
HAL Id: hal-04378911
https://inria.hal.science/hal-04378911v1

Submitted on 20 Jan 2025

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution 4.0 International License

Designing High-Fidelity Zeno Gates for Dissipative Cat
Qubits

Ronan Gautier, Mazyar Mirrahimi, Alain Sarlette

To cite this version:
Ronan Gautier, Mazyar Mirrahimi, Alain Sarlette. Designing High-Fidelity Zeno Gates for Dissipa-
tive Cat Qubits. PRX Quantum, 2023, 4 (4), pp.040316. �10.1103/PRXQuantum.4.040316�. �hal-
04378911�

https://inria.hal.science/hal-04378911v1
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr


PRX QUANTUM 4, 040316 (2023)

Designing High-Fidelity Zeno Gates for Dissipative Cat Qubits

Ronan Gautier ,1,* Mazyar Mirrahimi,1 and Alain Sarlette1,2

1
Laboratoire de Physique de l’École Normale Supérieure, Inria, ENS, Mines ParisTech, Université Paris Sciences

et Lettres (PSL), Sorbonne Université, Paris France
2
Department of Electronics and Information Systems, Ghent University, 9052 Ghent, Belgium

 (Received 27 March 2023; revised 21 July 2023; accepted 20 September 2023; published 25 October 2023)

Bosonic cat qubits stabilized with a driven two-photon dissipation are systems with exponentially biased
noise, opening the door to low-overhead, fault-tolerant, and universal quantum computing. However, cur-
rent gate proposals for such qubits induce substantial noise of the unprotected type, the poor scaling of
which with the relevant experimental parameters limits their practical use. In this work, we provide a new
perspective on dissipative cat qubits by reconsidering the reservoir mode used to engineer the tailored
two-photon dissipation and showing how it can be leveraged to mitigate gate-induced errors. Doing so,
we introduce four new designs of high-fidelity and bias-preserving cat-qubit gates and compare them to
the prevalent gate methods. These four designs should give a broad overview of gate engineering for dissi-
pative systems with different and complementary ideas. In particular, we propose both already achievable
low-error gate designs and longer-term implementations.

DOI: 10.1103/PRXQuantum.4.040316

I. INTRODUCTION

The promise of quantum computing relies on the
unpleasant predicament that a quantum system should be
freely controllable but also very long lived, two often con-
flicting requirements. To overcome this issue, a promising
path toward fault-tolerance is quantum error correction
[1–5] with discrete-variable qubits. By redundantly encod-
ing information, the eventual computational errors induced
by environment noise can be resolved and corrected [6–
10]. While the control of most discrete-variable qubits is
now well established [11–16], they are often error prone
by construction. For this reason, continuous-variable codes
[17–23] are attracting increasing interest due to their inher-
ent robustness to errors and promise of low-overhead
experimental setups [24–28].

In particular, bosonic cat qubits are encoded in opposite-
phase coherent states of a quantum harmonic oscillator
[29–34]. When stabilized with a driven two-photon dis-
sipation, the so-called bit-flip error, consisting of flipping
one computational state to the other, is exponentially sup-
pressed with the mean number of photons in each coherent
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state. This can be viewed as a form of autonomous error
correction, in which detection and correction of bit-flip
errors is performed by a tailored interaction with the
environment [35–41]. Exponentially large coherent-state
lifetimes have thus been demonstrated for dissipative cat
qubits [42,43].

The next key ingredient toward a hardware-efficient
and fault-tolerant quantum processor based on cat qubits
is to demonstrate single- and two-qubit physical gates
that preserve the exponential protection against bit flips
[44–48]. Besides this bit-flip suppression, these gates
should admit phase-flip errors well below the thresh-
old of a discrete-variable error-correcting code used for
phase-flip correction, such as the repetition code. To this
aim, several proposals have been put forward recently to
improve the fidelity of cat-qubit gates [49–51], with the
respective benefits and feasibility strongly depending on
the particular experimental setup envisioned.

The present work follows the lines of these research
efforts, proposing alternatives the performance of which is
competitive in at least some contexts and that may some-
times be naturally combined with these other strategies.
We thus introduce four new designs for Z(θ), controlled-
NOT (CNOT), and Toffoli gates on dissipatively stabilized
cat qubits to help mitigate the incoherent phase errors
induced by those gates. Indeed, while the prevalent method
of gate engineering based on the Zeno effect [30,36] has the
great benefit of simplicity, it also features relatively large
gate errors and a poor scaling with the relevant experimen-
tal parameters that may limit its practical use [37].
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To answer this limitation, our main approach is to reduce
the logical information that the two-photon dissipation
carries away to the environment under Zeno driving and
that induces phase-flip back action. Our first two designs
maintain the same Zeno drives and interaction with the
buffer mode mediating two-photon dissipation but they
feed information back from the buffer state to the cat-qubit
system before it can leak out to the environment. With
this principle, we have been able to improve gate fidelities
by up to 2 orders of magnitude with realistic experimen-
tal parameters. Our other two designs instead modify the
Zeno-gate drive, to avoid pushing any information from
the cat qubit to the dissipative buffer in the first place. One
solution, based on locally flat Hamiltonians, promises a
polynomial improvement in the scaling of gate errors with
the cat size. Our final design demonstrates exponentially
small Z(θ) gate errors with a tailored dissipation to an
ancillary qubit. While its generalization to CNOT gates is
beyond the current state of the art, it provides a new way
to leverage dissipation for gate engineering.

The paper is organized as follows. We begin in Sec. II
by reviewing dissipative cat qubits and the implementation
of their standard gates. In Sec. III, we provide a new per-
spective on the origin of gate errors using the buffer mode.
Section IV gives a short summary of the different gate-
error-mitigation designs introduced in this paper. And,
finally, each design is detailed separately in Secs. V–VIII.
We conclude in Sec. IX.

II. REVIEW OF CAT-QUBIT GATES

A. Stabilization and encoding

In the dissipative stabilization of cat qubits, a harmonic
oscillator exchanges pairs of photons with its environment
both through a driven dissipation process and a two-photon
pump. The Lindblad master equation that governs this
oscillator is

dρ

dt
= κ2D[a2 − α2]ρ, (1)

where D[L]ρ = LρL† − {L†L, ρ}/2 is the dissipation
superoperator, a denotes the annihilation operator of the
cat-qubit mode, κ2 is the rate of two-photon dissipation,
and α is the cat-qubit amplitude. Throughout this paper,
we assume α ∈ R unless specified otherwise. To engineer
this unusual dissipation, an ancillary buffer mode—not
necessarily harmonic—is often introduced to mediate the
exchange of photon pairs between the oscillator and its
environment, as depicted in Fig. 1(a). This results in a
two-mode Lindblad master equation,

dρ

dt
= −i [HAB, ρ] + κbD[b]ρ, (2)
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FIG. 1. (a) Cat-qubit mode a stabilized by a two-to-one pho-
ton exchange with buffer mode b, mediated by a nonlinear circuit
element (middle). The gate drive, by displacing the cat mode,
induces a small splitting of the buffer mode conditioned on the
cat state. Information is then lost to the environment through
the high damping rate of the buffer, hence inducing incoherent
gate errors. (b) The average displacement of the buffer (color,
left scale) and cat mode (black, right scale) before, during, and
after a Zeno Z(π) gate of duration T, with a cat mode initial-
ized in |0L/1L〉 ≈ |±α〉 and the buffer initialized in vacuum. The
markers show numerical data obtained from integration of the
full master equation. The lines show Eq. (16).

where HAB = g2(a2 − α2)b† + h.c. is a driven two-to-one
photon exchange Hamiltonian, in which b is the annihila-
tion operator of the ancillary buffer mode. In the limit of
κb � g2, this additional mode can be adiabatically elimi-
nated [52,53] to retrieve the single-mode model of Eq. (1)
with a typical two-photon loss rate κ2 ≡ 4g2

2/κb. Both sys-
tems feature a degenerate subspace of steady states of
dimension 2, in which the cat qubit is encoded. In the
single-mode system, the associated code words of this
qubit are defined as

|0L〉 ≡ 1√
2

(∣∣C+
α

〉+ ∣∣C−
α

〉) = |α〉 + O(e−2|α|2),

|1L〉 ≡ 1√
2

(∣∣C+
α

〉− ∣
∣C−
α

〉) = |−α〉 + O(e−2|α|2),
(3)

where |±α〉 are opposite-phase coherent states and
∣
∣C±
α

〉 ≡
N± (|α〉 ± |−α〉) are Schrödinger-cat states of even and
odd photon-number parity.

This dissipative stabilization of cat qubits is quite
remarkable for its biased robustness to errors that are
local in phase space, whether they may come from
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spurious Hamiltonians—e.g., neglected in some underly-
ing rotating-wave approximation—or undesired couplings
of the oscillator to its environment. Indeed, due to the
coherent states being localized on opposite sides of phase
space, it is expected that the bit-flip error rate �X of a
dissipative cat qubit is suppressed exponentially in the
cat mean number of photons |α|2, according to �X =
�X ,0 exp

(−2|α|2) [30,42]. Although difficult to compute,
the prefactor �X ,0 typically depends on terms that cause
leakage out of the qubit code space and may vary dur-
ing the operation of the device. On the contrary, the qubit
phase information is encoded in the photon-number parity.
This degree of freedom is not protected by the stabilization
mechanism and it typically becomes linearly more fragile
as the cat mean number of photons |α|2 increases. Hence,
the idea behind cat qubits is to benefit from the exponen-
tial hardware protection against bit flips and to concentrate
error-correction efforts on phase flips with hopefully low
enough error rates.

B. Bias-preserving gates

For this paradigm to work, the noise bias must be
preserved when operating gates on the physical qubits,
meaning that we should never convert phase errors into
bit errors (or introduce significant bit errors in any other
ways). In Ref. [36], a set of bias-preserving physical oper-
ations is proposed for universal quantum computation with
cat qubits. This set comprises Pauli-X , Z(θ) rotations,
CNOT, and Toffoli gates, in addition to the preparation
and measurement of cat states in the orthonormal basis
|±L〉 = ∣∣C±

α

〉
. Such a gate set allows for forward concate-

nation with various logical error-correcting codes such as
the repetition code [36], the XZZX code [9], or a rectangu-
lar surface code [37]. In the remainder of this section, we
highlight some physical gate-design elements that will be
useful for this paper; a more complete review can be found
in Ref. [36].

1. Pauli-X

The Pauli-X gate corresponds to a π phase delay on the
oscillator or, equivalently, to a cat-qubit code-space rota-
tion in phase space for some time T = π/�, where 2� is
the buffer frequency detuning with respect to the cat-qubit
frame. This exchanges the two computational basis states.
From a complementary viewpoint, the engineered dynam-
ics should stabilize the cat-qubit code space with Eq. (1)
but in a frame that rotates at the detuned frequency. Work-
ing this back to the cat-qubit frame, we see that we must
engineer the dynamics of

dρ

dt
= −i[�a†a, ρ] + κ2D[a2 − α2e−2i�t]ρ. (4)

Since this master equation preserves photon parity, no
phase errors are induced by this gate design.

While the implementation of both terms of Eq. (4) is
well established, one can in principle choose to engineer
only one of the two terms. If only the second term of
Eq. (4) is kept, the cat state is pulled by the time-varying
set point of the dissipation, incurring negligible leakage
and bit flips for a sufficiently slow code-space rotation.
With the Hamiltonian alone, the rotation is performed
exactly but the stabilizing effect of two-photon dissipation
is turned off during the gate. For fast-enough gates, how-
ever, the design is still bias preserving under local errors
and code-space leakage can be suppressed after the gate,
once stabilization is turned back on.

2. Z(θ) rotations

Cat-qubit Z(θ) rotations require the accumulation of a
different phase on the |α〉 and |−α〉 components of the code
space. Since this exact evolution is not directly accessible
by simple experimental means, the standard proposal is an
approximate one based on the Zeno effect. The combina-
tion of a small drive displacing the state in phase space and
of the dominant dissipation of Eq. (1) pulling the state back
to the code space induces to first order an effective phase
shift inside a slightly deformed code space, and hence the
desired gate [30]. The master equation to be engineered
takes the standard form,

dρ

dt
= −i[HZ , ρ] + κ2D[a2 − α2]ρ, (5)

with, for real-valued α, a drive Hamiltonian

HZ ≡ εZ(a†+a), (6)

for which the gate angle reads θ = 4α
∫
εZdt. To sec-

ond order, the Zeno effect involves phase decoherence
that scales as (εZ/κ2)

2, as discussed more extensively in
Sec. III.

