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Abstract

The objective of this work is to propose a method using observers to estimate a source
term of a wave equation from internal measurements in a subdomain. The first part of
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the work consists in proving an identifiability result from classical observability
conditions for wave equations. We show that the source reconstruction is an ill-posed
inverse problem of degree 1 or 2 depending on the measurements type. This inverse
problem is solved using observers — a sequential strategy — that is proven to be
equivalent to a minimization of a cost functional with Tikhonov regularization.

1 Introduction

Inverse problems applied to wave-like propagation phenomena has received a lot of
attention with numerous applications in geophysics |35, 16], tomography [38, 44, 32],
medical imaging [37, 56] with the development of elastography [45, 52|, non-destructive
testing [23]. In fact, several subcategories of inverse problems can be distinguished:
the reconstruction of initial conditions, the reconstruction of sources, and finally the
identification of constitutive parameters. First, the reconstruction of initial conditions
has been widely studied [39, 52| and is based on the proof of a so-called observability
inequality. This inequality, which has been studied extensively by the control community
[14, 27, 30] quantifies the initial condition to measurement operator invertibility which
in this case is linear, allowing for the analysis of reconstruction strategies [47, 55].
At the other end of the spectrum, parameter reconstruction is a nonlinear inversion
problem [28, 53], where identifiability and stability results are hard to obtain in the
general cases and often rely on Carleman inequalities, see for example |43, 49, 54] and
references therein. Finally, source reconstruction is the intermediate step between initial
conditions reconstruction and parameter reconstruction. In a first step, we consider a
source term with a separate variable, i.e., the source is the product of a time-dependent
function multiplying a space-dependent function to be estimated. This source term
can take various forms, even being point sources [24, 26]. One of the advantages of
estimating such source terms is that one can show identifiability by relying on initial
condition observability inequalities [34, 17|, while more general source terms may require
the use of dedicated Carleman estimates |48, 21|. From a practical point of view, there
are two main categories of methods for solving these inverse problems: Least-squares
minimization approaches [38, 46, 55] — also known as variational approaches or 4D-var
in the data assimilation community [10, 12, 22| — or sequential approaches, where a
new evolution problem integrating the measurements as a feedback pursues the target
solution. The least squares approach is certainly the oldest strategy [1, 4| and is
typically solved using adjoint equations [11]. The goal is to eventually find the optimal
trajectory that minimizes the discrepancy between the solution and the observations.
The sequential approach, also called the observer approach, is less studied. The
principle is to introduce feedback into the dynamics based on measurement to create
a new system, called the observer, which converges asymptotically to the observed
system over time. Starting from the reconstruction of the initial conditions of wave
problems, algorithms were developed [39] combining the observer and time-reversal
strategies in a comparable spirit to the back-and-forth nudging introduced in data
assimilation [31]. This strategy has been extended to unbounded domains by [52].
The proposed feedbacks are often easy to compute, and their efficiency is based on
stabilization principles inspired by the so-called Luenberger observer introduced for
finite-dimensional control problems |2, 6]. In the same community, it is also known that
the principles of dynamic programming [3] can also help to formulate observers that
asymptotically solve the least square minimization problem. Such a strategy is often
referred to as optimal filtering, since the feedback is also called a filter, and it is derived
directly from an optimal criterion. It has been extended to the estimation of initial
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condition for infinite dimensional systems |5, 7| with recent works on numerical methods
and their analysis, see e.g. [57] and references therein. Observers for reconstructing
sources or identifying parameters have also been introduced in finite dimensional cases
[25] with applications to discretized wave-like problems [33, 56].

Our goal is to extend the definition of such an optimal observer to source recon-
struction in the infinite dimensional context of source inversion for wave problem. Our
contribution includes the formulation of the observer, namely its existence, but also its
asymptotic property, here called stability, and its robustness to measurement noise, as
in all inverse problems. Notably, we base our analysis on general field measurements
on a subdomain whereas most observability results for wave equations are classically
based on velocity measurements.

This work is organized as follows. In the first section, we present the problem
underlying the nature of the present observations. In the second section, we present
how observability inequality allows us to quantify how poor the reconstruction of source
terms is from the available field measurements. The next section is devoted to the
formulation and analysis of the observer in the infinite dimensional context, developing
an infinite dimensional Kalman filtering reduced to the source space. We then propose
a discretization strategy based on the same principles at the discrete level. Finally, we
illustrate the strategy with numerical experiments.

2 Problem setting

Let ©Q be a bounded, connected open domain of class C2 in R?. We consider the
following wave equation

Opu(x,t) — Au(z,t) = o(t)0(z), (z,t) € Qx(0,T),

u(z,t) =0, (x,t) € 9Q x (0,T), 1)
u(z,0) = ug(z), x € €,
ou(x,0) = vo(z), x € Q,

where (ug, vo) is the initial condition, o € L?(0,T) is known and § € P C L3(2), a
Hilbert space, to be recovered from available measurements.

2.1 Semigroup approach
We rewrite (1) as a first order system in the state-space Z := H}(Q2) x L?(2) equipped
with the semi-norm H! and the L? standard scalar product,

{Zz(t) = Az(t) + B(t)8, te[0,T), (2)

2(0) = zo,

v (2) 7= (o)

and the operator A is an unbounded skew-adjoint operator from D(A) C Z into Z
defined by

where

Ay O

where Ay denotes the Laplacian operator with homogeneous Dirichlet boundary condi-
tions [29, Part II, Section 1.2.10]. The operator A is maximal dissipative, hence it is a
generator of a C%-semigroup (®(t));>0 on Z also denoted (e*4);>0. Note that (B(t))i>0
is a one parameter family of bounded operator from P to Z. We recall the various
notions of solution and associated regularity.

A= (25 P =D(-a0) x i)
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Theorem 2.1. For all T > 0, the evolution equation (2) admits the following solutions:

1. For all zg € D(A), o € HY([0,T]) and 6 € P, there exists a unique strong solution

2 € CY[0,T); D(A)) NCL[0,T]; Z) of (2) and (3).

. For all 20 € Z, 0 € LY0,T) and 0 € P, there exists a unique mild-solution

2 € CY[0,T); Z) of (2) and (3) given by Duhamel’s formula

2(t) = etz + /O t elt=9)4 <0?s)) 0ds, tel0,T)]. (4)

Moreover, the solution is a weak solution, namely z € LP((0,T); Z), for all
v € D(A*), v,2(-) € WYP(0,T) and

d
C(0.2(0) = (A", 2(0) + (B)av), te[0.T] ac.
2(0) = 2.
Proof. See |29, Part II, Chapter 1, Section 3, Propositions 3.1 and 3.2]. O

Remark 2.2. From Theorem 2.1, it follows naturally:

1. For all (ug,v9) € D(—Ap) x HA(Q), o € HY([0,T)) and 0 € P, there exists a

unique strong solution u of (1) belonging to

C°([0,T]; D(~A0)) N CH([0, T); Hy(€2)) N C([0, T); L*(€)).

2. For all (up,vo) € HY () x L2(Q), 0 € L1(0,T) and 0 € P, there exists a unique

mild-solution u of (1) belonging to

C°([0, T; Ho(€2)) N CH([0, T]; L*(€2)).

We introduce the so-called sensitivity operators, namely the one parameter family
(L(t))¢>0 of bounded operator, such that t — L(t)0 € C°([0,T]; Z) is solution to

{z(t) = Az(t) + B(t), tel0,T] (5)

z(0) =0,

then, the Duhamel’s formula (4) also reads 2(t) = @(t)zo + L(t)0, t € [0,T]. For further
use, we define L which corresponds to L in the case of o = 1 namely the one parameter
family (L(t))+>0 of bounded operator, such that ¢ — L(t)0 € C°([0,T]; Z) is solution to

Z(t) = Az(t) + (2) , tel0,T]
z(0) = 0.

(6)

2.2 Observation operator

We now need to describe the assumption concerning the available observations. In this
work, we suppose that we have at our disposal, at every time ¢, measurements during
the period (0,T") of the restriction of v in w C 2 an open and nonempty subset of €2
with Lipchitz boundary dw and 9(2\w) also being Lipchitz. Moreover, we assume that
W D wyee Where (wyee, T') satisfies the following condition [51]

3T, V¢ € Q,3s € [0,77,35 > 0;wgee D B(we(s);0), (GCC)
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where B(z¢(s);d) is a ball centered in x¢(s) with a radius of 6 and where a ray, starting
from ¢ and following the Descartes law of refection in its most general senses |13, 51|,
is parametrized by {z¢(s),s € [0,T]}. Note that is well known that such subdomain
should contain a part of the boundary that we denote I' = 02 N dw with no cups.
Otherwise, some whispering gallery rays may prevent the GCC to be fulfilled.

Figure 1. An interior subdomain of observation w which does satisfy the GCC condition
(left) or does not (right)

Let us now present the definition of the observation operator C' usually introduced
in control and observation theory — see for instance [36] and references therein. We
consider a restriction operator I, € L(H§(2),)), where ) is the observation space
to be defined. Then formally, and in the absence of noise, at any time ¢ € [0, 7], the
measurement procedure could produce a measurement y(t) = I,u(t). If we assume
that the wave equation solution u(t) € H}(Q2) for all ¢, it is then natural to consider
that Y = H{.(w) — the subspace of functions in H!(w) null on I'. However, in practice,
the measurements are always polluted by noise, hence in our deterministic context, the
resulting measurement should belong to a less regular space, typically ) = L?(w).

