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Finite-time control protocol for uniform allocation of second-order
agents*

K. Zimenko†, D. Efimov‡, A. Polyakov‡, X. Ping∔

Abstract— The paper addresses the problem of uniform
finite-time robust allocations of second-order agents on a
straight line. A decentralized homogeneous control protocol is
proposed that uses only agent’s states and local interactions
(distances between two closest neighbors). Sufficient conditions
of finite-time (input-to-state) stability are proposed in the
form of Linear Matrix Inequalities. The theoretical results are
illustrated via numerical simulations.

I. INTRODUCTION

Formation control is one of the most important and rapidly
developing fields in multi-agent systems theory (see, e.g.,
[1], [2], [3]). Uniform allocation of agents on a straight line
is a typical problem of formation control. When developing
control protocols, it is desirable to strive the decentralization
of the system and to ensure the autonomy of agents that
allows one to avoid difficulties in case of network reorgani-
zations and it does not require a central controller providing
flexibility and overall cheapness. In the case of the men-
tioned uniform allocation problem, the described principles
correspond to the control protocol realization based on local
interactions between agents (see, e.g., [4], [5], [6]).

A finite-time control (i.e., a control that ensures comple-
tion of all transients in a finite time) can provide useful
properties: faster convergence, higher accuracy, and better
disturbance rejection (see, for example, [7], [8], [9]). In [5]
the problem of fixed-time (the partial case of finite-time)
uniform allocation is solved via the use of control protocol
of a polynomial type that is a nonlinear extension of well
known linear protocol [4]. However, this result is based on a
very restrictive assumption that all agents do not have own
dynamics (i.e., each agent has model of single integrator
with control). Such an assumption in practice can lead to
undesirable consequences up to the instability of the system.
In [6] a linear control protocol is proposed for more realistic
second order model of agents. In [10, Section 7.3] the fixed-
time control protocol is provided for agents of second order,
but the class of tolerable perturbations and the settling time
are not evaluated.

In this paper we provide a new finite-time robust control
protocol for the system with second order dynamics of
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agents. The proposed stability conditions are presented in
the form of Linear Matrix Inequalities (LMIs) and based on
the use of homogeneity property and the Implicit Lyapunov
Function (ILF) method. Note that due to homogeneity the
proposed control protocol provides such practically impor-
tant robustness properties as Input-to-State Stability (ISS),
non-Lipschitz disturbance rejection and delay robustness
(see, e.g., [7], [11], [12], [13], etc.). In comparison with [10]
the proposed result provides quantitative performance analy-
sis and it allows to estimate the asymptotic gain and settling
time, tune them based on LMIs; the class of disturbances
that can be rejected is evaluated as well. Another advantage
of the presented approach is that it can be straightforwardly
extended to the agents of higher dimension and distributed
observers.

The structure of this paper is as follows. Notations used
in the work are introduced in Section II. Section III presents
preliminaries used in the paper. The problem formulation
is presented in Section IV. The robust finite-time control
protocol for equidistant allocation of agents on a line is
proposed in Section V. The results of numerical simulations
are presented in Section VI. Finally, conclusions are given
in Section VII.

II. NOTATION

Through the paper the following notation will be used:

• R+ = {x ∈ R : x > 0}, where R is the field of real
numbers;

• 0m×n denotes zero matrix with dimension m×n;
• In ∈ Rn×n is the identity matrix;
• diag{λi}n

i=1 is a diagonal matrix with elements λi;
• the symbol 1,m is used to denote a sequence of integers

1, ...,m;
• the symbol ⊗ denotes the Kronecker product;
• L∞(Rp) denotes the set of essentially bounded measur-

able functions f : R+ → Rp;
• a continuous function σ : R+∪{0}→R+∪{0} belongs

to class K if it is strictly increasing and σ(0) = 0.
• a continuous function β : R+∪{0}×R+∪{0}→R+∪
{0} belongs to the class K L if β (·,r)∈K and β (r, ·)
is decreasing to zero for any fixed r ∈ R+;

• ei(s) =

0 · · · 0

ith︷︸︸︷
1 0 · · · 0︸ ︷︷ ︸

s components

 ∈ Rs, s ≥ 1, is a vector

of the canonical basis of Rs;
• for any real number α ≥ 0 and for all real x we define
⌊x⌉α = sign(x)|x|α ;



• the order relation P > 0 (< 0; ≥ 0; ≤ 0) for P ∈
Rn×n means that P is symmetric and positive (negative)
definite (semidefinite);

• λmax(P) and λmin(P) denote maximum and minimum
eigenvalues of a symmetric matrix P ∈ Rn×n.

