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Novel well-balanced continuous interior penalty stabilizations

L. Micalizzi* M. Ricchiuto'and R. Abgrall*
July 20, 2023

Abstract

In this work, in a monodimensional setting, the high order accuracy and the well-balanced
(WB) properties of some novel continuous interior penalty (CIP) stabilizations for the Shal-
low Water (SW) equations are investigated. The underlying arbitrary high order numerical
framework is given by a Residual Distribution (RD)/continuous Galerkin (CG) finite element
method (FEM) setting for the space discretization coupled with a Deferred Correction (DeC)
time integration, to have a fully-explicit scheme. If, on the one hand, the introduced CIP
stabilizations are all specifically designed to guarantee the exact preservation of the lake at
rest steady state, on the other hand, some of them make use of general structures to tackle
the preservation of general steady states, whose explicit analytical expression is not known.
Several basis functions have been considered in the numerical experiments and, in all cases,
the numerical results confirm the high order accuracy and the ability of the novel stabilizations
to exactly preserve the lake at rest steady state and to capture small perturbations of such
equilibrium. Moreover, some of them, based on the notions of space residual and global flux,
have shown very good performances and superconvergences in the context of general steady
solutions not known in closed-form. Despite the simulations addressing the monodimensional
SW equations only, many elements can be extended to other general hyperbolic systems and
to a multidimensional setting.
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1 Introduction

In the context of the numerical resolution of hyperbolic partial differential equations (PDEs), one has
to deal with several challenges, among which: the presence of instabilities and the exact preservation
of some analytical solutions at the discrete level, namely well-balancing.

The instability issues are usually solved through an upwinding in the Finite Volume/discontinuous
Galerkin FEM setting, through stabilization techniques in the RD/CG FEM setting. In particular,
in this last context, the existing literature offers many possible options, for example: Streamline-
Upwind Petrov-Galerkin, orthogonal subscale stabilization and CIP, respectively introduced in [9],
[18] and [2I]. For more details, the reader is referred to [36] and [37] in which a complete Fourier
analysis and numerical investigation of the mentioned stabilizations, with different basis functions
and time discretizations, has been performed.



We refer to well-balancing or C-property as the ability of a numerical scheme to exactly preserve
a particular analytical solution or to be superconvergent, toward such solution, with respect to
the general accuracy of the underlying discretization. In many applications, one is interested in
embedding such feature in the adopted numerical method. This happens, for example, in the context
of the study of physical systems admitting nontrivial stationary equilibria. In fact, such systems
can stay for very long time in a neighborhood of a steady state. For this reason, researchers are
interested in studying the evolution of small perturbations of steady solutions and, in this regard,
it is desirable not to confuse the evolution of the perturbations with the natural noise arising from
the numerical discretization. In such context, there are essentially two possibilities: using very
refined meshes, with consequent increase in the computational cost, or modifying the numerical
scheme in such a way that it preserves exactly the analytical solution of interest, without wasting
the accuracy toward any other general solution. The latter option looks indeed very appealing,
however, it is also very challenging since the steady states are usually not available in closed-form
and, more in general, we rely on numerics because we do not have the analytical solutions to the
systems of PDEs that we are trying to numerically solve.

Several strategies have been introduced to achieve well-balancing. The interested reader is
referred to [13, [8 43| 20} 23] 28] [41] and references therein. In particular, a successful approach is
the one introduced in [25] and is based on the definition of a global flux, i.e., a new flux which keeps
into account the source term, allowing to recast the initial problem into an equivalent one which is
homogeneous.

In this work, we introduce some novel arbitrary high order WB CIP stabilizations for the SW
equations in an RD/CG setting. They all are designed in such a way to exactly preserve the lake at
rest steady state, however, some of them address the challenge of the preservation of general steady
equilibria not known in closed-form.

The time discretization is achieved via the bDeCu method, introduced in [34] as an efficient
modification of the DeC for hyperbolic problems designed in [7] to get arbitrary high order fully
explicit schemes avoiding the issues associated with the mass matrix.

The structure of this work is the following. We will start by introducing the SW equations and
their steady solutions in Section[2] Then, we will introduce, in Section 3} the CG FEM and explain
how this can be put into an RD formulation. The issue of achieving well-balancing in the presented
formulation is addressed in Section [d] which is the main section of this work. There, we will present
two WB space discretizations and the novel CIP stabilizations. In Section [5| we will describe the
time-stepping strategy, the bDeCu. In Section [6] we will present the numerical results. Finally,
Section [7] is dedicated to conclusions and to future perspectives.

2 Shallow water equations

The SW equations are a system of hyperbolic PDEs used to model water flows, e.g., flows in sees,
rivers, lakes or channels. Their monodimensional formulation, without rain and assuming a bottom
topography fixed in time, reads

éu + EF(u) = S(z,u), (x,t)€QxR{, (1)



where €2 C R is the space domain and the vector of the conserved variables, the flux and the source
term are respectively defined as

" (Iq{)  Flw = (‘12 +ngz>  Swu)=- (gHiB(w)OJr g"?‘”'f"q> ’ @
H 2 9 H3

where H is water height, ¢ := Hwv is the momentum of the flow, with v being the water speed
averaged in the vertical direction, g is the gravitational constant, B is the bathymetry (or bottom
topography) and nj; the Manning friction coefficient. Further, we introduce the total height n :=
H + B and the sound speed ¢ := /gH.

The Jacobian of the flux with respect to the conserved variables is given by

oF 0 1
1= Ga = (e o) @

with the two real eigenvalues given by A\ 2 = v +c.
When no friction is present, the SW system is also endowed with an entropy pair (s, Fy), with
entropy s and entropy flux F; respectively given by [40] [26]

1¢2 1 _, 1 ¢?
= 4 —gH HB, F,:=q( =" , 4
si= 5+t o9H +9HB, q<2H2+gn (4)
with associated entropy variables
14 q\"
=(gn—==,=) . 5
w (g 2SH? H (5)

2.1 Steady states

The SW equations are well known to be characterized by nontrivial stationary solutions satisfying,

in the weak sense, the ODE

0

—F(u) = S(z,u). 6

= F(u) = S(z,u) ()
The simplest stationary solution is the so-called “lake at rest” steady state given by constant total
height and zero velocity

n=H+B=necR, v=0. (7)
When no friction is present, through basic analysis, from @ one can show that smooth steady
states are characterized by constant momentum and energy

2

17a —
g(z,t) =g € R, E:§%+9(H+B)EEER3. 8)
When also the friction is present, one can easily prove [32] [31] that smooth steady solutions satisfy
=2 2 =
_ q 0 0 nyla
t) = R —— —H=—-g9g—B - . 9
q(z,t) =7 € R, ( H3+>8x el (9)

In general, steady states are not available in closed-form and are obtained by solving @ The
interested reader is referred to [19], in which a wide collection of analytical solutions (not only
steady) is provided.



