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Abstract. Optimizing transport networks is a well-known class of prob-
lems that have been extensively studied, with application in many do-
mains. Here we are interested in a generalization of the Steiner problem,
which entails finding a graph minimizing a cost function associated with
connecting a given set of points. In this paper, we concentrate on a spe-
cific formulation of this problem which is applied to the generation of
synthetic vascular trees. More precisely, we focus on the Constrained
Constructive Optimization (CCO) tree algorithm, which constructs a
vascular network iteratively, optimizing a blood transport energy effi-
ciency. We show that the classical incremental construction method of-
ten leads to sub-optimal results, and that a better global solution can be
reached.

Keywords: Constrained Constructive Optimization · Discrete optimal
transport · Binary trees · Convex optimization · Numerical twin.

1 Introduction

Identifying an optimal transportation network is a topic of significant interest
across a wide range of fields, including urban modeling, water supply, telecommu-
nication, and the study of vascular system [1,10]. The problem consists of finding
a path that minimizes a cost function while interconnecting points of interest
and utilizing possible intermediate branching points. This paper specifically ex-
plores a formulation of the problem where the points of interest are the terminal
leaves of a rooted binary tree. More specifically, we study the application of this
approach to the generation of synthetic vascular trees.

With the emergence of patient-specific models as non-invasive diagnostic
tools in medicine, it has become important to generate realistic vessel networks
efficiently and effectively. An example is to construct numerical twins of various
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organs, for example to study their associated vascular diseases [15], [13]. Most
published methods construct these trees incrementally, branch by branch, with
the underlying principle that blood vessels supply tissues by filling the tissue
volume while minimizing transport costs.

A widely adopted method is the Constrained Constructive Optimization
(CCO) tree algorithm, which locally optimizes the tree geometry after the addi-
tion of a new segment. This method aims to minimize total vascular volume and
was initially developed by Schreiner et al. [16]. Several extensions of this method
have been proposed for the generation of organ-specific vascular trees in 3D non-
convex volumes [9,6,18,17] or the concurrent construction of multiple concurrent
trees [3]. As stated by Keelman et al. [11], one of the main drawbacks of CCO
is that it only performs local optimizations, leading to suboptimal results. In
order to search for optimal global solutions, they devised a method based on
simulated annealing (SA). This approach enabled them to explore multiple tree
structures while trying to converge towards a global minimum with respect to
a cost function. In a recent publication, Jessen et al. [7] combined the CCO
algorithm with the SA method to address the local optimality issue. In order
to reduce the search space of SA, and thus the high computational cost, they
restrained the tree structure exploration to changes in the tree connectivity (or
tree topology). The optimization of the branching node positions was computed
thanks to a global non-linear solver inspired by CCO’s local optimization. While
they successfully reduced the total vascular volume, there is currently no proof
of convergence to a global minimum.

Another tree generation approach, known as Global Constructive Optimiza-
tion (GCO) [4], also aims at building optimal tree structures. It starts from
uniformly distributed random points in the volume, which remain fixed during
the tree generation. The method is initialized by connecting all points to a root
node. Subsequently, through a series of iterative split and merge operations,
it reshapes the tree topology. During each iteration, the method optimizes the
bifurcation positions with the objective of volume minimization. Notably, this
optimization problem has been proven to be convex, guaranteeing the achieve-
ment of optimal node positions. In contrast to CCO, it is essential to note that
a key limitation of this method lies in its inability to generate multiple trees
within the same volume.

In our present work, we introduce a novel approach for the CCO algorithm.
Instead of minimizing the total volume, our approach seeks to minimize an en-
ergy cost function. Notably, we demonstrate that our optimization framework
exhibits convexity, leading to improved global results. Moreover, our approach
significantly reduces computational costs in comparison to the volume-based
CCO method.

