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RESEARCH ARTICLE
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1 | INTRODUCTION

Raising of IoT (Internet of Things) and appearance of numerous applications of control and estimation algorithms for cyber-
physical systems result in an intensive workflow for design and analysis of time-delay systems!25¥, Indeed, any kind of
networked communications usually leads to emergence of various lags, samplings or packet losses, then the time delays represent
an efficient and common modeling framework>".

Frequently, the role of delays is considered to be negative since their parasitic inclusion in the loop implies the quality of
transients degradation in dynamical systems”. Nevertheless, the lags can be artificially introduced in a system to compensate
periodic disturbances or approximate derivatives, also improving robustness and convergence rates in the closed-loop dynam-
ics SOUOLILIAIUAISIOUASID - A ysual price is an accurate and sophisticated stability analysis of functional differential equations,
which is more complex than in the delay-free counterparts.

A benchmark scenario, where introduction of a small delay ensures asymptotic stability for a neutrally stable planar system,
was studied in: %(r) = —a,x(t) + a,x(t — 7) with a;,a,,7 > 0 and x(f) € R, and an extension of that result was obtained in
the works2?2l, where a second-order linear time-varying system is considered including a delayed position term with a negative
gain, and it is proven that it can be stabilized by a position feedback with positive gain and with a sufficiently small delay.

In general, different kinds of delayed planar dynamics are omnipresent in modeling the mechanical or power systems con-
trolled by or connected to a network providing communication or resources22232423 (ip this case the delays appear through the
lags in control or measurement channels). The contribution of this paper consists in extension of the results of2*21' to a nonlin-
ear case with external bounded perturbations. Using Lyapunov-Razumikhin approach we will demonstrate that in the nonlinear
setting the local input-to-state stability (ISS) can be guaranteed for any value of the delay (under some mild restrictions) with
the attraction domain dependent on the magnitude of delays and other parameters (only qualitative estimates will be given). The
method will be extended to attitude regulation of rigid body. The Lyapunov-Razumikhin approach will be complemented by a
rate of convergence estimation result.

Section 4 was obtained in Institute for Problems in Mechanical Engineering RAS and supported by the Ministry of Science and Higher Education of the Russian
Federation (Project No. 075-15-2021-573).
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The outline of this work is as follows. Preliminaries are given in Section[2] The considered analysis problem is described in
Section 3] The main stability results are formulated in Section[d Two illustrative examples are shown in Section[5} A conference

version of this paper is restricted to disturbance-free analysis of the scalar systems<°.

2 | PRELIMINARIES

2.1 | Notation

The real numbers are denoted by R, R, = {s € R : s > 0}, and |s| is an absolute value for s € R. A norm for a vector x € R"
is defined as ||x||, = (Z?=1 |x,-|f”)p_1 for any p € [1,4+00), then ||x|| = ||x||, is the usual Euclidean norm.

For a matrix A € R™" its induced norm is denoted by ||A[|; if it is symmetric, then A_; (A) and A, (A) correspond to
minimal and maximal eigenvalues, respectively, and A > 0 means that it is positive definite. For v € R”", diag [v] denotes a
diagonal matrix with the vector v on the main diagonal.

We denote by C([a, b], R"), —00 < a < b < +o0 the Banach space of continuous functions ¢ : [a, b] — R” with the uniform
norm ||¢||lc = sup,<.<; l|$(5)||. For a (Lebesgue) measurable functiond : R, — R™ define the norm ||d||, = ess sup,s,lld (D)l
and the set of d with the property ||d||,, < +oco we further denote as L.

min max

2.2 | Inequalities

The Young’s inequality claims that for any a,b € R, 2%:

-1
ab < la”+p b
p

for any p > 1.
Forany x € R", Jensen’s inequalityimplies (¥_, x;)" <n™' Y7 x'ify > Landn'™7 (X, x;)" > X x/ify € (0, DX
Using the properties of homogeneous functions the following results can be obtained:

Lemma 1. ¥ Leta,b € R, and ¢ > 0,a >0, > 0,y > 0,5 > 0 be given, then
a®+ b —£a’b’ >0
provided that max{a%, b7} < £ and v = g + % > 1.
Lemma 2. 2’ For x, y € R" denote
W, y) = X1+ 19117 + e lx vl = e llx 7 1ylI°,

where ¢, c,, a, f,7,0,1,{ are positive constants. If g + % < 1, then the function W(x, y) is positive definite for any values of
¢, and ¢, if and only if

y+5u>a, yﬁ;g+5>ﬁ.
¢ n

2.3 | Estimation of rates of convergence through Lyapunov-Razumikhin approach
Consider an autonomous functional differential equation of retarded type?:
dx(t)/dt = f(x,), t >0, (1)

where x(f) € R" and x, € C([—7,0],R") is the state function, x,(s) = x(t + s5), =7 < s < 0 and = > 0 is a finite delay;
f : C([-7,0],R") > R" is a continuous function, f(0) = 0, and is such that solutions in forward time for the system (IJ) exist
and are unique”. Denote such a unique solution satisfying the initial condition x, € C([—7, 0], R") by x(#, x,), which is defined
on time interval [-7,T) with 0 < T < 400 (we will use the notation x(¢) to reference x(z, x,)) if the origin of x; is clear from
the context).