3 Continuous Galerkin FEM and Residual Distribution

We will introduce in this section the CG FEM for hyperbolic problems and show how such method
can be put in an RD formalism. For more information, the interested reader is referred to [4].

3.1 CG

We would like to numerically solve a hyperbolic system of balance laws in the form over the
bounded domain € := (xr,zr) in the time interval [0, 7], with some initial and boundary condi-
tions. The main ingredients of the CG method are

e a tessellation 7, of the space domain made by non-overlapping closed elements K, segments
in this case since we are in a monodimensional setting, covering its closure exactly;

e the finite dimensional space Wy := {p € C%(Q) : ¢|x € Py (K), VK € Tp,} of the continuous
functions ¢ which are such that their restriction to each element K of the tessellation is a
polynomial of degree M,

e a basis {@i}izl,m ; of Wy normalized in such a way that Zi[:l @ = 1 and which is such

that each basis function ¢; can be associated to a spatial node z; € €, usually referred to as
“degree of freedom” (DoF).

Further, the adopted bases are such that each basis function ; has support in the union of the
elements K € K;, with K; := {K € T;, : x; € K} being the set of the elements containing the DoF
x; to which the function is associated. Let us notice that the previous assumptions imply

Z pi(z) =1, VrekK. (10)
T, €EK

Examples of such bases, considered in the numerical tests, are the Bernstein polynomials and the
Lagrange polynomials associated to equispaced nodes or to Gauss—Lobatto (GL) ones.

Finally, the CG method is given by a projection of the weak formulation in space of over
Wy, i.e., we look for an approximated solution wp(x,t) := Zi]:l ¢;(t)pi(z), linear combination of
the basis functions through unknown coefficients which depend on time, such that it satisfies the
following system of equations

A(;uh n [;BF(uh) _ s(x,uh)} h) oi(@)de + STi(up) =0, Vi=1,....1,  (11)

where the term in square brackets is a consistent discretization of the spatial part of our initial
PDE and ST; is a stabilization term introduced at the discrete level to prevent the instabilities of
central schemes.

Equation is the semidiscretization of the CG method and consists of a nonlinear system of
ODE:s in all the coefficients ¢;(t), collected in a single vector ¢(t), characterized by a mass matrix
which is big and sparse. By numerically solving such system, one gets the evolution in time of the
approximated solution wuy,.

Let us leave aside for one moment the problem of the time-stepping, which is not central in the
context of this work, and let us observe that, if the discretization of the spatial part of the equation
and the stabilization term in are defined in such a way to be exactly zero for a particular



steady state, then the resulting numerical scheme will be WB with respect to such steady state.
This will be the main topic of Section [4] but, before addressing the problem of well-balancing, we
introduce here a short subsection, in which we show how the CG method can be easily embedded
in an RD framework.

3.2 RD and link with with CG

We assume a classical CG FEM setting, i.e., a tessellation 7, of the space domain, the space
W of continuous piecewise polynomial functions and a basis {¢;};,_; ; of such space satisfying
the properties previously mentioned. This allows us to consider the continuous approximation
up(z,t) = 25:1 ¢;(t)pi(x) of the analytical solution. Then, the RD approach can be summarized
in three main steps

i) Definition of the element residuals
For each element K of the tessellation 7, we define the element residual

K (uy,) = /K(gtuh + {iF(uh) — S(z,uh)} h) de, VK €T, (12)

which represents an integral balance at the considered element;

ii) Definition of the node residuals
For each element K, we consider the DoFs belonging to it, x; € K, and define the node
residuals ®X (uy,) satisfying the following conservation relation

S ®f(up) = @5 (un), VK €T, (13)
z, €K

which corresponds to isolating the contribution of each DoF z; € K to the integral balance
introduced in the previous step;

iii) Imposition of the balance at the nodes
For each DoF z;, we impose an equilibrium between all the node residuals ®X (u;,) of the
elements that contain that DoF

Yo @Fun) =0, Vi=1,...1, (14)
KeK;

where we recall that K; is the set of the elements of the tessellation containing the node x;.
This amounts to imposing that the global contribution of each node to all the balances of all
the elements that share it is 0, which is indeed a reasonable constraint: nothing is created or
destroyed at the nodes.

Equation is a system of ODEs in the coefficients ¢;(t), which must be solved in time. The
recipe is quite general, as we did not specify how to choose the node residuals ®(uy). In fact,
under this point of view, there are plenty of possibilities and the properties of the resulting scheme
depend on this choice. In particular, due to , one can easily verify that the following definition
of the node residuals

‘I’{((uh) = /K (gtuh + [;xF(Uh) - S(xvuh)] )%(x)dx + ST?(Uh) =0 (15)

h



fulfills the conservation relation (13f), provided that the terms ST (up) are defined in such a way
that ZI cK ST (up) = 0. Moreover the resulting RD scheme given by system , for such choice
of the node residuals, is formally equivalent to the CG semidiscretization i) rex, ST (uy,) =
ST;(up). The equivalence is essentially based on the fact that the support of the basis function ;
is in the union of the elements K € Kj.

Let us remark that the presented formulations, as well as the equivalence between them, extend
in a natural way to a multidimensional framework. The interested reader is referred to [4], where
several possible choices of the node residuals are presented and the link between RD and several
classical approaches, e.g., discontinuous Galerkin and Finite Volume, are analyzed in depth.

