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On stability of second-order nonlinear time-delay
systems without damping

Aleksandrov A.1'2, Efimov D.?*, Fridman E.?

Abstract—For a second-order system with time delays and
power nonlinearity of the degree higher than one, which
does not contain a velocity-proportional damping term, the
conditions of local asymptotic stability of the zero solution are
proposed. The result is based on application of the Lyapunov-
Razumikhin approach, and it is illustrated by simulations.
Our local stability conditions for nonlinear systems are less
restrictive than stability conditions of the corresponding linear
models.

I. INTRODUCTION

Design and analysis of time-delay systems are very com-
plex issues that are demanded nowadays in different fields
of science and technology [1], [2], [3], [4]. A reason of
such a popularity is that any kind of communications in
networked systems is usually accompanied by various lags
and samplings, which are frequently modeled by time delays
[51, [6].

Usually, appearance of delays degrades the quality of tran-
sients in dynamical systems, and may even lead to instability
[7]. However, in some cases, which deal, for example, with
compensation of periodic disturbances or approximation of
derivatives, introduction of delays can improve robustness
and convergence rates in the closed-loop systems [8], [9],
[10], [11], [12], [13], [14], [15], [16], [17], [18], [19] at the
price of an accurate and sophisticated stability analysis.

An interesting and challenging case, where emergence of
a small delay provides asymptotic stability to a neutrally
stable planar system, was studied in [1]. In the works [20],
[21], a second-order linear time-varying system is considered
including a delayed position term with a negative gain,
and it is proven that it can be stabilized by a position
feedback with positive gain and with a sufficiently small
delay (without velocity damping). This kind of dynamics is
omnipresent in modeling the mechanical systems controlled
through a communication network. The contribution of this
paper consists in extension of those results to a nonlinear
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case. Using the Lyapunov-Razumikhin approach [2], [4] we
will demonstrate that in the nonlinear setting the asymptotic
stability of the origin can be guaranteed for any value of
the delay (under some mild restrictions) with the attraction
domain dependent on the magnitude of delays and other
parameters.

The outline of this work is as follows. Preliminaries
are given in Section II. The considered analysis problem
is described in Section III. The main stability results are
formulated in Section IV. An illustrative example is shown
in Section V.

II. PRELIMINARIES

The real numbers are denoted by R, Ry = {s € R :
s > 0}, and [s| is an absolute value for s € R. Euclidean
norm for a vector x € R™ is defined as ||z|. We denote by
C([a,b],R"), —00 < a < b < 400 the Banach space of
continuous functions ¢ : [a,b] — R™ with the uniform norm
[6llc = supg<c<p [[B(S)]l-

A continuous function o : Ry — R belongs to class K
if it is strictly increasing and o(0) = 0; it belongs to class
Ko if it is also radially unbounded.

A. Useful inequalities

The Young’s inequality claims that for any a,b € R, and
v >0, >0 [22]

a’b’ < law + Eb%
p

for any p > 1.
Using the properties of homogeneous functions the fol-
lowing results can be obtained:

Lemma 1. [23] Let a,b € Ry and { > 0, a > 0, 5 > 0,
v >0, 6 >0 be given, then

a® 4+ b” — a76° >0
provided that
1)  max{a®, b} >¢

—

1—%—£ o )

1
2)  max{a®, b’} < 055 and 1 —|—% > 1.

Lemma 2. [24] For x,y € R™ denote

Wiz, y) = [zl + llyl” + el "yl® = eallzl 1y ll°



where c1,ca,a, 8,7,0,1,( are positive constants. Let

n, <

-+ =<1,

« + 153
then the function W(zx,y) is positive definite for any values
of c1 and cs if and only if

a—n

7+5T>C¥, B_C

V245> 8.
n

B. Lyapunov-Razumikhin stability conditions

Consider an autonomous functional differential equation
of retarded type [2]:

da(t)/dt = f(x), t >0, ()

where z(t) € R™ and z; € C([—7,0],R™) is the state
function, z,(s) = z(t+s), —7 < s < 0and 7 > 0 is a finite
delay; f : C([—7,0],R™) — R™ is a continuous functional,
f(0) = 0, and is such that solutions in forward time for the
system (1) exist and are unique [2]. The representation (1)
includes pointwise or distributed time-delay systems.