3. CNOT and Toffoli

By definition, a CNOT gate is a Pauli-X gate on a target
qubit conditioned on the state of a control qubit along its
Z axis or, equivalently, a Pauli-Z gate on a control qubit
conditioned on the state of a target qubit along its X axis.
Therefore, the standard design of CNOT or Toffoli gates for
cat qubits involves a combination of the X - and Z-gate
implementations and of their respective issues. From the
viewpoint of the X gate, the dynamics of Eq. (4) should be
applied conditionally on the computational state of a con-
trol qubit. As introduced in Ref. [36], this can be done with
the two-mode master equation

dρ

dt
= −i[HCX, ρ] + κ2D[LC]ρ + κ2D[LT(t)]ρ, (7)
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where LC ≡ a2
C − α2 is the standard two-photon dissipa-

tion of Eq. (1) on the control qubit, LT(t) is a time-
dependent dissipation on the target qubit,

LT(t) ≡ a2
T − α

2
(aC + α)+ α

2
(aC − α)e−2i�t, (8)

and the coupling Hamiltonian reads

HCX ≡ εCX(a
†
C + aC − 2α)(a†

TaT − np). (9)

Here, aC/T denote the control- and target-qubit modes,
respectively, np is any even integer close to |α|2, and
εCX(t) = �(t)/4α. Adding a second control mode in
Eqs. (8) and (9) yields the Toffoli-gate operators. Similarly
to the X gate, the Hamiltonian of Eq. (9) may be dropped
to ease the experimental requirements as long as the set
point of the dissipation in Eq. (8) rotates slowly enough to
adiabatically pull the state. Alternatively, the dissipation of
Eq. (8) can also be dropped, in which case the Hamiltonian
of Eq. (9) alone induces the intended target-qubit rota-
tion but at the cost of turning off target-qubit stabilization
temporarily during the gate.

The viewpoint of the Z gate clarifies the impact of con-
ditioning on the control qubit. The link is most direct
when the dissipator of Eq. (8) is dropped, as proposed in
Ref. [50]. Indeed, the Hamiltonian of Eq. (9), together with
the two-photon dissipation in Eq. (1) on the control qubit,
amounts to the same Zeno dynamics as for the Z(θ) rota-
tion, the only difference being that the drive amplitude εZ
in Eq. (6) is now conditioned on the photon number in the
target-qubit state. This achieves the required gate since, at
first order, the control qubit undergoes an even number
of Z(π) gates for all even Fock states of the target qubit
and, respectively, an odd number of Z(π) gates for all odd
Fock states, hence refocusing on the even and odd cat code
spaces at the end of the CNOT gate. At second order though,
we see that as for the Z gate, the process induces phase
decoherence on the control cat qubit.

4. Gate errors

During each of these gates, there are two main effects
that induce phase errors. The first is spontaneous emission
of photons from the oscillator, with dissipation operator
D[a]. This causes phase errors linearly in time and in |α|2
independently of the ongoing gate and also results in cor-
related errors for multiqubit gates [37]. Since this source of
decoherence can only be mitigated by increasing the oscil-
lator lifetime or by changing the overall qubit encoding, it
will not be considered any further in this paper. However,
it could in principle feature nontrivial dynamics once com-
bined with gate proposals, so a complete model of errors
is studied in Appendix B. In addition, single-photon losses
motivate the need for faster gate operations (thus increas-
ing the overall fidelities) and limits the benefits granted by
increasing |α|2.

Phase errors are also induced directly by gate processes
but only on modes for which parity-switching dynamics
are engineered. In particular, target qubits of multiqubit
gates do not suffer from such errors and hence most of
the dynamics of interest occur on control qubits. Conse-
quently, Z(θ)-rotation gates provide much of the important
physics and strategies to mitigate cat-qubit gate errors can
all be understood within the scope of this single-qubit gate.
This paper is therefore devoted to the mitigation of gate-
induced errors and always begins with the design of Z(θ)
gates before generalizing.

III. ZENO-GATE ERRORS

To illustrate the origin of gate-induced errors and how
they can be mitigated by tampering with the ancillary
buffer mode, let us consider the full Hamiltonian engi-
neered for Z(θ) gates in the presence of the buffer mode,

H = HAB + HZ . (10)

Together with the high damping rate of the buffer, the first
term mediates the two-photon dissipation while the second
term drives the required gate. Let us move into the shifted
Fock basis as introduced in Ref. [37] (see also Appendix A
for a short review). This change of basis reads

a → σ z ⊗ (ã + α) (11)

and effectively represents a displaced oscillator, where the
displacement is conditional on σ z, the Pauli operator cor-
responding to the cat-qubit logical state. This change of
basis is nonorthonormal and approaches degeneracy at
high Fock states but it is sufficiently close to a regular
change of coordinates for states close to |±α〉 and thus ade-
quate for our investigation of local errors in the short time
limit. Then, ã is a gauge mode that models a local oscillator
around the |±α〉 coherent states; in particular, ã in vacuum
is equivalent to being perfectly inside the cat-qubit encod-
ing space. With this definition, the Hamiltonian of Eq. (10)
reads (α ∈ R)

H̃ = g2(ã2 + 2αã)b†+εZσ z(ã†+α)+ h.c.. (12)

The ideal Hamiltonian that implements the Z(θ) rotation
of the qubit (and nothing else) now appears as the term
(αεZσ z + h.c.). In the following, we move into the rotating
frame of this Pauli Hamiltonian to simplify the analysis. In
addition, in the limit of a small Zeno drive, the effective
displacements on the gauge mode ã and on the buffer mode
b are small, such that we can neglect the second-order term
ã2b† + h.c.. The corresponding Hamiltonian thus reads

H̃′ ≈ 2αg2ãb†+εZσ zã†+h.c.. (13)

Writing the master equation with the Hamiltonian of
Eq. (13) and in the Heisenberg picture [54] for both ã and
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b yields a set of coupled equations,

˙̃a = −2iαg2b − iεZσ z, (14a)

ḃ = −2iαg2ã − κbb/2. (14b)

Decoupling these equations gives the second-order differ-
ential equations

¨̃a + 1
2κb ˙̃a + ν2ã = − i

2κbεZσ z − iε̇Zσ z, (15a)

b̈ + 1
2κbḃ + ν2b = −νεZσ z, (15b)

where ν ≡ 2αg2 and we have used that dσ z/dt = 0 since
σ z commutes with Eq. (13). Finally, making the inverse
change of basis on the cat-qubit mode, i.e., σ z ⊗ (ã +
α) → a yields

ä + 1
2κbȧ + ν2a = ν2ασ z − i

2κbεZ − iε̇Z , (16a)

b̈ + 1
2κbḃ + ν2b = −νεZσ z. (16b)

Both the cat-qubit and buffer mode are thus described by
a damped harmonic oscillator equation with natural fre-
quency ν and damping rate κb/2. These oscillators are
further driven out of equilibrium by the εZ drive.

On the cat-qubit mode, we naturally find that equilib-
rium is given by aeq = ασ z when εZ = 0, which corre-
sponds to the computational states of cat qubits up to
exponentially small corrections that have been neglected
by introducing the shifted Fock basis. We also find that, for
εZ > 0, the mode is displaced along the 〈Im(a)〉 quadrature
independently of σ z, as expected.

On the buffer mode, it is quite interesting to note that
the right-hand-side term is proportional to σ z, such that
the buffer mode is displaced in opposite directions depend-
ing on the computational state of the cat-qubit mode. In
other words, the equilibrium position for the buffer mode is
beq = −εZ/νσ z and, more importantly, b ∝ σ z at all times.
Because the buffer mode is largely damped, the environ-
ment obtains information about the state of the cat-qubit
mode through this effect. As a consequence, measurement
of the bit value by the environment dissolves the infor-
mation contained in the superposition of these bit states
and thus induces phase errors. In fact, it is simple to
rederive the well-known result of the Z(θ) gate nonadia-
batic error rate by replacing b with beq in the dissipator
of Eq. (2) and integrating over the gate duration. This
yields

pZ = p (0)Z ≡ θ2

16|α|4T
κb

4g2
2

, (17)

which is the same result as in Ref. [37], with κ2 ≡ 4g2
2/κb.

In Fig. 1(b), we show the average displacement of the
buffer mode along the 〈Re(b)〉 quadrature before, during,

and after a Z(π) gate of duration T. Depending on the
initial state of the cat-qubit mode, either |0L〉 (blue) or
|1L〉 (yellow), the buffer mode is displaced in one direc-
tion or the other. In fact, we observe the dynamics of a
damped oscillator with equilibrium position beq = ±εZ/ν

for 0 < t < T and beq = 0 for t > T, in excellent agree-
ment with our analysis based on the approximate model of
Eq. (16). The displacement of the cat-qubit mode is also
shown in black and is independent of the initial state, as
expected.

This derivation is meant to provide intuition to the
reader about the origin of gate errors. With this intuition in
mind, the following sections will introduce multiple gate
designs to reduce the errors induced by cat-qubit Zeno
dynamics, beginning with a summary.

IV. SUMMARY OF GATE DESIGNS

With the analysis of the previous section in mind, we
understand that the loss of phase information during gates
is due to the conditional displacement of the buffer mode,
which is then measured by the environment. This is indeed
the only nonunitary channel and hence it is how quantum
information can be lost. Compared to a system with no
ancillary buffer in which the information would be directly
lost to the environment, the delay provided by the buffer
mode can be exploited to reduce gate-induced phase errors
without tampering with the ongoing gate.

In this paper, we introduce two methods that rely on
kicking back qubit information that has been transferred
into the buffer mode and two methods that rely on the
reduction of information transfer to the buffer mode in
the first place. They are all summarized in Table I, along
with the regular Zeno-based gate of Ref. [30] and the
combined confinement method that we have recently pro-
posed in Ref. [50]. Although the table only tackles these
methods within the scope of the Z(θ) gate, they can
all be generalized to multiqubit gates and the aim is to
represent a wide range of ideas for the mitigation of dis-
sipative cat-qubit gate errors. Furthermore, some of these
ideas can, in principle, be combined to attain even higher
fidelities.

A. Buffer photodetection with classical feedback

In the first method, detailed in Sec. V, the principle is to
retrieve the information leaking out by directly measuring
the field coming out of the buffer mode, instead of let-
ting it get lost to the environment. An appropriate feedback
action can then restore this information back into the cat-
qubit system. The measurement is a photon counter. The
feedback action corresponds to additional Pauli-Z gates
performed either in software or through a modification
of the gate drive amplitude and/or duration. Alternatively,
one can pursue a heralded gate. An immediate limita-
tion of this technique is the detector efficiency, which will
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TABLE I. A comparison of the different designs of Z(θ) gates for dissipative cat qubits. All designs but the last one can be generalized
to two- and three-qubit CNOT and Toffoli gates. For the second and last designs, σ+ denotes a Pauli creation operator on some ancillary
qubit. HAB and HZ are defined in Eqs. (2) and (6), respectively, and aθ = sin(θ/2)a + i cos(θ/2)α. In the last column, pZ denotes the
probability of gate errors over a single Z(π) gate of duration T.

Hamiltonian H Dissipator D Gate errors

Refs. [30,37] Standard Zeno HAB + HZ κbD[b]
p (0)Z ≡ π2

16|α|4T
κb

4g2
2

Ref. [50] Combined dissipation and
TPE Hamiltonian

HAB + HZ + HTPE with
HTPE ≡ g′

2(a
2 − α2)σ+ + h.c.

κbD[b] pZ = 1
1 + (2g′

2/κ2)
2 p (0)Z

Sec. V Buffer photodetection with
classical feedback

HAB + HZ κbD[b] (photodetected) pZ � (1 − η)p (0)Z
(detection efficiency η)

Sec. VI Cat-buffer autonomous
feedback

HAB + HZ κabD[ab] pZ = μ p (0)Z
with μ � 0.02

Sec. VII Locally flat Hamiltonian HAB + HZ,N with
HZ,N = εZ

∑N
n=0 cn(a + a†)2n+1

κbD[b] pZ = ν|α|−2N p (0)Z
with ν ∼ 1

Sec. VIII Discrete jump HAB κbD[b] + κZD[aθσ+] pZ = exp
(−κZ |α|2T

)

directly limit the proportion of information loss that we can
counter with respect to Eq. (17). Despite this limitation,
this method could become viable with the rapid improve-
ment in circuit-integrated photodetectors and is in any case
instructive for the following design.

B. Cat-buffer autonomous feedback

A second method based on the buffer information is
presented in Sec. VI. The idea is again that feedback
on the cat-qubit photon-number parity is applied after
detection of a buffer-mode photon. However, instead of
actually applying a measurement and action, this loop is
now applied autonomously due to a tailored-dissipation
operator. This tailored dissipation takes the form D[ab],
such that any time, the buffer can lose a photon to the
environment—and by doing so can swap the cat-qubit par-
ity, as we have shown in Sec. III: a second parity switch
is applied on the cat qubit through the loss of a single
cavity photon. With this autonomous feedback, the “detec-
tion efficiency” is in principle perfect and a parameter-
independent improvement in fidelity of about 2 orders
of magnitude is numerically demonstrated. This design
can further be generalized to any multiply controlled-
X (CnX) gate with no additional multiqubit interactions.
The residual phase errors with this design are due to
second-order effects that cause imperfections in the applied
feedback.

C. Locally flat Hamiltonian

This third method is the first of a second strategy, which
consists in minimizing the amount of computational infor-
mation transferred from the memory to the buffer mode

by the gate process. In doing so, the environment can-
not in turn receive information by measuring buffer output
photons, so qubit coherence is preserved. This gate design
is presented in Sec. VII. It introduces drive Hamiltonians
of the form H = f (x), where x = a + a† is the real field
quadrature operator on the cat-qubit mode and such that
f (x) describes a quasipotential that is locally flat around
x = ±α but with different mean values f (α) �= f (−α).
The first condition ensures that the drive Hamiltonian is
approximately constant over the x eigenstates spanned by
each computational state |±α〉, such that it induces almost
no dynamics on them and they stay inside the code space
throughout the gate. The second condition ensures that
each computational state picks up a different phase and
hence a rotation about the Z axis. Such Hamiltonians can
be engineered with various orders of odd polynomials in
x and, in the limit of a polynomial of infinite order, f (x)
would essentially become the sign function; then exponen-
tially low gate errors in |α|2 are demonstrated, only limited
by the finite overlap of coherent states |α〉 and |−α〉.