4 Well-balancing

The evolution in time of the numerical solution uy, is given by the CG/RD formulation , which
is recalled here for clarity

/(gi“h* {aiF(“h)S(%Uh)L>w(x)dx+STi(uh)0, Vi=1,...,1. (16)

As anticipated, if we are able to design the discretization of the spatial part of the equation and
the stabilization term in such a way that they are exactly zero for a particular steady state, then,
we will get an exact well-balancing with respect to such steady state for any general time-stepping
method. The goal of this section is to do precisely this.

Generally speaking, there are two main possibilities to achieve well-balancing:

e choosing a particular steady equilibrium and define ad hoc the mentioned ingredients of the
scheme to be zero with respect to it;

e introducing some general structures aiming at preserving @ at the discrete level.

The second strategy is the most desirable since, as already specified, the analytical expression of the
steady states is almost never known in closed-form. In accordance with the first approach, all the
WB elements that will be presented in this section are designed to be exactly zero with respect to
the lake at rest steady state ; nevertheless, some of them address the problem of the preservation
of general stationary solutions not known in closed-form.

We will start by presenting a basic non-WB reference framework and, afterwards, we will con-
tinue with the definition of some WB alternatives. In order to light the notation, in this section
we drop the dependence on time, which is not central in this context, being clear that all the space
discretizations are performed for a given u; and a fixed time t.

4.1 A reference non-well-balanced framework

A consistent space discretization is given by a simple interpolation of the flux and the source onto
the functional space Wy,

|2 Plun) - 8 uhﬂ -5, (a7

h

(9
oz
I I
Fy = ZFiﬁpi(x)v Z ipi(x (18)
i=1 i=1



with F; and S; interpolation coefficients, coinciding with the evaluations at the DoF's, respectively
F(up(x;)) and S(x;, up(x;)), if one assumes a Lagrange basis for Wy,

For what concerns the stabilization term, we adopt the CIP stabilization, firstly introduced in
[21] in an elliptic-parabolic setting by Douglas and Dupont and then applied to the hyperbolic
framework in [10] by Burman and Hansbo. Such stabilization is based on the introduction of a
penalization term based on the jump of the normal derivatives of the numerical solution u; across
the faces of the tessellation, reading in general

STi(un) = Y iam / [[v;f%—]] [[v;fuh]]da(m), apr = 0rph, (19)

feFy r=1 !

where Fj, denotes the set of the faces shared by two elements of the tessellation, [-] is the jump
across the face f, V;, ; is the r-th partial derivative in the direction vy normal to the face f, py is
a local reference value for the spectral radius of the normal Jacobian of the flux, hy is a reference
characteristic size of the elements containing f and J, are constant parameters to be tuned. The
orientation of the normal vy and the direction of evaluation for the jump can be chosen freely.
Originally, only the jump of the first derivative was taken into account, the stabilization on higher
order derivatives has been introduced in [30].

Clearly, in a monodimensional context, the faces between the elements are just points and the
integrals reduce to point-evaluations. Hence, reduces to

R o o
ST;(up) = Z Zaf)T ﬂaxr%u Ilax’“uhﬂ (20)
feF, r=1

The CG/RD formulation , along with the space discretization — coupled with the
jump stabilization , properly solved in time through a suitable ODE integrator, provides an
arbitrary high order framework for the numerical solution of the PDE . Nevertheless, as no
particular attention has been paid to design the space discretization and the stabilization in such a
way to achieve well-balancing, the resulting formulation is not WB.

Actually, neither the space discretization nor the jump stabilization, taken individually, are zero
with respect to any particular steady state. In fact, the naive interpolation of the flux and the
source leads to a natural mismatch preventing any possibility of well-balancing, as a%Fh and Sj,
belong to two different polynomial spaces and their difference can be zero only in very trivial cases.
Further, in the context of the lake a rest steady state, the jump of the derivatives of Hj across the
interfaces, in the first component of , leads to a lack of well-balancing.

In the following, we will introduce some possible WB substitutes. We conclude this section with
some final remarks.

Remark 4.1. The CIP stabilizations can be naturally put in an RD formalism, even in a general
multidimensional setting, as shown in the next proposition.

Proposition 4.1. Under the assumption of a conformal tessellation, if we define

K — < roo r
ST (up) = Y Zafyr/fV,}fcpl|K[[V,jfuh]]do(w), (21)

fCOK r=1
fEFH

where here the jump is evaluated from the inside of K to the neighboring element K' sharing f,
[2] := z|k — 2|k, then we have that



¢ Yoiex ST (un) = 0;
e the stabilization term is given by Y k. ST (uy) = STi(up).

In the previous proposition, the bold font has been used for the generic DoF x; € K in order

to emphasize the fact that the result holds in a general multidimensional setting. The proof can be
found in Appendix [A]

Remark 4.2 (Arbitrary high order stabilizations). Not all the stabilizations allow to reach arbitrary
high order. For example, the Lax-Friedrichs stabilization presented in [1l], in the context of the local
Lax—Friedrichs node residuals in an RD setting, is at most first order accurate.

4.2 Well-balanced space discretizations

We start by recalling, for clarity, the main focus of this section

0
|:a:CF - S:| h’ (22)
q 0

F = 2 2 s S s = — ’I'L2 . 23
(u) (%_’_91-12) (-’17 U) <QH£EB+Q széqq> ( )

We will introduce here two WB discretizations of the spatial part of equation with respect
to the lake at rest steady state . While the second one is strongly based on the assumption of a
monodimensional framework, the first one can be easily generalized to a multidimensional setting.
Before starting, it is useful to introduce here the following splitting of the flux and the source

0
F=F"+F"3 FV:<qq2), FHS=< H) (24)
" 973
0 0
S:SV+SH57 SV:_ niylal ) SHS:_( HQ >7 (25)
Iyt 1 9 oz

where the superscripts “V” and “HS” are used in order to identify respectively the velocity and
the hydrostatic parts.