For a locally Lipschitz continuous function V' : R" — R,
the upper directional Dini derivative is defined as follows:

% hv) =V
DYV (x)v = limsup (z + hv) (z)
h—0+ h

for any x € R™ and v € R™.
The Lyapunov-Razumikhin method can be formulated as
follows:

Theorem 1. [2] Let there exist a locally Lipschitz continuous
Lyapunov-Razumikhin function V : R™ — R such that
(i) for some oy, a9 € Koo and all x € R™:

ar(lz]) < V(z) < ax(|z]);
(ii) for some a,y € K, with v(s) > s for all s > 0, and all
pe C([_Ta O]an)

e V (e(8)) <voV (p0)) =
D*V (¢(0)) () < —a(le(0)]).

Then the system (1) is globally asymptotically stable at the
origin.

Restricting the domain of admissible values for the state,
the conditions of local asymptotic stability can be formulated.

III. STATEMENT OF THE PROBLEM

In [20], [21], the problem of asymptotic stability for the
scalar equation

Z(t) +ax(t—h)—bx(t—g)=0 (2)

was studied, where z € R, a and b are constant positive
coefficients, h and g are constant positive delays. The system
(2) has no damping proportional to the velocity € R, and
in the delay-free case (when i = g = 0) under the restriction

a > b it has purely oscillating trajectories. It was proven that
if the inequalities

a>b, gb>ah 3

are satisfied and the values of a—b and gb—ah are sufficiently
small, then the system (2) is asymptotically stable.
In the present paper, we consider a nonlinear counterpart
of (2):
Z(t) + azt(t — h) — bt (t — g) = 0, 4)

where = € R, a, b, g are positive constants and h is nonneg-
ative, ;4 > 1 is a rational number with an odd numerator and
denominator.

Remark 1. Instead of z*, we can use [z|" = |x|* sign(z),
then it is not necessary to assume that y is rational with an
odd numerator and denominator. This restriction is used for
brevity of notation.

The instantaneous value of the state vector of (4) is
[z(t) #(t)]" € R% Assume that initial functions for so-
lutions of (4) belong to the space C([—,0],R?), where
7 = max{h, g}.

In the system (4), the term ax*(t — h) can be interpreted
as a part of its own dynamics, while bxz*(t — g) is the
stabilizing part introduced by a control, which uses only
delayed position measurements [25]. In such a case it is
necessary to select the parameters b and g providing stability
of the origin for (4).

In this work, we will prove that the asymptotic stability
of the zero solution of (4) can be guaranteed under less
conservative conditions than those for (2). In addition, we
will extend our result obtained for constant delays to time-
varying ones.

IV. MAIN RESULTS

For the proof of the theorem below we will use the
approaches proposed in [25], [26].

Theorem 2. Let the inequalities (3) be fulfilled. Then the
zero solution of (4) is locally asymptotically stable.

Remark 2. Compared with the result of [20], [21], in Theo-
rem 2 it is not assumed that the values of a — b and gb — ah
are sufficiently small, the delay h can be zero.

Proof. By adding and subtracting the delay-free terms
azt(t) and bx*(t), using the Mean Value Theorem

2t — h) = 2 (t) — bt — ()Rt — i (1)),
o (t— g) = at(t) — gua’ " (t — n2(t)g)a(t — 12(t)g)
for n1(t),n2(t) € (0,1) (further for brevity of presenta-
tion the time dependence is omitted), and again by adding
and subtracting the delay-free terms pahz*~'(t)i(t) and
ubgxH—1(t)x(t), the equation (4) can be rewritten in the form
#(t) + ozt ()@ (t) + Bz (t) + pah(zH (1)@ (t)

—2! Tt = mh)(t —mh)) 5)
—pbg (" () (t) — 2"t — nag)@(t — nag)) = 0,



where o = u(bg —ah), § = a—b. Hence, in (5) the nominal
part takes a form of the Liénard equation,

() + azh " (t)i(t) + BzM(t) =0, (6)

which is asymptotically stable at the origin [27], [28], [29],
and the remaining terms are considered as perturbations.
Note that if the inequalities (3) are fulfilled, then o > O,
B >0, 7 = g. For the rest of the proof, all computations are
done for the case h > 0, and if A = 0, then the arguments
stay unchanged by imposing the respective terms to be zero.