For a locally Lipschitz continuous function V' : R" — R, the upper directional Dini derivative is defined as follows:

ho) —
D'V (x)v = lim sup Vit Z) 4C)
h—0*




forany x € R” and v € R".

A continuous function ¢ : R, — R, belongs to class K if it is strictly increasing and ¢(0) = 0; it belongs to class K
if it is also radially unbounded. A continuous function f : R, X R, — R belongs to class KL if f(-,r) € K and f(r,")
is decreasing to zero for any fixed r > 0. For any @ € K we can define f, € KL, verifying the properties f,(s,0) = s and
BB, (s, 1), 1)) = B,(s,t; +1,) forany s,1,,1, € R, such that y(r) < f,(»(0),1) for all > 0 and y(0) € R_, where y(?) satisfies
y(@) < —a(y(t)) fort > 0.

The following result is an extension of*?, denote Q = {x € R" : ||x|| < p} and Q. = {@ € C([-7,0],R") : ||@|lc < p} for
some finite p > 0.

Theorem 1. Let there exist a locally Lipschitz continuous Lyapunov-Razumikhin function V' :  — R such that
(i) for some ), @, € K, and all x € Q:
a([[x]) < V(x) < ay(llx]Ds

(ii) for some y, @ € K, with y(s) > s for all s € (0, a,(p)), and all p € Q:
pax V(9(0) <7 (V (9(0))) = DV (9(0)) f(@) < —a(V (¢(0))).

If exp <¥t> s # B, (s,t) forall s € (0,a,(p)) and t > 0, where £ € (0, 1) is the Lipschitz constant of the function y~! at

zero (i.e., [y~1(s)| < ¢s for all s € (0, a,(p))), then the origin is locally asymptotically stable for the system (T]) with the rate of
convergence:

- In?
llx(t, xp)|| < ;"o max {CXP <Tt> @ (lIxollc) » Ba (@ (lIxollic) ’)}
forall > 0 and x;, € Q.
Proof. Since all conditions of the Lyapunov-Razumikhin theorem? are satisfied, then the system () is asymptotically stable at
the origin. Take any x, € Q¢, the solution x(t, x,) is well defined for all # > 0, and in particular

V@) < max V(xy(0)

for all > 021,
First, assume that the implication given in the formulation of the theorem is not satisfied and

 max V (x,(0)) >y (V (x(1)

for an interval of time ¢ € [0, ¢, ], where #; > 0 is (possibly infinite) instant of time. This inequality implies that for any ¢ € [0, ¢,]
there exists

0, = min {8 €[-7,0] . V (x,(«9)) = eg[l—aj,(m |4 (x,(@)) } .

where we introduce the minimum over 4 € [—, 0] to resolve the issue of existence of several time instants, where V' (x,(&))
reaches the maximum on the interval [—z, 0]. Note that the inequality 6, < —¢, is satisfied for some ¢, € (0, 7] dependent
on initial conditions x, since the maximum is calculated under the restriction that max,e(_. o V' (x,(H)) > y (V (x(2))) with
y(s) > s > 0 and the solution x(t, x,,) is bounded for ¢ > 0. Note that in such a case there exists £ € (0, 1) such that y1(s) < s
for all s € [0, a,(p)) D [0, maxye;_, o V (x0(0))], thus,

—1 9;
V (x(0) <y~ (V (x,6))) = exp(n£) V (x,(0,)) < exp -~ InZ )V (x,6)).
Recursively applying this estimate, i.e.,

2 0,
V (x,6) =V (x(t +6,) <exp <—% lnf) V (Xeeg,014s)) -
we obtain
Ht + 0t+0,
V (x(1)) < exp —— InZ |V (x40 6ryg)) »
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and by induction,

V (x(?)) < exp <¥t> ,max, V (x0(0))

< max {exp <Mt> max V (x0(0)) . B, <€g[1_ax0] V (x0(0)) ,t) } Q)

T 0€[~7,0]
for all € [0,1,] (i.e., for > O sufficiently small it could be # + 6, < 0 and the sum —(6, + 6,,, + ...) above belongs to the
interval [z, ¢ + 7]).

Now, suppose that for ¢ € [¢,,1,) the implication maxyg_,q V' (x,(@)) < y (V (x(®))) holds, where t, > ¢, is (possibly
again infinite) the time instant that the relation stated in the theorem fails for the first time higher than ¢, (by their definitions,
t, +t, > 0). By construction, in such a case

DYV (x(1)) f(x,) < —a (V (x(1))
for all t € [t,,¢,) and, consequently, using standard comparison theorem result we obtain that

V (x(0) < B, (V(x(t)) 1 = 1y) .
Hence, due to properties of f,, we substantiated that the estimate @) is satisfied for all ¢ € [0, #,). Next, the analysis above can
be iterated for all # > 0, and the estimate for x(#) can be derived using the bounds of V. Indeed, let us check by contradiction
that (2) is valid for all # > 0. Recall that V' (x(1)) < max,c;_, o V' (xO(H)) for all # > 0 and let #; > O be a time instant such that