4.2.1 WB-HS

This WB discretization, presented in [42] and here denoted by “WB-HS”, relies on a particular

treatment of the terms 6% gHTQ> and gHa%B. Rather than simply interpolating F' and S, we

consider the splitting —. In the context of a lake at rest steady state, the velocity parts of
the flux and of the source are identically zero as ¢ = 0, therefore, one can easily discretize such
terms with a simple interpolation

I I
FY =) F'oi(x), S =) S/¢i(x) (26)

i=1 i=1



A WB treatment of the hydrostatic part is less trivial. The mentioned approach consists in inter-
polating separately the water height and the bathymetry, thus getting

0 0 0 0
o] ) (o) Cngom)
[ax n gHy 2 H), + gHy 2By, gHp 2 (Hy + By) (27)

where, by linearity of the interpolation, (H, + By) = (H + B), = 7y, which is constant in the
context of the lake at rest steady state, leading to an exact well-balancing. To sum up, the final
WB discretization reads

|:83'1‘F S:| , - 81‘Fh Sh + (thé‘i(Hh +Bh)) 3 (28)

where the subscript h at the right-hand side indicates a simple interpolation.

4.2.2 WB-GF

The global flux approach has been firstly introduced in [25] and has already been employed in many
works [14], 17, B3}, 15, 12} [T}, 29] to design WB methods. In particular, in [5], it has been shown
how the notion of global flux can be naturally embedded in RD formulations.

The underlying idea is to define a new flux G keeping into account the source term in order to
rephrase the original PDE into an equivalent homogeneus formulation

0 0

—u+ —G=0. 29

ot oz (29)
Despite being absolutely non-trivial in a multidimensional setting, in the monodimensional case
one can easily define the global flux through a simple integration of the source term

R:—/qﬂ&wmw,G:F+R. (30)

At the discrete level, G, is got by interpolation, providing an approximation at each DoF, and
the simplest idea that one could have is to set for any 4

Gh(z;) == Fi(z;) + Rp(xy), (31)
I wi 1
Fy(z;) := ZFjgoj(xi), Ry (x;) := — Z Sip;(s)ds, (32)

xry, j:l

with Fj being the interpolation of the flux and Ry, the integral of the interpolation of the source.
Again, we remark that the dependence on time is dropped in order to light the notation.

Unfortunately, despite this choice providing a consistent discretization of the spatial part of our
PDE, given by %Gh, this formulation is not WB with respect to the lake at rest steady state
(G}, # const), as no special care has been taken under this point of view. In fact, in such a case,
the flux and the source reduce to their hydrostatic part

0 0
2 ), SSHS( ) 33
g’é) 9H 5B (3

10

FFHS<



and there is no reason why the integral of the interpolation of the second component of the source
should match the second component of the flux. A WB alternative is the one presented in [45] [I7]
and consists in adopting, in each element K, the following discretization for the second component
of SHS

{wﬁﬂgwm+m)

0
Ox o Bh}

9 g8
ox

] . VzeK, VK€ET,, (34)
h

hiax 2

where again the subscripts at the right-hand side stand for simple interpolations. More formally,

we can state the following proposition.

Proposition 4.2. By adopting the discretization for the second component of the hydrostatic
part of the source and a simple interpolation of the wvelocity part, the resulting global flux got by
interpolating its values at the DoF's

Gn(z;) = Fu(zi) + Rp(2:), (35)

Zi

I
Fy () := ZFJ'%(%% Ry, (2:) := */ ([gH 2 5], > + ZSJ pj(s)| ds,  (36)

is constant for a lake at rest steady state.
The proof can be found in Appendix[B] Summarizing, the WB discretization based on the notion
of global flux, here denoted as “WB-GF”, reads

0 0
{%F ﬂpr“ (37)

with G}, defined by interpolating its values at the DoF's given by —.

Remark 4.3 (Local interpolation). We remark that the discretization is meant to be performed
separately in each element, as the term %Bh is in general discontinuous across the interfaces
between the elements.

Remark 4.4 (Global flux quadrature). The global flux can be also interpreted as a suitable modifi-
cation of the quadrature formula adopted in order to evaluate the source integral in . For more
information, the reader is referred to [35].

4.3 Well-balanced continuous interior penalty stabilizations

We start by recalling the original non-WB CIP stabilization in a monodimensional setting

R " "
ST;(up) = Z Zaf,r Ilaaﬂ%u Ilaax’“uhu (38)

feF, r=1
R
o o (H,
- Son e i () )
o= ox ox" \ qn

This stabilization is based on the jump of the derivatives of the conserved variables, this is why we
will refer to it as “jc”.

11



We propose here some novel WB alternative CIP stabilizations. The main idea is to change the
object of the stabilization in such a way to achieve well-balancing. In the following definitions the
subscript h denotes an interpolation.

e Total height (jt)

= Zaf, Ila T%H ﬂaa; (Z:)H m = Hy, + By, (40)

fEFR r=1

e Entropy variables (je)

N 8 O

where Ay € R?*? is a matrix which is used to make the stabilization dimensionally consistent.
One possible choice for it, the one assumed here, is given by the Jacobian of the transformation
from entropy to conserved variables

_ Ou _ 9

evaluated at the interface f and computed assuming a flat bathymetry in such a way to have
a proper bijective map between w and w.

Qe Q=

e Space residual (jr)
E Otf|l o ¢ZHBfﬂJaauh—S*ﬂ, S*I——<HOQB), (43)
fern Z 9iin 5, Dh

where J := {Tu is the Jacobian of the flux (3] at the interface f and the matrix By € R?*?
just like Ay, is used for consistency purposes. In this work, we assume By := |J |=1 with
|J| absolute value of the Jacobian, defined as |J| := R|A|R™!, where R is the matrix of the
right eigenvectors of J and |A| a diagonal matrix having as entries the absolute values of the
eigenvalues of J. More explicitly, for the sake of completeness, R and |A| are respectively

given by
o 1 1 (v —] 0
e O A A | (44

e Global flux (jg)

=y afﬂ oz %ﬂ By I];;Ghﬂ, (45)

fEFR

where again the presence of By := |J|~! allows to make the stabilization consistent with the

other elements in .

12



The abbreviations are based on the objects of the stabilizations. Before going to the numerical
results, we make some useful remarks.

All the new CIP stabilizations are WB with respect to the lake at rest steady state, as shown
in the next proposition.

Proposition 4.3. The stabilization terms , , and are exactly zero in the context
of the lake at rest steady state ([7)).