If we consider regular measurements namely the observation space is ) = HlL (w), it
is rightful to introduce

C= (I, 0)€L(Z,Y), where I, € L(H}(Q), H (w)). (7)
As in [41], we equipped this space with the norm || - |lm = [[Ew(-)gyq), where
E, € L(HL(w), H}(9)) is defined by

Ay =0, inQ\w,
E,¢ = 1 the solution of ¢ =¢, in @, (8)
Y =0, on 0).
We recall the following lemma.

Lemma 2.3. The norm || - ||, is equivalent to the norm || - |lf1 (-

Proof. As in [41], on the one hand, we show that F,, is bounded from H}(w) to H§(€2).
Using a trace property as well as a lifting property, we obtain

IV (Eud)lF20) < IVOlF20) + CF 0100200
< C™ Bl (-
On the other hand, we have

1111 ) = IV (B 120y + 1112
< IV(Eod)E2() + 1ESlIE2 -
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Using Poincaré inequality, we get

161210y < (14 CIIV(Ewd) |22 (-
O

For the sake of completeness and since it will be a central tool, for our results, we
define the observation operator adjoint. One can show the following orthogonality
property using (8)

V¢ € Hp(w), Vo € Hy(Q) such that 1, = 0, (V(Ew0), V))12(q) = 0.
Therefore, we obtain that for all ¢ € Hi(w) and 1 € H}(€2),

(V(Ew9), V)1L2(0) = (V(Ewd), V(Eu¥w))L2) — (V(Ew®), V(Euw — ¥))r2(a)
= (V(Ewd), V(Eu¥w))12@) = (6, Y1)y -

Then, with the Riesz representation, the adjoint of E,, is I, and we can directly infer
that
C* = (E, 0)' € L(HE(w); Z).

We can see that the choice of norms for the observation operator is important, in
particular it directly impacts the definition of its adjoint. With this choice of observation
operator C, we restrict the space of observations to Hf(w) In practice, for noisy
measurements, the noise could be less regular, i.e. it could belong to a larger space
such as L?(w). In this case, we define an observation operator where the image space
is larger than in the previous case, namely L?(w) instead of Hf(w). The observation
operator becomes

C= (L, 0):Z— L*w) where I, € L(H)(2),L*(w)). (9)

Then, the observation operator adjoint is given by C* = (Fw O)t where F,, €
L(L2(w),H}(9)) is defined by

_Aw = Xw¢7 in Q7

B (10)
P =0, on 0f),

F,¢ := ) the solution of {

where x,, is the characteristic function of w.

2.3 Inverse problem setting
We can now formulate the inverse problems. We consider an actual trajectory % modeled
as the first component of a mild solution Z of (2) for a given and known (ug,vp) and
o(t) but an unknown 6. Since the initial data are known, we can assume that they are
zero thanks to the linearity of the problem. Therefore, @ is a particular solution of the
System

Opu(z,t) — Au(z,t) = o(t)0(z), (x,t) € Qx(0,T),

u(z,t) =0, (x,t) € 092 x (0,T), (11)
u(z,0) =0, x €4,
Ou(z,0) = 0, T € €,

and its first-order formulation

{z(t) = Az(t) + B(t)d, te 0,7,
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This actual trajectory is subject to measurements modeled by the bounded observation
operator C' € £(Z,)). We denote the available measurements (or observations) y°
which, as they are perturbed by some measurements’ error — also known as the noise in
our deterministic framework — are assumed to belong to L2(0,T;)) equipped with the
standard L? norm, hence y°(t) is defined for almost all ¢ € (0,T). In our deterministic
framework, the measurement noise intensity is represented by saying that there exists
§ € R™ such that
Iy = C2lEaory) < O°T.

Therefore, estimating § € P C L2(2) from y® consists in inverting the linear input-
output operator
o PO =120, T)12w)), ;
r 0 (t — CL(t)f). (13)
We immediately find that Uz is bounded as C' is bounded from Z to ) and L(t) is
bounded from P to Z for all ¢t € [0,7]. Our objective is to study the condition for
which Wr is injective and more importantly when Wr is surjective. In fact, we are
going to show that Wy is not surjective in L2(0,T; L2(w)) but define a mildly ill-posed
problem of degree 1 or 2 (see [18]) depending on the measurements space. We will then
propose a regularization strategy to invert W, using observers’ methods.

3 From observability to identifiability

In this first part, our objective is to quantify the degree of ill-posedness of Ur. In
particular, we prove that we have enough information in the measurements to reconstruct
0. A fundamental tool for measuring the degree of ill-posedness are observability
inequalities. These inequalities are used to control parameters from observations. The
most important elements are the norms that appear in this type of inequality which
quantifies the ill-posedness [9, 18].

3.1 Observability conditions for the wave equation
For the homogeneous wave equation with Dirichlet conditions in the case of field
measurements in a subdomain, we will first develop a so-called observability inequality.
In our framework, we present the proposition which allows us to express an observ-
ability condition with field measurements by relying on the geometric control condition.
We adopt the observability condition shown in [41], here revisited for observation
domains that potentially contain a boundary part. In our case, the observation domain
must contain part of the boundary.

Proposition 3.1. Let u be an arbitrary solution of (1) with 8 = 0. Let Ty > 0.
Assume that there exists T > Ty such that the GCC condition is satisfied for some wyec
strict subset of w, in the time interval (0,T). Then the following observability condition

V(UO,UQ) S H(l)(Q) X L2<Q)

T
/O s ) s ot = cono(T) (IluoliFy ) + llvollZa ey ) (14)

holds.

Proof. The proof extended the one of [41]. In this proof, we write a < b if there exists
¢ > 0 independent of T and M such that a < ¢b. Since the geometric control condition
of [13] holds, we have the classical observability inequality, with ¢, (") > 0

T
| [ 1ot 0P o de = (@) (Juolfy oy + ool (15)
0 w
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We consider several subdomains satisfying wgye. € wg C we C w. We define a cutoff
function ¢ € C?(Q) satisfying

o, if x € Q\we
viw) = { 1, if z € wp,

and 0 < (x) < 1 for every z € Q. Particularly, we have

oY

0w\OQ

We introduce ¢(t) = t2(T — t)2. Successively, integrating by parts, we obtain

T
0 :/ / oY (Opu — Au)u dx dt
0 w

T ’u|2 T
:/ /@/; dx dt—/ /gmM@tu]z dx dt
0 w 2 0 w
T 2
+// OVl Gy ar - // A@b—dxdt
0 Jow an 2

+/ / ©|Vul? dz dt.
0 w
Using the definition of v, we get

2
/ /WyatuP dx dt+/ /gpA@D’u‘ dz dt
T ‘u|2
:/ /gaw\Vu]dedt—i—/ /(p —dxdt
0 w 0 w

We recall that for the system (1) with 6 = 0, we have classically the conservation energy
property namely

1 1 1 1
£(0) = 5lluollZ o) + 3 0l2a0) = 5182 o) + 1032y = £®).  (16)

Therefore, for a time T' > Ty and € such that T' — 2¢ > Tp, we find

T—e
E(0) = £(2) < (e (T)) ! / Oul? de dt

wo

T—e
< (cons(T / / sm/JI@tU\ + [Vu| } dz dt
wo

T
< (1)) /0 / [Vl + [uf?] de dt,

hence justifying (14). O

Proposition 3.2. The observability constant c,ps(T') of Proposition 3.1 satisfies, for
T large enough
Cobs(T) Z CT;

where ¢ > 0 is independent of T
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Proof. Let t > 0. Applying Proposition 3.1 for a time Ty > 0, we have

To+t
[ Tt dt = 26 @E) (17)
t

Let T € [N To; (N 4+ 1) To], N € N*, we have

(n+1)T¢
/ s )2 dt>Z / s ) .

Using (17), we get

N—-1

T
/ ||u(,t)||12{1(w) dt > Z 2Cobs(TO)g(nTO)'
0

n=0

For all weak solution of (1) with 8 = 0, we have classically by energy conservation (16)
T
/ Hu(-,t)||%{1(w) dt > 2 N Ty cobs(T0)E(0) > 2 (T — Tp) cobs(T0)E(0).
0

O]

This proposition provides a rough estimate of the behavior in time T of the
observation constant cops(7"). A more precise estimate can be obtained using micro-
local techniques, as in [50].

3.2 Regular field measurements in H'

3.2.1 Identifiability with regular field measurements

From the observability condition adapted to initial condition reconstruction, we are
now going to deduce the parameter identifiability of our source reconstruction problem.
As a first step, we start by studying (12) when o = 1.

Theorem 3.3. Let § € P, when w satisfies the GCC condition, then for T large enough,
there exists a constant c;q(T) > ¢TI where ¢ > 0 independent of T such that

T
[ ICL0l at > cuf 161 o (18)
where the observation operator is the observation operator in H'(w), namely C =
(I, 0) € L(Z,H}(w)) and L is given by (6).

Proof. The idea is to introduce the Riesz representation of @ seen as an element of H~!
that we denote g € H}(Q) N D(—Ap) and is given by g = A;'0. We introduce the
following dynamics which in fact is equivalent to (11) with o(¢) = 1.

Onug(x,t) — Aug(x, t) = —Aog(z), (x,t) € Q2 x(0,T),

ug(z,t) =0, (x,t) € 90 x (0.,T), (19)
ug(z,0) =0, z €1,
Orug(z,0) = 0, x € .

Note that u, € D(Ag) and dyu, € HY(2). We now proceed by standard energy estimate
using the following energy functional

1 1
Ey(t) := SlIVug()li2(0) + 510y (D)]E2 (o)
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Integrating in space and time the first equation of (19) multiplied by 0suy, we get

T T T
/ / OrtugOpug do dt — / / AugOiug dr dt = — / / Aogdiug dz dt.
0 Q 0 Q 0 Q

Integrating by parts while using that ¢ is time-independent, we obtain

T
E/T) = —/O /QAogatug de dt = — /Q Aogug(T) do = /QVgVug(T) dz.