V (x(t3)) = max {exp (Mt3> max V (x0(0)) . 8, <9é1[1_ax0] V (x0(6)) ,t3> }

T 0el-,0
and (@) is valid for all # € [0,13). These properties imply that max,e_, oV (x,,(8)) < v (V (x(13))) and, consequently,

DYV (x(t3)) f(x,) < —a (V (x(t3)) ), which means that () cannot be violated since the argument functions of max{-} above
are not intersecting, and the inequality (2 has also to be preserved at any such instant 5. O

The result is formulated for the case of local asymptotic stability, and its modification for a global/practical/ISS analysis is
straightforward. It can be interpreted as follows: the Razumikhin condition implicitly defines two rates of convergence presented
in the system: first, the inverse of maxyc_, o V (9(0)) <y (V (9(0))) guarantees at least exponential decreasing for V" with the
time constant — 22, second, the dynamics DTV (¢(0)) (@) < —a (V (¢(0))) ensures another velocity of decay for V; finally,
the established b; the Lyapunov-Razumikhin approach convergence rate is the minimum of these two.

3 | STATEMENT OF THE PROBLEM

In?21 the problem of asymptotic stability for the scalar equation
(t) + ax(t — h) — bx(t — g) = 0 3)

was studied, where x(f) € R, a and b are constant positive coefficients, 2 and g are constant positive delays (all these parameters
can also be time-varying). The system (3)) has no damping proportional to the velocity x € R, and in the delay-free case (when
h = g = 0) under the restriction a > b it has purely oscillating trajectories. It was proven that if the inequalities

a>b, gb>ah

are satisfied and the values of a — b and gb — ah are sufficiently small, then the system (3)) is asymptotically stable.
In the present paper, we consider a nonlinear vector counterpart of (3):
dG(x(t —h))  0Q(x(r - g))
0x dx
where x(¢) € R", functions G, Q : R" — R" are twice continuously differentiable and homogeneous of the order y+1 for u > 1:

G(Ax) = 2*1G(x), O(Ax) = *¥1O(x) Vx eR", Vi>0;

%(1) +

=d(1), “

g > 0and h > 0 are constant positive delays; d € L is the exogenous disturbance. The instantaneous value of the state vector
of @) is [xT(t) xT(1)]" € R?*", then x,, x, € C([—7, 0], R") are the components of state function (x,(s) = x(t+s) for -z < s < 0),
where 7 = max{h, g}. Assume that initial functions, x, and %, for solutions of (@) belong to the space C([—z, 0], R").
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Under introduced restrictions, for u > 1 being a rational number with an odd numerator and denominator, taking G(x) =
a"x#*! and Q(x) = b x#*! for some a, b € R" (the power operation is understood elementwise, i.e., x*(1) = [x}'(?) ... x;,()]T)
we obtain a nonlinear counterpart of (3)) (coinciding with (3 for n = 1 and u = 1).

In the system (@), the term =) an be interpreted as a part of its own dynamics, while " is the stabilizing term
introduced by a control, which uses only delayed position measurements=2. In such a case it is necessary to select the shape of
Q and g providing ISS for (@) (see**~ for the basic definitions and results on ISS of time-delay systems).

In this work, we will formulate the conditions of local ISS for (@), i.e., that there exist w € KL,y € K and p > 0 such that

Ix@Il + 1XOIF < wllxolle + l1%olle. D)+ vlld o)

forall r > 0, all |[xgllc < p, [Xgllc < p and ||d||, < p. It is worth highlighting that our conditions are less conservative in
the nonlinear case than those for (3)). In addition, we will extend our result obtained for constant delays to time-varying ones,
and next apply it to the rotation stabilization of rigid body using delayed feedback. Note that since ¢ > 1, the local asymptotic
stability of (@) cannot be derived from"2!' using the linearization techniques.

90(x(t—g))
7}

4 | MAIN RESULTS

For the proof of the results below we will use the approaches proposed in24,

4.1 | General case

Theorem 2. Let the function I1(x) = G(x) — Q(x) be positive definite, and the matrix
0*Q(x) h()zG(x)

0x? 0x?
be positive definite for every fixed x # 0, then the system (@) is locally input-to-state stable.

F(x)=g

Remark 1. Compared with the result of 2221 in Theoremlt is not assumed that the values of G(y) — Q(y) and g &= 2 Q(y ) h%

are sufficiently small for y € R” with ||y|| = 1 (the analogues of smallness of a — b and gb — ah), while the delay h can be zero.

dG(x(t)) and 0Q(X(I))

Proof. By adding and subtracting the delay-free terms , using the Mean Value Theorem,