D. Discrete jump

Section VIII introduces a cat-qubit gate design based
on a tailored “discrete” dissipation. Concretely, through
interaction with an ancillary-qubit mode, exactly a sin-
gle photon is subtracted from the system and the cat state
is mapped onto the same state with a gate applied and
hence in a discrete manner. Furthermore, for the specific
angle θ = π , the system stays exactly within its code
space during gates, so no information is transmitted to the
environment, opening the door to exponentially low gate
errors.

The main limitation of this gate design lies in the intro-
duced ancillary qubit. Indeed, ancillary-qubit relaxation
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would result in additional Z(θ) rotations for Z(θ) gates or
additional Z(π) rotations for controlled-Z (CZ) gates. In
the case of CNOT or Toffoli gates, it would induce X -gate
errors, thus killing the error bias. While the dissipator to be
engineered for the Z(θ) and CZ gates is feasible with cur-
rent state-of-the-art experiments, a viable way to engineer
the required CNOT and Toffoli dissipators thus remains to
be found.

E. Combined dissipation and two-photon exchange
Hamiltonian

Finally, the combined two-photon exchange Hamilto-
nian and two-photon dissipation method introduced in
Ref. [50] can also yield high-fidelity gates. Indeed, due
to the additional two-photon exchange Hamiltonian con-
finement, the effective displacement of the cat-qubit mode
during a gate is greatly reduced, such that less information
is transmitted to the buffer mode and thus to the environ-
ment. This provides a very simple design for gate-error
mitigation, especially considering the similarity between
this Hamiltonian and the one required for the usual dis-
sipative confinement. This design is not further treated in
this paper and we refer the reader to Ref. [50] for more
details.

F. Combining designs

As a final remark in this summary, let us note that the
gate designs introduced here can be combined together to
further improve gate fidelities. As an example, it could be
highly favorable to engineer a dissipative cat qubit with
the correlated dissipator in D[ab], together with a locally
flat Hamiltonian to drive gates, plus possibly an optimized
activation profile as in Ref. [49]. However, we treat each
design separately for clarity.

V. BUFFER PHOTODETECTION WITH
CLASSICAL FEEDBACK

A. Design principle

Consider the model of Eq. (2), with a photodetector
measuring the output field of the buffer mode. It is gov-
erned by a stochastic master equation (SME) that reads
[55]

dρ = −i [HAB + HZ , ρ] dt

+ κbDη[b]ρ dt + J [b]ρ dNη, (18)

where HAB denotes two-photon exchange between cat and
buffer modes, HZ is the drive Hamiltonian,

Dη[b]ρ = D[b]ρ − η(bρb†−〈b†b〉ρ) (19)

is a corrected dissipation that accounts for the back action
of no-detection events, and

J [b]ρ = bρb†

〈b†b〉 − ρ (20)

is a stochastic jump process that accounts for detec-
tion events. Here, η ∈ [0, 1] is the detector efficiency and
dNη denotes a stochastic counting process such that it is
unity with probability 〈dNη〉 = ηκb〈b†b〉dt and zero other-
wise. Like the nonstochastic master equation, the SME of
Eq. (18) features the cat-qubit code space with the buffer in
vacuum as its only subspace of steady states. If the system
steers away from these steady states—a process otherwise
known as “code-space leakage,” which is induced during
gates in particular—then the buffer mode will get pop-
ulated through the two-photon exchange interaction and
it will output photons to the detector through its large
damping rate. During this process, the detector may click,
depending on the average buffer-mode population and on
the detection efficiency.

An alternative explanation for this process is found
from the viewpoint of four-wave mixing, as represented
in Fig. 2(a). Indeed, during the dynamics, it is possible
for one photon of the gate drive and one photon of the
cavity (both at frequency ωa) to be converted into one
photon of the buffer (at frequency ωb) and one photon
of the microwave pump (at frequency 2ωa − ωb). Since
this buffer photon is then emitted to the environment, the
cat-qubit cavity is effectively subject to single-photon dis-
sipation events, thus inducing exact parity swaps on the
memory.

During a Z(θ) gate, we thus have the following situ-
ation. First, if no buffer photons are detected during the
process, the system follows the dynamics of the no-jump
deterministic equation, i.e., Eq. (18) with dNη = 0. During
the gate, modes a and b get entangled but after the gate,
b asymptotically relaxes back to vacuum under the no-
detection back action. The cat qubit then gets back to a pure
state in which its phase information has been perfectly pre-
served (in addition to the bit value, which is exponentially
protected).

Alternatively, one or several buffer photons can be
detected during the process. This time, the system also
follows the no-detection dynamics, up until the first detec-
tion event, at which point it is projected according to
ρ → bρb†. This corresponds to a phase jump of approx-
imately π , with the exact angle depending on the jump
time and gate parameters. This can be roughly understood
by recalling the analysis of Sec. III, where for an approxi-
mate model and in the absence of a photodetector, we have
observed that b(t) in the Heisenberg picture is proportional
to σ z. After a detection-induced jump, we can thus perform
classical feedback on the qubit to correct for this π phase
shift, hence improving the gate fidelities.
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FIG. 2. (a) The four-wave mixing process, showing single cav-
ity photons converted upward into buffer photons when the gate
drive is on. They are then measured by a photodetector on the
buffer output. (b) Rabi oscillations with a photodetector on the
buffer-mode output. The system is initialized in |+〉L ⊗ |0〉 and
a constant single-photon drive corresponding to Eq. (6) is turned
on at t = 0. The parity of the cat-qubit mode is monitored against
time for η = 0 (no detector) and η = 1 (perfect detector) both for
a no-jump trajectory and a single-jump trajectory. In this numer-
ical simulation, �Z ≡ 4αεZ = π/g2, κb = 8g2 and |α|2 = 8. (c)
The total probability of at least one jump occurring during a Z(π)
gate, for |α|2 = 8.

B. Measurement strategy

The choice of a photodetector on b—instead of, e.g.,
homodyne or heterodyne detection—is motivated as fol-
lows. If η = 1, then no information is lost to the environ-
ment and the combined qubit-buffer state remains pure at
all times, such that the final cat-qubit state is pure. How-
ever, this does not automatically imply that we would be
able to perfectly restore the qubit state before measure-
ment; indeed, as in a standard perfect measurement, if
the detections contain information about the qubit state,
then the complementary qubit information is scrambled
by back action. According to the analysis of Sec. III, the
buffer real quadrature contains information about the qubit
being in |0L〉 or |1L〉 and thus measuring this quadrature
would necessarily induce qubit phase decoherence. There-
fore, we choose to measure the energy (photon number)
of the buffer, which erases this qubit logical information

from the detection results and hence should imply preser-
vation of the qubit phase (and bit value) for η = 1. In other
words, by measuring the photon number, we prevent the
environment from inducing detrimental back action due to
measuring the real quadrature of the buffer.

This picture is in fact exact. Both the Hamiltonian
HAB + HZ and the dissipation in D[b] commute with a
joint x-axis conjugation of both phase spaces. On the out-
put channel b, this conjugation involves a minus sign,
which a quadrature measurement could in principle detect,
but when measuring b†b this sign strictly disappears from
the equations. Then the output signal contains zero infor-
mation about the logical bit value of the cat qubit; hence,
for η = 1, the phase information of the cat qubit must
be perfectly preserved. More details on this invariance of
the master equation under joint phase conjugation can be
found in Appendix D.

C. Jump and no-jump trajectories

Before discussing the full performance of the design
with classical feedback, we examine the jump and no-jump
trajectories of the scheme separately.

In Fig. 2(a), we show a numerical simulation of Z-
axis Rabi oscillations both for a zero-photon-detected
trajectory (solid blue) and for a single-photon-detected tra-
jectory (dashed blue), as well as for the standard Zeno
gate (black). To evaluate the qubit σ x expectation value
when the system is not exactly in code space, we take
the photon-number parity of mode a. For the standard
Zeno design, gate errors accumulate over time, as shown
by the decreasing amplitude of oscillations. For the pho-
todetection design, however, the qubit phase converges to
an indeterminacy of order 10−3 (not visible)—reflecting
the steady state entanglement of a and b modes during
gate operation [see Fig. 1(b)]—and then keeps oscillating
without loss. The single-jump trajectory clearly shows a
full dephasing of angle � π after the detection event at
a random time t = tJ and, further, keeps oscillating with-
out phase loss. In Fig. 2(b), we show the probability that
a detection event will occur during a Z(π) gate, as a func-
tion of the gate time and assuming an ideal photodetector.
This jump probability is evaluated as pJ = 1 − exp

(−∫ 〈dNη〉(t)
)
. The low jump probability ensures that trajec-

tories with more than two or three detection events will be
extremely rare.

The perfect preservation of the cat-qubit phase by the
gate operation holds after full disentanglement of the
memory and buffer modes, which includes a reconver-
gence phase to the cat-qubit code space after the gate
drive has been turned off while still monitoring b with
the photodetector. This is illustrated in Fig. 3(a), for two
time-dependent shapes of single-photon drives. For t ∈
[0, T]—i.e., while the gate drive is on—the build-up of
a π -angle Rabi oscillation is observed, with better phase
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FIG. 3. (a) The time evolution of the parity during a Z(π) gate
with an ideal photodetector on the buffer-mode output (η = 1)
and without (η = 0). Only the no-detection trajectory is shown.
The system is initialized in |+〉L ⊗ |0〉 and a single-photon drive
corresponding to Eq. (6) is on for 0 < t < T. For t > T, the buffer
mode reconverges to vacuum as it disentangles from the cat-
qubit mode. The dashed gray horizontal line shows Eq. (17). In
this numerical simulation, T = 4/g2, κb = 8g2 and |α|2 = 8. (b)
The input angle θin = 4α

∫
εZdt, such that an exact Z(π) gate is

produced after an infinite-time reconvergence to the buffer-mode
vacuum.

precision in the presence of a photodetector (η = 1, blue)
than without a detector (η = 0, black). Also, as already
observed in Ref. [49], the Gaussian-like time-dependent
drive offers significantly better performance because the
system mode is closer to its driveless steady state at the
end of the gate. For t > T, the single-photon drive is turned
off and the reconvergence begins. In the absence of a
photodetector, the qubit phase remains perfectly constant
during reconvergence, since the photon-number parity is
conserved by the two-photon dissipation dynamics. This
is shown in Fig. 3(a) for the black curves. In contrast,
when keeping the photodetector on the b mode for t >
T, the SME does not preserve photon-number parity due
to the nonlinear back-action terms featured in Eq. (20)
and therefore it is indeed possible to further improve the
phase precision as the modes progressively disentangle.
The oscillations observed during this reconvergence are
due to the damped harmonic oscillator behavior of the
mode, as shown in Eq. (16b).

For η = 1, in principle there is no limit to phase pre-
cision after full disentanglement. To check this, we have
adjusted the drive amplitude numerically to perform an
ideal Z(π) gate at t → ∞, as shown in Fig. 3(a). Then,
we have checked that the same drive amplitude indeed

performs rotations of the same angle whatever the ini-
tial cat-qubit state. In Fig. 3(b), we show the typical
small correction to be applied on the drive amplitude for
trajectories without measurement detections.

D. Design performance

We now describe the performance of the full design with
buffer-mode photodetection and classical feedback. To
quantify this, we simulate the following master equation,

dρ = −i [HAB + HZ , ρ] dt

+ κbDη[b]ρ dt + J [Z(π)b]ρ dNη (21)

which is the same as Eq. (18) but with a jump oper-
ator in Z(π)b that indicates a Pauli correction on the
memory mode for every buffer photon detected. Note that
this stochastic master equation does not correspond to
any physical model. We only introduce it to explain and
quantify the idea behind the design. The actual feedback
should be applied separately from the photodetection, e.g.,
in software before any non-Clifford gate or with a sub-
sequent Z(kπ) gate, where k is the number of detected
photons. Alternatively, erasure errors can be included in
the model, in which case qubits with at least one buffer
photon detected during gates are discarded. Hence, with
this plethora of possible feedback strategies, we limit our
study to Eq. (21).

The Z(π) gate performance achieved after a finite time
with this design is shown in Fig. 4(a). The curves result
from an average over several realizations for which the
photodetector may have clicked at different times and
the drive is optimized for the zero-detection trajectory to
achieve an ideal gate after full reconvergence to the code
space. For this feedback scheme, the gate fidelity is lim-
ited by finite detection efficiency, as shown by the linear
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FIG. 4. The phase errors of Z(π) and CNOT gates for the
standard Zeno design (η = 0, black) and with a photodetector
on the buffer-mode output of the cat qubits (blue). The figure
shows an average over every possible stochastic trajectory for the
photodetection design of Eq. (21). The gate drives are the Hamil-
tonians of Eqs. (6) and (9), with Gaussian time dependence. The
dashed gray lines show Eqs. (A4) and (A5). In these numerical
simulations, κb = 8g2 and |α|2 = 8.
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scaling of dashed blue lines that correspond to η = 0.5 and
η = 0.9. For the ideal photodetector η = 1, the gate fideli-
ties scale with a high-order polynomial in the gate time.
In principle, working toward ultimate precision, one could
perform an ideal feedback of angle φ(tJ ) ≈ π that depends
on the exact jump time and obtain an errorless gate. This is
discussed further in Appendix E.