Let a Lyapunov-Razumikhin function candidate for (5) be
given by the formula

N 1 22 6 p+1

V(z, &) = 2x + g —
where 0 and ¢ are positive coefficients, A\ > 1, o > 1. With
the aid of Lemma 1 and Young’s inequality, we obtain that
if

Swa|E| M+ exd|z| T,

2 1
N ™
p+1 2
and in the case where A = 2u/(p+ 1) or 0 = (p+1)/2
the values of parameters § or ¢ are sufficiently small,

respectively, there exist positive numbers aj, as, D7 such that
ar (% + ') < V(x, i) < ag(@® + 21 (8)

for all 42 + 22 < D?. Note that the full energy E(z,) =
$i% + ilx“ﬂ can be used to establish global asymptotic
stab111ty of the Liénard equation (6), however, £ is not a
strict Lyapunov function in this case, then V' was proposed
in [29] being strict and guaranteeing asymptotic stability only
locally.

Consider the derivative of the function V' calculated on the
solutions of the equation (5):

—axt ()R (t) — 6l (t) M
tead?(t)|z (b))
—pahi(t) ("~ (£)&(t) — "1t — mh)i(t —mh))
+pugbi (t) (@~ ()@ (t) — a1 (t — n2g)i(t — n2g))
+ea(®)le(®)]7" (—aat T (1)a(1)

V= — efa(t)|T"

—pah(zt ()i (t) — (= mh)(t —mh))
+ubg (@M (D) (t) = 7t~ mag)ilt — m29)))
+aw(ON(8)* (awh = (1)(E) + Bt (t)
et — mh)i(t — mh))
—pubg(a (D) () — 2 (= 129 (t — 12)) )
< —aa T (0)ER(t) — Sl — epla(h)]
tead?()|x(t)| " + aele()] ()
+ardlz(t)|“|#(0) + BoM(H)H (1)

+pah (" ()2 (t) —

(160 + ela(®)|7 + aAla(®) (0 )
x (mahlat = (#)(t) — o1 (t = mB)i(t — mh)|

+ubglet T ()i () — ot~ mg)i(t — 1mag)] ).
Using Lemma 2, it is easy to show that if

30 -1
A>— 9

o+1 ©)
then there exists a positive number Dy such that

o> p,

V <~ (aat 2 (0F(0) + S + Bla(n)] )
+(I2(0)] + ele@®)” + oA2(®)|:(6)* )
x (ahla = (0)i(t) = 21 (= mB)i(t = mh)|

+ubglz" () (t) — 2"t — nag)d (t—nzg)l)

for all #2(t) + 22(t) < D3. It should be noted that if the
inequalities (9) are fulfilled, then (7) are also verified.

Let, for a solution of the equation (5), the inequality
#2(t) + 2%(t) < D3 and the Razumikhin condition

Vi(2(§), () < 2V (x(t), £(t))

be satisfied for all { € [t—27,¢], where D3 = min{ D1, D5 }.
Then, recalling the estimates (8), one can choose positive
constants ¢; and ¢y such that

()] < ex((®)]+a ()] 77), [#(€)] < calla ()] = +i(t)])
for £ € [t — 27, t]. Therefore, we obtain
|2t (B2 (t) — 27 (t = mh)i(t — mh)|
= a7 (@)a(t) — 2Tt = mh) (@t —mh) + (1)
< & ()| () — 2"t — mh)|
a7t = mh)[[E(t) — @t — nih)]
= |&(t)[]a" 7 () — "7 (t = mh)
Fhlat Tt —mh)|[E(t — nsh))|
< & ()| () — 27t — mh)|

— (1))

tea(e(t)| + |£()|71) 2
where 13 € (0,1) is calculated through the Mean Value
Theorem, ¢z = const > 0. A similar estimate can be derived
for the term |2+~ (t)d(t) — 2* 7L (t — nog)Z(t — n2g)]:
|t ()i (t) — 271 (t — n29)i(t — 129))|
< le@)l|a* () — 27t = m2g)| + es(lz(t))]
()| 7T)