By Cauchy—Schwarz inequality, we get

1
E9(T) < IVllLe@)IVug(T)llrz@) < V2IIValliz@és (T).
This calculation finally leads to
10cug(T)12(0) < 2[VgllLz()- (20)

We now introduce the system satisfied by @, = u4 — g in order to obtain an initial
value problem for which we can use the observability condition of Proposition 3.1.

attag(x7t) - Aa9<$7t) = 07 (1‘,t) € x <O7T)7

tg(z,t) =0, (z,t) € 0Q x (0,T), (21)
Ug(x,0) = —g(z), x € €,
Oyig(x,0) =0, x € Q.
Using the observability condition of Proposition 3.1, we get
T T
g =l @t = [ gl 4t > Con(Mlaly ey (22)

In order to get rid of the variable g in the left-hand side, we write that

T ) T ) T ) T
| =l dt = [ Tl e+ [ ol dt =2 | (g ghin at. 23)

The cross product can be controlled. Integrating the first equation of (19) in time
times Ay ! and then multiplying by ¢ in the sense of the scalar product, we have

T
/0 (g, Q)i (w) At = Tlgll7 () + (A5 Frug(T), 9) 1t -

Injecting this result in (23), we get

T T
/0 lug — gl At = / gl oy dt = Tlgl ) — 2(A5 Brug (T), s .

From Cauchy—-Schwarz and Poincaré inequalities, we obtain

T T
| =gl @t < [ gl e = Tlalfi
+2(Cp + DIVAG 0ty (T) 20y gl (2)

Since VA, is a bounded operator from L2(Q) to L2(Q), there exists a positive scalar
C5' such that
1925 0ty (T) 1200y < €™ 00g (T) 120 (25)
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Injecting now (25) in (24), we have

T T

| =gl @t < [ gl e = Tlalfu
+ 2C°(Cp 4+ D18rug(T) |2 () ll9 111 (o) -

Thanks to (20) and using Young inequality, we obtain

g 2 g 2 2
| g =gl at < [ gl ot = Tlglfu
S 2 S

+2eC™(Cp + Dllgllizz o) + C™ (Cp + Dllgllirs o

From the observability condition (22), we finally obtain

, T 2
(Con(T) = 26C(Cy 4 1) ooy < [ TalBocope= (7 = 267Gy 1)) ol

Choosing € = m gives us
Cobs(T) 2 ’ 2 805t2(1 + Cp)2 2
5 HgHH})(Q) < /0 \|Ug||H1(w) dt — | T — T(T) ||g||H1(w)’
8C*2 (1 + Cp)?

For T large enough such that T" > , we have

Oobs (T)

Cobs(T) 2 T 2
Sl < [ gl .

We conclude by noting that, by definition, [|g|lm1 ) = [|0lla-1(o) and by Lemma 2.3,

gl () < C*llugllmy,- O

From the identifiability property with ¢ = 1, we deduce an identifiability property
for the source reconstruction in (12) for a class of o € H*(0, T)).

Theorem 3.4. Let § € P and u be a solution of (11). Let Ty > 0. Assuming
o(t) € HY(0,T) and o(0) # 0 and (w,Ty) satisfies the GCC condition, for T > Ty large
enough, then there exists a positive scalar C/idf(T) depending only on T such that

T T
/0 |CLo|3 dt = /0 lullZs dt > i TIOIE 1, (26)

where the observation operator is the observation operator in H%(w), namely C =
(I, 0) € L(Z,HL(w)).

Proof. This proof is inspired by [34]. Given the scalar nature of o, we use the first-order
formulation of the system, so that observations of the solution read, for all ¢ € [0, T

o (t) = /0 et (5) <2> ds = CL(1)6

:/0 o' (t — s) (/0 Cem™ (8) dT) ds + o(0) </Ot Cem™ (2) dT)

= /t o'(t — s)CL(s)0 ds + a(0)CL(t)6.
0
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We define a Volterra operator S : L2(0,7;Y) — L2(0,T;Y) ([15, Part 1, Chapter 2]),

/
t )
€ 10,717,
Sy(t) = y(t) +/ kr(t — s)y(s) ds, where kr(t) = { o(0) 0] (27)
0 0 t>T.
Using this Volterra operator, we have
up,(t) = 0(0) S o CL(t)0, t € [0,T]. (28)

Since kr € LY(R ™), using [15, Part 1, Chapter 2, Theorem 3.1], it is well-known that S
is a linear bijective continuous operator from L2(0,7'; Y) onto L?(0,T; ). In particular,
there exists a unique r € L1(0,T) such that

t
(0) =Su(®) ~ [ rr(t = 5)Sy(s) ds. (29)
0
Consequently, we obtain

lyllizo.ry) < (1 + lrzlivior)) 1Svllizory)- (30)
Combining (28) and (30) with y = CL6, we have

_ 1
HCL9HL2(0,T;y) < (1 + HT'THLl(o,T)) WH”MHL?(O,TJ)- (31)

Combining the above equation with the observability condition of Proposition 3.3, we
conclude the proof. O

We deduce from the observability inequality (26) that the observations should
belong to H!(w), for a stable reconstruction is only in a H~! norm. As a consequence,
we face an ill-posed inverse problem of degree 1 for an expected reconstruction in L?
for measurements in H',

Remark 3.5. In some cases, it is possible to affirm that the identifiability constant of
Theorem 3./ has the same dependence in T as that of the Theorem 3.3, for instance,
when o generates a persistent excitation. Let us take an example of such function

1

= m(e_o‘t + B), where 8, « are two positive constants.

o(t)
In fact, this corresponds to a small perturbation of the case where o(t) = 1.
Following the proof of Theorem 3./ one has to show that |7 |11 1) s independent of
T where rp is defined implicitly by o (and kr) in (29). On one hand, we have

o’'(t) O o « r
~lerlson = [~roge| st [ e
a(0) L1 0,1) LA0T) 1+p Lor 1+ 68Jo
1 1
<— (1—-eTy< _— |
Sttt )s;

From [15, Part 1, Chapter 2/, we have an explicit expression for rp in terms of kr,

o

rr =y (=177 (k)"

=1
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where (kr)* is the (j — 1)-fold convolution of kp with itself. Hence,

(o)
Irllom < 3 kel o -
j=1

The common ratio ||k7 |11 (0, 400y i smaller than one, hence,

-1 1 1+ 8
el < (1= lrloon) < ——5— =5

1— ——
1+p

which does not depend on time T'.

As we have seen in the previous proof, the dependency of the identifiability constant
with respect time is not always explicit. When we consider the simpler case o(t) = 1,
we have a constant C'(T') ~ T as well as when o is defined as follows:

—/

VT > 0,0 = |, rwith & € H'(R™) and || ©)

LU(RY)

as illustrated in the previous example in Remark 3.5. One can compute that any
compactly support function will not satisfy this condition. Later, we use the following
assumption when explicitly mentioned.

Assumption 1. The identifiability constant of Theorem (3.4) satisfies
c;df(T) > cT, with ¢ > 0 independent of T.

3.2.2 From the identifiability result to a generalized Tikhonov regularization
strategy

We recall that we assume that a target trajectory @ produced by a target source term

parameter @ has resulted in a set of measurements y° where

T
A 1P () — (o, 8) 2 o dt < 62T, (32)

for a parameter § > 0. We introduce a cost functional to minimize #7 : H{(Q) —» R
defined by

€ 1 (7
Fr(0) = 5100y + 5 | 1570 =, g
€ 2 e 5 2
:§‘|9HH(1)(Q)+§ ) ly (t)—CZ|9HH1(w) dt, (33)

where uj, is the solution of (11) associated with the parameter ¢, C' is defined by (7)

and € > 0. Since the functional is quadratic and the application 6 — wuy,, is continuous

and 0 — HOH%F(Q) is coercive, we have then the existence of a unique minimum of _#7.
0

We denote the unique minimizer in H§(Q) by 67 := argmin_#r.
et ()

Theorem 3.6. We assume that there exists M > 0 such that

0 € Hy(Q) and |0]|y2 () < M. (34)
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Furthermore, we also assume that the available measurements are noise-free, i.e. we
have for all t € [0,T]

Y1) = iy (t).
Let Ty > 0. Assuming o(t) € HY(0,T) and o(0) # 0 and (w,Ty) satisfies the GCC
condition, for T > Ty large enough and € small enough, then there exists a positive
scalar C*Y(T) depending only on T such that

107 — 0|20 < C*UT) €5 M, (35)

where Op minimizes the cost functional (33).
Moreover, under Assumption 1, there exists a positive scalar C*t independent of T such
that

167 — Ol|p2() < C*HT4 €3 M. (36)

Proof. In this proof, we write a < b if there exists ¢ > 0 independent of T, e and M
such that a < cb.
Let @ = u — @ be the solution of the following dynamics

Ouii(z,t) — Ad(z,t) = o(t)(0r(z) — 0(z)), (z,t) € 2 x (0,T),

w(z,t) =0, (x,t) € 92 x (0,T), (37)
u(x,0) =0, x € Q,
oyu(z,0) =0, x €.
Identifying L? to its dual, we have
167 — 01172 () < (Or — 0,07 = O)ipy oy m-1(2) < 107 = Ol oy 107 — Oll—1(0)-
Using the identifiability property (26) of Theorem 3.4, we get
q A2 / Lia 5 r 2 :
167 = OllT2(q) < (cias(T)) "2 107 — Ol (/0 1 — [ dt) : (38)

By triangle inequality and since we consider free-noise observations, we have

1
o L . T 2
161~ 10y < CarT) ™ (10l + Whgen) ([ 17— 1018y at)

Using the definition of the cost-functional (33) taking into account the norm equivalence
of Lemma 2.3, and the prior on the parameter (34), we get

107 — 01122(0) S (CaeT) 7 (267 Tr(Br) ® + M) (272(0r))*

Remembering that 3°(t) = i), (t) and using again (34), we can bound the cost-functional
as follows

() < fr(0) < GM*.

