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Finite Element Discontinuous Galerkin HDG

Finite Element

Discontinuous Galerkin HDG HDG is more efficient with high-order polynomial (order > 4). High-order ⇒ Large cell ⇒ variable C within cells for resolution.

Equations 2/2

Acoustic wave equation, time and frequency domains:

       ρ∂ t v(x, t) = -∇p(x, t), 1 c 2 ρ ∂ t p(x, t) + ∇ • v(x, t) = 0.        -i ωρv(x, ω) = -∇p(x, ω), - 1 c 2 ρ iωp(x, ω) + ∇ • v(x, ω) = 0.
Elasto-dynamic equations, time and frequency domains:

     ρ∂ t v(x, t) = ∇ • σ(x, t), ∂ t σ(x, t) = C (x)(ϵ(v)).      -iωρv(x, ω) = ∇ • σ(x, ω), -iωσ(x, ω) = C (x)(ϵ(v)).

Elastic wave problem

New sensing devices such as fiber optic measure strain (ϵ). Therefore, we want to solve for (u, σ) to have maximum accuracy rather than replacing in terms of u only.

-

ω 2 u -∇ • σ = f , σ = 1 2 C : ϵ , ϵ = ∇u + ∇ T u , (1) 
The physical properties describing the medium are contained in the stiffness tensor C .

Time-harmonic wave problems:

+ Easily encode the attenuation with complex-valued parameters, + Direct solvers allow for multiple right-hand sides once the factorization is obtained, -Memory cost of the matrix factorization.

HDG discretization

-ω 2 u -∇ • σ = f , σ = 1 2 C : ∇u + ∇ T u
, Hybridizable Discontinuous Galerkin method ▶ Static condensation on first-order DG Formulations without increasing the number of unknown: The unknown of the global matrix is only the numerical trace u. ▶ Handle complex geometry (topography) with p-adaptivity, ▶ Reduces the computational cost by removing inner dofs.

Variational formulation (2/2): compliance tensor version

Using S = C -1 , -ω 2 u -∇ • σ = f , S : σ = 1 2 ∇u + ∇ T u , On each cell K e of the mesh,          Ke -ω 2 u ψ -

HDG workflow in a nutshell

Unknowns are the discretized variables: X h = (u h , σ h ) and numerical trace u h .

     local problem on each cell K e :
A e X h e + C e R e u h = F , relation for numerical trace : 

     A e X h e + C e R e u h = F , e R T e B e X h e + L e R e u h = 0 . (4a) (4b) 
2 Adjoint-state method for gradient adapted to HDG Lagrangian written from J subject to (4a), (4b).

We prove that for HDG, the gradient is still computed from the adjoint of the direct problem, fundamental to avoid refactorization of the global matrix.

2D experiments: Marmousi II setup

We consider the elastic isotropic Marmousi II experiment, of size 17×3.5 km 2 .

Free-surface boundary condition on top and absorbing boundary conditions elsewhere. 

1

  B e X h e + L e R e u h = 0 . Reorder to write global problem in terms of numerical trace only e R T e L e -B e A -1 e C e R e u h =with 1600 cores HDG+MUMPS: ▶ matrix size N = 22.3 × 10 6 , ▶ analysis time 2 min 30 sec, ▶ factorization time 34 min, ▶ factorization memory 3589 GiB, ▶ solve time (19 rhs) 1 min 40 s. 23/45 Quantitative reconstruction algorithm: FWI Quantitative reconstruction of properties m = (λ, µ, ρ) solving iterative minimization problem. min m J (m) with J (m) = dist F(m), d , F: simulations , d : observations . Initial model m 0 Observations Modeling F (m k ) Misfit functional J receiver restriction Optimization procedure -Gradient ∇mJ with adjoint-state -Search direction s k -Line search α k update model m k+1 = m k + α k s k receivers source Quantitative reconstruction algorithm: FWI minimize J (m) = dist F(m), d Repeated use of forward wave propagation solver,

▶▶▶▶▶

  II setupWe consider the elastic isotropic Marmousi II experiment, of size 17×3.5 km 2 . Free-surface boundary condition on top and absorbing boundary conditions elsewhere. Acquisition made up of 169 sources and 849 receivers near surface. ▶ Reconstructions using 13 frequencies from 2 to 8 Hz, 25 iterations per frequency. ▶ Density is not inverted and remains in its initial value. Acquisition made up of 169 sources and 849 receivers near surface. ▶ Reconstructions using 13 frequencies from 2 to 8 Hz, 25 iterations per frequency. ▶ Density is not inverted and remains in its initial value. Reconstruction using representation in order 1 Lagrange basis per cell (∼20 × 10 3 cells) Acquisition made up of 169 sources and 849 receivers near surface. ▶ Reconstructions using 13 frequencies from 2 to 8 Hz, 25 iterations per frequency. ▶ Density is not inverted and remains in its initial value. Computational time (18mpi × 2omp): 2•10 4 cells: 3h; 5•10 4 cells: 4h15min, i.e. -30%. speed reconstruction using mesh with 20 000 cells and Lagrange basis representation, S-wave speed reconstruction using mesh with 50 000 cells piecewise-constant representation. a ρ S (r a ) e -α∞ (r -ra) , r > r a , r ), r ≤ r a ;c S (r a ), r > r aComparison of the S+Atmo (solid) and VAL-C (dashed) atmospheric models. (R ⊙ + R h )/R ⊙ 1.0007 1.0008 1.0037 1.0058▶ Approach 1 (naive): for each source position s, solve equation L G ℓ (r , s) = δ(rs). ▶ Approach 2: Use an assembling formula, the entire kernel is obtained from the solutions of only two boundary-value problems. Approach 1: the solution of one problem for a Dirac in s 0 only gives G ℓ (r , s = s 0 ) and G ℓ (r = s 0 , s).