Proof. The claim is trivial for jt and je : the terms dependent on ¢ and v cancel and
we are left with the terms 77 and g7, which, in such a case, are constant and, therefore, have zero
derivatives and related jump. Clearly, the same holds for jg because, as shown in Proposition
the global flux G}, has been specifically designed to be constant for a lake at rest steady state.
For what concerns instead jr , we have that the argument of the second jump, J %uh —S*, for
a lake at rest steady state reduces to

0 0 1 BHh> ( 0 ) < 0 )
J—u, — S*= Oz = , 46
oz (th 0) ( o )T gH, 2By, gHy 2 (Hp, + By) (46)

which is indeed zero because (Hy, + By) = 1, = 7 is constant. In practice, the definition of S* is
given in such a way to mimic the trick of the first WB space discretization, WB-HS, presented in

Section [4.2.1] -

The last two stabilizations, and , are particularly interesting, as in such cases the
stabilization is based on discretizations of 5-F — S, a quantity which is supposed to be zero in the
context of a general steady state, not only in the context of the lake at rest. In fact, as we are going
to see in the numerical experiments, they have special properties in terms of superconvergence and
capturing of small perturbations of general stationary solutions.

Remark 4.5 (About non-differential terms). One could wonder why, in the context of jr , the
term S* seems to take into account only the hydrostatic part of the source S™S, defined in ,
and not Y. The point is that the remaining velocity part SV has no differential terms and, thus, it
would cancel due to the assumption of a continuous representation of the numerical solution. Under
this point of view, it is worth underlying that the terms g—;‘,, J and |J|™! are non-differential and
therefore well-defined at each interface f.

Remark 4.6 (Another possible choice for By). As already pointed out, the matrices Ay and By are
used in order to achieve dimensional consistency. Other choices, with respect to the ones presented,
are possible. In particular, another valid option for By is given by pJ?I]I, with py being the spectral
radius of J at the interface f and I € R%2*2 the identity matriz. The numerical results got with the
two definitions of By are qualitatively similar but slightly better with By := |J|~t. Therefore, for
the sake of compactness, we will only present the ones obtained for such definition.

Remark 4.7. The corresponding terms STX for the definitions of the new stabilizations in an RD

13



setting are respectively given by

STX (up) = > Z frﬁrsoleﬂ8;T< )H (47)

fCOK r=1
fEFh

0 0
ST (up) = ) arae %IKAfﬂ ﬂ (48)

fCOK
fEFR

) )
K ._ ) _ g
ST (uy) = fCEQK afJ@x il By ‘]ax“” S ﬂ7 (49)
fE€Fn )

) I
K o . _
ST (up) := fcgaK afJ@aj il By 896Ghﬂ , (50)
fE€EFn )

where the convention on the direction of evaluation of the jump is the one adopted in the context of
Proposition [2] := 2|k — 2|K-

Remark 4.8 (Extension to a multidimensional setting). Apart from jg which requires the
notion of global flux and, hence, is strictly related to a monodimensional setting, the other jump
stabilizations can be easily generalized to a multidimensional context.

5 Deferred Correction

Aiming at an arbitrary high order framework, once the discretization in space has been fixed, we
need to select a suitable arbitrary high order time integration technique for the numerical resolution
of the CG/RD semidiscretization . For this purpose, we adopt a DeC time discretization.

Originally introduced in [24], the DeC approach has been extensively developed over the years.
Several formulations have been proposed [22] [38], [7], with applications to many different fields, for
example [35] [16] [44], B9, [3 27], [6], ranging from adaptivity to structure—preserving.

In particular, here we consider the bDeCu method, introduced in [34] as an efficient modification
of the DeC formulation presented in [7]. The advantage of such formulation is that it allows to get
rid of the burden associated with the big and sparse mass matrix, typical of CG/RD discretizations.
In particular, its size and sparse structure make its inversion unfeasible in concrete applications,
determining, in general, high computational costs related to the resolution, at each time iteration,
of several linear systems for standard time integration methods. Moreover, the adoption of some
particular stabilization terms ST';(up), dependent on the time derivative of the approximated
solution, may determine contributions to the mass matrix, leading to a new solution-dependent
mass matrix, which implies heavy complications. In fact, the mass matrix should be recomputed
multiple times at each time iteration and, in general, no warranties hold concerning its invertibility
(and so concerning the well-posedness of the resulting method), see for example [2] in a Lagrangian
framework. All these problems do not exist with the adopted approach.

We will introduce now the DeC formulation for hyperbolic problems defined in [7] and, after-
wards, we will describe the efficient modification introduced in [34]. The idea behind the approach
is based on having two operators dependent on a same discretization parameter A and associated
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to different discretizations of the same problem, £, £% : X — Y, with X and Y normed vector
spaces. The operator /JQA corresponds to a high order and implicit discretization and is, hence,
difficult to solve, while, £} corresponds to a low order and explicit discretization and, in particular,
we assume that it is easy to solve problems of the type £ (u) = z for z € Y given. Due to its
simplicity, we would prefer solving L4, rather than £%, however, the solution to such operator
would not be accurate enough. Under some assumptions on the operators, we can consider u(®)
given by the following iterative procedure

La(u®) = LA (PY) = LA (), p>1, (51)

which is subjected to the following accuracy estimate with respect to the solution w, to the high
order operator £%
P
] = (52 ] .
U U u u .
Hi =4 X aq - =A X ( )
Let us observe that the updating formula is explicit as a result of the assumptions made on
the operator ,ClA. Moreover, thanks to the accuracy estimate , the convergence to the solution
u, of the operator £% is ensured for At small enough, independently of the chosen w9 and the
number of iterations to achieve a given accuracy with respect to it is controlled.
In our case, the reference problem is the semidiscrete formulation , which can be rephrased
more compactly as

I
Z (/Q gOingdl‘) %Cj(t) + ¢>i(c(t)) = 0, Vi = 1, . ,I, (53)

with ¢;(c(t)) containing the terms not related to the time derivative. As in the context of a classical
one-step method, we assume to know an approximation ¢,, = ¢(t,,) of the solution to system
at the generic time ¢,, and we look for an approximation ¢,+1 & ¢(t,+1) at tp41 := tn, + At.

In order to define the operators £} and £%, we introduce M + 1 equispaced subtimenodes in the
interval [t,,, t,41], such that ¢, = t© < ' < ... < tM =t,,,. Then, the operator £% : RUX@xM) _,
RUXQXM) ig oiven by

LA(e) = (LA (e), LA s(e), .-, LA 1(0)) (54)
Z§:1 (Jo pividz) (c] — cf) + At PITACY c!