0G(x(r —h)) _ 9G(x(1)) hazG(x(t —m(Hh)

ox a ox 0x2 *( = mOh)
001 =g) _ 00:(1) _ QG —m®e) o
0x S ox? e

for n,(?), n,(¢) € (0, 1)" (for brevity of presentation we use the notation x(¢ — nl(t)h) = [x,(t = n,,(Dh) ... x, (¢ — nln(t)h)]T)

and again by adding and subtracting the delay-free terms pLE) G(x(’))x(t) and ga Q(x(’)) x(1), the system (@) can be represented in
the form ATI(x(1))
X
X(O) + Fx@O)x(0) + —— = d() + Alx;, %), &)

where A(x,, %,) = (A, (x,, %,) ... A, (x,, >'c,))T and
2 2

0x;0x; 0x;0x;
02Q(X(t 12(N8)) . ’0(x(0)
- r— 1g) — t
g;( U O * ())
Hence, in (5) the nominal part takes a form of the Liénard equation,
oll(x(z
() + Fx)x() + o =, ©)

which is asymptotically stable at the origin®>*%*Z, and the remaining terms d() + A(x,, X,) are considered as perturbations. For

the rest of the proof, all computations are done for the case 2 > 0, and if & = 0, then the arguments stay unchanged by imposing
the respective terms to be zero.
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Let us choose a Lyapunov function for (3)) as follows:
V(x,x)= —x %+ TI(x) = 8||x||* ' xTx + ]| x||° ' x"x,

where 6 and ¢ are positive coefficients, 1 > 1, o > 1 are powers to be properly selected. Note that the full energy E(x, x) =
%)'CT)'C +1II(x) can be used to establish global asymptotic stability of the Liénard equation (6)), however, E is not a strict Lyapunov
function in this case, then a variant of such a Lyapunov function V" was proposed inZ being strict and guaranteeing asymptotic
stability of the origin locally. Using properties of homogeneous functions (i.e., a; ||x||**! < TI(x) < a,||x||#*! for all x € R" for

some real a; < a,, and o (X) is also a homogeneous vector function of degree ;) we obtain

o112 1 cA . .
EIIXII +ay x| = sl llx]l = ellxl1”llx] < V(x, %)

< SR + ag x4+ Sl el + el
V() = =T (O F0%(0) + £T(0d(0) + Alx,, 5,)) = Sl|%(0)]1 7!
oIl
453702 (150 50) <F(x(t))x(t) + % —d() - Ax,, fc,))

oll(x(7))
ox

—ellx@1°~'xT (1) (F(X(t))fc(t) + —d(®) — A(x,, x,))

+exT (02 (IO x(0) 50
< =g [IXOIP XN = SIIX@OI" = eaylxOI™ + easll x| x|
+age xRN + a8l xOIIxON* + agsllx@]** I x @)1+
+o([IxOIl, Ix@®IDId @) + Alx,, X))l
o(llx@Il, 1XO1D) = 1Ol + ellx®I° + Sagllx@IIxOI*,
where all g;, i = 1, ..., 9 are positive constants (a; > 0 due to positive definiteness of IT). In what follows, the main derivations
are done for the case d = 0, since local input-to-state stability can be concluded from local asymptotic stability for functional

differential equations=9.
With the aid of Lemma(I]and Young’s inequality, we obtain that if

2 1
ir e BT )
u+1 2
and in the case where 4 = _1 orec = ;1 the values of parameters 6 or € are sufficiently small, respectively, there exist positive
numbers a;(, a;;, D, such that
a(Ix I + 11%11%) < V (e, %) < agy () + (1%11) ®)
for all ||x||? + ||%]|> < D;. Using Lemmal2} it is straightforward to show that if
30 -1
>pu, A> 9
7oK c+1° ©)

then there exists a positive number D, such that
. 1 . - ; o
Vin<-3 (@ IXOINxON" + SlX@ I + eagllx@N|7*)

+o(llx@II, IxOIDNACG, x|

for all || x(#)||>+||x(*)||*> < D,. It should be noted that if the inequalities (@) are fulfilled, then the restrictions (7) are also verified.
Let, for a solution of the equation (3)), the inequality ||x(#)||> + ||x(#)||*> < D, and the Razumikhin condition

V (x(£), %(£)) <2V (x(1), x(1))

be satisfied for all £ € [t — 27,¢] and ¢t > O (we need due to technical reasons to augment the delay value), where D; =
min{D,, D,}. Then, recalling the estimates (8),

a(IX@ + 1K) < V(xX(&), (&) < 2V (x(1), (1)) < 2ay,([|x(]|*! + [|x(0)]|*),



which implies:

@ < 2?(”)60)””“ + X011,
10

I%@©I° < 2?(”%(?)””+1 + X011,
10

that leads to , "
1@ < e;(IxOI + 1% »1), 12O < ey (lIxDI = + |

for any & € [t — 27, ¢], for some positive constants c; and c,. Therefore, we obtain

. o |GGt = ny(DR) PG(x(1)) .
18,Gx, X)) < h 2‘ 9x0%, X, = my (k) — Taxjx,m
= 020 (x(t — ot 02
j= 1 1
and considering the first term, an upper bound can be derived:
PGt = ny(HOh) PGH™)
axiaxj xj(t —n;(Dh) — 6xidxj xj(t)
0*G(x(t — ny () . . . I*G(x(1)) .
= dx,-axi [x;(r = n;(DA) + X;(1) — X;(D] — Ta)cjxj(t)
2 — .. 2
<ol G(x;t MR PGx()
x;0x; 0x,0x;
*G(x(t = ny(O) | .
+ o ax; |5t = my,(h) = %,(0)]
2 — .. 2
< 15,0 J G(x;t N (D) *G(x(1))
X;0X; 0x,;0X