▶

  from the solutions of two boundary value problems, G ℓ (r , s) is obtained for any position between r a and r b . It also avoids the singularity of the Dirac source. The background sound-speed and density are given by model S+Atmo or model Val-C. ▶ The Green's kernel is computed with Approach 2 which only need the solutions of two problems. Imaginary part of the Solar modal Green's functions at 7 mHz for mode ℓ = 100 using different background, F. Faucher, D. Fournier, L. Gizon and H. Pham, Efficient and accurate algorithm for the full modal Green's kernel of the scalar wave equation in helioseismology. SIAM J. on Appl. Math., 2020 F. Faucher hawen: time-harmonic wave modeling and inversion using hybridizable discontinuous Galerkin discretization Journal of Open Source Software, 6 (57), 2021 39/45

  

  

  

Create local matrices on each cell (embarrassingly parallel) with p-adaptivity.

Assemble global matrix A.

Solve the large linear system A u h = B with MUMPS (solve multiple rhs at limited cost).

Solve the local linear systems to obtain the volume solution (u h , σ): (small matrices, embarrassingly parallel, < 2% of run time).

H. Barucq, F. Faucher, D. Fournier, L. Gizon and H. Pham, Efficient and accurate algorithm for the full modal Green's kernel of the scalar wave equation in helioseismology. SIAM J. on Appl. Math., 2020.

HDG discretization

Hybridizable Discontinuous Galerkin method for the discretization ▶ Static condensation for first-order problems without increasing the number of unknown:

The unknown of the global matrix is only the numerical trace u. ▶ Handle complex geometry (topography) with p-adaptivity, ▶ Reduces the computational cost by removing inner dofs.

HDG Variational formulation (1/2): stiffness tensor version

The local problem is written on each cell K e of the mesh, and the HDG problem is written in terms of (u, σ, u). Using test-functions (ψ, ϕ), Plan 3 Illustration: Elastic wave propagation with HDG Mathematical formulation and HDG algorithm Illustration of gains

Elastic-wave propagation with HDG 3D Model with topography, size 20×20×10 km 3 with topography.

▶ Small cells required to accurately describe the topography, p-adaptivity ▶ Large cells elsewhere to benefit from HDG, ▶ models properties vary within the cell, here we use Lagrange basis per cell.

mesh P-wave speed model.

Elastic-wave propagation with HDG

3D Model with topography, size 20×20×10 km 3 with topography.

▶ Small cells required to accurately describe the topography, p-adaptivity ▶ Large cells elsewhere to benefit from HDG, ▶ models properties vary within the cell, here we use Lagrange basis per cell. mesh polynomial orders.

Elastic-wave propagation with HDG

3D Model with topography, size 20×20×10 km 3 with topography. ▶ Small cells required to accurately describe the topography, p-adaptivity ▶ Large cells elsewhere to benefit from HDG, ▶ models properties vary within the cell, here we use Lagrange basis per cell. Helioseismic studies ▶ Measuring solar/star oscillations, ▶ Processing and averaging the observations to extract the seismic data ▶ Interpreting the seismic data using forward and inverse methods to estimate solar internal properties.

Solar interior

Numerical simulations of acoustic waves

Acoustic waves propagate horizontally and are trapped in the vertical direction; they connect the Sun's near and far sides. As acoustic waves travel faster in magnetized regions, they can inform us about the presence of active regions along their paths of propagation. Two helioseismic techniques:

▶ Helioseismic holography: multiply the forward and backward propagated wavefields,and subtract a reference measurement for the quiet Sun.

▶ Time-distance helioseismology: compute the cross-covariance of the wavefield Develop models and computational tools that are required to recover information about Sun and eventually stellar activity from observations of oscillations. 

with displacement vector ξ describing the solar oscillation. The density is ρ 0 , pressure p 0 , adiabatic index γ, gravitational potential ϕ 0 and attenuation Γ . 

with displacement vector ξ describing the solar oscillation. The density is ρ 0 , pressure p 0 , adiabatic index γ, gravitational potential ϕ 0 and attenuation Γ .