LA () = : ,oe=| [, (55)
Zjl’:l (Jo pigidzr) (cjw - c?) + At Zzﬂio 07" pi(c") cM

with cg known components of ¢? := ¢,, and Q number of scalar equations in the original hyperbolic
system, 2 in this case. Its definition is based on replacing the function ¢;(c(t)) by a high order
interpolation in time with the Lagrange polynomials 1™ associated to the subtimenodes t™. The
generic coefficient 63" is, in fact, the normalized integral of the function ¢™ over [t°,¢™]. The
solution ¢y, such that £% (ca) = 0, contains M components X m = 1,..., M, which are (M + 1)-
th order accurate approximations of the exact solution ¢(t™). Trying to solve such operator directly
is indeed very complicated as it amounts to solving a huge nonlinear system of algebraic equations.
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The low order explicit operator £} : RUXQ@xM) _ RUXQXM) jg instead, given by

‘ClA(Q) = (LlA,l(g)a E1A72(§)7 RS ‘CIA,I(Q)) ’ (56)
C; (c! = ) + Atpl¢;(c) c!

Liile) = : ,oe=1 (57)
C; (eM — &) + AtgM ¢ (c?) cM

n

with g™ = t”A_ttO and C; := fQ @p;dx. Such definition is based on an Euler approximation in time

and a first order mass lumping in space. The components of the solution to £} are, in fact, first

order accurate approximations of the exact solution to in the subtimendodes t™ m =1,..., M.
By a direct computation, the updating formula , in this case reduces to

m: m :— 1 y(p— . m —
¢; @) = c; (P oA ZJI':1 (IK SOiSOjdx) (C;n - c?) + At Z?io 07 ¢i(0£7(p 1)) )

(58)
for any 1.
The vectors c:-"’(p ) are the components of ¢™®) which is, itself, a component of ¢P), the output

vector at the p-th iteration. For what concerns the initial vector ¢(©), the most reasonable choice

is to set for any subtimenode ¢”(9) = ¢° := ¢,. The updating does not involve the solution
at the subtimenode t°, therefore, we also have ¢®() = % := ¢, for any p. In the end, we set
Cnt1 = cMP) where P is the final number of iterations performed. The optimal number of

iterations is given by P := M + 1, as the accuracy of the approximation with respect to the solution
of £3 increases by one at each iteration but we are not interested in approximating it with accuracy
higher than the one of the underlying discretization.

One can see that the well-posedness of the explicit update is strongly related to the fact
that the coefficients C; in are not zero. This is not always the case for any choice of the
polynomial basis. A safe option is given by the Bernstein polynomials, for which we always have
C; > 0 Vi. Another possibility, particularly convenient, is to choose a basis of Lagrange polynomials
associated to points defining a quadrature formula sufficiently accurate to guarantee a high order
mass lumping, e.g., the GL points, and to adopt such quadrature for the integrals.

The modification presented in [34] consists in introducing interpolation processes between the
iterations to increase the number of subtimenodes according to the order of accuracy achieved in the
specific iterations. In particular, at the iteration p, the bDeCu method involves an interpolation in
time of ¢(P~1) | associated to p subtimenodes t" (=1 to get ¢*(?P—1 | associated to p+1 subtimenodes
t™ () Such vector is then used to perform the iteration via . The updating formula stays
formally identical, up to the fact that the coefficients 8}, at each iteration p, are the ones associated
to the considered subtimenodes t™(?). For efficiency reasons, the interpolation is not performed at
the first and at the last iteration. Useful sketches of the original method and of the modification
are shown in Figure [l in particular, the crosses indicate the location in time of the quantities of
interest. For further details, the reader is referred to [34].
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Figure 1: Sketch of the original DeC method on the left and of the modified one on the right

6 Numerical results

In this section, we will numerically investigate the elements previously introduced. Three different
polynomial bases will be considered: the Bernstein polynomials, Bn n = 1,2,3,4; the Lagrange
polynomials associated to equispaced nodes, Pn n = 1,2, 3; the Lagrange polynomials associated to
GL nodes, PGLn n = 1,2,3,4. More precisely, P1 and B1 coincide and P4 is not present because
unstable. Moreover, for each basis PGLn, we adopt the associated GL quadrature formula in order
to achieve a natural high order mass lumping.

In all the tests, the domain is 2 := (0, 25) and we assume no friction (np; = 0), unless differently
specified. For the convergence analyses, we will consider the following C'°° bathymetry

B(z) := 5 (59)
0, otherwise,
while, in all the other cases, we will consider the C° bathymetry
0.2 —0.05(x — 10)?, if8 12
B(z) = (z—10)% if8 <o <12, (60)
0, otherwise.

Concerning the parameters ay , := (5r,6fh?e in and and ay := 6,6fh?c in , and
7 we set py to be the spectral radius of the Jacobian J := g—i of the flux at the interface f and

0

8(1’; QOZ
where Ky denotes the set of the two elements containing the interface f. For the parameters J,
and 6, we adopt the values reported in Table (1} Let us notice that, in the context of jc and jt
(40), we consider here the stabilization on the jump of the first and of the second derivatives.

In all the tests, we set CFL:=0.1, except for the ones involving B4 and PGIL4, in which we
adopt CFL:=0.05. In the context of unsteady tests, we will report results obtained with the basis

-1

; (61)

hy = % Z

CEz‘G(UKerK)
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P1=B1,PGLI | B2,P2,PGL2 | B3,P3,PGL3 | B4,PGLA4
=20 0.05 0.3 0.15 0.5
5 0.5 0.2 0.2 0.01

Table 1: Coefficients adopted for d,- and § in the CIP stabilizations for the different basis functions

functions PGLn only, since, as underlined in [7}, [T}, 36 [37, [34], the DeC methods for CG involving the
low order mass lumping require more iterations than what expected from theory for discretizations
from order 4 on, for unsteady simulations, in order to attain the formal order of accuracy.