A PG(x(t = n,,(Hh))
0x,;0X
PGt — (D) 0*G(x(1))
0x;0x; 0x;0x
Xes[|x(t = n3;;(Oh = D" + ||l x(t = 13,;(Dh = |11
PG(x(t —n(Dh)  0*G(x(1))
0x,0x; 0x,;0x;

|j€j(t - ’13ij(t)h)|

< 1%,

PG(x(t = (D))
0x;0x

+ hey (x| + 1] 1)

< x|

where as before ;,;;(f) € (0, 1), ¢5,¢4 > 0, and the Razumikhin condition was used on the last step. A similar estimate can be

derived for another term:

9*0(x(t — ﬂzi(t)g))x (t = 1 (D)g) — 02Q(X(t))x
0x,;0x; JN T it8 0x,0x; /

PO(x(t —m(1)g)  *Q(x(1))
0x,;0x; 0x,0x;

Applying Lemma[2] Young’s and Jensen’s inequalities, it can be shown that if

dpu -2

u+1’

)

< 1%;)] + ey (IxOll + 5],

oc<2u-—1, 1<

(10)
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the inequalities (9) are fulfilled and the value of D; is sufficiently small, then
. 1 . - . o
V(®) < =3 (aslIFOIPIxOI + SILOI* + eaglIx®)l1”)

5« 0*G(x(t — n,,(Hh *G
(x50 Y Y 15w | LSOm0 GeD)

= 4 0xi0xj ()xidxj
020(x(t — ny;(1)8)) 3 020(x(1)) |
dxiaxj 0xi0xj

PG(x(t-n,(Oh) _ PG(x(1) PO(x(t-my(Ng) _ *O(x()

and . For the former one we obtain:

Finally, consider the terms

X;0X; 0x;0x; 0x;0x; 0x;0x;
0> G(x(t — ny;(Hh)) _0’G(x(1)
0x;0x; 0x,0x;
! 0’G <X(t)+X(f—m,~(t)h)—X(t)>_ ’G <x(t)>
0x,;0x; [|x@)|| 0x;0x; \ [Ix(D|
et |G (x(r) o hx(t—mi(t)h))_ 2G <x(t)>
O xox, \iseom = ™" om )~ awox, kol

where 7,,;(t) € (0, 1)", and applying the Razumikhin condition as above we get an upper bound:
ptl
x(t —ny(Hh SUlx@| 2 + ||x(¢ = X(t
l|x(t — ny; (DM| < H(Ix@) | X0 _ . <”x(t)” = Ix®l > .
llx@l llx(@l Ix®ll
Hence, for any £ > 0, there exists 6 > 0 such that if || x(?)|| < &, ||x(1)|| < &||x(®)|| < 62, then

*G(x(t — n,,(1)h)) 3 *G(x(1))
0x;0x; 0x;0x;

< Ellx@l*,

while inversely, when §||x(?)|| < ||x(?)|| < 6%, we obtain

PO(x(t —m(1)g)  9*Q(x(1))

0x;0x; 0x;0x;
. 0%G (x(1) + x(t = n;(Hh) — x(1)) 3G (x(1))
- 0x,;0X 0x;0x;

< es8THNIXON + collx(t — ns(DR)]1F
~ _ ptl . _
<8 EOI“T + coet T XM+ (1@ D!

wtl 7 -1
||x<r>||7]

< NxOF e + e |14+ 2=
> o2 ()l

~ _ ~ uet
<RI (6587 + ey ™ A+ 5 x0Ty ) < e lx@lr
where 75;(t) € (0, 1)", and ¢, ¢, c; are positive constants. Therefore, the following upper estimate has been derived:

PGt —nu(Hh)  0*G(x(1))

< g t u—1 x(t pu—1
e, T, | < EHOI 4 el

for all ||x(r)|| < & and ||x(¢)|| < 6°. The same approach can be used to calculate an estimate for the term — o
10X i0X;

As a result, we obtain that if the value of Dj is sufficiently small, the conditions (9) and (I0) are fulfilled and

A< p, an

Lazgu(r—nz,»(r)g» _ 90Gw)



then
PGt = (D) *G(x(1))

EGINEGIDIPAERGIE

= o 0x,;0X; 0x;0x;
PO~ m(08) _ PO,
0x;0x 0x,;0X
< (h+ eg(IxOI* " + X0l Y Y 1,0 (12)

i=1 j=1
1 . - . o
<35 (asllxOIP IO + SO + eayllx@)]|7**)
for some cg > 0 implying that
. 1 . - . -
Vin<-; (aslIX@OIPIx@OI" + SIxOI* + eagIx@N17) + sy DI,

where x,,,

4 are satisfied: if

> 0 locally exists by continuity of the system and V. Consequently, the conditions of the Lyapunov-Razumikhin
theorem

ax { LV @ 3710l i) } =V

for all ¢ € [t — 27, t] and some sufficiently small y > 0, then

V) < —§<6||x<z>||*+' + eay |x()]|7)