▶ Further approximation ignoring the gravity, we obtain a scalar-wave equation for variable 

Spherical background solar model

Model S+Atmo: exponentially decreasing density in the solar atmosphere

Scalar-wave problem formulation, spherical symmetry

Scalar-wave problem formulation, spherical symmetry

1 We use the Liouville transform to rewrite the problem in Schrödinger form, With u = ρ -1/2 u and α = -ρ ′ /ρ, we obtain

In the atmosphere, ρ is exponentially decreasing ⇒ α is constant. Scalar-wave problem formulation, spherical symmetry

1 We use the Liouville transform to rewrite the problem in Schrödinger form, With u = ρ -1/2 u and α = -ρ ′ /ρ, we obtain

In the atmosphere, ρ is exponentially decreasing ⇒ α is constant. 

Numerical method for computing Green's functions

In collaboration with Florian Faucher, Ha Pham, and Damien Fournier, Laurent Gizon from Max Planck Institute for Sun (MPS, Göttingen, Germany)

Cross-covariance in terms of Green's function

At frequency ω, consider the cross-covariance in Fourier space as the product of the wave field at two locations of measurement,

Here, Ψ = c∇ • ξ. In terms of the Green's function, we have 

Modal Green's kernel

Decomposition on harmonic mode ℓ, the modal Green's kernel G ℓ solves,

with Neumann boundary condition at origin: ∂ n G ℓ (r = 0) = 0, and radiation condition at r = r max :

(∂ n G ℓ -ZG ℓ ) r =rmax = 0.

H. Barucq, F. Faucher, H. Pham, Outgoing solutions and radiation boundary conditions for the ideal atmospheric scalar wave equation in helioseismology. ESAIM, 2020.

Modal Green's kernel

Decomposition on harmonic mode ℓ, the modal Green's kernel G ℓ solves,

with Neumann boundary condition at origin: ∂ n G ℓ (r = 0) = 0, and radiation condition at r = r max :

(

Computation of the modal Green's kernel:

▶ Approach 2: Use an assembling formula, the entire kernel is obtained from the solutions of only two boundary-value problems.

H. Barucq, F. Faucher, D. Fournier, L. Gizon and H. Pham, Efficient and accurate algorithm for the full modal Green's kernel of the scalar wave equation in helioseismology. SIAM J. on Appl. Math., 2020.

Computation of the Green's kernel: Approach 2

▶ Approach 1 (naive): for each source position s, solve equation L G ℓ (r , s) = δ(rs). ▶ Approach 2: Use an assembling formula, the entire kernel is obtained from the solutions of only two boundary-value problems. 1 Find ψ 1 that solves L ψ 1 = 0 , on (0, r max ),

H. Barucq, F. Faucher, D. Fournier, L. Gizon and H. Pham, Efficient and accurate algorithm for the full modal Green's kernel of the scalar wave equation in helioseismology. SIAM J. on Appl. Math., 2020.

▶ Approach 1 (naive): for each source position s, solve equation L G ℓ (r , s) = δ(rs). ▶ Approach 2: Use an assembling formula, the entire kernel is obtained from the solutions of only two boundary-value problems. 1 Find ψ 1 that solves L ψ 1 = 0 , on (0, r max ),

3 Assemble the Green's kernel, with H the Heaviside and W the Wronskian W(s) ▶ The Green's kernel is computed with Approach 2 which only needs the solutions of two problems.

Approach 2 is more efficient as it only needs two boundary value problems to assemble the entire kernel, and more accurate as it avoids the Dirac singularity.

1 To obtain G ℓ (s, s) with Approach 1, we need 4000 simulations,

2 Approach 1 needs a refined discretization mesh to capture correctly the singularity. 

Power spectrum

Observables are an average over height of G ℓ , in first approximation (depending on the assumption on the source), one can consider the Power Spectrum to be directly related to the Imaginary part of G ℓ ,

We can compare the numerical power spectrum, i.e., using Green's function computed for harmonic degrees (modes) ℓ and frequencies ω/(2π), with observations.

H. Barucq, F. Faucher, D. Fournier, L. Gizon and H. Pham, Efficient and accurate algorithm for the full modal Green's kernel of the scalar wave equation in helioseismology. SIAM J. on Appl. Math., 2020.

Power spectrum

We evaluate the imaginary part of the Green's function G ℓ (r = 1, s = 1) with frequencies and modes, using model S+Atmo.

ℓ ∈ (0, 1000), ω/(2π) ∈ (0, 10)mHz. 

Power spectrum

We evaluate the imaginary part of the Green's function G ℓ (r = 1, s = 1) with frequencies and modes, using model S+Atmo.

Comparison with HMI data (white crosses), for ℓ ∈ (0, 100), ω/(2π) ∈ (0.5, 4)mHz. 

Vector-wave equation with gravity

The same method can be applied to the vector-wave problem (Vector Spherical Harmonics),

That is, the vector Green's kernels (depending on the direction) can be obtained from the computation of only two boundary-value problems.

H. Barucq, F. Faucher, D. Fournier, L. Gizon and H. Pham, Efficient computation of modal Green's kernels for vectorial equations in helioseismology under spherical symmetry. Research Report, 2021.

Vector-wave equation with gravity

Comparison with HMI data (white crosses), for ℓ ∈ (0, 100), ω/(2π) ∈ (0.5, 4)mHz.

Including the gravity effect, f and g-modes now appear.