Modeling

Estimating Selecting Experiments To go further HD data: definition (2/2)

An attempt in the parametric case Dataset x = (x 1 , . . . , xn), x j described by d variables and a model m with ⌫ parameters, where n = o(g (⌫)), with g a given function Justification:

We consider the heteroscedastic Gaussian mixture with of true parameter ✓ ⇤ with K ⇤ components. We note ✓ the Gaussian MLE with K ⇤ components. We have g linear from the following result [Michel,08]: it exists constants , A and C such that

Ex[Hellinger 2 (p ✓ ⇤ , p ✓ K )]  C   ⌫ n n 2A ln d + 1 ln ⇣ 1 ^h ⌫ n A ln d i⌘o + 1 n .
But ⌫ can be high since ⌫ ⇠ d 2 /2, combined with potentially large constants. 

HD density estimation: curse

A two-component d-variate Gaussian mixture:

⇡ 1 = ⇡ 2 = 1 2 , X 1 |z 11 = 1 ⇠ N d (0, I), X 1 |z 12 = 1 ⇠ N d (1, I)
Components are more and more separated when d grows: kµ 2 µ 1 k I = p d. . . A two-component d-variate Gaussian mixture:

⇡ 1 = ⇡ 2 = 1 2 , X 1 |z 11 = 1 ⇠ N d (0, I), X 1 |z 12 = 1 ⇠ N d (1, I)
Each variable provides equal and own separation information Theoretical error decreases when d grows: err theo = ( p d/2). . . Many variables provide no separation information Same parameter setting except:
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X 1 |z 12 = 1 ⇠ N d ((1 0 . . . 0) 0 , I)
Groups are not separated more when d grows: Many variables provide redundant separation information Same parameter setting except:

kµ 2 µ 1 k I = 1. . . -4 -3 -2 -1 0 1 2 3 4 -5 -4 -3 -2 -1 0 1 2 3 4 x1 x2
X j 1 = X 1 1 + N 1 (0, 1) (j = 2, . . . , d)
Groups are not separated more when d grows: 

kµ 2 µ 1 k ⌃ = 1. . . -3 -2 -1 0 1 2 3 4 -6 -4 -2 0 2 4 6 x1
⇡ 1 = ⇡ 2 = 1 2 , X 1 |z 11 = 1 ⇠ N d (0, ⌃), X 1 |z 12 = 1 ⇠ N d (1, ⌃)
Each variable provides equal and own separation information But which kind of parsimony?

Remember that clustering is a way for dealing with large n

Why not reusing this idea for large d? Gaussian mixture of factor analysers (2/2) Use alternatively a lasso-like procedure for ranking quickly di↵erent sets of clustering related and clustering independent variables [Sedki et al.,14] crit

Co-clustering

⌃ k = B k B 0 k + ! k ⇤ k where B k is a loadings d ⇥ q non-square real matrix (1  q  qmax, qmax < d) ! k is a positive real number ⇤ k is a d ⇥ d diagonal positive definite matrix such that |⇤ k | = 1 Interpretation X 1 2 R d is generated by a latent variable Y 1 2 R q X 1|Y 1 ,Z 1k =1 = B k Y 1 |{z} factor +µ k + " k where Y 1 ? " k and Y 1 ⇠ Nq(0, I) and " k ⇠ N d (0, ! k ⇤ k ) 15/
Complexity ⌫ = (K 1) + Kd + Kq(d (q 1)/2) + Kd Model selection Models in competition: m = (q, K ) +
⌃ k = D k k D 0 k where D k is the orthogonal matrix of the eigenvectors of ⌃ k k is a diagonal matrix containing the eigenvalues of ⌃ k k = 0 B B B B B B B B B @ a k1 0 . . . 0 a k k 0 0 b k 0 . . . 0 b k 1 C C C C C C C C C A 9 = ; k 9 = ; (d k ) with a kj b k , for j = 1, ..., k and k < d Complexity ⌫ = (K 1) + Kd + K X k=1 k [d ( k + 1)/2] + K X k=1 k + 2K
; ✓) = ( K X k=1 ⇡ k p(x S 1 ; µ k , ⌃ k ) ) | {z } clustering variables ⇥ n p(x U 1 ; a + x R 1 b, C) o | {z } redundant variables ⇥ n p(x W 1 ; u, V) o | {z } independent
,⇢ = `(✓; x) K X k=1 d X j=1 |µ kj | ⇢ K X k=1 d X (j,j 0 ),j6 =j 0 |(⌃ 1 k ) jj 0 |
where ✓ full Gaussian parameters, x is x centered and Example in the continuous case:

x 2 R n⇥d
It could be possible to define a within-block inertia criterion

W (z, w ) = K X k=1 L X l=1 n X i=1 d X j=1 | {z } P i,j,k,l z ik w jl kx ij µ kl k 2
with µ kl the center of the block (k, l)

µ kl = 1 n kl X i,j z ik w jl x ij
where n kl = P ij z ik w jl is the sample size of the block (k, l)

But we know now that it hides some model-based assumptions. . . Distribution for di↵erent kinds of data [Govaert and Nadif, 2014] The pdf p(•; ↵z i w j ) depends on the kind of data x ij : Binary data:

x ij 2 {0, 1}, p(•; ↵ kl ) = B(↵ kl )
Categorical data with m levels:

x ij = {x ijh } 2 {0, 1} m with P m h=1 x ijh = 1 and p(•; ↵ kl ) = M(↵ kl ) with ↵ kl = {↵ kjh } Count data: x j i 2 N, p(•; ↵ kl ) = P(µ k ⌫ l kl ) 3 Continuous data: x j i 2 R, p(•; ↵ kl ) = N (µ kl , 2 kl )
3 The Poisson parameter is here split into µ k and ⌫ l the e↵ects of the row k and the column l respectively and kl the e↵ect of the block kl. Unfortunately, this parameterization is not identifiable. It is therefore not possible to estimate simultaneously µ k , ⌫ l and kl without imposing further constraints. Constraints P k ⇡ k kl = P l ⇢ l kl = 1 and 

P k µ k = 1, P l ⌫ l =
MLE: ✓ = arg max ✓ `(✓; x)
Complete log-likelihood:

`c (✓; x, z, w) = lnp(x, z, w ; ✓) = X i,k z ik log ⇡ k + X k,l w jl log ⇢ l + X i,j,k,l
z ik w jl log p(x j i ; ↵ kl )

Be careful with asymptotics. . . 

Q(✓, ✓ (q) ) = E [`c (✓; x, z, w)|x; ✓ (q) ] = X i,k p(z i = k|x; ✓ (q) ) | {z } t (q) ik ln ⇡ k + X j,l p(w i = l|x; ✓ (q) ) | {z } s (q) jl ln ⇢ l + X i,j,k,l p(z i = k, w j = l|x; ✓ (q) ) | {z } e (q) ijkl ln p(x ij ; ↵ kl )
M-step of EM (iteration q): classical. For instance, for the Bernoulli case, it gives 

⇡ (q+1) k = P i t (q) ik n , ⇢ (q+1) l 
= P j s (q) jl d , ↵ (q+1) kl 
= P i,j e (q) ijkl x ij P i,j e ( 

MLE: variational EM (1/2)

Use a general variational result from [Hathaway, 1985] Maximizing `(✓; x) on ✓ is equivalent to maximize ˜c (✓; x, e) on (✓, e) 

˜c (✓; x, e) = X i,k t ik ln ⇡ k + X j,l s jl ln ⇢ l + X i,j,
Q(✓, ✓ (q) ) ⇡ X i,k t (q) ik ln ⇡ k + X j,l s (q) jl ln ⇢ l + X i,j,k,l t (q) ik s ( 
(x ij = 1|z ik = 1) = ⌧ k = L X l=1 ↵ kl ⇢ l Thus marginal distribution of x ij is a mixture (indep. of x ij cond. z ik = 1) 0 @ X j x ij 1 A |z ik = 1 ⇠ B(d, ⌧ k )
Control of error on this partition mixture estimate ẑmix of binomial distributions p(ẑ mix 6 = z ⇤ )  2n exp n 1

8 d h min k6 =k 0 |⌧ k ⌧ k 0 | | {z } overlap io + K (1 min k ⇡ k ) n
We retrieve also consistency for very high dimension with constraint ln(n) = o(d) 