Remark 6.1 (On the choice of the parameters). One must be very careful in tuning the coefficients
6r and d. A wrong choice can lead to unstable schemes, characterized by lower orders of convergence,
with respect to the ones expected from theory, or even blow-ups. For further details, the reader is
referred to the study of the linear stability presented in [36], where a collection of optimal settings
in terms of CFL and stabilization parameters is reported. Nevertheless, the analysis behind the
definition of such optimal settings does mot directly apply to the context of this work for several
reasons: the model problem was the linear advection equation, while, here we deal with the nonlinear
SW equations; the DeC time integration method considered was the original formulation of the
DeC presented in [7] and not the novel modification introduced in [3])]; only the jump of the first
derivative was taken into account, instead, here we consider the stabilization on the jump of the
second derivative in the context of two stabilizations, i.e., jc and jt .

Remark 6.2 (On the coupling of jr and jg with a WB space discretization). As already pointed
out, the main focus of the stabilizations jr and jg s a consistent approrimation of the
same quantity: %F — S. Generally speaking, there is no reason to use the stabilization based
on the jump of the residual when one has the global flux at hand, e.g., in the context of the space
discretization WB-GF. Similarly, when the global fluz is not available, as in the context of the space
discretization WB-HS, it is not reasonable to compute it and use it just for the stabilization. To
sum up, as a general rule, we will couple the stabilization jr with the space discretization WB-HS
and the stabilization jg with the space discretization WB-GF.

Due to the huge amount of possible combinations bewteen the considered elements (in the con-
text of every test, apart from the reference non-WB approach, we have two WB space discretiza-
tions, four WB CIP stabilizations, three types of basis functions and, for each of them, different
degrees), we will not systematically present all the results, but rather some representatives, to allow
a meaningful comprehension.

The numerical results are organized as follows. We will start by testing, in Section the
exact well-balancing with respect to the lake at rest steady state. We will collect the results, for
the basis functions of highest degree, B4, PGL4 and P3, in tables. We will continue, in Section
[6-2] with some convergence analyses to check the arbitary high order accuracy of all the elements
introduced on smooth steady states: a supercritical flow, a subcritical flow and a transcritical flow.
In particular, in order to provide results for all the different types of polynomial bases, the results
of the convergence analysis on the three steady states will be shown respectively for B4, PGL4
and P3. Nevertheless, several extra comparisons will be reported, concerning the settings with the
best performances. In Section [6.3] we will report the results of simulations involving the evolution
of small perturbations of the lake at rest steady state. Finally, in Section [6.4] we will focus on
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LY error H | LT error ¢

Reference non-WB 1.577E-002 | 1.169E-003
je (non-WB) | 9.568E-004 | 2.060E-003

jt 3.786E-015 | 1.084E-013

WB-HS je 9.028E-015 | 8.644E-014
jr 2.515E-015 | 9.935E-014

jc (non-WB) | 9.608E-004 | 2.080E-003

jt 5.215E-015 | 1.441E-014

WB-GF je 4.510E-015 | 9.251E-015
ig 1.393E-015 | L.303E-014

Table 2: Lake at rest, B4

LY error H | LY error ¢

Reference non-WB 1.028E-002 | 1.879E-003
jc (non-WB) | 3.007E-004 | 5.963E-004

jt 9.403E-013 | 4.418E-012

WB-HS je 9.396E-013 | 4.415E-012
jr 9.409E-013 | 4.415E-012

jc (non-WB) | 3.016E-004 | 6.168E-004

jt 6.431E-013 | 2.659E-012

WB-GF je 6.423E-013 | 2.659E-012
g 6.431E-013 | 2.651E-012

Table 3: Lake at rest, PGL4

the evolution of small perturbations of general steady states, whose analytical expression is not
available in closed-form, with and without friction.

6.1 Exact well-balancing for lake at rest

The simulations in this section are meant to test the WB feature with respect to the lake at rest
steady state. We assume, in this context, the C° bathymetry , as all the WB elements that
we introduced do not require any smoothness assumption. Let us consider the lake at rest steady
state given by

n=H+B=7, v=0, (62)

with 77 := 0.5 and a final time T := 10 with strong boundary conditions. The results got for B4,
PGL4 and P3 and 100 elements are respectively reported in Tables and [4 As expected from
theory, the reference non-WB approach gives an error which is far from machine precision. The
same holds for schemes obtained by coupling a WB space discretization with the orginal non-WB
stabilization jc. In all the remaining cases, we have combinations of WB elements and, in fact, the
related errors are around machine precision.
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LY error H | LT error ¢

Reference non-WB 2.551E-002 | 2.931E-003
jc (non-WB) | 4.185E-004 | 7.355E-004

jt 7.342E-015 | 1.170E-014

WB-HS je 8.673E-015 | 1.451E-014
jr 8.004E-015 | 1.382E-014

jc (non-WB) | 4.206E-004 | 7.420E-004

jt 6.213E-014 | 2.522E-013

WB-GF je 6.153E-014 | 2.502E-013
ig 6.104E-014 | 2.502E-013

Table 4: Lake at rest, P3

0 5 10 15 20 25 0 5 10 15 20 25 0 5 - 10 - 15 20 25
(a) Supercritical (b) Subcritical (c) Transcritical

Figure 2: Smooth steady states

6.2 Arbitrary high order accuracy

In this section, we aim at numerically confirming the arbitrary high order accuracy of the considered
space discretizations and of the novel jump stabilizations on smooth solutions. Therefore, for the
tests presented here, we assume the C'*° bathymetry . Let us consider the three frictionless
isoenergetic smooth steady states [19] satisfying with the following boundary conditions

e Supercritical

qr, ‘= 24, HL = 2, (63)
e Subcritical
qr =442, Hpg:=2, (64)
e Transcritical
qr, == 1.53, (65)

where, due to the fact that the momentum of the flow must be constant, the value at the boundary
prescribes also the value in the interior of the domain: ¢ = ¢q;. Since B is given, the total water
height in each point, for the three steady states, can be (exactly) computed by solving with
respect to H and is depicted in Figure 2, We consider a final time T’y := 100.