Generalization of the design to multiqubit CNOT and
Toffoli gates is quite straightforward. Considering only
the simpler scheme of Ref. [50], for which target-mode
stabilization is turned off during the gate process, pho-
todetection should be performed on the buffer-mode output
of the control qubit(s) only. The numerical performance
of this design for the CNOT gate is shown in Fig. 4(b).
Here, feedback is also assumed to be perfectly applied
following every buffer-mode photodetection, according to
Eq. (21). Similarly to the single-qubit gate, we find a
fidelity improvement of several orders of magnitude in the
ideal photodetector case and otherwise a fidelity improve-
ment limited by the detection efficiency. In Sec. V E, we
discuss nonideal photodetectors in more detail.

E. Nonideal photodetector

A realistic photodetector is never ideal and features a
finite detection efficiency η. In this case, only part of
the information lost to the environment is retrieved and
the resulting gate features dynamics in between the two
regimes η = 0 and η = 1. A lower bound on the error is
then given by

pZ � (1 − η) p (0)Z , (22)

where p (0)Z is the phase error of the regular Zeno gate, e.g.,
as given by Eq. (17) for the Z(θ) gate. Indeed, a fraction
(1 − η) of the state would behave as in the absence of
a photodetector. We denote this as approximate because,
when the photodetector does click, we can herald a suc-
cessful detection trajectory if such heralding is compatible
with the rest of the architecture.

In Fig. 5, we show the numerical scaling of the phase
errors of a Z(π) gate against the detection inefficiency
1 − η in log-log scale. We indeed find a linear scaling with
the amount of information lost to the environment accord-
ing to Eq. (22), which eventually saturates for large enough
detection efficiencies. This saturation results from the
imperfect reconvergence to the code space, as previously
discussed.

In practice, a nonideal photodetector not only features a
nonunity detection efficiency but it may also have a finite
dark-count rate (the detector clicks without any photon
being measured) and a finite uncertainty on the detection
time. The former would result in the erroneous applica-
tion of a π -angle feedback at the dark-count rate similar to
thermal photons in the buffer mode (see Appendix C). The
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FIG. 5. Scaling of the phase errors of a Z(π ) gate against the
detection inefficiency 1 − η, for increasing values of |α|2. The
gate errors are evaluated at t = T = 4/g2, without reconvergence
(Tc = 0). The markers show numerical integration of the SME
with classical feedback. The solid lines show Eq. (22), with a
linear scaling with 1 − η. In this numerical simulation, κb = 8g2.

latter has no impact on the design fidelity, since a Z(π)
correction gate should be applied independently of the
detection time. In any case, both of these effects are widely
negligible compared to detection inefficiency, which even
with state-of-the-art photodetectors is typically in the η =
0.1–0.5 range. With the rapid improvement in photode-
tector efficiencies [56–58], we may, however, expect this
gate design to become viable in the coming years [see
also Fig. 13(a)]. The design can also inspire other feedback
methods in which feedback is hardware efficient or made
autonomously, such as the one introduced in Sec. VI.

VI. CAT-BUFFER AUTONOMOUS FEEDBACK

A. Design principle

This second gate design, inspired by the previous one,
introduces a correlated dissipator to remove entropy from
the system instead of the standard single-photon dissi-
pation on the buffer mode. The corresponding master
equation to be engineered on the cavity-buffer system then
reads

dρ

dt
= −i [HAB + HZ , ρ] + κabD[ab]ρ, (23)

with the main addition of a two-mode dissipation opera-
tor that was recently realized in Ref. [59] in the context of
pair–cat-code stabilization [22]. The main idea behind this
peculiar dissipation arises from the photodetector scheme
of the previous section. When the cat-qubit leaks out of
its code space under the gate drive, the buffer mode is
populated through the HAB interaction, then inducing an
eventual phase flip on the cavity mode as explained in
Sec. III. The correlated dissipation thus ensures that when-
ever the buffer mode loses a photon (hence inducing a
Z(π) error on the logical cat qubit), a direct photon loss
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on the cavity mode is also produced, thus switching the
cat-qubit parity a second time and correcting for the error
autonomously.

Mathematically, this can be understood using the shifted
Fock-basis [37] transformation as defined in Eq. (11),
which yields

κabD[ab] → κabD[σ z(ã + α)b]

= |α|2κabD[σ zb] + O (|ã†ã|1/2) , (24)

where the second-line approximation holds since |ã†ã| �
1 in the limit of a small amount of leakage. Keeping only
the leading-order term in Eq. (24) and taking κb ≡ |α|2κab,
it is possible to perform the same gate-error derivation
as in Sec. III. This yields the exact same resulting set
of equations on a and b but with a different dissipation
operator in σ zb ∝ σ 2

z = I, where I is the identity on the
two-level cat-qubit mode; i.e., the environment does not
receive any information about the qubit state, as required.
We emphasize once again that this derivation is only first
order and that nonlinear effects have been neglected, e.g.,
with terms in ã2b† + h.c. that may eventually limit the gate
performance.

To engineer the correlated dissipation of Eq. (23), an
ancillary low-Q reservoir mode r can be introduced into
the setup [59]. By engineering four-wave mixing between
those three modes and a classical pump, it is then possible
to enable Hamiltonian interaction of the form gababr† +
g∗

aba†b†r. Together with a large reservoir damping of the
form κrD[r] and in the limit of κr � gab, it is possi-
ble to eliminate the fast dynamics of the reservoir mode.
In the reduced system of the cat and buffer modes, the
required correlated dissipator is then obtained, with typical
amplitude κab = 4g2

ab/κr [52].
In addition, preparing pure cat states from the memory-

mode vacuum using the correlated dissipation of Eq. (23)
cannot be achieved by simply driving the buffer mode,
as would be done with a standard two-photon dissipa-
tion setup. Indeed, the parity-switching dissipation would
instead prepare a statistical mixture of coherent states |±α〉
by leaking out parity information to the environment. As
such, state preparation can be achieved in one of two ways.
The first possibility is to momentarily switch to a standard
two-photon dissipation setup, by engineering a four-wave
mixing term in g2,r(a2 − α2)r† + h.c. while turning off the
other four-wave mixing terms that involve the buffer mode.
Alternatively, one can keep the correlated dissipation on at
all times and adiabatically turn on the buffer drive. Indeed,
parity is then preserved, since the buffer mode is only
populated to second order in the drive amplitude.

In the limit of κab|α|2 � g2, it is further possible to elim-
inate the fast dynamics of the buffer mode to obtain an
effective single-mode master equation on the cat qubit. Use
of the effective-operator formalism of Ref. [60] yields the

following dynamics on the cat-qubit mode,

dρ

dt
= 4g2

2

κab
D [

a(a†a)−1(a2 − α2)
]
ρ, (25)

where (a†a)−1 is the pseudoinverse of the photon-number
operator and describes the effective difference in the
dynamics undergone during transient buffer excitation.
This master equation indeed describes a parity-switching
stabilization of the cat mode but it differs from the master
equation targeted in Ref. [51]. More details on this model
reduction can be found in Appendix F.

B. Parity-switching dynamics

This dissipation with D[ab] is activated more generally
when the cat-qubit leaks out of its code space, triggering
a reaction of its buffer. The effect will be beneficial when-
ever the leakage source is associated with parity switching.
For standard cat qubits, this is mainly the case for the user-
induced Zeno dynamics as just discussed (for Z(θ) gates,
on the control qubit of CNOT gates, or other similar gates).
It can also occur by thermal excitation of the cat mode,
of the form D[a†]. In contrast, leakage that preserves the
photon-number parity would then induce phase errors by
following the same process. For example, this is true of
pure dephasing of the form D[a†a]. However, the ampli-
tude of such effects is often negligible compared to other
sources of phase errors, such as gates and finite resonator
lifetime.

Reference [51] also explores how single-photon losses,
of the form D[a], can induce parity-switching leakage on
a squeezed cat qubit. Indeed, while the annihilation oper-
ator leaves the coherent states constituting regular cats
in place, it induces leakage on squeezed coherent states
[26]. As such, similarly to Ref. [51], the correlated dis-
sipator introduced in this work performs an autonomous
correction of single-photon annihilation on squeezed cats,
to first order; a better correction would be obtained with
dissipation in D[S(a)b], where S(a) is the squeezed anni-
hilation operator, featuring the squeezed coherent state as
an eigenstate.

One of the main limitations of such approaches stems
from thermal noise in the buffer mode, since any buffer
excitation would decay by triggering a phase flip on the
cat qubit. This effect is further discussed in Appendix C.

C. Design performance

Let us now focus on the performance of this gate design,
starting with the single-qubit Z(θ) gate. In Fig. 6, we show
the errors induced by a Z(θ) gate for the regular Zeno gate
(black) and for the correlated-dissipator design of Eq. (23)
(blue) for both phase-flip and bit-flip errors. Following our
previous analysis, the comparison between the two designs
is made at fixed κb = |α|2κab = 8g2 in order to keep the
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FIG. 6. The gate errors of a Z(π) gate with the autonomous-
feedback design of Eq. (23) at κab/|α|2 = 8g2 (blue) and with the
regular Zeno design at κb = 8g2 (black): (a) fixed cat size, |α|2 =
8; (b) fixed gate time, T = 10/g2. The gate errors are evaluated
at t = T or after full reconvergence to the steady state (Tc = ∞).
While the cat qubit is entangled with its buffer and leaks out of
the code space, the logical phase value is evaluated with photon-
number parity on a and the logical bit value is evaluated with
two-photon dissipation invariant [30].

same damping rate. The left-hand-side plots show the scal-
ing with the gate time, while the right-hand-side is plotted
against the cat size. For phase-flip errors, an improvement
by a constant factor of about μ ≈ 0.02 is found, indepen-
dent of both the gate time and the cat size and limited by
second-order effects as discussed previously. In the regime
of short gate times, the gate drive is large in amplitude and
so the buffer is largely entangled with the cat mode at the
end of the gate. For this reason, a reconvergence time is
required to reach the constant fidelity gain of μ. In other
words, the buffer has not had enough time to lose its exci-
tations to the environment and so the correlated dissipator
has not yet corrected for the coherent errors that occurred
during the gate.

The correlated dissipator of Eq. (23) can raise concerns
about bit-flip errors since it would, by itself, stabilize the
vacuum state in both resonators. Hence, the bottom plots
of Fig. 6 investigate this bit-flip error and show that the
exponential scaling in |α|2 is preserved, although slightly
degraded from that of the regular Zeno gate. This is likely
due to the additional leakage induced by the correlated dis-
sipator. Indeed, whenever the buffer mode is populated, the
cat mode is pushed toward its own vacuum state, at a rate
proportional to the buffer population. When stopping oper-
ation before reconvergence (solid blue curve), the bit-flip
rate looks artificially reduced for very short gate times, as
the buffer has not yet had time to dissipate.

1/g2 10/g2

Gate time

10−4

10−3

10−2

10−1

C
o

n
tr

o
l-

P
h

as
e 

er
ro

r

4 8 12
|α|2

= ∞

κbwith

κabwith

cT = 0
cT

(a) (b)

FIG. 7. The gate errors of a CNOT gate with the autonomous-
feedback design of Eq. (23) at κab/|α|2 = 8g2 (blue) and with the
regular Zeno design at κb = 8g2 (black): (a) fixed cat size, |α|2 =
8; (b) fixed gate time, T = 10/g2. The gate errors are evaluated
at t = T or after full reconvergence to the steady state (Tc = ∞).
The dashed gray lines show Eq. (A5).

D. Multiqubit gates

For CNOT and Toffoli gates, the gate drive is parity
preserving on the target qubit. As explained for the buffer-
photodetection gate design, in principle, then detecting all
buffer relaxations would induce a combination of phase
corrections on the control qubit; to first order, however, this
comes down to only requiring the correlated dissipation on
control qubits. In Fig. 7, we investigate the performance
of such a setup for two-qubit CNOT gates. The correlated
dissipator of Eq. (23) is activated on the control qubit and
the drive Hamiltonian of Eq. (9) is switched on. Here, the
performance is very similar to that of the single-qubit Z(θ)
gate, with a phase fidelity improvement of 1/μ ≈ 50 in
the best-case scenario. This is obtained at large gate times
when the drive is small compared to the damping rate,
εCX � κab|α|2.

VII. LOCALLY FLAT HAMILTONIAN

A. Intuition

Quantum states feature a dispersion in position and
momentum in their phase-space representation, with an
equal variance in the case of coherent states. A single-
photon drive, such as the gate drive of Eq. (6), thus acts
differently along this dispersion and according to the spe-
cific position and momentum values of the state. This
induces a phase-space displacement that can be frozen by
a continuous measurement, such as the one of two-photon
dissipation. This is the so-called Zeno effect.

From the wave-function perspective, a coherent state is
Gaussian in position representation [61] and, for a real
coherent amplitude, reads ψ(x) ∝ exp

[−(x − 〈x〉)2/2].
Since the Zeno drive of Eq. (6) reads HZ(x) = εZx in this
same representation, the time evolution of the wave func-
tion under HZ can be trivially obtained, as after some time
t, the wave function reads ψ(x, t) ∝ exp[−ixεZt]ψ(x).
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This corresponds to a position-dependent phase shift and
therefore a displacement along the momentum axis p .
However, two-photon dissipation prevents this displace-
ment and only the average phase shift exp[−i〈x〉εZt]
remains, thus driving a cat-qubit Z(θ) gate together
with a logical phase blurring reflecting the variance of
exp[−ixεZt] over each coherent state.