Eventually, we obtain
_ - 1 1 1
107 = 811220 S (chae() 7 ((M2)? + M) (eM?)?

which corresponds to the desired result (35).
In addition, under Assumption 1, we have that there exists ¢ > independent of T" such
that

clar(T) > T,

which leads to (36). O
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Theorem 3.7. We assume that there exists M > 0 such that (34) holds. Let Ty > 0.
Assuming o(t) € HY(0,T) and o(0) # 0 and (w,Tp) satisfies the GCC condition, for
T > Ty large enough and € small enough, then there exists a positive scalar C*'(T)
depending only on T such that

167 — Ollp20) < C*UT) e 4 6, (39)

where O minimizes the cost functional (33).
Moreover, under Assumption 1, there exists a positive scalar C*t independent of T such
that

167 — 0|20y < C*' T3 3 6. (40)

Proof. In this proof, we write a < b if there exists ¢ > 0 independent of T, ¢,6 and M
such that a < cb.

Reasoning exactly as in the proof of Theorem 3.6, we can obtain (38). Inserting
y? — % = 0 in (38) and by triangular inequality we find

— - _l ~ —
107 = 811220 S (chae) ™ (113300 + 107 gy )

! 9112 ? ! 5112 :
([ gy =9 ) ([ -1 )

Using Lemma 2.3, the estimate on the noise amplitude (32) and the prior on the
parameter (34), we find

167 — 9”%2(9) < (1)) 72 (M + 25_1/T(0T)> (\/%—i— 6\/f> .

Using again (32) and (34), we can bound the cost functional as follows
) ) €2 1o
Ir(br) < _7r(0) < §M + 55 T.

Hence, we finally get

107 = 01 20y < (car(D)) "3 (M + VAME+ 18T (VeM? +3°T +6VT) - (41)

which implies (39).
Furthermore, under Assumption 1, we have that there exists ¢ > independent of T
such that

cag(T) > T,

which proves (40). O
Finally, choosing € = §2M~2 in (41), we obtain the following corollary

Corollary 3.8. Under the hypothesis of Theorem 5.7, for T > Ty large enough, there
exists a positive scalar C*Y(T) depending only on T such that

107 — Olp2(q) < C*H(T) VM V3, (42)

where O minimizes the cost functional (33) with e = 62M 2.
Moreover, under Assumption 1, there exists a positive scalar C*t independent of T' such
that

107 — 0]|12(0) < C* T3 VM V3. (43)
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3.3 Field measurements with L?-noise

In the rest of this work, we assume — in order to model a more realistic case in practice —
that the measurements are less regular. Namely, we suppose that the target trajectory
@ generated by the target source term parameter  has given rise to a collection of
measurements y° such that

T
|19 = it 0 ae < 7, (44)

for a parameter § > 0.

We present a method to deal with this additional difficulty of regularity loss. This
approach consists in modifying the definition of the observation operator with second
observation operator C' introduced in (9).

3.3.1 Identifiability from observability

The proof of the desired identifiability result for the identification estimation problem
is based on the classical following initial condition observability inequality — for a
homogeneous wave equation in weakened norms.

Proposition 3.9. Let u be an arbitrary solution of (1) with § = 0. Assume that w
satisfies the G'CC' condition, then there exists ¢T' < cops(T) with ¢ > 0 independent of
T such that

T
/o [u(, ) 1F 2 dt > cons(T) (HUOHIZﬁ(Q) + ”’U()HzH*l(Q)> : (45)

Theorem 3.10. Let § € P. Let u be a solution of (11). Assuming o(t) € H(0,T)
and (0) # 0, and that w satisfies the GCC condition, for T large enough, there exists
gf(T) > 0, such that

ICLOI 20,112y = NellE2 07020y = C/idf(T)HAgl‘gniQ(Q)‘

Proof. One can show, as for Theorem 3.4, that we have the inequality

iz 2wy = CHUTICLON2(0.7:1.2(w)- (46)

As in the proof of Theorem 3.3, we introduce g € H{(Q2) N D(—Ap) the Riesz represen-
tation of 0 (seen as an element of H™!) given by g = —A, 19, and ug solution of the
dynamics (19). The difference iy = uy — g satisfies the system (21) in the same way.
We apply the observability condition of Proposition 3.9 on this system, and we obtain

||ﬂg”%2(o,T;L2(w)) = [lug — 9‘|i2(o,T;L2(w)) 2 CObS(T)||9H12_,2(Q)‘ (47)

Now we want to discard the variable g in the left-hand of (47). That is why, we develop
the following scalar product

T T T
/0 ity — glf2a,, dt = /0 ltgl2a(ey dt + T2, — 2 /0 (ugr 912t (48)

Applying Ay ! to the first equation of (19), then integrate in time and finally the
resulting equation given by the scalar product with g is

T
/0 (ug,g)Lz(w) dt = (Aalatug(T)ag)U(w) + T”gHi%w)'
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Injecting this result in (48) and using Cauchy-Schwarz and Poincaré inequalities, we
obtain

T T
g = gllEzqy 4t < | llugliae) dt = Tliglita,
; (@) A ( (@)

+2G,||VAG  dyug (T) 20 912w (49)

We expect to bound HvAalatUg(T)HLQ(Q) by [[gllr2(q)- Therefore, we apply Ayt to
the first equation of (19). Integrating in time, the scalar product with —d;u, leads to

—/(Aalattug)atug dz —|—/ ugOyug do = / g0ug da.
Q Q Q

Inserting AOAal = Id in the first term we get

1d
— / (Aalattug)AoAalatug de+-— [ W?dz= / g0¢ug dz.
Q 2dt Jo 7 Q
Integrating by parts, we obtain
1d 1 9 1d 9
2dt/Q(VA0 Orug) dz + 5= U dm:/ﬂgatug da.

Integrating in time and using Cauchy-Schwarz and Young inequalities, we get

1 _ 1
5 IV AT 0ug (T2 + 5 g (T ey = /Q guy(T) da

L2 1 2
< 5”9”1}(9) + iuug(T)”m(Q)v

thus,

A

IVAG g (T)) 20y < llglIE2 (-

Injecting this result in (49), we have

T T
/o lug — gllf2 () At < /0 lugllF2 ) At = TllgllEzy + 2CnllgllL2 @) l9llLew)-
Using Young inequality, we finally have
g 2 T 2 2 2 Cp i 12
lug = glT2@) At < [ lluglifzi) dt = TllgllT2) + €Cpllglliz) + — 9]z (50)
0 0 €
Gathering (47) and (50), we get

T C
luglfa dt = (T = =2 ) 9lf2() + (cobs(T) = €Cp)llglFzay-
0 €

Cobs

2C,

g 2C7 Cobs(T)
2y dt> [T - 2 2 obs 2, Q)
/0 [ugllta(y At = conn(T) 9l + —5—ll9lliz(q)

2

2C
For T > P and setting —Agg = 6, we obtain
Cobs(jd)

We choose € =

, then we have

T
= Cobs T
ICLO|L2((0.7):12(w)) :/0 gl o) dt > 2( )

Gathering (46) and (51), we conclude the proof. O

1AG 0122 (0 (51)
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As in the previous section, we assume that the dependence of the observability
constant is in O(T).

Assumption 2. The identifiability constant of Theorem (3.10) satisfies
Cigp(T) > T, with ¢ > 0 independent of T.

3.3.2 Updated convergence rate for the Tikhonov regularization

We infer from Theorem 3.10 that we now face an ill-posed problem of degree 2. This will
modify the convergence rate of our Tikhonov regularization without further assumption
on the prior regularity. Let us first recall the following classical interpolation lemma.

Lemma 3.11. Let (u;,e;) be the orthonormal basis for the L? scalar product such that
the Laplacian eigenvalues p; > 0 satisfies pit1 > pi, and p; — +oo. Let § € HY(Q),
we have the interpolation property

win

16]122q < (HA 10|]L2(Q)>é<\|9\\1215(9)> ,

where ||A619||L2(Q) = \/ZZ \(ei,H)P,u;Q

We recall here the proof for the sake of completeness.

Proof. We express the L?-norm of 6 in the orthonormal basis.

) +00 ) 400 ) 2(18:1 QSS:q
H9HL2(Q) = E [(eq,0)]" = E |(ei, 0) "1, i :
i=0 i=1

Using Holder inequality, we have

—q

Ol (Dez, 2 ) (zrez, e ) |

Choosing s = % and ¢ = —1, we obtain

1 2
3 3 1
1611720y < <Z| (ei, )1 _2> (ZI(GM)I%) = (\\A519||i2(9)>3 <||9H2H5(Q)>

Wl

O]

Keeping the same regularization in our criterion, we introduce the cost functional
to minimize

€ 1
Jr(0) = §H9||12{(1)(Q) + 5”95 - CZ|9||%2(0,T;L2(W))» (52)

where C is defined as operator in L2, namely C = (I, 0) € £L(Z — L?(w)). We can
then estimate the reconstruction error between 07 the functional minimizer and the
target parameter 6.