2 Method

In this section, we first describe the general formulation of the optimal transport
problem considered in this paper. Subsequently, we delve into the original CCO
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method [16], and its model assumptions. Finally, we introduce our novel vision of
the CCO framework. we emphasize that all the CCO implementations detailed
in this paper are used for the generation of two-dimensional vascular trees, but
that the construction generalizes to 3D trees without difficulty.

2.1 Optimal transport problem

The optimal transport problem explored in this paper can be formulated as fol-
lows: starting with a binary tree that originates from a root point, and connecting
N terminal points through N −1 branching points (bifurcation points), each de-
fined by two-dimensional Euclidean coordinates, the objective is to determine
the optimal positions for these bifurcation points while keeping the terminal and
root nodes fixed. The cost function is expressed as follows:

S =

2N−1∑
i=1

wili (1)

Here, the li values (1 ≤ i ≤ 2N − 1) denote the lengths of the segments between
each pair of connected points, and the wi values are positive weights assigned
to each segment. Notably, since the Euclidean distance of a segment is convex
with respect to its endpoints, the sum S itself is convex [4]. Consequently, op-
timal bifurcation positions, that minimize S, can be determined. However, it is
essential to note that the solution may not be unique, as the Euclidean distance
is not strictly convex [2].

2.2 Constrained Constructive Optimization

Model assumptions Vascular trees are represented as rooted binary trees com-
posed of one root node and N terminal nodes. The edges constituting the tree are
represented as cylindrical segments, interconnected through N−1 branching—or
bifurcation—nodes.

Blood flow is modeled in the vascular network as an incompressible, homoge-
neous Newtonian fluid, and is assumed unidirectional, axisymmetric, developed
and stationary. Thus for each segment j , the resistance to flow Rj and sub-
sequent pressure drop ∆pj are related to its flow rate qj through Poiseuille’s
law:

∆pj = Rjqj (2)

Rj =
8µlj
πr4j

(3)

with µ the blood viscosity, and lj and rj , q the segment length and radius
respectively. At all terminal nodes, the flow rates qterm are set (here to be equal).
Thanks to mass conservation, the sum of the qterm corresponds to the perfusion
flow rate at the tree root qtot.
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At a bifurcation level, the parent and children segments radii obey the fol-
lowing power law:

rγparent = rγchild1 + rγchild2 (4)

with γ a parameter which has been shown empirically to vary between 2 and 3,
depending on the size of the arteries or veins. In the next sections, this parameter
is set to 3 to simulate small arteries. This relationship has been defined by
Murray [14], and is derived from the assumptions that vascular networks should
be constructed so that the cost to transport and maintain/generate blood is
minimal. Indeed, for a vessel modeled as a tube with Poiseuille’s law, Murray
defines this cost as the sum of a term due to viscous work, and a second one due
to the generation of the blood volume in the tube. This sum is homogeneous to
an energy. Based on Poiseuille law, (3), this energy (or rather power) is defined
as:

Ej =
8ηq2j l

πr4j
+ bπljr

2
j (5)

with b the volumetric metabolic cost. Searching the minimum of this equation,
with respect to the radius, leads to Murray’s law:

qj = kr3j (6)

with k a constant independent of j. At a bifurcation, with one parent and two
children segments, mass conservation reads:

qparent = qchild1
+ qchild2

(7)

which, combined with (6) leads to (4).

Current CCO algorithm The CCO method aims at generating a synthetic
vascular tree incrementally, by adding segments one by one, until a desired num-
ber of terminal segments is reached. At each growth step, the new local structure
is optimized: the total vascular volume is minimized, by considering the cylin-
drical segment:

V = π

Nsegments∑
i=1

liri
2 (8)

The addition of a new terminal segment can be described as follows: first, a new
terminal node location is randomly sampled in the perfusion territory. Then,
the connection between two points defining a neighboring segment and the new
node, is tested. For that purpose, the latter segment is replaced by 3 new seg-
ments and a bifurcation node connecting the 3 points. Local optimization of the
bifurcation structure is then performed. The bifurcation point position and the
3 newly added segments radii are optimized with respect to total volume, while
ensuring Poiseuille’s law (3) and Murray’s bifurcation law (4). Since a new ter-
minal node is added, the total flow in the tree is incremented by qterm. Segment
resistances upstream to the new bifurcation, need to be adjusted by rescaling
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recursively the segments radii. Finally, a fixed number of connections within the
closest neighboring segments are tested and only the one inducing the lowest
total volume is kept.