III. PRELIMINARIES
A. Stability notions

Consider the following system:

ẋ(t) = f (x(t)), x(0) = x0, t ≥ 0, (1)

where x(t)∈Rn is the state vector, f :Rn →Rn is a nonlinear
continuous vector field and f (0) = 0.

Definition 1 [14], [15] The origin of (1) is said to
be globally finite-time stable if it is globally uniformly
asymptotically stable and there exists a locally bounded
function T : Rn → [0,+∞) such that any solution x(t,x0) of
the system (1) for all x0 ∈Rn satisfies x(t,x0)= 0,∀t ≥ T (x0).
The function T is called a settling-time estimate.

The following theorem presents the ILF method for finite-
time stability analysis.

Theorem 1 [9] If there exists a continuous function

Q : R+×Rn → R
(V,x) 7→ Q(V,x)

such that
C1) Q(V,x) is continuously differentiable for ∀x ∈ Rn\{0}
and ∀V ∈ R+;
C2) for any x ∈Rn\{0} there exist V− ∈R+ and V+ ∈R+:

Q(V−,x)< 0 < Q(V+,x); (2)

C3) for Ω = {(V,x) ∈ Rn+1 : Q(V,x) = 0}

lim
x→0

(V,x)∈Ω

V = 0+, lim
V→0+
(V,x)∈Ω

∥x∥=0, lim
∥x∥→∞

(V,x)∈Ω

V=+∞;

C4) the inequality

−∞ <
∂Q(V,x)

∂V
< 0

holds for ∀V ∈ R+ and ∀x ∈ Rn\{0};
C5) the inequality

∂Q(V,x)
∂x

f (x)≤ σV 1+ν ∂Q(V,x)
∂V

holds ∀(V,x) ∈ Ω, where ν ∈ [−1,0) and σ ∈ R+ are some
constants.
Then the origin of the system (1) is globally finite-time stable
with the following settling time estimate

T (x0)≤
V µ

0
σ µ

,

where V0 ∈ R+ : Q(V0,x0) = 0.
The conditions C1)−C5) and the implicit function the-

orem [16] imply that the equation Q(V,x) = 0 implicitly
defines a unique function V : Rn \ {0} → R+ such that
Q(V (x),x) = 0 for all x ∈ Rn \{0}, and the function V sat-
isfies the necessary Lyapunov function conditions described
in [14] for finite-time stability analysis.

Let us give definition of input-to-state stability notion that
is widely used for robustness analysis of nonlinear systems.
Consider the system

ẋ(t) = f (x(t),d(t)), x(0) = x0, t ≥ 0, (3)

where x ∈ Rn, d ∈ L∞(Rp) is a disturbance and f ∈ Rn ×
Rp → Rn is a continuous or discontinuous vector field that
satisfies Filippov conditions [17].

Definition 2 [18] The system (3) is called Input-to-state
stable (ISS), if there exist functions ζ ∈ K L and ϑ ∈ K
such that for any d ∈ L∞(Rp) and any x0 ∈ Rn

∥x(t, t0,d)∥ ≤ ζ (∥x0∥, t)+ϑ(∥d∥[0,t)), ∀t ≥ 0.

B. Weighted homogeneity

For ri ∈ R+, i = 1,n, and λ > 0 define vector of weights
r = [r1, . . . ,rn]

T , dilation matrix Dr(λ ) = diag{λ ri}n
i=1.