Theorem 3.12. We assume that there exists M > 0 such that (34) holds.
Furthermore, we also assume that the available measurements are noise-free, i.e. we
have for all t € [0,T]
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Let Ty > 0. Assuming o(t) € HY(0,T) and 0(0) # 0 and (w,Ty) satisfies the GCC
condition, for T > Ty large enough and € small enough, then there exists a positive
scalar C*Y(T) depending only on T such that

107 — 0]|12(0) < C*UT) €5 M, (53)

where O minimizes the cost functional (52).
Moreover, under Assumption 2, there exists a positive scalar C*t independent of T such
that

167 — 62y < C*T5 €8 M. (54)

Proof. In this proof, we write a < b if there exists ¢ > 0 independent of T, e and M
such that a < cb.
We use the interpolation inequality of Lemma 3.11 to obtain

2 B . 1
16 B2y < (107~ By (186" Br = Dlitaey)”

Using the identifiability result given by Theorem 3.10, we have

o o 5 2 T ) 3
187~ 811220y < (chae ™) (1821rsc0 + 19133 0y)” ( /0 g, — l22) dt)
(55)

Since we consider noise-free observations, we have 3% = @y, Therefore, we obtain

r 6112 %
([ o, = s )

Using the definition of the cost-functional (52) and our prior on the parameter (34),
we obtain

Wi

— ~ 71 — ~
107 = 811220 S (chas) 5 (18711330 + 181230y )

Wi
ol

_ . 1 _ _
187 — 0122y S (@) F (262 T0(Br) + M)
We can bound the cost-functional as follows

Sr(br) < fr(0) < M.

(2T7(0r))* .

Finally, we have
_ . 1 2 1
187 — 012aqy S (@) ~H (M2 4 M2)5 (),
which leads to (53). Furthermore, under Assumption 2, we have that there exists ¢ >

independent of T" such that
cag(T) > T,

which proves (54). O

Theorem 3.13. We assume that there exists M > 0 such that (34) holds.

Let Ty > 0. Assuming o(t) € HY(0,T) and o(0) # 0 and (w,Tp) satisfies the GCC
condition, for T > Ty large enough and € small enough, then there exists a positive
scalar C*Y(T) depending only on T such that

167 — Ol|12() < C*U(T) €56, (56)

where O minimizes the cost functional (52).
Moreover, under Assumption 2, there exists a positive scalar C*t independent of T' such
that

107 — Oll12() < C*T5 56, (57)
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Proof. In this proof, we write a < b if there exists ¢ > 0 independent of T, ¢,6 and M
such that a < cb.

On one hand, using the estimate on the amplitude noise (44) and the prior (34), we
intend to bound the cost functional.

o 1
Tr(0) < %MQ T 552T. (58)

On the other hand, as in the proof of Theorem 3.12, one can show that (55) holds.
Inserting y° — y° = 0 into (55) to reintroduce the cost functional and using the prior
on the parameter (34), we get

2
3

_ . 1 — A
107 — 0120y S (cha(T) 75 (267 T (6) + M)
1

T 5112 r 5112 3
X(A|m%—yum@dv{4\m—yupwdﬁ

Again, using again (32) and the cost functional bound (58), we have
. 2 1
167 — 0112210y < (clas(T)) 73 (2M? + 716°T) 3 (26°T + eM?)? (59)

which corresponds to the desired result (56).
Furthermore, under Assumption 2, we have that there exists ¢ > independent of T
such that

clas(T) > T,

which leads to (57). O
Eventually, choosing € = §2M ~2 in (59), we obtain the following corollary.

Corollary 3.14. Under the hypothesis of Theorem 3.13, for T > Ty large enough, then
there exists a positive scalar C*'(T) depending only on T such that

W=

107 — Bl|1.2() < CHT)M565, (60)

where O minimizes the cost functional (52) with e = 62M 2.
Moreover, under Assumption 2, there exists a positive scalar C*t independent of T such
that

167 — 0|20y < C*T3M365. (61)

4 Observer design

Our goal in this section is to propose a sequential method for computing 67 and the
associated wave equation trajectory Zp. By sequential, we mean that we want to update
the estimator when measurements are available, without recomputing the estimator
each time a new measurement is available. This leads to the definition of an observer
in the sense of [20], which is formally defined in a general framework of an observed
system of a dynamics of the form

z=F(z,t)
{z(O) = 20 (62)

where we observed a target trajectory 2 with unknown initial state 29 by measuring
(49(t))t=>0. We here propose to slightly simplify this definition.



T. Delaunay et al. 2023 | Mathematical analysis of an observer for solving inverse source wave problem | 21 of 40

479

480

481

482

483

484

485

486

487

488

489

490

491

492

493

494

496

497

498

499

500

501

502

503

504

505

506

507

508

509

510

Definition 4.1. An asymptotic observer of (62) is a function Ry >t + 2(t; (y°(s))s<t)
such that

1. Robustness to Noise: for all 0 < 7, and for all € > 0, there exist 6,a > 0,
such that

12(0) = 2(0)[lz < o

; = [|2(t) —2()lz <e, t>T.
19 = 10 llr2(0,)) < 0 }

2. Conwvergence: for all 0 < 7, and for all e, ,§ > 0, there exists Ty > 0 such that
12(0) — 2(0)[|z < o
19 = ¥’ 2 (0,m)0) < 6 = ||lz(t) - 2|z <e, t>To+T
supp(yj — y°) C (0,7)

Note that the two above properties correspond respectively to an asymptotic
convergence property in the absence of noise and property of robustness to noise. As
the observer can be computed at time ¢ from measurements available at time s < ¢, we
say that it is a causal function of the measurements. Note also that, as a consequence
of (i), an asymptotic observer satisfies for all s > 0

2(s) = 2(s), (¥°(t)=u(t), t>s) = (2(t) = 2(t), t > s). (63)

In our case, we try to define such an observer for the joint dynamics of z = (z, ),
where the solution z of the wave equation is extended by the zero dynamics of the
parameter . Our method is based on a dynamic programming strategy that relate
functional minimization to Kalman observer, which we will apply to the dynamics of
the state and parameters. But let us first recall some results about Kalman filtering [5,
57|, adapted here to our infinite-dimensional system.

4.1 Reduced-order Kalman filters for quasi-evolution operators
To present our strategy, we first need to review some results in the analysis of evolution
problems with non-homogeneous generators.

4.1.1 Quasi-evolution equation
Let us consider the following abstract dynamics defined in the state-space Z

{2(15) — A(t)z(t) + B(t), in (0,T),

z(0) = zp. (64)

from given zg € Z, B € L2((0,T); Z). Here, the operator
A(t)=A+ G(t)

where (A, D(A)) is maximal dissipative and for all ¢ > 0, G(t) is a strongly continuous
bounded operator, namely for all z € Z, G(-)z € C%([0, 7], Z). Note that by uniform
boundedness theorem, there exists cs; > 0 such that ||G(t)||z(z) < cst. Classical results
for evolution equation give the existence of a solution of (64) knowing z¢ and B(t) and
denoted z,, g. Indeed, from [29, II-1 Propostion 3.4], if zg € Z and 8 € L*((0,T); Z)
then z|,, g € C°([0,T]; Z) is a mild solution

z(t) =®(t,0)z0 + /0 d(t,s)B(s) ds, (65)

where @ : Apr — L(Z) with Ap = {(t,s) : s € [0,T],t € [s,T]} is a quasi-evolution
operator in the sense of |8, Definition 1.2].
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Remark 4.1. Note that it is possible to give an implicit definition of @. Indeed,
consider the system,

z(t) = Az(t) + G(t)z(t), in (s,T),
z(s) =z5,€ 2.

By definition of the quasi-evolution operator @, we have, using Duhamel’s formula

t
z(t) = B(t,5)zs = 942, + / eAG(T)2(7) dr, (66)

S
which, using (66), finally becomes

t
B(t,5)z, = ™Az, + / AG(1)B(7, 5) 2, AT
The mild solution (65) is also a weak solution in the sense that z|,, g € L?((0,T); Z)N
H((0,T); D(A*)), namely for all ¢ € D(A*), (gq,2(:))z belongs to H'(0,T) and for
almost all ¢ € (0,7,

Vg€ DIAT), a0z + (A0 Q)2 =(a.B(0)z (67

Moreover, from [29, II-1 Propostion 3.5], if we further assume that for all z €
D(A), G(-)z € C°([0,T],D(A)), z0 € D(A) and B € L%((0,T); D(A)) then 2|28 €
C°([0,T); D(A)) NHL((0,T); Z). Finally, when for all z € D(A), G(-)z € CX([0,T}]; 2),
20 € D(A) and B € H'((0,T); D(A)) then 2|28 € C%([0,T], D(A)) N CL([0,T]; Z).

4.1.2 Least-square estimation
We introduce a space VY C Z with continuous injection and a symmetric and coercive
bilinear form m : Y x VY — R. We want to minimize a criterion #; : ¥V — R defined by

T
S0 = gm0+ [ 10 - COzIE a (68)

where z|¢ is the solution of (64) for an initial condition zg = 2¢ + ¢, where 2 is a
known prior. In this section, the observation operator is a time-dependent operator
C € C°([0,T],L(Z,))). Note that depending on the choice of V, the bilinear form m
can be seen as Tikhonov regularization or a generalized Tikhonov regularization [18].

The functional #; is continuous, differentiable, and strictly convex, so it admits
one and only one minimizer denoted Z‘T where we underline the dependency with
respect to 7. Computing the derivative of #;, we have for all £ € V,

T
(D_7r(¢), &y = m(C,€) +/0 (€,2(t,0)*C(1)"(C(t)zc —y"))y dt.