The volume-based minimization method comes from Kamya [8]. The method
seems similar to the energy-based approach, as it had the following objective:
“the lower the blood volume in the vascular tree becomes, the smaller the energy
for blood maintenance is spent”. Regarding (5), it seems that minimizing volume
shares similarities with minimizing energy, but does not take into account the
effect of viscous forces. One can note that this original CCO bifurcation opti-
mization is not completely volume-based, as it integrates Murray’s bifurcation
law (4). However, the use of the bifurcation relationship instead of (6) induces
a loss of information, and the model is not mathematically well-posed. Conse-
quently, the use of other equations such as Poiseuille’s law becomes necessary to
solve the local optimization problem, which becomes more complex. Solving this
problem is often done by iterative solvers, and no convergence toward a global
minimum has been demonstrated.

2.3 New CCO approach

Local optimization algorithm We now describe a new method for optimizing
a bifurcation in CCO that relies solely on energy considerations, and is mathe-
matically well-posed. This approach should provide a more consistent and robust
solution.

Because terminal flows qterm are fixed in CCO and mass is conserved at each
bifurcation, one can compute from the terminal nodes to the tree root, the flow
qparent, qchild1 and qchild2 for every segment of a bifurcation. Additionally, the
best radii r0, r1, r2 and bifurcation coordinates (x, y) can be found by minimizing
the energy defined in (5):

∂E

∂x
= 0

∂E

∂y
= 0

∂E

∂ri
= 0 for i ∈ {parent, child1, child2}

(9)

As in Murray [14] for the case of a single bifurcation, with k a constant, the
partial derivatives of E with regard to the radii, lead to:

qi = kr3i

Since the flow rates qi are known, this sets all the radii for a given k as:

ri =
3

√
qi
k

(10)
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Employing (10) in order to compute the total energy of a bifurcation, leads to:

E =
∑
i

Ei =

(
8k2η

π
+ bπ

)∑
i

lir
2
i (11)

This new form of the energy, when considering ri as fixed values, can be expressed
in a similar form as (1). As stated in Sect. 2.1, this objective function has been
demonstrated to exhibit convexity with respect to the point coordinates defining
the segment lengths li. Consequently, it becomes feasible to identify a global
minimum solution for the new bifurcation point positions, ultimately leading
to an optimal bifurcation geometry. This optimum can be reached under the
condition that the constant k can be computed. In fact, it is easy to see by
recursivity, that this constant is the same for the whole tree. In CCO, medical
image data usually give the root radius. When such data is not available, an
additional condition such as specifying a target pressure drop between the root
and the leaves, needs to be given. This target pressure drop may, for instance,
represent the average pressure drop occurring between arteries and arterioles.
Based on this target value, and considering the overall tree resistance and total
flow at growth step t, the root radius can be determined. Consequently, with the
knowledge of the root radius, we can define at each growth step the constant k:

kt =
qttot

(rroot)3
(12)

Global optimization algorithm When adding a new terminal node in the
current CCO implementation, the entire tree is adjusted to be able to sustain the
incremented total flow. These modifications specifically pertain to the radii, while
the previous bifurcation points remain untouched. Nevertheless, the creation of
a new bifurcation modifies the geometry of the tree, which leads to uncertainties
regarding the optimality of the bifurcation positions previously found in the
existing tree.

In this section, we describe a method to optimize all bifurcation positions
and all segment radii at once in a tree. This method starts from given terminal
nodes positions and connectivity of a tree, for example here given by a CCO
tree. It is based on an energy-based system of equations. This system has been
shown to deliver an optimal solution [5].