Applying Lemma 2 and Jensen’s inequality, it can be shown
that if
at i sy —2

pt 1

o<2u-1, X< ; (10)



the inequalities (9) are fulfilled and the value of Dj is
sufficiently small, then

V(t) < =5 (o () + SO + Bla(0)7)
+Ha @] (18] + ela(®)]” + oNz(®)lla )
(nahle? = (¢) = 21 (t = mib)|
+pbglat () — 2T (t — ngg)\) )

Finally, consider the terms |x#~1(¢) — z#~1(t —n h)| and
|zt =1 (t)—aH 1 (t—n29)|. Assuming that z:(t) # 0 the former
term can be rewritten as follows:

|t (E) — 2t TH(E = mh)| = [T ()
—(a(t) +a(t —mh) — ()"

ety (4 m e m) @)
=l 1 (14 )

N A mha(t — nah) )"
— oyt i - (1 PRSI,

where 7, € (0,1), and applying the Razumikhin condition
as above we get an upper bound:

i —mab) (e ()
EOS ( ) +x<t>|)'

Hence, for any € > 0, there exists 6 > 0 such that if |z(t)| <
5, |2(t)| < d|z(t)| < 62, then

|2t (E) — 2Tt = mb)| < Ela (b)),

while inversely, when d|z(t)| < |4(t)| < §2, we obtain
1

l2P () — 2Pt — mh)| < p=

+z(t) + @t —mh) —x(t)
cs

Su—1

@)

(@)1~ + csla(t — nsh)[*

where 75 € (0,1), and cq4,c5,cq are positive constants.
Therefore, the following upper estimate has been derived:

|2t (E) — 2t (= mb)| < Elx()|PT + el ()M
for all |z(t)] < & and |&(t)] < 62, where ¢; = A+
~p— 23
Co ((5Tss + 1)
an estimate for the term |2+~ (t) — 2#~L1(t — 129)|.
As a result, we obtain that if values of D3 and § are

sufficiently small, the conditions (9) and (10) are fulfilled
and

1
. The same approach can be used to derive

A< phy (1n

then

plah + bg) (0] (D) + ela(O)]” + N a(t)|l+() )
X (Ele() +erli ()1 )
< %5(ax~71@)¢2@)+-5uxtﬂ*+l—%eﬁhrﬁﬂ”+“)
implying that

V(1) < — 1 (00 (082(0) + SO + Bla(r)|+)
and the conditions of the Lyapunov-Razumikhin theorem [4]
are satisfied. It is easy to verify that the domain of admissible
values of parameters o and A defined by the inequalities (9),
(10), (11) is not empty for any p > 1.

This completes the proof. O

Note that (4) is r-homogeneous for r = |[1 “T“} of
degree “gl in the sense of [30], where it has been proven
that if a homogeneous system of positive degree is locally
asymptotically stable in a given vicinity of the origin for any
7 > 0, then it is globally asymptotically stable independently
of the delay value. In Theorem 2 the estimate on the domain
of convergence depends on 7 (as well as on other parameters
a, b and ), hence, the global outcome from [30] cannot be
applied. Note that the delay free model (4),

() + (a — b)z"(t) = 0,

has purely oscillating trajectories, therefore, it does not
confirm the asymptotically stable behavior of the system
for small delays, whose appearance changes qualitatively the
kind of stability in (4).
The obtained result can be extended to the time-varying
case:
Z(t) + az(t — h(t)) — ba*(t — g(t)) =0 (12)

with positive, continuous and bounded for ¢ > 0 delays h(t)
and g¢(t) such that 7 = max;>o{h(t), g(t)} is well defined
(the delay h(t) can take zero values).

Corollary 1. Let the inequalities

a>b, gt)b—ah(t)>¢ Vt>0,

where < is a positive constant, be fulfilled. Then the zero
solution of (12) is locally asymptotically stable.