Definition 3 [19] A function g : Rn → R (vector field
f : Rn →Rn) is said to be weighted homogeneous of degree
ν ∈ R if

g(Dr(λ )x) = λ ν g(x)
( f (Dr(λ )x) = λ ν Dr(λ ) f (x))

for fixed r, all λ > 0 and x ∈ Rn.
Note that the weighted homogeneity is a partial case of

the linear geometric one (see, e.g., [20], [21]), and from [20,
Theorem 2] for 0 < P ∈ Rn×n such that

Pdiag{ri}n
i=1 +diag{ri}n

i=1P > 0

one can obtain

λ ρ1 ≤ ∥Dr(λ )∥P ≤ λ ρ2 i f λ ≤ 1,
λ ρ2 ≤ ∥Dr(λ )∥P ≤ λ ρ1 i f λ ≥ 1, (4)

where ∥x∥P =
√

xT Px, ∥Dr(λ )∥P = supx ̸=0
∥Dr(λ )x∥P

∥x∥P
and

ρ1 =
1
2 λmax

(
P

1
2 diag{ri}n

i=1P− 1
2 +P− 1

2 diag{ri}n
i=1P

1
2

)
,

ρ2 =
1
2 λmin

(
P

1
2 diag{ri}n

i=1P− 1
2 +P− 1

2 diag{ri}n
i=1P

1
2

)
.

(5)
The homogeneity property implies robustness to external

perturbations, measurement noise (see, for example, [11])
and delays [12], [13].

IV. PROBLEM FORMULATION

Let us consider a group of n mobile agents, where each
agent is described by linear model

ẋi = Axi +Bui +di(t,x), i = 1,n, (6)

where

A =

[
0 1
0 0

]
, B =

[
0
1

]
,

xi = [xi1,xi2]
T ∈ R2 is the state vector of i-th agent, ui ∈

R is the control input, di(t,x) ∈ R2 describes exogenous
disturbances and uncertainties. Let x01,x(n+1)1 ∈ R denote
the fixed endpoints of the segment.

The main goal is to design a decentralized control protocol
which:



• provides finite-time equidistant allocation of the agents
on a given line between the points x01, x(n+1)1;

• exploits own states and the information only about the
distances between “successor” and “predecessor” in the
formation, i.e.,

ui = ui(xi,x(i−1)1 − xi1,x(i+1)1 − xi1), i = 1,n;

• provides robust properties with respect to exogenous
disturbances.

V. MAIN RESULT
Consider the following nonlinear control protocol

ui =−ki1 ⌊xi2⌉1+ν − ki2 ⌊φi(x)⌉
1+ν
1−ν , i = 1,n, (7)

where φi(x) = 1
2 (xi1−x(i−1)1)+

1
2 (xi1−x(i+1)1), ki1,ki2 ∈R+

and ν ∈ (−1,0). Note that for ν = 0 the provided control
protocol became the linear one considered in [6].

Let x = [x1,x2, . . . ,xn]
T be the state vector of the multia-

gent system. Then the dynamics of the overall system can
be written in compact form as

ẋ = A0x+A1 f (Ux−b)+d(t,x),

where A0 = In ⊗A, A1 = diag{Ãi}n
i=1, Ãi =

[
0 0

−ki2 −ki1

]
,

d(·, ·) = [dT
1 (·, ·),dT

2 (·, ·), . . . ,dT
n (·, ·)]T ∈ R2n,

U =



1 0 −0.5 0 0 0 · · · 0
0 1 0 0 0 0 · · · 0

−0.5 0 1 0 −0.5 0 · · · 0
0 0 0 1 0 0 · · · 0
...

...
0 0 · · · 0 −0.5 0 1 0
0 0 · · · 0 0 0 0 1


∈ R2n×2n

b = [0.5x01,0,0, . . . ,0,0.5x(n+1)1,0]T ∈ R2n, f (x) =
[ f1(x), f2(x), . . . , f2n(x)]T , fi(x) = ⌊ei(2n)(Ux+b)⌉γi ,

γi =

{ 1+ν

1−ν
, if i is odd

1+ν , if i is even
for i = 1,2n.

Note that the matrix U is invertible. Then let us introduce
the new variable

z = x−U−1b.

Since A0 = A0U (i.e., A0U−1 = A0) we have

ż = A0z+A1 f (Uz)+d(t,z+U−1b), z0 = z(0), (8)

where the origin is an equilibrium point for the system (8).
Note that the system (8) is homogeneous of degree ν with

the vector of weights r = [1− ν ,1,1− ν ,1, . . . ,1− ν ,1]T ∈
R2n and corresponding dilation matrix Dr(λ )= diag{λ ri}2n

i=1.
Let us introduce an ILF candidate in the form
Q(V,z) = zT Dr(V−1)PDr(V−1)z

+2∑
2n
i=1

Λi
γi+1

∣∣ei(2n)UDr(V−1)z
∣∣γi+1 −1,

(9)

where Λ = diag{Λi}2n
i=1 ∈ D2n

+ , P ∈ R2n×2n is a symmetric
positive semi-definite matrix.

