1n n=17In
or, using (4.3) and standard manipulations
N
(5.18) el <> [ antae)a
n=171n

Working as in the proof of (4.7), we have

|ah<na5)|

_1
e S (lx/sznH%m + VAV 0|12 + 77 20l + V7 (e + amy) |12

+ 3 (Va3 + 1Cony (BCF) Il + e I + oy
TeT

+ CLup*hrt (loaxnong |37 + | Bznany |3 + [|onines 130 + 18710yl 157)
_1 _1
+ [le(¥8) " I na |7 + 41 B(v) "2y |17
_ _1
+ C2 0 hH ([|B(¥8) "2 anana |30 + |1V v/ dznany |3,

+1800) Fmanalie + 1V man ) )

Then, using the definition of A, and the approximation (5.14), we deduce

(5.9 [ atnelacs G [ 30 (rrsrya) ([ Jnera)’,

nTeT
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where

Tr = ||\/3W2||%m(ama+ﬂ)Hk‘ratTUH?)Tme + ||‘/Z||2Lw(T)||kT8I(VUw)||?r

1 K O ullF + Tl KO Ul T+ el oy 1K O] uyllF + Tl kT O] w17

HICINv (C) ML) IK7 07 (V)17 + (1K 0] wa |7 + o |K7 07wy |17

+ Chp?hy! (lawnall _ ory Ik 0F uel|3r + | Banally _ oIk 0F uy |37
+llanillZ_ om Ik 0 w3 + 1801117 om) 15" 0F wayl3)

+ leyd ™21 o 1B 0wl + 1876 2113 _ oy 157 07y |3

+C2,0°h (1B(v0) " 2ana ] om 1K 07 wa |3 + IV 7/0wna|17 _ o 1K 0f wy 37
+180v8) 21} _ om Ik O w3 + V707113 o 157 O iy [3)

and

St = (||\/JT2hH%w(ama+Q) + ||\/Zh_l||2Loo(T) + 7 hy + TT”]"H%OC(T)

+1rhy? + |Cinv (CF) THIE Loy +1+ @2 + CFup? (laznah [T ory

+ | Bzngh = 7 ory + lanah 2|7 _ or) + 180k~ )13 _ ory)

108”217 oz + 18982117y + Chu® (18(18) " Zamahir 17 oy

+ VA Banahzt I or) + 18(8) " mahz® 7o)

+ H\/’Wnlh:FQH%oo(aT))) (|h8u|%15+1(:r) + \hskatuﬁfwl(:r)) + TT|hS+13tU|§{s+1(T)~

Then, using the definition of 4, 7, (5.19) and 3., Jr 2lIENP dt < J€llZ, we deduce

st

N
(5.20) 1% < €Y &,
n=1
with &, given by

£, = / S° (7 (I0F ulrna, o + (1+ b2 + (b ko)) |07 ull3
nTeT

10 Va3 + |28y Vul 3y + |hy Va3 + ||hE0; V2ul|3,)
+ h2T5(|u|%{s+1(T) + \k@tuﬁqs“(n)) dt,

(5.21)

where C' > 0, independent of hp, k,, and of u, but dependent on p, ¢, the shape-regularity of the mesh,

2| Lo () and [|zn2|lz . 6_1)-

Remark 5.4. The fully discrete error bound (5.20) is optimal in terms of spatial mesh size h in the space-
time norm. Moreover, it is optimal in terms of time step k& under the condition that h ~ @(k%). For the
sufficiently regular solution u, the optimal error bound with quasi-uniform spatial and temporal meshes are

given below with s =p and r = ¢ + 1,

€N, < C(h*P + k27,

Moreover, from the triangle inequality and best approximation, we deduce the following (optimal) a priori

error estimate
(5.22) llw— U2, < C (R + k2T,

We are now ready to state an a priori error bound for the fully discrete scheme.
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THEOREM 5.5. Assuming that the eract solution u|y, € H(L,; H*Y1(Q,T)) N H"(I,; H*1¢(Q)), with
1<r<qg+1,15<s<p,p>2,1<n<N and arbitrary small € > 0, then the error of (5.1) satisfies

(5.23) H 1+ pin) ||UQ—7TU0||A—|—OZ H (1+ pm) 15n—|—CEN,

n=1 m=n+1
for iy, = kkn/(4(g + 1)2), kK = k(h,p) = cnch, . p~ % (as above), &, defined in (5.21) and a constant C > 0,
independent of ty, of u and of U.

Proof. First, using the dG-method (5.3) on each time interval I,,, withn = 1,..., N, and choosing V = ¢,
we have the following error equation,

(5.24) /1 ((ee: ) a + anle, €)) dt + (lefn—1,(t_1))a = 0.