< e, ™ S (e, 50
for all ||x(#)||> + ||x(#)||* < D5 and some ¢y > 0.
It is easy to verify that the domain of admissible values of parameters ¢ and A defined by the inequalities (7), (9), (IO, (1))
is not empty for any y > 1. Indeed, letus take 6 = y +¢€, A = Jo-l 4 v, where 0 < € < p — 1 such that y?> + e(u — 5) > 1,
(u = 1> > (3= pe and y > 0 is sufficiently small, then all constralnts on ¢ and A can be satisfied by tuning ¢ and y: the
inequalities gg]) correspond directly to the choice of ¢ and 4; (I0) are verlﬁed due to the upper limit on € and for a sufficiently

small y < LIHe=d) \here the right hand side is positive provided that y* + e(u — 5) > 1; (7) are valid due to > 1 and for

(u+D(ute+1)’

x> ﬁ that is true for any positive y since u> + e(u + 3) > 1 follows from p? + e(u — 5) > 1; finally, (T1) holds for a
(=12 +u=3)e

sufficiently small y < prosTa. where the right-hand side is positive provided that (u — 1)> > (3 — u)e.
This completes the proof. O

Note that (@) is r-homogeneous forr = [1... 1 prl el of degree £ T in the sense of*?, where it has been proven that if

a homogeneous system of positive degree is locally asymptotically stable in a given vicinity of the origin for any = > 0, then it
is globally asymptotically stable independently of the delay value. In Theorem 2] due to (I2)) the estimate on the domain, where
V(x(t), X(t)) > 0 and V (¢) < 0, determined by Dj is inversely proportional to 7 (depending as well on other parameters), hence,
the global result from“? cannot be applied. In addition, the delay free model (@),

#(t) + TI(x(1)) = 0

has purely oscillating trajectories, therefore, it does not confirm the asymptotically stable behavior of the system for vanishing
delays, whose appearance changes qualitatively the kind of stability in ().

Remark 2. In the proof of Theorem many positive constants are introduced (g; fori = 1... 11, ¢; for j = 1...9 and D, for
k = 1,2,3) without providing estimations of their values. The reason is that often, in nonlinear setting, such estimations are
very conservative, and only qualitative bounds can be established indicating the kind of behavior presented in the system. To
illustrate this claim, let us consider how the constants a,, and a,; can be evaluated. Therefore, we need to show, for example, that

1. a .
gIIXII2 + ZIIIXII’”l = 8l Ixll > 0,

1,. 2 a; 1 .
gIIXII +ZIIXII"+ —ellxlI°llx]l = 0
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under (7)) and a proper choice of D,, then a,, = min{ i % }. The inequalities above are implied by

12 1 A
[l + [lx])* ——IIXII lIx|l = 0,
ayo

112 + [l = ZE x> o,
10
whose validity follows from Lemma Hprowded that T + > land — + = > 1, respectively, which are verified if (7))
holds with strict signs of inequalities. If (7) takes the form of equalities, then usmg Young’s inequality we can show that the
desired relations hold for sufficiently small § and e. To derive the upper bounds in (8), the Young’s inequality can be applied
with posterior utilization of (7)) and smallness of D;:

. 1 1 2
%1 41x]l < P llx]|#* + ||x|| —+ 7 x|+ —— P 1 |Eq (e
o+ 1 20‘ 2 1 u+l 1, . 2
IxI”11x]] < §||XII ||X|| §|IXI| + §||XII ,
1+
thena“_max{—‘5+— +F+ =)

uto A+l
Characterizing the input-to-state stability property, the shape of the asymptotic gain of the system, y||d(¢)|| 1/ max { w2 } , has

been found in the proof of Theorem[2} while evaluation of a qualitative rate of convergence follows from the result of Theorem|[T}

Corollary 1. Let all conditions of Theorembe satisfied, then

|;4+1

ar (lxolle™ + % lIR)

IO + 1O < T
(al7? + esta = DAxgll™ + xgll2)oe) ™

pto A+l }

forall t > 0, whereq—max{ T

Proof. Since u > 1 and 4 > 1 due to (9), then ¢ > 1, and the dynamics V' < —cyV7 has a slower convergence than any
exponential close to the origin, which gives the estimate of the corollary. O

The obtained result can be extended to the time-varying case:

4oy 4 GO0 h@) _ 90G = 50D _ a3
ox ox

with continuous and bounded for ¢ > 0 delays A(¢) > 0 and g(¢) > 0 with 7 = sup,,({2(?), g(®)}.

Corollary 2. Let the function I1(x) = G(x) — Q(x) be positive definite and the there exist R > 0 such that
o 2
Q( ) 0°G(x) _
Ao ( 0 - h=" ) > R|x||*”"

for all x € R" and 7 > 0, then the system (13) is locally input-to-state stable.

Proof. The proof repeats all steps of Theorem [2] (application of the Lyapunov-Razumikhin approach is not much influenced by
dependence of the delays on time). [

4.2 | Application to the problem of the attitude stabilization of a rigid body

In this subsection, we will extend the developed approach to the design of a control torque ensuring the triaxial stabilization of
arigid body.