Proof. The proof repeats all steps of Theorem 2. O

These results can also be extended to a more complicated
model:

Z(t) + ax” (t)x"(t — h(t)) — bx¥ (t)z*(t — g(t)) = 0,

where a,b > 0, g(t) > 0 and h(t) > 0 for all ¢ > 0 as before,
w~+ v > 1 is a rational number with an odd numerator and
denominator, ;4 > 1 and v is nonnegative.
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Figure 1. Behavior of x(t) for different values of delay g and h = O,
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Figure 2. Behavior of x(t) for different values of delay g and h = 0.01,
t € [0, 100]

V. EXAMPLE

For an illustration consider the case with h € {0,0.01},
sufficiently big gains

a=25b=1,

= 3 and different values of the delay g € {0.1,0.5,1}. In
the case g = 0 (or b = 0) the system (4) takes the form of a
nonlinear mechanical oscillator. The appearance of delayed
part for g # 0 can be interpreted as a stabilizing control that
uses delayed position measurements.

The results of simulation of x(¢) for the initial conditions
x(s) = 2 and @(s) = 0 for all s € [—7,0] are shown in
figures 1 and 2 for h = 0 and h = 0.01, respectively, where
the fastest convergence (blue dot line) is observed for the
biggest value of delay g = 1, while the slowest and most
oscillatory (red solid line) for the smallest delay g = 0.1
(hence, green dash line corresponds to g = 0.5). These
results can be explained by the fact that forg =0and h =0
the system is purely oscillating, then introducing the delay
stabilizes it with the domain of stability dependent on g (and
also the values of a, b and ).

VI. CONCLUSION

For a second-order system with time-varying delays and
smooth power nonlinearity, without a velocity damping term,
the conditions of local asymptotic stability at the origin are
formulated. These conditions are very simple for checking.
It is seen from the proof and the example that the domain
of attraction depends on the value of delays and parameters,
but there is no restriction on admissible maximal value of
delays.

Extensions to the case of vector position variable x, non-
Lipschitz nonlinearity with x4 € (0,1) and input-to-state
stability analysis can be considered as directions for future
research.

REFERENCES

—

[1] J. Hale, Theory of Functional Differential Equations. Springer-Verlag,
1977.

[2] V. Kolmanovsky and V. Nosov, Stability of Functional Differential

Equations. San Diego: CA: Academic, 1986.

[3] K. Gu, V. Kharitonov, and J. Chen, Stability of Time-Delay Systems,

ser. Control Engineering. Boston: Birkhéuser, 2003.

E. Fridman, Introduction to Time-Delay Systems: Analysis and Control.

Basel: Birkhiduser, 2014.

L. Hetel, C. Fiter, H. Omran, A. Seuret, E. Fridman, J.-P. Richard, and

S. Niculescu, “Recent developments on the stability of systems with

aperiodic sampling: An overview,” Automatica, vol. 76, pp. 309-335,

2017.

K. Liu, A. Selivanov, and E. Fridman, “Survey on time-delay approach

to networked control,” Annual Reviews in Control, vol. 48, pp. 57-79,

2019.

[7] J.-P. Richard, “Time-delay systems: an overview of some recent

advances and open problems,” Automatica, vol. 39, pp. 1667-1694,

2003.

C. Abdallab, P. Dorato, and J. Benites-Read, “Delayed-positive feed-

back canstabilize oscillatory systems,” in Proc. American control

conference, 1993, pp. 3106-3107.

P. Borne, V. Kolmanovskii, and L. Shaikhet, “Stabilization of inverted

pendulum by control with delay,” Dynamical Systems and Applica-

tions, vol. 9, no. 4, pp. 501-514, 2000.

S.-I. Niculescu and W. Michiels, “Stabilizing a chain of integrators

using multiple delays,” IEEE Trans. Automatic Control, vol. 49, no. 5,

pp. 802-807, 2004.

V. Kharitonov, S.-I. Niculescu, J. Moreno, and W. Michiels, “Static

output feedback stabilization: Necessary conditionsfor multiple delay

controllers,” IEEE Trans. Automatic Control, vol. 50, no. 1, pp. 82-86,

2005.

I. Karafyllis, “Robust global stabilization by means of discrete-delay

output feedback,” Systems & Control Letters, vol. 57, no. 12, pp. 987—

995, 2008.

