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We report on an ongoing formalization of the Fundamental Theorem of Calculus (FTC) for the Lebesgue integral in the Coq proof assistant. To this aim, we formalize Lebesgue's differentiation theorem, which has other applications and whose proof can be decomposed in lemmas of independent interest. As a result, we significantly enrich the theories of MathComp-Analysis, an extension of the Mathematical Components library for analysis, and eventually relate its definitions of derivability and of integration.

Motivation and contributions

The formalization of the Fundamental Theorem of Calculus (FTC) for the Lebesgue integral in the Coq proof assistant is an ongoing work part of the development of MathComp-Analysis [ABC + 23], a library for analysis that extends the Mathematical Components library [START_REF] Mahboubi | Mathematical Components[END_REF] with classical axioms [START_REF] Affeldt | Formalization techniques for asymptotic reasoning in classical analysis[END_REF]§5]. Besides mathematics, MathComp-Analysis has also been used to formalize programming languages [ACS23, ZBS + 23, SA23].

The first FTC for Lebesgue integration can be stated as follows: for f integrable on R, F (x) def = t∈]-∞,x] f (t)(d µ) is derivable and F ′ (x) = f (x) a.e. (i.e., almost-everywhere) relatively to µ, which is the Lebesgue measure. This is different from the statement for the Riemann integral, where f is usually assumed to be continuous, making for a simple proof. In comparison, connecting derivation and Lebesgue integration under an integrability hypothesis is unwieldy, even more so in MathComp-Analysis whose formalizations of derivation [ACR18, §4.5] and of the Lebesgue integral [AC23, §6.4] have been unrelated so far. They can be bridged thanks to the Lebesgue differentiation theorem and this is appealing for two reasons. First, it is a useful theorem in itself: the FTC is a consequence, as well as other results such as Lebesgue's density theorem. Second, we can decompose its proof in several results: this provides a nice way to incrementally enrich the theories of MathComp-Analysis. We think that this approach is an instance of a more generic way to tackle formalization of mathematics: find a path through the literature to present many key results as easy consequences of a central, technical lemma with rather weak assumptions.

In terms of formalization in a proof assistant, our contributions are as follows. We provide the first formalization of the first FTC for Lebesgue integration in Coq. We also bring to Coq standard results of measure theory and topology: Vitali's lemmas and theorem, Hardy-Littlewood's operator, Urysohn's lemma, Ergorov's, Lusin's, Tietze's theorems, and the Lebesgue differentiation theorem. We also improve the MathComp-Analysis support for real functions (extended lim sup / lim inf theory) and for topology (lower semicontinuity, normal spaces, etc.). To inject/project between numeric values and their extended versions we use %:E/fine. The notation for convergence f x @[x --> a] --> l stands for f (x) ---→ x→a ℓ. We use the notation ^'+ for the filters of neighborhoods of x intersected with ]x, +∞[ to define the fact that r tends to 0 + . The Lebesgue differentiation theorem states that, for a real-valued, locally-integrable function f (i.e., integrable on compact subsets of its domain), we have Lebesgue points a.e.:

Lebesgue differentiation theorem and the FTC

Let us note [f ]

A def = 1 µ(A) y∈A |f (y)|(d µ)
Lemma lebesgue_differentiation (f : R -> R) : locally_integrable setT f -> {ae mu, forall x, lebesgue_pt f x}.

The first step of the proof of the Lebesgue differentiation theorem is to reduce the problem to functions This problem reduction is often hand-waved in lecture notes (one exception is [Sch97, (5.12.101)]). Second, instead of proving for all k that we have a.e. over B k Lebesgue points, it is sufficient to prove that the set A k (a) r) is negligible for all a > 0. The idea is to exhibit a sequence of continuous functions

f k def = f 1 B k with B k def = B(0, 2(k + 1)):
def = B k ∩ x | a < lim sup r→0 f kB(x,
g i such that A k (a) ⊆ n B k ∩ {x | f k (x) -g n (x) ≥ a/2} (a) ∪ {x | HL(f k (x) -g n (x)) > a/2} (b)
where

HL(f )(x) def = sup r>0 {[f ] B(x,
r) } is the Hardy-Littlewood operator. We can show that the measure of the right-hand side is null. To deal with (a), we use Markov's inequality and the fact that continuous functions are dense in L 1 . To deal with (b), we need the Hardy-Littlewood maximal inequality, which in turns relies on Vitali's covering lemma. Figure 1 shows the main lemmas that we add to MathComp-Analysis to formalize this proof.