Similarly, as in (9), one can define, for a vascular tree with N terminal nodes,
a system of 3N − 1 equations with 3N − 1 unknowns:

k = Qtot

(rroot)3

∂E
∂xi

= 0

∂E
∂yi

= 0

∂E
∂rj

= 0

(13)
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with i iterating over the N−1 bifurcation nodes, and j over the 2N−1 segments.
Solving the partial derivatives of E with respect to the radii leads to:

rj =
3

√
fj
k

(14)

After injecting (14) in the energy equation, we obtain:

E =

Ns−1∑
j=0

Ej =

Ns−1∑
j=0

(
8k2η

π
+ bπ

)
ljr

2
j (15)

We note that (15) has the same form as (8), thus a global solution minimizing
this energy function with regard to the bifurcation nodes can be found. This
time however, it is a minimum for all the bifurcations at once, so global to the
whole tree.

2.4 Tree comparison metric

To be able to compare the trees in terms of morphometry, and more precisely
to measure the asymmetry between branches, an asymmetry ratio is defined for
every branches starting from a segment u as:

Au =
|lu − ru|

lu + ru − 2
(16)

where lu (resp. ru) is the number of leaves node downstream to the left (resp.
right) children segment of the parent segment u. An asymmetry ratio of 0 means
the branch is completely symmetric, while a value of 1 exhibits an asymmetric
branch.

3 Results

3.1 Comparison of volume vs. energy approaches

To facilitate a comparative analysis of the two distinct approaches, one based on
volume optimization (section 2.2) and the other on energy optimization (local
optimization algorithm, section 2.3), we generated synthetic trees with varying
numbers of terminal nodes: 100, 200, 300, and 400. For each specific number
of terminal nodes, we constructed a total of 10 different trees, with different
random seeds for the generation of new random node locations within the tree
generation. All trees were grown within the same circular domain, as depicted
in Fig. 1.

Fig. 2 shows that the energy-based method yields significantly lower compu-
tational time than the volume-based approach. The time saved seems more or
less constant as the relative time difference exhibits an average gain of 31.7%,
36.2%, 33.9% and 36.3% for trees with 100, 200, 300 and 400 terminal segments
(or nodes), respectively.
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Fig. 1. Example of trees with 400 terminal segments simulated with the volume-based
(left) and energy-based (right) methods.

Fig. 2. Boxplot of the computational time vs the number of terminal segments for the
volume and energy-based CCO (without global optimization) methods.

A comparison of morphometric features is conducted between the two meth-
ods, as illustrated in Fig. 3. These features encompass the mean diameters and
mean lengths at each bifurcation level (the number of segments in the path from
the current segment to the root segment), along with the radius-weighted aver-
age asymmetry ratio (see (16)). On average, it appears that both methods yield
similar tree structures in terms of radii and length distributions. Notably, the
energy-based method tends to generate deeper trees, evidenced by a maximum
of 46 bifurcation levels, in contrast to 43 levels achieved through volume op-
timization. Additionally, the distribution of branch lengths exhibits a slightly
broader variation. However, the asymmetry ratio reveals no significant differ-
ences between the two methods. It is worth noting that both approaches produce
somewhat asymmetric trees, with smaller branches exhibiting greater symmetry.
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Fig. 3. Morphometric analysis along bifurcation levels: average diameter (top left),
and average length (top right) along standard deviation envelope at each bifurcation
level, on 10 simulated trees with 400 terminal segments. Weighted average asymmetry
ratio, for both methods, for all segments (bottom left), and by taking into account only
segments with at least 3 downstream children (bottom right). The average is weighted
by the segment radius in both cases
.