From this viewpoint, one way to improve the precision
of the Z(θ) gate is to use a drive Hamiltonian with little
dispersion over each coherent state. Moreover, this prop-
erty should be robust to all effects that the cat qubit is
meant to cover, i.e., most prominently, local displacements
in phase space. Conversely, such a Hamiltonian would
induce almost no displacement of the coherent states, nor
deformation of any kind. Hence the phase gate could be
implemented without relying on two-photon dissipation
and the evolution can be purely unitary, which is another
way to see that the gate would induce no phase losses.

B. Design principle

In this sense, an ideal [62] drive Hamiltonian for single-
qubit Z(θ) gates reads

HZ,∞ ≡ εZ sign(x), (26)

where “sign” denotes the sign function and x = a + a†.
This Hamiltonian yields a global phase difference for each
half-plane of phase space and thus engineers the required
gate without any phase loss while being robust to any local
error—e.g., small displacements or distortions of cat states.
It is represented by thin black lines in Fig. 8(a), together
with the position representation of a superposition cat state
in the background. In Figs 8(b) and 8(c), we show the
phase errors induced by such a single-qubit Z(π) gate with
the Hamiltonian of Eq. (26) shown by black lines, both
for varying gate time (left) and varying cat size (right). We
indeed find that this Hamiltonian provides phase errors that
scale exponentially in the cat size and that are drastically
smaller than with the regular Zeno Hamiltonian of Eq. (6),
represented using blue lines.

The Hamiltonian of Eq. (26) is highly nonlinear in x
and is therefore not accessible for state-of-the-art super-
conducting circuits, nor for other quantum computation
platforms. It can, however, be approximated. Let us define
the set of Hamiltonians

HZ,N ≡ εZ

N∑

n=0

cnx2n+1 (27)

for N ≥ 0, where the cn are constants to be determined.
These Hamiltonians have an odd distribution in position
space. With the proper definition of cn, they can approx-
imate the sign Hamiltonian of Eq. (26) locally around
each cat-qubit coherent state, even if the approximation
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FIG. 8. (a) The position distribution of locally flat drive
Hamiltonians of Eqs. (26) and (27) that minimize the variance
over the quantum fluctuations of cat states. (b),(c) The gate phase
errors for a Z(π) gate with a locally flat drive Hamiltonian at
(b) fixed cat size, |α|2 = 8, and (c) fixed gate time, T = 10/g2.
In these simulations, κb = 8g2. The lines show numerical fits of
the form pZ ∝ T−1|α|−2(2+N ) (color) and pZ ∝ T−1 exp

(−2|α|2)
(black). The markers show numerical data.

cannot be global. The optimal cn constants should there-
fore minimize the gate errors induced by the combination
of two-photon dissipation and drive during a given gate.
Loosely speaking, these errors scale with the amount of
nonflatness of the drive Hamiltonian of Eq. (27)—a per-
fectly flat drive Hamiltonian would not displace the state
and would thus result in an error-free gate. Therefore, we
minimize the variance of the Hamiltonian across a single
coherent state, given by

VN ({cn}) ≡ 1√
2π

∫ ∞

−∞
HZ,N (x)2e− 1

2 (x−2α)2dx, (28)

under the constraint of a fixed angle of gate rotation,

1√
2π

∫ ∞

−∞
HZ,N (x)e− 1

2 (x−2α)2dx = θ

2T
, (29)

where HZ,N (x) is the position distribution of the Hamil-
tonian of Eq. (27). This optimization problem is solved
numerically using a Lagrange multiplier, which is differ-
entiated analytically and then minimized through matrix
inversion. More details on this minimization can be found
in Appendix G.

In Fig. 8(a), we show the first five of these Hamiltoni-
ans using colored lines, as determined by the previously
described minimization process. While N = 0 corresponds
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to the regular Zeno Hamiltonian of Eq. (6) with a lin-
ear distribution, the N > 0 Hamiltonians show locally flat
distributions around both coherent states, with increasing
flatness as N grows.

C. Results

The performance of these Hamiltonians is then evalu-
ated for the single-qubit Z(π) gate in Figs. 8(b) and 8(c),
with the gate phase error as a function of the gate time and
the cat size, respectively. The first plot shows a constant
improvement in phase fidelity of the gate as N increases,
while the scaling with the gate time stays linear. The sec-
ond plot, however, shows an improved scaling of phase
errors with the cat size as N grows. Although we lack an
analytical derivation of phase errors for this set of drive
Hamiltonians, a numerical fit of the form pZ ∝ |α|−2(2+N )

is performed as highlighted by the colored lines and it
matches the numerical simulations particularly well in the
large-cat-size limit. We attribute this scaling to the fact
that, as both coherent states come further apart in phase
space, the variance-minimization process can achieve flat-
ter distributions with each additional degree of freedom
provided by the increasing N .

D. Multiqubit gates

Generalization of this single-qubit gate design to mul-
tiqubit gates is quite straightforward. Similarly as for the
regular Zeno gate, the single-qubit drive of Eq. (27) should
be multiplied by a phase-space rotation on the target qubit,
which yields

HCX,N ≡ εCX

(
N∑

n=0

cnx2n+1
C

)

⊗
(

a†
TaT − np

)
, (30)

where xC = aC + a†
C, the aC/T are annihilation operators

on the control and target qubits, respectively, and np is
any even integer close to |α|2. Together with a static two-
photon dissipation on the control qubit and optionally with
the correlated two-photon dissipation on the target qubit
[36], this process achieves a CNOT gate.

In Fig. 9, we investigate the phase errors induced by this
two-qubit gate design on the control qubit, both against
the gate time (left) and the cat size (right). Similar con-
clusions as for the single-qubit Z(θ) gate are reached. The
gate errors scale linearly with time and numerically we fit
these errors according to pZC ∝ |α|−2(1+N ). The |α|2 differ-
ence in scaling compared to the single-qubit gate is due to
the target-qubit term in the drive Hamiltonian of Eq. (30).
Indeed, the operator a†

TaT − np induces a different (integer)
number of Z(π) gates on the control qubit for each Fock
state of the target qubit and the dispersion on this number
increases with α (for details, see Ref. [37]).
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FIG. 9. The gate-induced control-phase errors for a CNOT gate
with a locally flat drive Hamiltonian as in Eq. (30): (a) fixed
cat size, |α|2 = 8; (b) fixed gate time T = 10/g2. Dissipative
stabilization is acting on the control qubit only, with κb = 8g2.
The lines show numerical fits of the form pZC ∝ T−1|α|−2N

(color) and pZC ∝ T−1 exp
(−2|α|2) (black). The markers show

numerical data.

E. Engineering with an ATS

Overall, the high-order Hamiltonians introduced in this
section can greatly improve the performance of dissipa-
tive cat-qubit gates, at the cost of additional difficulties in
engineering the required Hamiltonians. Let us note, how-
ever, that high-order nonlinearities are always present in
superconducting circuits, even if they are often neglected
due to their low amplitudes. Since the cn coefficients scale
as cn ∝ |α|−2n, even moderate superconducting nonlinear-
ities could be enough to engineer these Hamiltonians and
especially so in the large-cat-size limit.

To illustrate this possibility, let us consider a realistic set
of parameters for the current experimental proposal of dis-
sipative cat qubits based on the asymmetrically threaded
superconducting quantum interference device (SQUID),
i.e., the ATS [42,43]. The ATS is a nonlinear circuit ele-
ment made of a SQUID shunted by an inductance, which
creates two flux loops that are then threaded at 0 and π flux
bias, respectively. The ideal Hamiltonian resulting from
this setup reads

H = ωaa†a + ωbb†b

− 2EJ ε(t) sin
(
ϕa(a + a†)+ ϕb(b + b†)

)
(31)

for an ATS coupled capacitively to both the cat-qubit and
buffer modes. Here, the ε(t) term corresponds to a differen-
tial flux drive that can be frequency tuned to make specific
terms in the sine Hamiltonian resonant. Also, ϕa/b denote
the energy participation of each mode into the ATS. Typ-
ically, it is desired to engineer ϕa as large as possible to
create strong two-to-one photon exchange rates, bearing
in mind that a large ϕa also induces increased high-order
nonlinear effects and increased single-photon losses by
coupling to the buffer transmission line.
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For concreteness, let us assume that we want to imple-
ment a Z(π) gate as in Eq. (27) with N = 2 (i.e., up to fifth-
order Hamiltonian terms), with a gate time T = 500 ns and
for a cat of size |α|2 = 8. In this case, the global-drive-
Hamiltonian amplitude to be engineered reads εZ/2π =
1/8αT ≈ 88 KHz and the polynomial coefficients of order
1, 3, and 5 read c0 ≈ 0.66, c1 ≈ −0.055 and c2 ≈ 0.0021,
respectively. To make each of these coefficients match the
ATS Hamiltonian terms, the following identities should
be met:

εZc0 = 2EJ ε0ϕa + O(ϕ3
a), (32a)

εZc1 = 2EJ ε1ϕ
3
a/3! + O(ϕ5

a), (32b)

εZc2 = 2EJ ε2ϕ
5
a/5! + O(ϕ7

a), (32c)

where εk � 1 are the flux drive amplitudes such that
ε(t) = ∑

k εk cos((2k + 1)ωat). The right-hand-side terms
simply result from a Taylor expansion of the sine up to fifth
order in ϕa/b � 1. Further assuming realistic experimental
parameters of εk = 0.01, ϕa = 0.1, and EJ /2π = 90 GHz
[42], we find that the right-hand-side terms of Eq. (32)
are at least 10 times larger than required by the left-hand-
side terms. In other words, the achievable experimental
parameters are 10 times larger than the actual drive ampli-
tudes to be engineered. This gives some leeway to either
implement even higher-order gate designs or to release
experimental constraints. In addition, for the same param-
eters, a factor of |α|4 = 64 improvement in gate fidelities
can be expected, making the design particularly attractive.

As a final remark, one may also seek to engineer such
nonlinear terms, e.g., with time-dependent schemes and
the rotating-wave approximation or by involving auxiliary
systems. However, during such attempts, one should keep
in mind the utmost importance of preserving the noise bias
throughout gate operation.

VIII. DISCRETE JUMP

For this final design, we shift away from the Zeno effect
that has up to now been the common basis for all phys-
ical cat gate implementations with a Z component. This
section introduces discrete gates that rely on a dissipative
coupling to an ancillary mode. We begin with single-qubit
Z(θ) gates and generalize to CZ and CNOT gates afterward.

A. Design principle

Consider the following master equation with the buffer
mode adiabatically eliminated:

dρ

dt
= κ2D[a2 − α2]ρ + κZD[aθσ+]ρ, (33)

where σ+ denotes the creation operator of an ancillary-
qubit mode and

aθ = cos(θ/2)α + i sin(θ/2)a (34)

is a modified annihilation operator such that aπ = ia
and aθ |±α〉 = exp(±iθ/2) |±α〉. From this identity, it is
immediate to verify that projecting any cat-qubit state with
aθ achieves a Z(θ) rotation of this state, up to exponentially
small corrections in |α|2 to account for state normaliza-
tion. Furthermore, assuming that this ancillary mode is
initialized in its ground state |g〉 and does not suffer from
errors, the correlated dissipator in aθσ+ engineers the loss
of exactly one aθ photon from the cat mode, after which
nothing more can happen with this dissipation. This can
thus be seen as a kind of photon-blockade technique, which
can further be made error resilient by, e.g., sending the
additional photon to the metastable level of a three-level
�-system or into an infinite transmission line.

For the particular value θ = π , Eq. (33) induces the loss
of exactly one a photon. Since the logical |±L〉 cat states
feature even and odd photon-number parities, respectively,
and the logical bit value is exponentially protected under
such losses due to the two-photon dissipation, this pecu-
liar dissipator results in a Pauli-Z(π) gate on the cat-qubit
mode after infinite time evolution.

To estimate gate fidelities at finite times analytically, let
us assume that the complete system is initialized in ρ(0) =
ρA,0 ⊗ |g〉 〈g|, where ρA,0 is the initial density matrix on
the cat mode. The full system density matrix at time t
can then be separated along the diagonal matrix elements
of the ancillary mode according to ρ = ρg ⊗ |g〉 〈g| +
ρe ⊗ |e〉 〈e| (the correlated dissipator of Eq. (33) does not
induce diagonal to off-diagonal transitions). Inserting this
expression in Eq. (33) thus yields

dρg

dt
= κ2D[a2 − α2]ρg − 1

2
κZ

{
a†
θaθ , ρg

}
, (35a)

dρe

dt
= κ2D[a2 − α2]ρe + κZaθρga†

θ , (35b)

where ρg(0) = ρA,0 and ρe(0) = 0. Let us first discuss
these coupled equations without the {a†

θaθ , · } term of
Eq. (35a), which will be shown to be the main limitation of
the design. As can be seen from the right-hand-side term
in Eq. (35b), a transfer of population is made from |g〉
to |e〉 at rate κZ |α|2. Upon this population transfer, a sin-
gle aθ projection of the cat mode is performed due to the
aθρga†

θ term, thus achieving the required gate. The mini-
mal gate-induced phase errors that can be achieved at finite
time thus come down to the fraction of states that have not
undergone the jump from |g〉 to |e〉 and read

pZ = exp
(−|α|2κZt

)
, (36)
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where t is the evolution time under the correlated dissi-
pator. The phase error would thus decrease exponentially
with |α|2 and with the effective gate time κZt.