Therefore, introducing the adjoint dynamics for any trajectory z | € L?((0,T); Z) and
y® € L*((0,7): ),

{q(t) +A(t)*q(t) = —Ct)* (¥’ (1) — C(t)zc(t), te(0,T)

q(T) =0, (69)

whose mild solution in C°([0,77], Z) is given by the Duhamel formulae — adapted to
this backward formulation —

T
q(t) :/t B(t,5)"C(1)"(y°(s) = C(t)z|c(s)) ds, t€[0,T), (70)



T. Delaunay et al. 2023 | Mathematical analysis of an observer for solving inverse source wave problem | 23 of 40

533

534

535

536

537

538

539

540

541

542

543

544

545

546

547

548

549

550

551

552

553

554

555

556

we find
Vg € v: <D/T(C)7€>V’,V = m(CaE) - (Q(O)ag)z (71)
If we now introduce the operator ITy € £(2,V) such that for all ¢ € Z, IIyq is the

solution of m(Ilyq,§) = (q,&)z for all £ € V, we deduce from (71) the optimality
condition

E|T = HO(JT(O)a
where @, is associated to the optimal trajectory z; = 2(6r through the two-ends
optimality system — as called in |14, 5]

zo(t) = A(t)Zr ( ); t€(0,T),

a-(t) + A( ), = —C(t)"(y° (1) - C()z2(t)),  te€(0,1), (72)
zr(0) = 29 +HOQT< ),

q.(T) =

Note finally that if V C D(A), then z and g belong to C*([0, 7], Z) N C°([0, T], D(A)).

4.2 Kalman estimator definition
The objective of this section is to present briefly the Kalman estimator strategy to
solve sequentially the two-ends problem (72). First, we introduce the Riccati dynamics

{H(t) =AM (t)+I(t)AR)* —I(t)C(t)*C(t)I(t), in (0,7, (73)

I1(0) = I,

where C € C°([0,T],£(Z,))). The initial condition ITy € S*(Z) the space of bounded
symmetric operators. The following theorem gives the existence of solution of (73) in
ST(Z). The resulting operator II € S*(Z) is called Riccati operator or covariance
operator for its interpretation in the context of stochastic filtering, see for instance |5,
7].

Theorem 4.2 (Existence of Riccati solution).

The Riccati dynamics (73) admits one and only one mild solution IT € C°([0,T],ST(Z))
given by

II(t) = ®(t,0)ITP(t,0)" — /Otdi(t, s (s)C(t)*C () (s)P(t,s)* ds. (74)

Moreover, for all (z1,z2) € D(A*), (II(-)z1,22)z is differentiable and satisfies the
weak formulation

i H(t)zl, Zg)z = (H(t)zl, A(t)*22>z + (II(t)A(t)*zl, zg)z

dt(
—(CHI(t)21, COT(H)za)y =0, te0,T]. (75)
Proof. We refer to |8, Corrolary 2.2|, for a proof of existence of a mild solution of
a Riccati equation where A(t) = A + G(t) with (A, D(A)) unbounded and G(t) a

bounded perturbation. The existence of a weak solution is a direct consequence, see
for instance [29, IV-1 Proposition 2.1]. O

From the Riccati operator definition, we can introduce the so-called Kalman observer
— also called Kalman estimator in the context of stochastic filtering.
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Theorem 4.3. There exists one and only one mild solution in C°([0,T]; Z) of the
dynamics

3= AWz +O)C)*(y°(t) — C(t)2(t), te(0,T), (76)
2(0) = 207
in the sense that
z(t) =®(t,0)20 + /0 ®(t,s)(s)C(s)*[y°(s) — C(s)2(s)] ds. (77)

Moreover, this solution is the unique weak solution in the sense that, (1.) z €
L2((0,T); Z), (2.) for all g € D(A*), (q,2("))z belongs to H'(0,T) and (3.) for almost
all t € (0,7),

Vg€ D(AT), L300z + (2, AW )z = (') - CO2 COTDa)y. (79

Proof. We know that IT € C°([0,T];S*(Z)). Therefore, for all t € [0,T], A(t) —
II(t)C(t)*C(t) is a uniform bounded perturbation of A, the existence enters exactly
the framework of quasi-evolution operator. O

4.2.1 The optimal filtering property

We can now move to the understanding on how the Riccati operator and the associated
Kalman observer decouples the two ends problems (72). The following proof extend
the one proposed in [57] to quasi evolution operator.

Theorem 4.4. The Kalman estimator defined by the dynamics (76) satisfies the
Sfundamental identity

VEE0,T], Z0(t) = (1) + (1)), (79)
Proof. Let us introduce n = 2 — 2, + IIq,, and v € D(A*), and compute

%(n(t), vz = (2(1), A(t)*0) g + (4 (1) — C()2(t), COT (t)v),,

~ (2000, A)"0) 5 + (T (0@ 1), 0)z, (0

where we need to properly define the last-term time derivative. In fact, as g can be
defined from a Duhamel formula of the form (70), and II is mild solution of the Riccati
equation (73), hence is absolutely continuous, we have from [8, Lemme 2.5] that

S @, 0.0z = < (IO, 6).0),

a0,

s=t

Moreover, as II is a weak solution of (73), we have from (75),

d

T (0a,(),0)

L, = IT(®)a:(t), A1) v)z + (@, (1), A(t)" H (t)v)z
= (C(OI(t)g.(t), C(t)I(t)v)y, (81)
and, as q, is a weak solution of (72),

S (ar(t). (s))

s=t
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Gathering (80), (81) and (82), we finally obtain

d * *
1,0z = (1), A(t)" = C(O)"C(O)I(tv)z, t€[0,T]
n(0) =0
whence, by Theorem 4.3, n =0 in [0, 7], which concludes the proof. O

In particular, we see that by taking ¢t = T that for all ¢ > 0, 2(¢) = z4(¢). This
why the Kalman observer is also called optimal filtering estimator as it consists of
sequentially computing the trajectory associated with least-square estimator at final
time.

4.2.2 The reduced order case

As we saw in the previous section, the inverse problem can be solved using the Kalman
filter, but this requires us to calculate a Riccati operator in the augmented space
Z. In order to reduce the computational cost, we now show that we can instead
compute another Riccati operator on a reduced space Z, that takes into account a
priori informations on the inverse problem: in our case, described specifically later,
only the source terms is not known. The reduced space Z, is assumed to be a closed
subspace of Z (equipped with the same scalar product) hence we can assume given a
projection operator P, € L(Z,2Z,) in this space. Moreover, we also assumed given a
compact subspace YV, of Z,. that is used to define a regularized version of the functionnal
to minimize. The minimization problem reads

1 1"
min {/T(gr) = EmT(CTaCT') + 2/0 Hyé - Cz|P:Cr||§7 dt}’

€V,

where z|p-¢, is solution of (64) for an initial condition zg = 29 + P;'¢, and m, is a
continuous and coercive bilinear form on V,.. The associated two-ends problem reads

'%T :A(t)ZT +137 te (OvT)v
a,+Alt)*q, = —C*(y°(t) — Czy), te(0,7), (83)
2T(0> =Zo+ P;AOP’I‘QTG))?
QT(T) =0,
with Ag € L(V,) defined such that
V(Cra 57") eV, xV,, mT(A0<T7 fr) = (Cra é-T‘)Z'
The resulting Kalman observer can still be defined from the Riccati dynamics
I(t) = AW (t) + I (t)A(t)* — I (t)C*CI(t), >0, (8)
I1(0) = PAo P,

so that we continue to have z;(t) = 2(t) + II(t)q,(t) for all t € [0,T]. But moreover,
the Riccati solution of (84) can be deduced from a reduced covariance operator A,
solution of a Riccati dynamics in the reduced space Z,., namely

(85)

A(t) = —=A(t)P,®(t,0)*C*CP(t,0)P*A(t), t >0,
A(0) = Ao.

This dynamics satisfies the condition of existence since for all ¢t € [0,T], C®(t,0) P}
can be considered as a time-dependent bounded observation operator. Moreover, we
have the following decomposition.
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Theorem 4.5. Let II(t) the mild solution of the Riccati dynamic (84) and A(t) the
mild solution of the Riccati dynamic (85), then we have

II(t) = &(t,0) P A(t) P&(t,0)". (36)

Proof. The mild solution of the Riccati dynamics (85) reads
t
A(t) = A(0) —/ A(s)P,®P(s,0)"C*CP(s,0)PrA(s) ds.
0

Using this mild solution, we compute the following quantity @(t,0)P A(t)P,@(t,0)*.
&(t,0) P A(t)PP(t,0)" =D(t,0)P A0)Pd(t,0)*

- /0 td5(t, 0)P*A(s)P®(s,0)*C*C®(s,0) P A(s) P, d(t,0)* ds.
Note that ®(t,0) = &(t, s)®(s,0), therefore we obtain
®(t,0) P A(t)P,®(t,0)" = &(t,0)P A(0)P,B(t,0)*
- /0 tqs(u $)®(s,0) P A(s)P®(s,0)* C*CB(s,0) P A(s) P d(s,0)*®(t, s)* ds.
Setting IT(t) = ®(t,0)P*A(t) P,®(t,0)*, we get
t) =1II(0 / &(t, s)II(s)C*CII (s)®(t, s)* ds.

Hence, IT is a mild solution of (84) and by uniqueness of the solution of the Riccati
dynamics, we have

IH(t) =I(t) =P(t,0)PA(t) P.P(t,0)",
which concludes the proof. O

Therefore, a computational strategy can be based only on computations restricted
to the reduced-space Z,..