Denote the matrix H = diag{ri}2n
i=1 and Λ̃ =

Λdiag{ 1
γi+1}

2n
i=1. Now we are ready to present our main

result.

Theorem 2 Let α1,α2, ι1, ι2,β ,ψ ∈ R+ be chosen such
that the LMI system

P ≥UP̃U ; (10a)
ι1P+UΛU > 0; (10b)

PH +HP ≥ 0; (10c)
UΛU + ι2(PH +HP)> 0; (10d)

S ≥ diag
{
(1+ψ)

1
1−γi

}2n

i=1
; (10e)

β ≥ trace

S diag

{(
γi

ψ

) 2
1−γi

(
ψ

γi
−ψ

)2
}2n

i=1

 ; (10f)

Q1 +α1Q2 +Q3 +α2Q4 ≤ 0 (10g)

be feasible for Λ, P̃,ϒ ∈D2n
+ , P,Γ ≥ 0, S = P̃+2Λ̃, where for

Ã0 = A0 +ψA1U and X = P+ψUT ΛU

Q1 =

 XÃ0 + ÃT
0 X XA1 + ÃT

0 UΛ X
ΛUÃ0 +AT

1 X ΛA1 +AT
1 Λ ΛU

X UΛ −Γ

 ,

Q2 =

XH +HX UΛH O2n×2n
HΛU O2n×2n O2n×2n

O2n×2n O2n×2n O2n×2n

 ,

Q3=

β (P+2ψUΛ̃U)−2UϒU βUΛ̃+Uϒ O2n×2n
β Λ̃U +ϒU −S O2n×2n

O2n×2n O2n×2n O2n×2n

,
Q4 =

P+2UΛ̃U UΛ̃ O2n×2n
Λ̃U O2n×2n O2n×2n

O2n×2n O2n×2n O2n×2n

 ,

and let
dT Dr(V−1)ΓDr(V−1)d ≤ α2V 2ν (11)

for V ∈ R+ : Q(V,x) = 0.
Then the protocol (7) establishes finite-time allocation of

the agents (6) along the line segment with endpoints x01 and
x(n+1)1 and T (z0)≤−V−ν

0
α1ν

, where V0 ∈ R+ : Q(V0,z0) = 0.
Remark 1 In order to satisfy the condition (10) the matrix

X serve as a solution of the Lyapunov equation for the matrix
Ã0. Note that since A0 is not Hurwitz, in line with the paper
[22], the following representation of (8)

ż = (A0 +A1ΨU)z+A1 f̂ (Uz)+d(t,z+U−1b),
f̂ (Uz) = f (Uz)−ΨUz, X = P+UT ΛΨU,
Ψ = ψI2n, ψ ∈ R+

(12)

is used here to obtain stable linear term Ã0z (e.g., in [6,
Theorem 1] it is shown that the matrix Ã0 is Hurwitz for the
case ψ = 1, ki2 = 1 and ki1 > 0).

Remark 2 The implicit restriction (11) to the system
disturbances and uncertainties can be replaced by explicit
(but more conservative) inequality

∥d∥2 ≤ α2

κ

{
∥z∥(2+2ν)/ρ1 if ∥z∥ ≥ 1
∥z∥2/ρ2 if ∥z∥< 1

(13)



under additional condition

PH +HP > 0

and Γ = κI2n, κ ∈R+, where ρ1,ρ2 ∈R+ are defined in (5).
Indeed, according to (9) we have

∥z∥2 ≤
{

V 2ρ1 if V ≥ 1
V 2ρ2 if V < 1

and taking into account that the inequality

∥d∥2 ≤ α2

κ

{
V 2+2ν if V ≥ 1
V 2 if V < 1

implies (11), we obtain that (13) implies (11).
Since stable homogeneous systems are ISS with respect to

additive perturbations and measurement noises the following
corollary can be obtained:

Corollary 1 Let β ,ψ, ι1, ι2,∈R+ be chosen such that the
LMI system

P ≥UP̃U ; (14a)
ι1P+UΛU > 0; (14b)

PH +HP ≥ 0; (14c)
UΛU + ι2(PH +HP)> 0; (14d)