Let us now consider the effect of the right-hand-side
term of Eq. (35a).

For the particular case θ = π , since aπ = ia and thus
a†
πaπ = a†a, this term remains a parity-preserving oper-

ator. Therefore, the evolution with Eqs. (35a) and (35b)
perfectly preserves the phase of the logical qubit, up to
inducing the desired phase-flip gate from ρg to ρe. Besides
this, the last term of Eq. (35a) acts much like a dispersive
dissipation D[a†a], inducing noisy rotation of the cat qubit
out of its code space. As long as ακZ � 4|α|2κ2, this effect
is countered by the two-photon dissipation. Since the mean
energies of even and odd cats are exponentially close, the
induced logical bit flip is exponentially small in |α|2. Up to
an upper bound on κZ/α, the exponentially scaling phase
gate thus indeed holds.

For gate angles θ �= π , to consider the effect of the last
term in Eq. (35a) we write out

a†
θaθ = cos2 (θ/2) |α|2 + sin2 (θ/2) a†a

− i sin(θ)(a†−a)/2. (37)

The second line of this operator would induce parity-
switching leakage from the cat code space and therefore
parity errors at a rate proportional to sin2(θ) once brought
back to the code space by two-photon dissipation. The
gate fidelities obtained from this scheme are still com-
petitive with other gate designs and particularly in the
limit of κZ � κ2; see the simulation results below. This
can be understood as the last term in Eq. (35a) has an
effect roughly similar to a Hamiltonian in i sin(θ)(a† − a).
Hence, much like the analysis of Sec. III, it induces phase
errors at a rate proportional to κ2

Z/κ2, while the phase gate
happens at rate κZ .

B. Qutrit design

But in fact, we can do better and retrieve, for any θ ,
the same performance as the θ = π case, with a slightly
more involved gate design. Consider the following master
equation:

dρ

dt
= κ2D[a2 − α2]ρ + κZD[aθ |e〉〈g|]

+ κZD[aθ+π | f 〉〈g|] + κ ′
ZD[aπ |e〉〈f |], (38)

where |g〉, |e〉, and |f 〉 denote the three lowest energy levels
of a qutrit, e.g., that of a transmon. This master equation
now involves three population transfers. The first is the
same as in Eq. (33) and performs a Z(θ) gate with a |g〉 to
|e〉 transfer. The other two terms also describe a Z(θ) gate
but made in two steps by first transferring to |f 〉 and then

to |e〉. The main goal of adding these two terms is to can-
cel out parity-switching dynamics in the |g〉 〈g| subspace.
Indeed, we now have that

a†
θaθ + a†

θ+πaθ+π ∝ cos2(θ/2)|α|2 + sin2(θ/2)a†a. (39)

In the |f 〉 〈f | subspace, the dynamics are also parity pre-
serving, since a Z(π) gate is performed. In other words,
two paths have been constructed, both of which feed into
the same final state with the required Z rotation angle of θ
and the interference of which cancels the parity-switching
term in Eq. (37). This scheme would mainly be limited
by the qutrit characteristics, to be specified from experi-
mental implementation, and by the requirement that both
paths should feature the same rate of dissipation. In the
following, we focus on the qubit-enabled Z(π) gate and
also compare qubit- and qutrit-enabled Z(θ) gate designs.

C. Results

First, we investigate Z(π) gates. In Fig. 10, we show
the phase errors induced by this discrete Z(π) gate with-
out any additional error processes on the cat or ancillary
modes. In Fig. 10(a), the phase errors are shown in semilog
scale as a function of time for varying κZ/κ2 and fixed
|α|2 = 4 or 8 in the master Eq. (33). For each value of
κZ/κ2, both numerical simulations (solid) and the mini-
mal gate-error formula of Eq. (36) (dashed) are shown.
We retrieve that, in the limit of κZ � κ2, the expected
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FIG. 10. (a),(b) The gate-induced (a) phase and (b) bit errors of
a discrete Z(π) gate as in Eq. (33) for multiple values of κZ/κ2:
(a) fixed cat size, |α|2 = 8; (b) fixed gate time, T = 10/κ2. In
(a), the dashed lines show pZ = exp

(−|α|2κZt
)
. (c) The exponen-

tial rate γZ obtained from a linear fit of γ (t) = − ln(pZ(t)) ∝ γZt.
The dashed lines show γZ = |α|2κZ .
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formula fits the numerical simulations perfectly and expo-
nentially small gate errors are achieved. As κZ is increased,
we find a deviation from the optimal gate errors due to the
competition with two-photon dissipation, as the cat signif-
icantly leaves the code space of intended size |α|2 during
the gate, getting drawn closer to the vacuum. An expo-
nential scaling with time is maintained, although with a
smaller exponential rate, as discussed in Sec. VIII B.

In Fig. 10(c), we extract this exponential scaling rate
from a linear fit of γ (t) = − ln(pZ(t)), which yields γZ
such that pZ(t) ∼ exp(−γZt) for sufficiently large time val-
ues. This exponential rate is then plotted as a function of
κZ/κ2 for varying values of |α|2 and also compared to the
ideal rate of Eq. (36), given by γZ = |α|2κZ . Again, a tran-
sition from the optimal gate-error regime to a suboptimal
regime is found as κZ/κ2 is increased. In addition, the point
of transition scales as α, which would confirm the limit of
validity of the optimal regime given by ακZ � 4|α|2κ2 or,
equivalently, κZ/κ2 � 4α.

The effect of κZ/κ2 on bit-flip errors is investigated in
Fig. 10(b). In this particular simulation, a relatively large
gate time is fixed at T = 10/κ2 to ensure the relevance of
the study. We find that bit errors are indeed suppressed
exponentially according to pX ∝ exp

(−2|α|2) for all val-
ues of κZ investigated, thus preserving the error bias of cat
qubits. However, as the effective cat size is reduced by the
κZ term of Eq. (35a) during the gate time, the prefactor of
this exponential increases linearly with κZ/κ2.

The main side process limiting the fidelity of discrete
gates would be the ancillary-mode lifetime. Since the gate
is based on a transition from the ground to the excited
state of the ancilla that will serve as a photon blocker, any
unwanted transition between these two ancillary states will
perturb the gate process. In Fig. 11, we investigate finite
qubit lifetimes for the two-level ancillary mode. Here, a
discrete Z(π) gate is simulated numerically in the pres-
ence of single-photon losses on the ancillary qubit of the
form κqD[σ−], with varying values of κq/κ2. An analytical
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FIG. 11. The gate-induced phase errors of a discrete Z(π)
gate as in Eq. (33) with additional single-photon losses of the
form κqD[σ−] on the ancillary qubit. The dashed lines show
pZ = κqt + exp

(−|α|2κZt
)
. The cat size is fixed at |α|2 = 8 and

κZ/κ2 = 1.

fit is further shown for each numerical simulation, which
reads pZ(t) = κqt + exp

(−|α|2κZt
)

and matches each line
very well. Indeed, ancillary-mode losses induce unwanted
|e〉 → |g〉 transitions at a constant rate, which are followed
exponentially quickly by a |g〉 → |e〉 transition of the dis-
crete gate correlated dissipator, inducing a second phase
flip and hence canceling the Z(π) gate. Thermal excita-
tions of the ancillary mode would have a similar effect by
activating the |g〉 → |e〉 transition without a cat-mode par-
ity switch but in a cold environment, such excitations have
a much smaller rate than qubit decay.

While this linear increase of phase errors may appear
limiting for the usefulness of the gate design, we recall
that finite lifetime of the cat oscillator also induces phase
errors that scale linearly in time, according to pZ =
|α|2κ1t, where κ1 is the rate of single-photon losses. Those
losses are inevitable without changing the overall cat-qubit
encoding. In contrast, for the ancilla, while a transmonlike
qubit would yield a simple gate implementation, the partic-
ular gate design is compatible with more specific quantum
systems. There is no requirement for the protection of the
|g〉 + |e〉 ↔ |g〉 − |e〉 transition, since only the diagonal
elements are used by the gate design. As such, any ancilla
system that can robustly implement a single transition from
|g〉 to |e〉 would suffice for better gate protection. One can
think of a three-level� system with two metastable ground
states [63,64] or a system where the ancilla state would
escape (but never return to |g〉) after reaching |e〉.

In Fig. 12, we investigate other gate angles, θ �= π , both
with the ancillary two-level system design of Eq. (33)
[Fig. 12(a)] and with the three-level system design of
Eq. (38) that cancels out parity switching in the |g〉 〈g| sub-
space through interference [Fig. 12(b)]. In the first scheme,
the phase errors first scale exponentially until they hit a
plateau corresponding to the parity-switching leakage of
Eq. (37). This plateau scales according to sin2(θ). With

10−5

10−3

10−1

P
h
as

e
er

ro
r

Time

0 5/κ2 10/κ2

0.1
0.3
1

3
10

κZ/κ2

Time

0 5/κ2

(a) (b)

FIG. 12. The gate-induced phase errors of a discrete Z(π/3)
gate, with the designs of (a) Eq. (33), using an ancillary two-level
system, and (b) Eq. (38), using an ancillary three-level system.
The dashed lines show pZ = exp

(−|α|2κZt
)
. The insets show the

gate transitions between ancillary states for either design.
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the qutrit scheme, the exponential scaling of phase errors
is also observed but for longer time scales, thus confirm-
ing that the parity-switching dynamics are canceled out. A
plateau is still hit after some time t but at lower phase errors
than for the previous two-level system scheme. This new
limitation is explained by the fact that if the state is initially
not coherent or with a different coherent-state amplitude
than α, aθ does not map exactly onto a Z(θ) gate. Since
the |g〉 〈g| subspace dynamics induce such incoherent fluc-
tuations, the gate fidelities are limited by this effect. For
sufficiently small values of κZ/κ2, however, the state stays
inside the code space at all times and the exponential
scaling of gate errors is maintained for longer time scales.

D. Multiqubit gates

Regarding multiqubit gates, the single-qubit discrete
method of Eq. (33) can be generalized but not necessar-
ily in a trivial manner. For CZ gates, consider the two-qubit
operator

L CZ = −a1(a2 − α)+ α(a2 + α), (40)

where a1/2 are the annihilation operators on each mode
involved. This operator is such that L CZ |±α〉1 |α〉2 =
4α |±α〉1 |α〉2 and L CZ |±α〉1 |−α〉2 = ±4α |±α〉1 |α〉2,
which thus meets the CZ-gate requirements. Note in par-
ticular the interchangeability of a1 and a2 in this operator,
which shows the CZ-gate symmetry. By engineering a dis-
sipation of the form D[L CZσ+], an exponentially scaling
CZ gate can be achieved. It would, however, suffer from
the same issues as qubit-enabled Z(θ) gates due to the
|g〉 〈g| parity-switching dynamics, since L†

CZL CZ con-
tains parity-switching terms in both a1 or a2. Similarly
as for single-qubit Z(θ) rotations, it is possible to can-
cel out these terms through interference by instead using
four operators similar to L CZ and a higher-dimensional
ancillary system.

For CNOT gates, consider the two-qubit operator

LCX = αI ⊗ P++a ⊗ P−, (41)

where the first and second modes in this outer prod-
uct are control and target qubits, respectively, where I
is the oscillator identity, and where P± = (eiπa†a ± 1)/2
are projectors on the even- and odd-parity subspaces of
the target mode, respectively. Similarly as for the single-
mode method, engineering a correlated dissipator with an
ancillary-qubit mode of the form D[LCXσ+] would achieve
a discrete CNOT gate, up to exponentially small corrections.
However, the projection operators P± are highly nonlo-
cal and therefore this scheme is of questionable use. First,
such operators are not currently implementable with super-
conducting circuits, although there is a path toward them
as high-impedance operators [65]. Second, if one assumes

access to such “next-generation” operators, then for fair-
ness one should view as also relatively easy the options
of, e.g., Sec. VII. Third, engineering nonlocal operators
in a cat-qubit context is a Pandora’s box, as it introduces
artificial operators against which the exponential bit-flip
protection is not designed to work.

Other designs may take inspiration from the Zeno imple-
mentation of the CNOT gate, i.e., inducing, in superposition,
n − np discrete Z(θ) gates on the control qubit conditional
on Fock state n in the target qubit. In the Zeno Hamilto-
nian implementation, this indeed remains compatible with
exponential bit-flip protection. Generalizing this to a jump
operator appears to require a complicated ancilla system.
For instance, if we were to rely on n − np ancilla jumps to
perform the right number of Z(θ) gates, then Fock-number
information would leak out to the environment unless spe-
cific erasure actions were taken to impede detection of the
number of jumps. In the absence of concrete insights into
realistic experimental building blocks associated with such
an ancilla, we leave this for future research.

Barring the experimental difficulty of realizing an oper-
ator such as LCX, the effect of unwanted |g〉 ↔ |e〉 transi-
tions of the ancillary mode that monitors the gate warrants
a caveat. Indeed, an unwanted transition would mean pos-
sibly applying the CNOT gate an even number of times,
which would by definition involve both phase-flip and bit-
flip errors. In the traditional model, bit-flip errors remain
exponentially suppressed even for CNOT gates, due to a
smart use of the available continuous phase space, which
we lose with this design. On the upside, the particular
use of the ancillary qubit in this discrete gate opens the
door to specific designs reducing ancilla-induced errors, as
discussed above for the Z(θ) gate.