4.2.3 Application to source estimation

We will now define an observer, which is equivalent to the calculation of the optimum
Or with increasing time. To that purpose, we rely on the Kalman estimation theory
presented above and more precisely the Reduced-Order Kalman filtering approach of
Section 4.2.2, where the uncertainty space is, here, the parameter space, a subspace
of the augmented space Z = Z x P. In particular, we set Z, = {0} x L?(2) and
V, = {0} x H}(Q). The dynamics in the augmented space reads

i (0)= (6 e Go)-6) e
—_ 0 Y

The least square minimization (33) rewritten with respect to the augmented variable
reads

€ 1 /7
F1(0) = 500y +5 [ 10—zl (58)
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Introducing the projection operator

0 0
o = (o Idp)

from the augmented space Z to the reduced space Z,., we have, using Theorem 4.5,

II(t) = &(t,0) Py A(t) Pyd(t, 0)", -
89
11(0) = P;A(0) Py,

where A(t) is given by (85) with P, = Py. Then, we can specify the evolution operator
@ associated with the following system

o o 2(t) = Az(t) + B(t)0,
A1) = (0 ét))’ {Z(o) I LU
2(0) = zo, (2,0)1(0) = (20,60)",

Therefore, for initial data of the form zo = P;(0,6)" = (0,60)" the solution reads

z(t)\ 0
(o) =205
and, using the definition of L given by (5), z(t) = L(t)0y is the mild solution of

Z2=Az+ Bfy, t>0,
z(0) =0,

A0\ _ (L0,
0(t) Idp ) 7
Eventually, we have shown that for all 6y, ®(¢,0)P; (20, 00)" is given by

(ZE;;) — &(t,0)P; <gg> — &(t,0) <e?0> _ (ﬁg) 0.

Therefore, we can simplify the Riccati dynamics (85) into

Hence, we obtain that

A =—AL*C*CLA, t>0,
(90)
A(0) = Ay,
and (89) into
10 = (1)) A0 (@) 1an). (o1
Idp
Note that, in our case m,(-,-) = %(, ~)H(1)(Q), therefore we can obtain an explicit
expression of Ay given by
Ao = —GflAgl.

Finally, we obtain the equivalent sequential estimator with the following result that is
a straightforward application of Theorem 4.3.
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Corollary 4.6. The minimizer 6 =0, is solution of the following dynamics

6= AL*C*(y® — C2), t>0,

6(0) = 6

'(0) 0 . (92)
P= A5+ BO+ 1O, t>o0,

Z(O) == 20.

Note that the present estimator can be defined for observations in H' or L? with an
adapted definition of the observation operator C and its adjoint C*. Using the results
obtained in Sections 3.2.2 and 3.3.2, we show that (2,6) cannot be entirely defined
as observers in the sense of Definition 4.1, but that they satisfy the second property
(robustness to noise) and a necessary condition of the first (convergence).

PI‘OpOSlthl’l 4.7. Assuming that we have at our dzsposal the perfect measurements
y® =4, then, under Assumption 1, the estimators (2, 9) asymptotically converges to the
target parameter (Z, 9), namely

lim [10() — 0(t) 2y = 0 and_lim_[15(2) — 5(t)]1z = 0.

t——+00

Proof. We here use the link between the observer and the functional minimization.
Under Assumptions | and 2, we know that (Theorem 3.6 and 3.12), for both types of
observation operator, there exists a > 0 and C®* such that

107 = 0|2y < C* T,
which, combined with 6=20, gives the convergence of the parameter estimator
lim [10(6) = B0 = 0.

Moreover, we have that
zZ= _t(t) = 2,

Therefore,
Jdim [5(0) — 2(0)lz = lim_[175,(1) — 2,12 =0,
which concludes the proof. O

Proposition 4.8. Assuming that we have at our disposal the noisy measurements
satisfying (32) or (44), the estimator (2,0) is stable with respect to noise, namely there
exist two positive scalars C' and Cs' independent of & and dependent of t such that

16(£) = OllL2() < C(8) 6 and ||2 — 2]z < C3'(1) 6.

Proof. We take advantage of the link between the observer and the functional mini-
mization. From Theorem 3.7 and 3.13, for both types of observation operator, there
exist C%* such that

18 — Ollpaga) < C*6,

which, combined with é(t) = 0; gives the stability of the parameter estimator
16(2) = Oll12i) < C*6.

Furthermore, we have that
Z(t) = z(t) = 2g,-
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Therefore, we obtain
12(t) = Zllz = [lz)g, () — 2]l

Classically using the Gronwall lemma, one can show that there exists a positive scalar
C®* depending only on t and o such that

126, (t) = 2z < C*[16:(t) — Ollr2(),
which concludes the proof. O

Remark 4.9. Proposition /.8 allows us to demonstrate the robustness to noise property
of Definition 4.1. On the other hand, Proposition 4.7 is a necessary condition for the
convergence property of Definition /.1. Indeed, the second property of the definition is
obtained only in this case T = 0. We would have to take into account the possibility of
uncertainties in the initial condition for dynamics (92) to fall within the asymptotic
observer framework of definition J.1.

4.3 Observer discretization

We can now study the observer discretization, where we face two possible options. First
we could directly propose a time and space discretization of (92), or we could first
discretize the wave equation and then reapply the Tikhonov regularization strategy
and observer design to the discretized system. Following [27], we are going to follow
this second strategy.

4.3.1 Reduced-order Kalman discretization
As in the time-continuous case, let us first recall the Kalman discretization for a linear
discrete-time dynamics. Let Z" C V C Z a finite dimensional space equipped with the
scalar product of Z. Assuming a dynamics of the following form, with a given source
term B € Zh
h h,7 o h h
Zn+1|<:¢77zn|c—|—ﬂn+17 TLZO,
sh

ZSK =2 "‘C
associated with measurements yf{h and an observation operator C" € L(Z", Y") where
V" is the finite dimensional space in which the observations belong. We first consider
the minimization of a discrete version of the criterion (68) (see [57])

. 1 N T
iy { A (6") = Grnlc" 6+ 32 S - Ol (98)

where the time integral is replaced by a simple quadrature formula. We easily find the
corresponding two-ends problem associated with the minimization of this criterion,

>h — &®h,Tsh h B
zn+1|N_¢ zn|N +ﬂn+17 OSTLSN ]_,
sh _ 3h h=h

ZO\N =20 +H0q0‘N7

~h _@h,ﬂ'**h Ch* o,h Chfh 0<n<N—1 (94)
qy N = QN7 (yn - zn|N)’ =n= AN —

h —
qN\N =0,

where the notation | N stresses the fact that the criterion is using the N first observations
and II} € L£(Z") is the operator defined by

V(thfh) € Zh X Zh7 m(HSLQh,fh) = (qhugh)z-
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Then, we can uncouple these systems by solving the following Riccati equation,

m = =oh I e, n €N, (95)
h  _ I7h h ha h1Th hx1—1 ~h7h
Hn+1_ﬂn+1,—711n+1,0 [Idyh+TC HnH,C ] C IInH,, n € N,

which defines a sequence of operators IT Z, and IT". The sequence of IT Z, and IT" can
be interpreted as a splitting time-scheme for the Riccati dynamics (73) [57]. Then, we
introduce the estimator

sh h,T s h h
{an ="z + B, n € N,

2h sh h o,h hsh (96)
=2y + 7L C *(?/nﬂ -C zn-i—l—)’ n€N.

Identically, (96) can be interpreted as a splitting time-scheme for the estimator dynamics
(76), see [57]. Then, we have the following equivalence results proved in [57].

Theorem 4.10. We have the following decoupling principle
Zhn =20+ Ik gy, V0<n<N+1, (97)

and in particular for alln € N
=3z (98)

sh
z nln’

n—

Let us now apply such equivalence to a reduced space configuration. For this
purpose, we define Z" ¢ Z" a finite dimensional space such that Z" c V, ¢ Z,. To
simplify the notation, we assume that P,(Z") C Z — which is satisfied for our source
identification problem — hence P, can be seen as an operator in £(Z", Z"). The discrete
criterion here reads

rezh

N
) 1 T
min { 7 (h) = Sme(C ¢t + Y Tt = C2lip i3 - (99)
k=1

The two ends problem remains as in (94) except for the initial condition that is changed
into

Zov = Zo- + PI(U) T Prg s (100)
Moreover, we have the discrete counterpart of Theorem 4.5.
Theorem 4.11. The solution of (95) with initial condition defined by

h * AR
HO - P,,, AO PT'
satisfies
n n

ot = (45’%7) PrARP, (@hvf*) (101)

where A! satisfies A = (UM~ with

n+1 n+1
Uy = Ui+ 7R, (@) c™ch (@) Py

™
Proof. We proceed by induction. We have at iteration 0
moh = pr(UM~LP..

Let us assume (101) is satisfied at iteration n. First, we directly have

Hh

n+1 n+1
= ¢h,TH£LL¢h,T* — (@h,T) P:A?LPT‘ (Qh,ﬂ'*) ,
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Then, using (95) and the expression above of IT" we have

ntl=>

mh

n

1= <45h r> P [Ah — AP (dsh 'r*) Ch* dyn + rC" (dsh;r)n—i-l

et (o) o () et a0

We therefore have

n+1
o, = (qs’W) "prAl, P, (di’”> ,

n

as soon as

n-m-—-mn

—1
AP = AR AhDh*<Id h+DhAhDh*> DhAR

with D' = /7 ch (@h T)nH Pr. By using Sherman-Morrison-Woodbury formula for
operators — see for instance [4 ), Theorem 1.1] — we obtain

~1 -1 X
(M) ™ = (A3)" +Dp*Dy,
which ends the proof since it is precisely (102). O

4.3.2 Application to source identification

In this work, we discretize the wave equation using Lagrange finite element. Let 8" € P"
the finite dimensional space corresponding to P. We use a conservative mid-point
scheme, that ultimately reads

h h h h
Upt1 — Uy Uppa + vy,

h oh
Uny1 — Ahun-H +up, s n+} ) o
T 2 2

where Al is the bounded linear operator in V* ¢ H*(Q) associated with the conform
finite element discretization of the unbounded operator Ao of L2(2). Note that this
system can be rewritten in a first order form by considering 2z € Z" = V" x V" solution
of

(103)

hr b | phT gh
2y = PV + Byl 6",

ghr_ (10" =31\ (1dh o grat
\-zAk 1M AL 14"

g _ (1" —gra T 0
i =T\ zAl 1d a((n+3)r))"

Note that Z" is equipped with the scalar product on Z that is the natural scalar
product on H}(Q) x L2(€).