Then, using the standard manipulation and (5.17) of projection 7y, we have

I + FNnalls — 5l DI + [ acoa == [ amear

n

Next, applying Lemma 4.3 and Lemma 4.4, we have

Liecwz — Lie= oz 1 2 an(n,§)
S S0l + 5 [ eiars [ Sy a

Then, standard estimates and Lemma 4.4 give
K
I - Sl I+ § [ el < e,

Applying the trace inverse inequality (5.6) and setting i, := kk,/(4(q + 1)?), we have
(5.25) (1 i) €D — IEGE_ I3 < CEn.
Next, using (1(t): £(t5))a = (n(t_1), (1)) = O along with (5.25), we have
(1 ) et % — lle(ta_y)II%
= (L pa) DA = It DI+ (14 pa) €D IR = €)1
< (14 ) (DA + CE.
By the best approximation results (5.15), we have that ||n(¢;)|la can be bounded by &, thereby, concluding

(14 ) le)IA < Nlettn_Dl% + C(1+ pa)En-

The last recurrence relation for n = 1,..., N, implies
(5.26) 2 < H (14 ) " et)% +C Z H (14 i) &0 + CEN.
n=1 n=1 m=n+1
Finally, using the identity e(t, ) = uo — o, (5.23) is proven. |

6. Numerical experiments. We now present a basic numerical experiment which aims to verify the
rates predicted by the theory. To begin with, we measure semi-discrete error which was estimated in (4.8).
This is followed by measuring the error for an instationary problem which was estimated in (5.23). To
complete, we demonstrate the exponential decay of the A-norm of a problem with no forcing which was
considered in (5.8).

For each of the experiments, we take ) = (0,1)2. This will be discretised by a sequence of successively
refined uniform triangular meshes consisting of 32, 128, 512, 2048, and 8192 elements. The convergence rate
of the error will be presented as a function of mesh size h and of dof, where dof denotes the to total number
of space time basis functions.
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10-14 X\\)\ 10-14 //

10724 10724
2107 210734
~ ~
1074 10-44
—— p=1,q=0, EOC = 1.00556 —— p=1,q=0, EOC = 0.959045
1075 p=2,q=1,EOC = 1.99346 10774 p=2,q=1,EOC =1.94443
—*— p=3,9=2,EOC =3.00743 —— p=3,q=2, EOC = 2.95704
1076y —— p=4,9=2,EOC = 3.98659 10-6 4 —— p=4,q=2, EOC = 3.93594
10! 3x 104 x 102 6x 102 10-1 2% 107!

v (dof) h
Fic. 2. Ezxperiment for the fully-discrete error.

6.1. Semi-discrete error. For this we do not partition the time interval (0,¢;) and use a single poly-
nomial of order ¢ = 0 on this. We measure the error ||e||ss defined in (5.22). By the stationary properties
of the problem, this should not be dissimilar to the error ||e(t;)||. We set t; = 0 and choose f such that
u(t, z,y) = sin?(wz) sin(my). This results in the graph in Figure 1. The optimal convergence rate O(h?) for
p=1,2,3,4 is observed.

6.2. Fully-discrete error. For this experiment, we consider & = h? as mentioned in Remark 5.4. The
error is again measured by |||e[|s;. Again we set t; = 1. Here, we choose f such that

u(t,z,y) = exp (—(z — 0.5)% — (y — 0.5)?) sin®(mz) sin(r(y — t — 0.5))/(2 — ) + 1.

This satisfies a relatively inhomogeneous boundary condition on y = 0. The results of the experiment are
provided in Figure 2. The optimal convergence rate O(h?) for p = 1,2, 3,4 is also observed upon selecting
polynomial order ¢ = 0, 1,2, 2.

6.3. Exponential convergence to equilibrium. For this experiment, we consider £ = h. We set
t; = 8. Rather than measuring error, we plot the value of |[U(t7)| 4 for the points ¢ which make up the
right most end points of each interval, as well as the initial condition. We start with the initial condition
uo(x,y) = max(0, min(1 — |z — 0.5],1 — |y — 0.5])) which corresponds to a hat-type function in the middle of
the domain. This results in the graphs in Figure 3.
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0 0
10 10 % po4 qe2h=22
10-24 10-2 4 p=4,9=2,h=2"%
—— p=4,q=2,h=2"%
1074 1074 —— p=4,q=2,h=2"
1076 4 = 1079
R
10754 S 1078
—10 | —10 |
10 —— p=1,9=0,h=2" 10
10-12 p=2q=1h=2" 10-12
—— p=3,9=2,h=2"%
10719 == p=4,9=3,h=2" 1071
0 2 1 6 8 0 2 1 6 8
t t

Fic. 3. Ezxperiment for convergence to equilibrium.

The exponential convergence observed in this particular example is faster than the one postulated in

(5.8), as it does not appear to be adversely dependent on h and/or p. It remains an open question whether
the degeneration of exponential decay for small h and/or large p can be witnessed in carefully constructed
numerical examples and it is a direction of future research.
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