IX. CONCLUSIONS

We have introduced four new designs of dissipative cat-
qubit gates that can help reduce gate-induced phase errors
and therefore help reach error-correction thresholds. Upon
the observation that incoherent gate errors result from the
entanglement between the cat qubit and its buffer mode,
we have devised two designs meant to take advantage of
the buffer memory in the system. The first one is based
on the photodetection of the buffer-mode output and thus
on the retrieval of information that can then be classically
fed back. The precision of this scheme is only limited by
the photodetector efficiency. The second one relies on an
autonomous error-correcting scheme for which first-order
gate-induced parity errors are automatically corrected for
as buffer photons exit the resonator. In particular, this sec-
ond design is readily implementable with superconducting
circuits and achieves a reduction of up to 2 orders of mag-
nitude in gate errors. The same setup can also be used
with squeezed cat states for the autonomous correction
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of single-photon losses [51], currently one of the main
limiting factors of bosonic qubits.

We have also described two drastically different gate
designs. By engineering higher-order drive Hamiltonians
that feature locally flat energy potentials in position rep-
resentation, spurious effects on the cat-qubit mode can
be avoided and an improvement in gate-error fidelities is
achieved. We believe that such Hamiltonians could also
be used for other purposes, such as cat-state preparation.
Finally, we have explored how to engineer cat-qubit gates
without the Zeno effect and introduced dissipation-based
gate engineering. By coupling the cat mode to an ancillary
nonlinear mode that monitors the ongoing gate, a discrete
π -phase gate is realized. This method can circumvent the
usual linear gate-time scaling of Zeno-based gates and
achieve exponentially scaling gate fidelities and associated
CNOT-gate designs are therefore the subject of our ongoing
investigations.

We hope that this paper has been able to provide its
readers with intuition about the design of cat-qubit gates.
While we have explored many paths toward high-fidelity
gates, we believe that further improvements can still be
achieved, in particular for multimode encodings of cat
qubits. Finally, while these gate designs have been par-
ticularly focused on dissipative cat qubits, they should
also inspire the design of superadiabatic operations on any
bosonic or dissipatively stabilized system. In particular,
most tailored-dissipation operators often rely on a highly
damped buffer mode together with adiabatic elimination.
We have thus described for the first time how one can take
advantage of the dynamics of this buffer mode.
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APPENDIX A: REVIEW OF THE SHIFTED FOCK
BASIS

In this appendix, we review the shifted Fock basis (SFB)
as first introduced in Ref. [37]. We refer to the origi-
nal paper for a full review of the method, but this short
appendix provides the minimal elements required for the
comprehension of the main text.

The SFB is an alternative basis of states for a quan-
tum oscillator that splits the main properties of a cat qubit
into two separate modes: a qubit mode that represents the

logical cat-qubit state and a gauge mode that represents
leakage away from the stabilized computational subspace
of Eq. (3). More precisely, let us define the nonorthonormal
basis states

|±, n〉 ≡ 1√
2

[
D(α)± (−1)nD(−α)] |n = n〉 (A1)

where D(α) is the displacement operator and |n = n〉 is the
nth Fock state. These states are such that, in the ground-
state manifold n = 0, they match the cat-qubit compu-
tational basis states, i.e., |±, 0〉 ∝ |±〉L. Although these
states do not define an orthonormal basis, any two states
in a separate ± branch are exactly orthogonal due to the
even or odd parity in the number of photons. In addition,
the first shifted Fock states are approximately orthonormal
in the limit of |α| � 1. To treat this basis rigorously, it can
be orthornormalized with, e.g., a Gram-Schmidt process,
but we again refer to Ref. [37] for details.

A particularly interesting property of the SFB is how it
transforms the annihilation operator a. Indeed, acting on
the basis states of Eq. (A1) yields

a |±, n〉 = √
n |∓, n − 1〉 + α |∓, n〉

= σ z ⊗ (ã + α) |±, n〉 , (A2)

where we have defined two new operators σ z and ã such
that σ z |±, n〉 = |∓, n〉 and ã |±, n〉 = √

n |±, n − 1〉, in
analogy to a qubit and a quantum oscillator mode. From
Eq. (A2), we infer the mapping of the annihilation operator
from the Fock to the shifted Fock basis, which reads

a → σ z ⊗ (ã + α). (A3)

Again, this mapping is only valid in the limit of
small shifted Fock excitation numbers because of the
nonorthonormalization of the basis. It is, however, very
helpful for understanding the intimate dynamics of cat-
qubit gates and for the numerical analysis of phase-flip
errors.

In particular, it is possible to derive the probability of
phase errors induced by cat-qubit gates up to first order in
the dynamics. This derivation has been done extensively
in Ref. [37], so we only give these results again here for
completeness. For single-qubit Z(θ) gates, the probability
of nonadiabatic phase errors reads

pZ = θ2

16|α|4κ2T
, (A4)

where κ2 ≡ 4g2
2/κb in the presence of two-photon

exchange coupling with a buffer mode. For two-qubit CNOT
gates, nonadiabatic phase errors only affect control qubits
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and read

pZC = π2

16|α|2κ2T
, pZT = pZTZC = 0, (A5)

where the subscripts C and T stand for control and target
qubits, respectively.

APPENDIX B: EFFECT OF NOISE AND SPURIOUS
HAMILTONIANS

In the main text, we study gate designs with simpli-
fied master-equation models in order to capture the key
elements of each proposal. However, actual experimental
setups feature various sources of errors that could, in prin-
ciple, hinder gate performance. In this appendix, we study
a more complete model of errors to demonstrate that our
proposals hold even under realistic noise processes.

The master equation that we consider is

dρ

dt
= L0ρ − i [Hs, ρ] + κa(1 + nth,a)D[a]ρ

+ κanth,aD[a†]ρ + κφ,aD[a†a]ρ, (B1)

where L0 denotes the Liouvillian to be engineered on the
system—varied from one gate design to the next—which
typically contains two-to-one photon exchange, buffer-
mode dissipation, and a gate drive on the memory mode,
and

Hs = −Kaa†2a2 + χaba†ab†b − Kbb†2b2 (B2)

is a spurious Hamiltonian with Kerr and cross-Kerr terms
on the memory and buffer modes. These terms typically
result from the residual cosine potential in the full-circuit
Hamiltonian but, in practice, they can be small compared
to two-photon dissipation when the system is engineered
with an ATS at the appropriate flux bias point [42]. Our

master-equation model also includes single-photon losses,
thermal photons, and pure dephasing on the memory mode
with respective rates κa, nth,a and κφ,a. Note that we do not
include thermal photons on the buffer mode in this model,
as they are discussed separately in Appendix C.

To study these noise processes, we consider specific val-
ues for each term mainly extracted from Refs. [42,66].
The two-to-one photon exchange coupling is g2/2π =
1 MHz and is combined with a buffer-mode dissipation
at κb/2π = 8 MHz that yields an effective two-photon
dissipation rate κ2/2π = 500 kHz. The Kerr and cross-
Kerr energies are Ka/2π = 1 kHz, Kb/2π = 810 kHz,
and χab/2π = 65 kHz. The single-photon loss is κa/2π =
53 Hz, corresponding to T1 = 3 ms in the memory mode,
which is typical in current experiments with high-Q super-
conducting resonators. Note that lower cavity lifetimes
could also be investigated but would limit the potential
gain in gate fidelity of our proposals compared to stan-
dard Zeno gates, as phase errors would be dominated by
single-photon losses in this regime. Finally, thermal noise
and pure dephasing are nth,a = 10% and κφ,a/2π = 10 Hz.

In Fig. 13, gate errors under this noise model are shown
for each gate design from the main text. In each case, the
performance is compared to the standard Zeno gate for a
Z(π) gate, shown as black lines. In all panels, the phase
errors eventually converge to a linear dependence in the
large-gate-time regime, in which single-photon losses are
dominant. In addition, there is, systematically, an optimal
gate time that minimizes gate errors and that represents the
optimal trade-off between gate-induced and single-photon
loss errors.

For the photodetection design in Fig. 13(a), we vary
the photodetection efficiency from a perfect photodetec-
tor (η = 1) to a nonideal one at η = 0.5, demonstrating
again the linear dependence with detection inefficiency
as discussed in the main text. In Fig, 13(b), we show
the performance of the autonomous-feedback design with
κab/2π = 2 MHz and κb = 0. In Fig. 13(c), we show the
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FIG. 13. The phase errors during a Z(π) gate under a complete model of noise for each gate design introduced in the main text: (a)
photodetection; (b) autonomous feedback; (c) locally flat Hamiltonian; (d) discrete jump. Each design is compared to the standard Zeno
gate (black). In all panels, |α|2 = 4 and energies are set to g2/2π = 1 MHz, Ka/2π = 1 kHz, Kb/2π = 810 kHz, χab/2π = 65 kHz,
κa/2π = 53 Hz, nth,a = 10%, and κφ,a/2π = 10 Hz. For (a), (c), and (d), κb/2π = 8 MHz. For (b), κab/2π = 2 MHz.
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locally flat Hamiltonian design for an increasing number of
odd drive terms from N = 1 to N = 4, each time gaining
in optimal gate fidelity and gate time. Finally, in Fig. 13(d),
we show the performance of the discrete jump design,
where the optimal gate fidelity depends on the ratio of κZ
to κ2 and on the actual error model studied.

APPENDIX C: THERMAL NOISE IN THE BUFFER
MODE

In this appendix, we discuss the role of thermal noise
in the buffer mode for the first two designs based on
the feedback of information introduced in the main text.
Since these two schemes use the buffer-mode population to
detect potential phase flips induced on the memory mode,
it is quite natural that one of their main limitations should
come from spurious population in the buffer.

1. Photodetection

For the photodetection scheme of Sec. V, the feedback
action to apply is a Z(π) gate after every buffer-photon
detection. Therefore, the rate of thermal photons is directly
linked to the rate of phase information loss on the cat state,
assuming that the feedback action is perfect. From the
point of view of the SFB, one can adiabatically eliminate
the gauge mode in Eq. (21) and average out the stochastic
terms. This leads to a simplified model in the absence of a
gate drive,

dρ

dt
= κbη(1 + nth,b)D[bσ z]ρ

+ κb(1 − η)(1 + nth,b)D[b]ρ

+ κbnth,bD[b†]ρ. (C1)

Here, the beam-splitter interaction between the gauge and
buffer modes is eliminated compared to the fast dynamics
on the buffer. In particular, note the correlated dissipa-
tion in D[bσ z], which arises from the idealized classical
feedback action on the memory mode. From this master
equation, we easily compute the average expectation value
of the σ x operator by going to the Heisenberg picture,
which reads

〈σ x〉(t) = 〈σ x〉(t = 0)× exp(−γ t), (C2)

where γ = 2ηκbnth,b(1 + nth,b) is the rate of parity-
information loss in the presence of thermal noise in the
buffer. Note that the classical feedback action is always
optional and typically it should only be turned on during
gates. To know whether the gate design is beneficial in
practice, this rate should be compared to the rate of single-
photon losses κa, which is the usual dominant source of
loss of parity information.
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FIG. 14. (a) The photon-number parity of an idling cat state
under the photodetection and classical feedback design of Sec. V,
with thermal noise in the buffer mode nth,b = 2%. Parity is
averaged over 1000 stochastic trajectories and fitted with an
exponential decay at rate γ = 2ηκbnth,b(1 + nth,b). In this sim-
ulation, κb/g2 = 8, |α|2 = 8 and η = 1. (b) The photon-number
parity of an idling cat state under the autonomous feedback of
Sec. VI, with thermal noise in the reservoir mode nth,r = 2%. Par-
ity is fitted with an exponential decay at rate γ = 2

√
g2κabnth,r.

In this simulation, κab|α|2/g2 = 8 and |α|2 = 8.

In Fig. 14(a), we show the parity of an idling cat state
initialized in |±L〉 as obtained from numerical integra-
tion of the full stochastic master equation (i.e., including
two-photon coupling, buffer-mode dissipation, and thermal
noise in the buffer). The solution is averaged over 1000
stochastic trajectories and we find a very good fit with the
simplified model as described above.

2. Autonomous feedback

For the feedback design of Sec. VI, the feedback action
is this time performed autonomously through a correlated
dissipation operator in D[ab]. Buffer excitations would
then also result in spurious parity swaps on the cat mode.
However, with this design, the buffer mode is a priori a
high-Q mode, since the correlated dissipation is engineered
through a third reservoir mode r, as discussed in the main
text, with a three-mode coupling of the form g(abr† +
h.c.). Therefore, the main limitation of this design does not
come from buffer-mode excitations but, rather, from ther-
mal noise in the reservoir mode in the form κrnth,rD[r†].
From adiabatic elimination of this reservoir with the for-
malism of Refs. [52,53], we derive an effective rate of
correlated excitations. The effective master equation on the
memory and buffer modes for an idling cat qubit thus reads

dρ

dt
= −i[HAB, ρ]

+ κab(1 + nth,r)D[ab]ρ

+ κabnth,rD[a†b†], ρ (C3)
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where a new term in D[a†b†] appears compared to the
ideal master equation. This dissipation creates correlated
excitations on the memory and buffer modes. If these cor-
related excitations are dissipated through the D[ab] term,
then the parity is swapped back to its original value and no
phase information is lost. However, the correlated excita-
tion can also undergo partial two-photon Rabi oscillations
through the HAB term and then eventually dissipate away.
In this case, the parity is not strictly preserved by the
dynamics and phase information is lost to the environment.