Consider a rigid body that rotates around its mass center O with an angular velocity @ € R3. Let Oxyz be the principal
central axes of inertia of the body. The attitude motion of the body under the action of a control torque M is modeled by the
Euler equations (for vectors u, w € R3, u x v denotes its vector product)

Jo@) + o) X (Jo(t)) = M(t) +d(1), (14)

where diagonal matrix 0 < J € R¥ is inertia tensor of the body in the axes Oxyz#, d(t) € R3 is the perturbation.



| n

Let two right triples of mutually orthogonal unit vectors s, s,, s3 and r;, r,, r; be given. Vectors s, s,, 53 are fixed in the
inertial frame, whereas vectors r, r,, ry are fixed in the frame connected with the body. Hence, vectors s,, s,, 55 rotate with
respect to the system Oxyz with the angular velocity —w, and we arrive at the Poisson kinematic equations

5.0 = —w() X 5,(),  i=1,23. (15)

Our objective is the robust triaxial stabilization of the body. This means that we should design a control torque M for which
the system (T4)), (I3) admits the asymptotically stable equilibrium position for d(¢) =0 :

w=0, s;=r, i=1,2,3. (16)

1 1
It is known (see*!2) that, to solve the stated problem, we can use the torque of the form M = D(w) + F(s,, 5,), where the

dissipative component D : R? — R? is a continuous vector function such that the product @' D(w) is negative definite, while
the restoring component F(s|, s,) is defined as follows:

F(sy,50) = w"(s1,8,) (@17 X sy + ayry X s,)

where !
w(sy,8) = 5 (al”Sl — P+ aylls, — "2||2) ,
a,, a, are positive constants, and v > 0.

However, it is worth noticing that creating damping forces and constructing special damping devices for practical mechanical
systems may be difficult problems, especially for the attitude stabilization of satellites due to the limited resources of reactive
control systems“?#344 To overcome this difficulty, in*2, it was proposed to use attitude control systems in which dissipative
torques tend to zero as time increases. On the over hand, the approach developed in the present paper permits us to provide the
triaxial stabilization with the aid of a control that does not contain a dissipative component at all.

Denote F(t) = F(s,(t), s,(¢)) and select M (t) = ¢, F(t) — ¢, F(t — 7), where c,, ¢, are positive constants, 7 is a positive delay.
Then the Euler equations (I4) take a form corresponding to (@) with 2 = 0 and g = 7, but containing an additional rotation
torque in the left-hand side with a more complex shape of the potential terms and having two equilibria ((T6) and its inverse):

Jat) + o) x (Jo(0) = ¢, F(t) — e, F(t — 7) + d(?). (17)

Theorem 3. Let ¢; > ¢, > 0 and v > 0. Then the equilibrium position (T6) of the system (I3}, is locally input-to-state
stable.

Proof. The equations (I7) can be rewritten as follows:
Ja(t) + o(t) X (Jo() = (¢; — ¢))F(t) + eyt F(t) + d(t) + A(@,, 51,5 S3,),

where A(@,, $1,,55,) = [A[(@; S1p5 S2)s D@y, $115 59,), D3 (@, 51,5 50,)] T and Ay(w,, 5,5 55,) = TCy (F,-(t —1n;(1)) — Fi(t)), i =
1,2, 3, with 5(t) € (0, 1)3. Construct a Lyapunov function candidate in the form

1 ¢ —c _
V(w, sy, s,) = za)TJa) + %u/”l(sl, 5,) + 5||a)||’1 LT (alrl X8 4+ ayr, X sz)

+1
-y’ sy, 8)0" T (ayr) X sy +ayry X s,), (18)
where 6 > 0, >0,4> 1,y > 1, then

¢ —c
2 1 2 1 A
billoll” + m‘l’w (51,587) — 6, ||wl| (”"1 = sl +1lr, = 52”)

—efy" " G slloll (llry = 511l + liry = 5511) < V@, 51, 57)

)
< Billol* + mWVH(Sl,Sz) + 6B, llwll* (”"1 =sill+1lry = 52”)

ey’ (51, 5yl (||’"1 = syl + 1l — 52”)
forﬁj >0,j=1,2,3,4.
As previously, considering d = 0 and differentiating the Lyapunov function (I8) along the solutions of (I3)), (I7), we obtain
V() = 1,0 ) F() + o' (H)Aw,, 51, 55,)

=Slla®* o () (a7 X (@) X 5,(1) + ayry X (@(t) X 5,(1)))

9 (llolI*~' w(®)
+6 (alr1 X §;(1) + a,ry X sz(l))T ( o )a')(t)
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—ey” " (5,(1), 55(1)) (ayry X 5,(1) + ayry X sz(t))T (—a)(t) x (Jo(1))
+(c; — ) F(t) + ¢, F(t) + A(w,, 51, 32,))

d _
—e0" (DS (¥ (510, 5,0 (@171 X 51(0) + @yry X 5,(0)) )
Let us note that

o' (NF@) = wT(t)<vu/”‘1(s1 o, sZ(t))(alrlT(w(t) X 51(1)
+ayr] (o(1) X sz(t))> (ayr) X 5,(t) + a5 X 5,(1))
—y " (5,(0), 5,(0) (a7} X (@(t) X 5,(1)) + ayry X (0(1) X sz(t))))

= w15, (0, Sz(t))<a1r1T(a)(t) X 5,(1)) + ayr] (@(f) X sz(t))>2
=y (5,(0), ;N (1) (a7 X (@(1) X r}) + ayry X (0(1) X 1))
=y (5,(1), ;D" (1) (@71 X (@(1) X (51() = 1)) + ayry X (@(t) X (s,(1) = 13)))
< =5y (5, (1), s, ||
+Bey (5,1, s,0)Il51 (1) = ry | + [I52(1) = o D@,
where fs, f are positive constants.
In*#2, it was proven that, for any € € (0, 1), there exists 6 > 0 such that