S ≥ diag
{
(1+ψ)

1
1−γi

}2n

i=1
; (14e)

β ≥ trace

S diag

{(
γi

ψ

) 2
1−γi

(
ψ

γi
−ψ

)2
}2n

i=1

 ; (14f)

Q1 +Q2 < 0 (14g)

be feasible for Λ, P̃,ϒ ∈ D2n
+ , P ≥ 0, S = P̃+2Λ̃, where for

Ã0 = A0 +ψA1U and X = P+ψUT ΛU

Q1 =

[
XÃ0 + ÃT

0 X XA1 + ÃT
0 UΛ

ΛUÃ0 +AT
1 X ΛA1 +AT

1 Λ

]
,

Q2 =

[
β (P+2ψUΛ̃U)−2UϒU βUΛ̃+Uϒ

β Λ̃U +ϒU O2n×2n

]
.

Then the system (8) is ISS with respect to d ∈ L∞(R2n) and
measurement noise. For the noise- and disturbance-free case
the origin is globally finite-time stable.

Remark 3 Since the proposed finite-time protocol is
coordinate-wise decoupled, the results are applicable for the
case where the state of each agent is multidimensional (i.e.,
for “multidimensional agents”).

Remark 4 Note that the system (8) with U = I2n is relevant
for some other multi-agent systems applications (see, e.g.,
[23], [24] on finite-time consensus algorithms). In this case,
the presented control and finite-time stability analysis can be
adapted for such applications also, providing advantages with
respect to [23], [24] such as it allows to consider unmatched
disturbances; to tune settling time; and to provide stability
analysis based on LMIs.

VI. NUMERICAL EXAMPLE

To demonstrate the efficiency of the proposed finite-time
control protocol we consider the multi-agent system (6),
where n = 3, x01 = 0, x41 = 5. Fig. 1 presents the simulation
results in the disturbance-free case (di ≡ 0) for the linear
[6] and the proposed finite-time control protocols, where
ki1 = ki2 = 1, ν = −0.5. The stability property has been
checked on the basis of Corollary 1 with β = 1,ψ = 5,
ι1 = ι2 = 1. The initial conditions were chosen x1(0)= [5 1]T ,
x2(0) = x3(0) = [0 0]T . Fig.2 depicts V (t) in a logarithmic
scale in order to demonstrate finite-time convergence. In
order to calculate the function V (z) implicitly defined by (9)
the bisection method was utilized (see, e.g., [9, Algorithm
1]).

0 1 2 3 4 5 6 7 8 9 10

Time

0

1

2

3

4

5

S
ta

te
s

nonlinear system

linear system

Fig. 1. Trajectories of the system states xi1 subject to the linear and
nonlinear control protocols (disturbance-free case)

0 2 4 6 8 10

Time
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-4

10
-2

10
0

V

Fig. 2. Lyapunov function for the finite-time control protocol (disturbance-
free case)

As mentioned in Remark 3, the proposed finite-time pro-
tocol is applicable for the space of arbitrary dimension. Fig.
3 (disturbance-free case) and Fig. 4 (the case with bounded
additive disturbances and measurement noises) present the
simulation results for the problem of uniform deployment
for agents on the plane

ξ̈i = ui +di(t), ξi = [xi yi]
T ∈ R2, i = 1,5

with ξ01 = [−2 2]T , ξ61 = [2 3]T , di(t) = 0.1sin(t) and
measurement band limited noise of power 10−3.

VII. CONCLUSION

This paper is devoted to robust finite-time equidistant
allocation of second-order agents on a straight line. The
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Fig. 3. Agent trajectories (disturbance-free case)
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Fig. 4. Agent trajectories in the presense of bounded additive disturbances
and measurement noises

protocol allows to reject a class of exogenous disturbances
satisfying (11). Also it provides ISS properties with respect
to additive disturbances and measurement noises. The pro-
tocol is applicable for multidimensional agents as well. The
theoretical results were successfully tested through several
numerical experiments. In comparison with other papers the
proposed result provides quantitative performance analysis
(e.g., asymptotic gain and settling time estimation, tolerable
perturbations evaluation) and LMI-based stability analysis.

The proposed ILF-based stability analysis is promising
for other distributed homogeneity-based control applications,
which is the main direction for future research.
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