In Fig. 14(b), we show the parity of an idling cat state
initialized in |±L〉 as obtained from the numerical integra-
tion of Eq. (C3). We indeed find that the parity information
decays exponentially with a rate γ . For all the values of g2,
κab, and nth,r that we have investigated, this rate seems to
fit the formula γ = 2

√
g2κabnth,r. In particular, turning off

either two-to-one photon coupling or thermal noise on the
reservoir mode suppresses this effect.

APPENDIX D: MASTER-EQUATION
INVARIANCE BY JOINT PHASE CONJUGATION

In this appendix, we show how the Lindblad master
equation of a Z(θ) gate is invariant under a joint x-axis
phase conjugation of the cat and buffer modes.

1. Phase-conjugation superoperator

An x-axis phase conjugation consists in flipping the sign
of quadrature x while keeping quadrature p unchanged
[67]. While this is an unphysical transformation—it does
not preserve commutation relations—it can be understood
as a time-reversal operator. It is also a standard example of
a superoperator that is positive but not completely positive
[68]. In our case, the symmetry of the master equation by
joint phase conjugation implies that the logical bit informa-
tion of the cat qubit (encoded in the x axis) is also encoded
in the x axis of the buffer mode and so in an exact manner.

Let us first define the x-axis phase-conjugation super-
operator on a single mode, which we denote as C.
By definition, this superoperator is such that C |x〉 〈x| =
|−x〉 〈−x| and C |p〉 〈p| = |p〉 〈p|, where |x〉 and |p〉 are
quadrature eigenstates. By linearity, the identities Cx =
−x and Cp = p follow directly, since x = ∫

dxx |x〉 〈x| and
p = ∫

dpp |p〉 〈p|. More generally, we have that Cf (x) =
f (−x) for any function f . Reinserting |x〉 = ∫

dp e−ipx |p〉
in this identity, we have that

∫
dxf (x)

∫∫
dpdp ′e−i(p−p ′)xC |p〉〈p ′∣∣

=
∫

dxf (x)
∫∫

dpdp ′ei(p−p ′)x |p〉〈p ′∣∣ . (D1)

Rearranging the integrals and denoting by f̃ (p) the Fourier
transform of f (x), Eq. (D1) reads

∫∫
dpdp ′ f̃ (p − p ′)

(C |p〉 〈p ′∣∣− ∣∣p ′〉 〈p|) = 0. (D2)

Since this equation holds for any function f̃ , then we
have that C |p〉 〈p ′∣∣ = ∣∣p ′〉 〈p|, and similarly for the other
quadrature, C |x〉 〈x′∣∣ = ∣∣−x′〉 〈−x|. In particular, note the
transposition in both of these relations, which accounts for
the time-reversal property of the conjugation.

Before moving on, there is a last identity that will be
useful for our upcoming derivation. For any density matrix
ρ, we have

C(xρ) = C
(∫∫

dxdx′xρ(x, x′) |x〉 〈x′∣∣
)

=
∫∫

dxdx′xρ(x, x′)
∣∣−x′〉 〈−x|

=
∫∫

dx′dx(−x′)ρ(−x′, −x) |x〉 〈x′∣∣

= −C(ρ)x. (D3)

Using that C2 yields the identity superoperator, we directly
obtain the converse identity, C(ρx) = −xC(ρ). Similarly
for the other quadrature, we have that C(pρ) = C(ρ)p and
C(ρp) = pC(ρ).

2. Master-equation invariance

Our goal is now to show that the joint phase conjuga-
tion of the cat and buffer modes is a symmetry of the Z(θ)
gate dynamics. This involves showing that the joint phase-
conjugation superoperator CAB = CA ⊗ CB commutes with
the Lindblad superoperator L, where

L = LZ + LAB + L1,A + L1,B, (D4)

in which LZ = −i[HZ , · ], LAB = −i[HAB, · ], L1,A =
κaD[a], and L1,B = κbD[b]. By linearity, it is sufficient to
show the commutation relation for each term in the Lind-
blad superoperator. For the single-mode cavity drive with
Hamiltonian HZ = εZxa, we obtain

C(LZ(ρ)) = −iεZC(xaρ − ρxa)

= −iεZ (−C(ρ)xa + xaC(ρ))
= LZ(C(ρ)). (D5)

For the two-photon exchange term, the Hamiltonian reads
HAB = g2(a2 − α2)b† + h.c.. Rewriting the Hamiltonian
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in terms of quadrature operators yields

HAB/g2 = (x2
a − p2

a)
xb

4
+ (paxa + xapa)

pb

4
− α2xb.

(D6)

Since this Hamiltonian features only terms with an odd
number of quadrature x and even number of quadrature p
operators, use of the identities in Eq. (D3) and the related
ones yields an overall minus sign and a transposition, from
which we infer that

C(LAB(ρ)) = LAB(C(ρ)). (D7)

Finally, for the single-photon loss operators on either mode
L1 = D[x + ip], and again using the Eq. (D3) identities,

C(L1(ρ)
) = C((x + ip) · ρ · (x − ip)

)

− C((x2 + p2) · ρ
)
/2

− C(ρ · (x2 + p2)
)
/2

= (x + ip) · C(ρ) · (x − ip)

− C(ρ) · (x2 + p2)/2

− (x2 + p2) · C(ρ)/2
= L1(C(ρ)). (D8)

By linearity, the required result is shown: CL − LC = 0.
This shows the invariance of the Z(θ) gate master equation
under a joint x-axis phase conjugation of both cat and
buffer modes.

APPENDIX E: IDEAL FEEDBACK FOR
PHOTODETECTION

In this appendix, we discuss the ideal feedback action
to be applied for the photodetection design of V. Assum-
ing a perfect photodetector with detection efficiency η = 1
and instantaneous feedback, this ideal feedback can yield
errorless gates. Indeed, if η = 1, then no information is
lost to the environment and the combined qubit-buffer state
remains pure at all times, such that the final cat-qubit state
is pure. An appropriate feedback action can thus retrieve
the desired angle of rotation.

In Fig. 15, we show the profiles of the optimal feed-
back angles π + δ(tJ ) upon photon detection, as a function
of detection time tJ , for a targeted Z(π) gate. The mean
photon population of the buffer mode is also shown as a
function of time and is proportional to the instantaneous
photodetection probability 〈dNη〉. Note that close to t = T
in the middle plot, the angle δ diverges to negative val-
ues but 〈b†b〉 � 1 at this time, such that it is excessively
unlikely to ever have to perform this feedback action.

To perform this classical feedback upon detection of
buffer photons, multiple solutions exist. The first and most
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FIG. 15. The angle of the Z rotation feedback (in black) to per-
form after a buffer-mode photodetection at any given time, for a
Z(π) gate of duration T, and the buffer-mode population for the
no-jump trajectory (in blue), proportional to the photodetection
probability 〈dNη〉: (a) T = 1/g2; (b) T = 3/g2; (c) T = 10/g2. In
these numerical simulations, κb = 8g2 and |α|2 = 8.

straightforward is to actually add this Z(π + δ) gate to
the actuation, which would occasionally increase the gate
time, depending on the input-gate angle θ and the detection
time tJ . For instance, if a photon is detected at the begin-
ning of a Z(0.9π) gate, then a shorter Z(−0.1π + δ) gate
should be performed instead, while if it is detected toward
the end, then a longer Z(1.9π + δ) gate would be realized.
While this happens only for photon-detected trajectories
and thus with low probability, it causes unpredictable gate
times.

As a second option, the feedback could adjust the final
Z(θ) gate up to an integer multiple of π (similarly, adjust
the CNOT gate up to an integer number of Z(π) on the
control qubit). The remaining gate Z(nπ) is a Pauli gate,
which either a specific hardware operation can implement
or the software can keep track of by adapting the remain-
ing computer operations until the next non-Clifford gate is
reached.

For CNOT gates, the output of the target buffer mode
should, in principle, also be monitored due to the recon-
vergence phase in which the target mode undergoes sig-
nificant dynamics. Importantly, the effect of this monitor-
ing—whatever the detection results—is only on the phase
of the control qubit. Indeed, the bit degrees of freedom
remain exponentially protected on both qubits; and since
no operator ever couples to the bit-value information of
the target qubit (unlike the control qubit, for which a + a†

is sensitive to the bit value), it means that its bit-value
information can never leak out in this perfectly moni-
tored scheme and hence no phase-blurring back action can
happen on the target qubit. We have indeed verified numer-
ically that, for η = 1 and no buffer photons detected, an
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ideal CNOT gate is retrieved after an infinite time reconver-
gence by adjusting a Z(δ) gate on the control qubit with
δ � 1. A detection on the control-qubit buffer output at
time tJ requires an additional Z(π + δ(tJ )) gate, as for
the previously discussed Z(θ) gate scheme. In contrast, a
detection event on the output of the target buffer mode still
requires corrections of order δ only. This is consistent with
a first-order Heisenberg-picture analysis as in Sec. III, for
which bC is proportional to σz,C, while bT does not carry
any qubit information.

APPENDIX F: ADIABATIC ELIMINATION OF
THE BUFFER MODE

In Sec. VI, the adiabatic elimination of the buffer mode
is performed in the presence of a correlated dissipator. The
two-mode master equation is initially given by

dρ

dt
= −i [HAB, ρ] + κabD[ab]ρ. (F1)

This equation describes an exchange term between cat and
buffer modes, as well as a strong correlated dissipation.
Here, the fast dynamics correspond to the deexcitation
of the buffer mode due to the dissipation term, while the
slow dynamics are those of the exchange Hamiltonian. The
goal is thus to adiabatically eliminate the fast dynamics
when the buffer is excited and to derive an effective single-
mode equation for the A mode. Adopting the notation of
Ref. [60], we have

V+ = g2(a2 − α2)b†,

V− = g∗
2(a

†2 − α∗2)b,
(F2)

which are perturbative (de)excitations of the system, L =√
κabab is the jump operator from excited to ground sub-

spaces, and Hg = He = 0 are the block-diagonal Hamilto-
nians in the ground and excited subspaces. In addition, the
non-Hermitian Hamiltonian in the excited subspace reads

HNH = − i
2
κaba†ab†b . (F3)

Therefore, the effective single-mode dynamics read

dρ

dt
= −i[Heff, ρ] + D[Leff]ρ, (F4)

where Heff ∝ H−1
NH + H†−1

NH = 0 and

Leff = L (HNH)
−1 V+

= 2ig2√
κab

a(a†a)−1(a2 − α2). (F5)

This describes a parity-switching jump operator with cat-
qubit steady states. In the semiclassical limit, a(a†a)−1 ∼
α−1, such that the effective two-photon dissipation rate is
indeed given by κ2 ≡ 4g2

2/α
2κab.

APPENDIX G: OPTIMIZING THE FLATNESS OF
DRIVE HAMILTONIANS

In Sec. VII, we define drive Hamiltonians with odd-
power polynomials of the position operator x. For cat-qubit
gate engineering, it is required that these high-order drives
are locally flat around both cat-qubit coherent components.
Mathematically, this corresponds to a minimization of the
variance over one coherent state, defined by

VN ({cn}) ≡ 1√
2π

∫ ∞

−∞
HZ,N (x)2e− 1

2 (x−2α)2dx, (G1)

under the constraint of a fixed mean value of the drive over
this coherent state, defined by

EN ({cn}) ≡ 1√
2π

∫ ∞

−∞
HZ,N (x)e− 1

2 (x−2α)2dx, (G2)

where HZ,N (x) = εZ
∑N

n=0 cnx2n+1 is the potential to be
optimized, with N + 1 constants to be determined.

To perform this constrained-minimization problem, we
use Lagrange multipliers and define the Lagrangian func-
tion as

LN ({cn}, λ) = VN ({cn})− λ (EN ({cn})− ε0) , (G3)

where λ is a Lagrange multiplier and ε0 is the fixed mean
value of EN .

Due to the simple form of Eqs. (G1) and (G2), it is quite
simple to find the global minimum of this Lagrangian func-
tion exactly. Differentiation of Eq. (G3) with respect to all
N + 2 variables yields

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∂LN

∂ck
= 2

N∑

n=0

I2(n+k+1)cn − λI2k+1,

∂LN

∂λ
= 1 −

N∑

n=0

I2n+1cn,

(G4)

where we have defined

Ik ≡ 1√
2π

∫ ∞

−∞
xke− 1

2 (x−2α)2dx. (G5)

Through an integration by parts, a recurrence relation can
be obtained for Ik. It reads

Ik+1 = 2αIk + kIk−1, (G6)

with I0(α) = 1 and I1(α) = 2α. As such, Ik is a kth-order
polynomial in α. Then, the global minimum of Eq. (G3)
is such that ∂LN/∂ck = 0 for all k and ∂LN/∂λ = 0. This
corresponds to a linear set of equations in ck and λ and can
therefore be rewritten as a problem of the form Ax = y,
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where A is a matrix of the Ik integrals, x = (c0, . . . , cN , λ),
and y = (0, 0, . . . , 0, −1). Such a system is easily solved
numerically through matrix inversion, thus yielding the
solution of the initial problem.
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