We now apply this result to our source identification problem. The joint state-
parameter discrete dynamics in 2" = Z" x PP reads

i) _ (2 Bl () g (#0) 2 (0 (104)
h - h h |’ h| — h |-
9n+1 0 Id Qn 90 0
—— —— N

h h,T yh h
Z0 Ph.Tzh z; <

where

and
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From Theorem 4.5, we know that
HZ — (@h,T)n P:A,,}?Lpr (@h,T*)n and IIZ_,’_l_ — (@h,‘l‘)n"rl P:A];I:PT (@hﬂ'*)n“rl ’

I, = Py(UMN' Py,

(105)
where U = (A?)~! is solution of
n+1 n+1
Uh =U"+ 7P (dshf*) ch*ch (45’”) Pf, n>0. (106)
Moreover, we have
zh 0 n{0 Lt
Qh T) P ( > — (¢h,7’) — n 9h
<9h ( o \; or 1dh ) °
where the operator (L”),cn is defined by
oy =P e B0, neN,
Lho =",  with Z“") 67 T (107)
Therefore, we can simplify (106) into
Uuh =0+ c etk n>0, (108)
and (105) into
h LZ h hx h L’Z-i-l h hx h
o=\ 0 (Lk* 1d), and I, = o ) An (L=, 1d"). (109)

Finally, we obtain the equivalent sequential estimator.

Theorem 4.12. The minimizer QA,}; = 0" is solution from (28, b)Y of the recursive

dynamics

sh _ BHhT R h,T Ah
- =Pz, +Bn+19

* %/, &R
9h+1 = Gh—i-T(U +1) LZHCh (Yni1 — Cchzh

h o), (110)

ZH = ZZH— + Ln+1(9n+1 gh)

We already know that (110) is consistent. A direct convergence study of this
splitting scheme could be intricate. Here, by relying on the fundamental relation
éﬁ = A" we can justify the stability from the minimization. This should lead us to the
convergence of the time-scheme (110).

5 Numerical illustrations
We consider a domain €2, and assume we have access to observations in the observation
subdomain w illustrated in Figure 2. As an example, we consider the following wave
equation
Oz, t) — Au(z,t) = o(t)0(z), (x,t) € Qx (0,T),
a(x,t) =0, (z,t) € 9Q x (0,T),
a(z,0) = tp(x), x €,
oyu(z,0) =0, x € Q,

(111)
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730 where )
ot) == + e 0%,
2
7a0 and g is solution of
—Atg(x) =10, z € Q,
ﬁo(x) =0, x € 011,
721 and 6 is solution of §
—AG(m) =0 x €N \ Qhole
—Af(z) =10, 2 € Mol (113)
O(z) =0, z € 09,

with Qpele represented in Figure 2.

Q

Figure 2. Representation of the domain 2 and the subdomain w

742

743 The initial conditions and the target source term defined respectively by (112) and the
744 (113) are illustrated in Figure 3 (left) and 3 (right). Note that the choice of ¢ is the

725 same as that of Remark 3.5 with § =1 and a = 0.5.

746

00e+00 05 1 1.5e+00 0.0e+00 0.1

02 3.4e-01

Figure 3. Representation of @ (left) and 6 (right)
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We decompose the target source term

Nmod

P= Y . (114)
=0

728 Where (QS?)'L'G[O, Nuoa] ar€ the eigenvectors of Ag. In the following numerical illustrations,

720 we choose Nyoq = 27 so that the relative error between 6 and 6" is less than 10%, see

750
751

752

753

754

755

756

757

758

759

760

761

762

763

764

765

766

767

768

Figure 4.

0.0e+00 0.1 02 3.4e01

Figure 4. Source term 6 (left) and its decomposition 6" on the Laplacian basis with 27
modes (right)

In the following, we will compare the two methods presented in this work. The
method presented is denoted H'-method (the noisy measurements belong to H'(w)).
Similarly, the method presented in Section 3.3 is denoted L?-method : the noisy
measurements belong to L?(w).

5.1 Numerical illustrations for noise-free data

First, to generate the measurements, we implement the direct problem on a time
window from 0 to 1 with a time step of 7 = 0.01 and with P; finite elements and where
the space function " to reconstruct in the source term is defined (114). We give an
illustration of a measurement in Figure 5.

0.0e+00 0.5 1 1.5e+00
|

Figure 5. Solution 4" of the direct problem (left) and its corresponding measurements (d,}}b)‘w
(right) at time ¢ = 0.1

We study the inverse problem for the H'-method in a noise-free case. We implement
the observers scheme (110) (where C is defined by (7)) in Freefem++ [42]| over a time
window [0, 1] with a time step of 0.01 and with P; finite elements. Moreover, we start
from a null initial guess 98 = 0 but with the correct initial conditions #g. Furthermore,
we remove the Tikhonov regularization term since we suppose that we have the perfect
measurements at our disposal. The same simulation for the L?-method is performed.
In other words, scheme 110 is implemented, but this time the observation operator C
is defined by (9).
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Figure 6 shows the relative error between the target source term decomposed on
the Laplacian modes and the observer defined by

16" = O30 /116" 2 (@)

over the time.

2
—¥— L“-method —sk— L2_method

1
—sk— H!-method -1 | —sk— H!-method

10-1 |-

4l
1073 10
—7 =
107° 10
—10 |
-7 10
10 ! ! ! ! ! ! | ! ! ! ! !
0 2.10-24.10-26.10—28.10—2 0.1 0 0.2 0.4 0.6 0.8 1
time time

Figure 6. Evolution of the relative error with § = 1 and without Tikhonov term for 7" = 0.1
(left) and T' =1 (right)

For the H'-method, we can see that the error falls below 107°% from " = 0.1. At
the final time " = 1, the relative error is about 1078%. For the L?-method, the results
are very similar. We can see that both methods converge for long time with the same
final error level. However, in the short time range (Figure 6 left), the H'-method is
more efficient than the L?-method. This indicates that the H'-method benefits from
improved observability.

We will now deal with noisy measurements belonging to L?(w).

5.2 Numerical illustrations with noisy measurements

We represent the mesh in Figure 7 (left) used to solve the inverse problem. For
visualization purposes, we show a coarse mesh (Figure 7 right), the used mesh is a
refined version of the coarse one (Figure 7 left).

Figure 7. Representation of the mesh of Q with 56193 degrees of freedom (left) and with
14169 degrees of freedom
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We corrupt the synthetic data (y*")g<p<n of sampling rate T//N with a random
artificial noise x" € L2(w). To do this, we perturb the measurements at each interpola-
tion point with a random value £ that follows the Gaussian law N(0,1) and scale with
the noise level ¢, i.e., at each interpolation point we have

(W™)i = ()i + 08/ |wl, (115)

where the scaling by |w| ensures that the noise is normalized. We represent in Figure 8
an example of a noisy measurement and the noise associated.

006400 05 1 156+00 0601 005 0 005 10edl
‘ U — — | ' ‘

Figure 8. Noisy measurements y" (left) and the corresponding noise x" = y2" — " (right)
at time t" = 0.1

We solve the inverse problem with the prediction-correction scheme (110) with a
time step of 7 = 0.01 and § = 1. Figure 9 shows the relative error

167|202

between the target source term decomposed on the basis and the observer at the final
time "™ = 1 as a function of the noise level § in (115) for different regularization levels
M.

—%— M = 100
—— M = 1000
1071 —— M = 10000
1072 |
1073 |
el
10

10—4 103 10—2 101

0

Figure 9. Representation of the relative error according the values of § in loglog scale for
different values of M

First, we note that the larger the value of M, the lower the weight of the regulariza-
tion. In particular, we can see that the regularization with M = 10 (in red in Figure
9) offers better results. In particular, for the different noise levels considered — from
0 =10.01% up to 6 = 10% in (115) — we reach a reconstruction of the order of the noise
level.
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6 Conclusion

We have proposed a strategy to estimate a source term in a wave equation using
observers from internal field measurements. We have divided the study into two parts
depending on whether we have access to regular or less regular measurements. The
regularity of the measurements leads to major changes in the definition of the inverse
problem through the definition of the observation operator. The proposed approach
follows three steps. First we prove identifiability results which rely on observability
inequalities. These identifiability results give us information about the degree of the
ill-posedness of the inverse problem. We then propose the minimization problem
associated with the reconstruction of the source term with a well-adapted Tikhonov
regularization. This inverse problem is solved using a sequential strategy that is proven
to be equivalent to the minimization of the cost functional. We have assumed that we
have not only internal observations on the system, but also perfect knowledge of the
initial conditions, which can be a strong assumption in practice. A possible perspective
would be to assume that there are uncertainties on the initial conditions. In this case,
it would be necessary to further analyze the joint state-source estimation initially
proposed in [19].
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