3.2 Global optimization results

We applied our global optimization framework (section 2.3) to the previously
generated synthetic trees that were initially constructed with the energy-based
approach. Consistently with the energy formulation outlined in (15), an en-
ergy reduction achieved through our global framework should be approximately
equivalent to a volume reduction, up to a constant factor. Consequently, for the
purpose of comparing the energy-based approaches (with and without global
optimization) to the volume-based method, we have plotted the total vascu-
lar volume in Fig. 5. The results show that even prior to global optimization,
the energy-based method already yields lower volumes compared to the volume-
based method. The mean relative volume differences are 21.3%, 36.7%, 36.1%,
and 37.2% for trees with 100, 200, 300, and 400 terminal segments, respectively.
In addition, our global optimization method successfully leads to a reduction
in the total vascular volume (and energy) across all cases when compared to
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Fig. 4. Boxplot of the vascular volume vs the number of terminal segments for the
volume and energy-based CCO (with and without global optimization) methods.

Fig. 5. Example of a tree generated with the energy-based CCO method (in blue),
which is then optimized globally (in red). In the right image, two trees starting from
two different root positions are constructed with the forest growth algorithm developed
in [6].

the CCO energy-based trees. On average, the volumes are decreased by 3.0%,
7.9%, 7.8% and 7.7% for trees with 100, 200, 300 and 400 terminal segments,
respectively.

4 Discussion

Most synthetic vascular tree generative models are built on the foundational
principle, first proposed by Murray [14], that vascular structures aim for opti-
mally minimizing transport costs. The CCO method aims to minimize vascular
volume. However, relying solely on a volume-based objective could lead to an
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incomplete transport cost. We introduce a term related to viscous work, con-
sistently with the original Murray’s derivation for a single bifurcation. Incorpo-
rating this new objective function leads to a well-posed and convex problem.
Related objective functions have been mentioned in previous publications on
tree generation methods, but never in the context of CCO. For instance, Kim et
al. [12] developed a tissue-growth-based tree generation method, which shares
similarities with CCO in its incremental tree construction approach, involving
local optimization at each new bifurcation. Although they aim at minimizing
the same energy function, it remains unclear if they also utilize this energy func-
tion to scale the radii. In contrast to our findings, they report achieving similar
volumes between their method and CCO, with differences below 5%. Our ap-
proach results in a significant reduction in tree energy (or volume, see Sect. 2.3),
approximately by 36% compared to the volume-based CCO. This reduction can
be attributed to the optimality of our solution and by our more consistent way
to compute the radii.

Concerning tree morphometry, our analysis tends to indicate that the energy-
based method produces similar trees as the volume-based method. In order to
fully capture the impact of the new method, we plan to extend our local and
global optimization frameworks to generate 3D organ-specific trees in the future.
This will enable comparisons with real data.

A major consideration in CCO is the reduction of computational costs: our
approach notably achieves an average cost reduction of approximately 35%. This
improvement is facilitated by the convex nature of our problem, which enhances
convergence efficiency.

As highlighted by previous publications [11,7], one limitation of CCO lies
in its focus on optimizations of one bifurcation at a time only. In that sense it
provides a local tree optimization. Based on our energy-based CCO method, we
developed a global optimization framework. We showed that a global optimum
solution can be reached, and we succeeded to obtain an energy reduction up
to 8%. In comparison, the branching node positions optimization developed by
Jessen et al. achieved a volume reduction of 4% from a volume-based CCO tree.
Unlike our approach, their system of equations relies on a CCO volume-based
local optimization, yielding non-optimal solutions.

In contrast to the aforementioned works [11,7], our approach does not at-
tempt to modify the tree topology: we maintain the connectivity from CCO.
However, we have seen that our tree generation problem can be linked to the well-
studied field of optimal transport (section 2.1). Specifically, the task of finding
optimal trees could be related to the Steiner tree problem [2]. Further research,
potentially incorporating methods for solving this problem, could be addressed
to identify an optimal tree topology.

To conclude, we have proposed a novel optimization framework for CCO,
relying on an energy-based transport cost, which leads to a well-posed system
of equations. While simulating similar 2D vascular trees as CCO in terms of
morphometry, thus new method succeeded to produce better optimal solutions,
and more efficiently.
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