As a consequence, we can prove the first FTC for Lebesgue integration:

Theorem FTC1 (f : R -> R) : mu.-integrable setT (EFin \o f) -> let F x := (\int[mu]_(t in `]-oo, x]) (f t))%R in forall x, lebesgue_pt f x -> derivable (F : R^o -> R^o) x 1 /\ (F : R -> R^o)^`() x = f x.
The predicate derivable is for derivability (1 is the direction) and the notation 

Related work

We have been using various documents to formalize the Lebesgue differentiation theorem. In particular, the main lines are drawn from [START_REF] Bowen | Lecture notes in real analysis[END_REF]. For the proofs of the Hardy-Littlewood maximal inequality and the proof of the Lebesgue differentiation theorem we used books by Li [START_REF] Li | Notions fondamentales d'analyse réelle et complexe[END_REF] and Schwartz [START_REF] Schwartz | Analyse III: Calcul intégral[END_REF]. Surely, the same contents can be found elsewhere. The FTC has already been the target of formalizations in proof assistants. It can be found in Coq but for the Riemann integral in a constructive setting [START_REF] Cruz-Filipe | A constructive formalization of the fundamental theorem of calculus[END_REF]§6]. NASAlib does not feature the first FTC for Lebesgue integration but an elementary proof (for a C 1 function) of the second FTC [NAS23a, file lebesgue_fundamental.pvs]. Isabelle/HOL features the first FTC for Lebesgue integration but for continuous functions whereas we prove it for integrable functions [AHS17, §3.7]. Mathlib has a number of variants of the first FTC that require integrability and continuity at the endpoints but that establish strict differentiability [START_REF]Mathlib 4. File MeasureTheory/Integral/FundThmCalculus[END_REF]. They stem from a lemma analogous to a strengthening of the Lebesgue differentiation theorem with nicely shrinking sets [START_REF]Mathlib 4. File MeasureTheory/Integral/SetIntegral[END_REF]. Mathlib also contains a formalization of the Lebesgue differentiation theorem [START_REF]Mathlib 4. File MeasureTheory/Covering/Differentiation[END_REF] which is used to prove a generic version of Lebesgue's density theorem [START_REF]Mathlib 4. File MeasureTheory/Covering/DensityTheorem[END_REF][Nas23b, §3.2]. In other words, we are able to match our lemmas with Mathlib lemmas but statements are slightly different and proofs are organized in a different way.

Perspectives

MathComp-Analysis is still under development in the sense that not all notions are formalized as we would like them to be. Yet, the proof of the Lebesgue differentiation theorem shows that it is a rich library and already a useful tool to formalize mathematics. Indeed, we could use it to revisit Urysohn's lemma by producing an original proof. We are now working on the second FTC for Lebesgue integration whose most general form deals with absolutely continuous functions [START_REF] Mohanarangan | The fundamental theorem of calculus for Lebesgue integration[END_REF], using as the main ingredient the Radon-Nikodým theorem already available in MathComp-Analysis [START_REF] Ishiguro | A progress report on formalization of measure theory with MathComp-Analysis[END_REF].

  the average of a real-valued function f over the set A. We introduce the notation f B(x,r) def = [λy.f (y) -f (x)] B(x,r) where B(x, r) is a ball centered at x of radius r. Given a real-valued function f , a Lebesgue point is a real number x s.t. f B(x,r) ----→ r→0 + 0. Reusing the Lebesgue measure (hereafter mu) formalized in [AC23, §5.2] and notations from MathComp-Analysis, we formally define Lebesgue points: Definition iavg (f : R -> R) (A : set R) := (fine (mu A))^-1%:E * \int[mu]_(y in A) `| (f y)%:E |. Definition favg (f : R -> R) (x r : R) := iavg (center (f x) \o f) (ball x r). Definition lebesgue_pt (f : R -> R) (x : R) := favg f x r @[r --> 0^'+] --> 0.

  Lemma lebesgue_differentiation_bounded (f : R -> R) : let B k := ball 0 k.+1.*2%:R in let f_ k := f \* \1_(B k) in (forall k, mu.-integrable setT (EFin \o f_ k)) -> forall k, {ae mu, forall x, B k x -> lebesgue_pt (f_ k) x}.
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