  . . . but density estimation quality decreases with d

  variables where all parts are Gaussians S: set of variables useful for clustering U: set of redondant clustering variables, expressed with R ✓ S W : set of variables independent of clustering Trick Variable selection is recasted as a particular variable role 19in competition: m = (S, R, U, W , K ) ! combinatorics Use a backward stepwise algorithm guided by a model selection criterion: d ⇡ 30

  Notationsz i : the cluster of the row i w j : the cluster of the column j (z i , w j ): the block of the element x ij (row i, column j)z = (z 1 , . . . ,zn): partition of individuals in K custers of rows w = (w 1 , . . . , w d ): partition of variables in L clusters of columns (z, w): bi-partition of the whole data set x Both space partitions are respectively denoted by Z and W Restriction All variables are of the same kind (see discussion at the end) 25/69

  Theoretical error decreases when d grows: err theo = ( kµ 2 µ 1 k ⌃ 1 /2)
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  Of course maximizing `(✓; x) or ˜c (✓; x, e) are both intractable Idea: restriction on e to obtain tractability e ijkl = t ik s jl New variables are thus now t = (t ik ) and s = (s jl )As a consequence, it is a maximization of a lower bound of the max. likelihood

	Modeling	Estimating		Selecting	Experiments	To go further
	MLE: variational EM (2/2)	
	Approximated E-step				
		max ✓	`(✓; x) max ✓,t,s	˜c (✓; x, e)	
				40/69	

k,l e ijkl ln p(x ij ; ↵ kl ) where e = (e ijkl ), e ijkl 2 {0, 1}, P k,l e ijkl = 1, t ik = P j,l e ijkl , s jl = P i,k e ijkl

  Binary case: marginals seems so simple mixtures![Brault, 14] 
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⇤ , ŵ = w ⇤ |x; ✓)

  Mixture of 1033 medical summaries and 1398 aeronautics summaries Lines: 2431 documents Columns: present words (except stop), thus 9275 unique words Data matrix: cross counting document⇥words ICL criterion: overcome both di culties ICL uses complete likelihood thus no intractability ICL = ln p(x, ẑ, ŵ) = ln p(x|ẑ, ŵ) + ln p(ẑ) + ln p(ŵ)Multinomial case (r levels):[Keribin et al., 2014] 
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Illustration: document clustering (1/2)

C. Biernacki, J. Jacques, C. Keribin (2023). A Survey on Model-Based Co-Clustering: High Dimension and

m = (K , L) typically, but not restricted to 57/69

[Robert, 2017] Algorithm Bi-KM1

We have already seen the SEM algorithm in Lesson 3 (thus we do not detail more) It limits dependency to starting point, so it limits local maxima The S-step: a draw (z (q) , w (q) ) ⇠ p(z, w |x; ✓ (q) ) instead an expectation But it is still intractable, thus use a Gibbs algorithm to approx. this draw

Approximated S-step

Two easy draws z (q) ⇠ p(z|w (q 1) , x; ✓ (q) ) and w (q) ⇠ p(w |z (q) , x; ✓ (q) ) Rigorously speaking, many draws within the S-step should be performed Indeed, Gibbs has to reach a stochastic convergence

In practice it works well while saving computation time 

Block estimation: evaluation

Empirical error rate between blocks:

Rand index between blocks: it exists also a recent definition. . .

50/69

BIC criterion: two di culties

Di cult 1: which BIC definition because of the double asymptotic on n and d?

Di cult 2: the observed log-likelihood value is intractable

Could be estimated by harmonic mean but time consuming and high variance 58/69

We can obtain a BIC expression from ICLbic BIC = ICLbic ln p(ẑ, ŵ|x; ✓) et al., 2017] establish that asymptotically on n and d "`( ✓; x) = `c ( ✓; x, ẑ, ŵ ) 00

Thus, since BIC is consistent, ICL is also consistent 48 percentages that a given word appears in an e-mail ("make", "you'. . . ) 6 percentages that a given char appears in an e-mail (";", "$". . . )

Transformation of continuous descriptors into binary descriptors