[la;s;(t) X r| + ays, X r2||2 >E (a%llsl(t) -r 1> + a%llsz(t) - r2||2)

fort > 0 and ||s,(t) — r,||> + ||s,(t) — r,||> < 6. Therefore, for an appropriate choice of &, we obtain

—£(c) — cz)u/}'_l(sl(t), 5,(2)) (alrl X 81(t) + a,ry X sz(t))T F()

= —e(c; — Y7 (s,(0), s,D)layry X 5,(0) + agry X s, ()]

< —2e(er = ey 5, 0,550 (@10 = ry P + Bllsy0) = rolP)

fort > 0 and ||s,(t) — r,||> + ||s,(t) — r,||> < 6°. Moreover, the estimate

=8llo@II*~ " (1) (a7 X (@(1) X 5,(1)) + ayry X (@(1) X 55(1)))

< =8B l0®II*" + 8Bl (Ilry — s, + llry = 5,1
is valid for some positive constants f;, fis. As a result, if § is sufficiently small and ||s,(t) — 7, || + [|5,() — r,||* < 6, then

V(0) < =2e(e, = 7 10, 5,0 (@510 = 1P+ By = )

— STy (5,0, 5O = 355l
+eBow ™ (5,0, 5,00) (1151(D) = 1l + 13,00 = 73 1) Nl
+eBiollo®I? (s, @) = ryll + llsy@) = 1)
ey (510, 520 (s, (0) = 11l + 11s2(0) = 1]l Tl
+6B1 (1510 = o1l + [152(0) = £ 1) llao() 1!
+3p13w" (51(1), 5,(1)) (”S](t) =yl + s, (@) — "2”)2 o))
+61w" " (s5,(1), 55(1)) (”51(1) =yl + ls,() — "2”)3 llo(0)|I*
is (7™ (510,520 (10 = L+ 15,0 = 71
6 (Ils10) = i1l + 1520 = rall) oI+ NI 1A, 10520,

where ﬁj >0,j=9,...,15.
The remaining part of the proof is similar to that of Theorem 2]

O

For brevity, only one delay is considered in (I7)), but the result can be easily extended to the case of two delays in the restoring

term.
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(a) Noise-free case (b) The disturbed case

Figure 1 The illustration for Theorem

1x10 °

110"

Figure 2 The illustration of dependence of the domain of convergence for different values of delay

S | EXAMPLES

In this section we restrict ourselves by n = 2 and u = 3.
For an illustration of the result of Theorem@ consider the case with h =0, g = 3, and

G(x) = allx||I"**, Q(x) = b||x||"**,
a=2,b=1.

In the case g = 0 (or b = 0) the system (4) takes the form of a nonlinear mechanical oscillator. The appearance of delayed
part for g # 0 can be interpreted as a stabilizing control that uses delayed position measurements. By Theorem [2] the system is
locally ISS. The results of simulation of x(¢) for the initial conditions x(s) = [-0.3 0.3]" and x(s) = [0 0]" for all s € [—7,0]
are shown in Fig. [I] without and with the disturbance

d(t) = 0.005 [ sin(0.17) ] .

cos(0.27)

In order to evaluate the dependence of the domain of convergence on the value of the delay 7, the simulations are performed
for h = 0 and g € {1,3,9,27} with initial conditions x(s) = w[1 1]7 and x(s) = [0 0] for all s € [—, 0], where the
parameter w > 0 was tuned to obtain the maximal value providing the convergent trajectories in the disturbance-free case. The
behavior of the norm of the state for different values of delays and the respective values of w is presented in Fig.[2] As we
can conclude, in these simulations there is an approximately linear inverse dependence of w in 7, which is aligned with the
theoretical observations given in the previous section.

Selecting

h(t) = 0.2(1 + cos(0.51)), g(r) = 1 + sin*(10¢)
and keeping the values of all other parameters unchanged, the conditions of Corollary [2] are verified. The respective results of
simulations for the same initial conditions and disturbances as in Fig.[T|are given in Fig.[3] As we can remark, the time variation
of delays does not destroy stability under the proposed restrictions.

These results confirm the conclusions of the theorems that the systems are locally input-to-state stable under introduced mild
restrictions (for bigger initial conditions or amplitude of the input, the trajectories become unbounded).
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(a) Noise-free case (b) The disturbed case

Figure 3 The illustration for Corollary

CONCLUSION

For a second-order vector system with either constant or time-varying delays, smooth power nonlinearity and a bounded external
disturbance, without a velocity damping term, the conditions of local input-to-state stability were formulated. These conditions
are simple for checking. It is seen from the proof and the examples that the domain of attraction depends on the value of delays
and parameters, but there is no restriction on admissible maximal value of delays. The proposed method was developed for
attitude stabilization of a rigid body. New estimates on the decreasing of solutions were derived for the Lyapunov-Razumikhin
approach. Development of these results to the case with the power u € (0, 1) can be considered as a direction for future research.
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