[13] J.-M. Wang, X.-W. Lv, and D.-X. Zhao, “Exponential stability and

spectral analysis of the pendulum system under position and delayed

position feedbacks,” International Journalof Control, vol. 84, pp. 904—

915, 2011.

E. Fridman and L. Shaikhet, “Delay-induced stability of vector second-

order systems via simple Lyapunov functionals,” Automatica, vol. 74,

pp- 288-296, 2016.

, “Stabilization by using artificial delays: An LMI approach,”

Automatica, vol. 81, pp. 429-437, 2017.

A. Ramirez, R. Sipahi, S. Mondie, and R. Garrido, “An analytical

approach to tuning of delay-based controllers for LTI-SISO systems,”

SIAM J. Control and Optimization, vol. 55, no. 1, pp. 397-412, 2017.

A. Selivanov and E. Fridman, “An improved time-delay implementa-

tion of derivative-dependent feedback,” Automatica, vol. 98, pp. 269—

276, 2018.

D. Efimov, E. Fridman, W. Perruquetti, and J.-P. Richard, “Homo-

geneity of neutral systems and accelerated stabilization of a double

integrator by measurement of its position,” Automatica, vol. 118, p.

109023, 2020.

A. N. Nekhoroshikh, D. Efimov, E. Fridman, W. Perruquetti, I. B.

Furtat, and A. Polyakov, “Practical fixed-time ISS of neutral time-delay

systems with application to stabilization by using delays,” Automatica,

vol. 143, p. 110455, 2022.

A. Domoshnitsky, “Nonoscillation, maximum principles and expo-

nential stability of second order delay differential equations without

damping term,” J. Inequal. Appl., vol. 361, pp. 1-26, 2014.

[21] L. Berezansky, A. Domoshnitsky, M. Gitman, and V. Stolbov, “Expo-

nential stability of a second order delay differential equation without

damping term,” Applied Mathematics and Computation, vol. 258, pp.

483-488, 2015.

[4

=

[5

[ty

[6

—

[8

[t}

[9

—

[10]

(1]

[12]

[14]

[15]

[16]

(17]

(18]

[19]

[20]



[22]

(23]

[24]

[25]

[26]

[27]
(28]

[29]

(30]

A. Bacciotti and L. Rosier, Liapunov Functions and Stability in Control
Theory, ser. Lecture Notes in Control and Inform. Sci. Berlin:
Springer, 2001, vol. 267.

D. Efimov and A. Aleksandrov, “Analysis of robustness of homoge-
neous systems with time delays using Lyapunov-Krasovskii function-
als,” Int. J. Robust and Nonlinear Control, vol. 31, pp. 3730-3746,
2021.

A. Y. Aleksandrov, “Stability analysis and synthesis of stabilizing
controls for a class of nonlinear mechanical systems,” Nonlinear
Dynamics, vol. 100, no. 4, pp. 3109-3119, 2020.

A. Aleksandrov, A. Zhabko, and I. Zhabko, “Time-delayed feedback
stabilisation of nonlinear potential systems,” International Journal of
Control, vol. 88, no. 10, pp. 2066-2073, 2015.

A. Aleksandrov, G.-D. Hu, and A. Zhabko, “Delay-independent sta-
bility conditions for some classes of nonlinear systems,” IEEE Trans.
Automatic Control, vol. 59, no. 8, pp. 2209-2214, 2014.

E. Barbashin, Lyapunov Functions. Moscow: Nauka, 1970, Russian.
N. Rouche and J. Mawhin, Ordinary differential equations: stability
and periodic solutions. ~ Boston: Pitman Advanced Pub. Program,
1980.

A. Aleksandrov and A. Zhabko, “On the asymptotic stability of
equilibria of nonlinear mechanical systems with delay,” Diff Equations,
vol. 49, pp. 143-150, 2013.

D. Efimov, A. Polyakov, W. Perruquetti, and J.-P. Richard, “Weighted
homogeneity for time-delay systems: Finite-time and independent of
delay stability,” IEEE Trans. Automatic Control, vol. 61, no. 1, pp.
210-215, 2016.