The results of the convergence analysis for the three steady states, respectively with B4, PGIL4
and P3, are reported in Figure[§] We can see how the formal order of accuracy is always recovered,
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Figure 3: Convergence analysis: supercritical with B4, subcritical with PGL4 and transcritical with
P3. L! error on H in continuous line, on ¢ in dashed line

with very evident superconvergences for the stabilizations involving the jump of the residual, jr
7 and of the derivative of the global flux, jg . The errors obtained with such stabilizations
are always much smaller than the ones obtained with the other schemes: roughly speaking, the
difference is at least one order of magnitude, even more in the supercritical case. Further, the two
stabilizations are characterized by steeper convergence slopes, with respect to the ones expected
from theory, and a strong propensity to capture the constant momentum up to machine precision,
see for example the supercritical tests.

We will focus now on the two best performing jump stabilizations, neglecting the other ones for
the sake of compactness. In Figure [4] we display the results on the same tests for basis functions
of different degrees. We can see that the superconvergences are not strictly related to the basis
functions of highest degree. Apart from B1 (equivalent to P1) and PGL1, whose results confirm
the expected second order accuracy, in almost all the other cases we experience convergence slopes
steeper than the ones expected from theory:

e in the supercritical case, B2 converges with order 4 rather than 3, B4 with 7 rather than 5;
further, only for jg, B3 converges with order 6 rather than 4;

e in the subcritical case, PGL3 converges with order 5 rather than 4; further, only for jg, PGL2
converges with order 4 rather than 3 and PGL4 with order 6 rather than 5;

e in the transcritical case, P3 converges with order 5 rather than 4 and, only for jg, P2 converges
with order 4 rather than 3.
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Figure 4: Convergence analysis: best performing settings for basis functions with different degrees.
Supercritical with Bn, subcritical with PGLn and transcritical with Pn. L' error on H in continuous
line, on ¢ in dashed line

Moreover, also in this case, the ability of capturing exactly the constant momentum is very remark-
able, see the supercritical case or the transcritical case with jg.

A comparison between B3, PGL3 and P3 on the three steady states is reported in Figure [
We can see that in the context of the setting WB-HS-jr, P3 performs better than B3 and PGL3;
this does not hold for WB-GF-jg, for which PGL3 is the best performing basis among the ones
considered and the results of B3 and P3 are very similar.

Finally, we present a comparison between the best performing settings for the basis functions of
highest degree B4, PGL4 and P3 in Figure[6] We already underlined, in Remark[6.2] that WB-HS-jr
and WB-GF-jg represent the most natural couplings. Nevertheless, for the sake of curiosity, we will
consider also the other two possible combinations. For the supercritical flow, WB-HS-jg is the best
performing setting followed by WB-HS-jr; for the subcritical and the transcritical flows, we can see
how WB-GF-jg is by far the best combination in terms of capturing of the constant momentum. In
the context of the subcritical flow, such setting is also characterized by smaller errors on the water
height, while, in the context of the transcritical flow the performance of all the settings under this
point of view is not significatively different.

As already remarked, reporting the results for all the possible combinations of basis functions,
space discretizations and jump stabilizations for any test would have been rather chaotic. For this
reason, only the most significative ones have been selected. Nevertheless, we have tried, through
several comparisons, to provide a wide variety of results for all the settings, focusing more on the
best performing ones. Summarizing, the results seen in this subsection confirm the advantages in
adopting the stabilizations jr and jg in the context of smooth steady states.
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6.3 Evolution of small perturbations of lake at rest

In this section, we test the ability of the WB space discretizations and stabilizations to capture the
evolution of small perturbations of the lake at rest steady state.

We consider again the reference test in Section but we introduce the following small pertur-
bation

n(x) = 5 (66)

Nss otherwise,

with A :=5-107°, where 7, = 7 represents the total water height of the steady state.

The initial condition and the evolution of the pertubation at the time T} := 1.5, obtained
with PGL4 and adopting non-WB settings, are depicted in Figure[7] For each setting, two results
are plotted, one obtained with a coarse mesh with 30 elements, the other one obtained with a
refined mesh with 128 elements. One can see that there is indeed an advantage in adopting a
WRB space discretization: in the context of the reference non-WB framework, the discretization
error completely overwhelms the perturbation, while, in the other two cases, one gets spurious
oscillations which are much smaller. Nevertheless, the presence of such oscillations testifies the
non-WB character of the schemes obtained by coupling a WB space discretization, WB-HS or
WB-GF, with a non-WB stabilization, jc.

In Figure [§ instead, one can see how the adoption of a fully WB scheme, i.e., for which also
the stabilization is WB, is able to completely remove the spurious oscillations.

Analogous results have been got for PGLn with n = 1,2,3. For what concerns Bn and Pn,
instead, the results are similar only up to order 3. For n > 3, the pathology of the time-stepping
method for low order mass lumpings, already mentioned, prevents from recovering the formal order
of accuracy without increasing the number of iterations with respect to what theoretically predicted.
For the sake of compactness such results have been omitted.

6.4 Evolution of small perturbations of moving equilibria

In this section, we test the WB properties of the introduced elements with respect to general steady
states not known in closed-form. We remark that the two WB space discretizations here adopted,
as well as all the novel CIP stabilizations, have been designed ad hoc to exactly preserve the lake
at rest steady state. However, the last two stabilizations, jr and jg , also address the
problem of the preservation of general steady states, being based on discretizations of %F —S. In
fact, as already shown in the convergence analyses, such stabilizations are characterized by strong
superconvergences towards steady states. This section is divided in two parts: in the first one we
assume no friction, instead, in the second one we assume a Manning friction coefficient ny; := 0.03.

6.4.1 Tests without friction

We consider here the three non-smooth steady states characterized by the boundary conditions ,
(64) and but with the C° bathymetry . We will analyze them separately in the following.
Again, the water height can be retrieved via the (exact) solution of .

e Supercritical flow
We consider in this case the same small perturbation adopted for the lake at rest steady
state but a different final time 7Ty := 1. Indeed, in this case 75 is not constant. The initial
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Figure 7: Perturbation of lake at rest: initial condition and results obtained with non-WB settings.

Results referred to PGL4 with 30 elements for the coarse mesh and 128 elements for the refined
mesh. A different scale has been used for the reference non-WB setting
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Figure 8: Perturbation of lake at rest: comparison between WB and non-WB settings.
referred to PGL4 with 30 elements for the coarse mesh and 128 elements for the refined mesh
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Figure 9: Perturbation of non-smooth frictionless supercritical steady state: initial condition and
results obtained with non-WB settings. Results referred to PGL4 with 30 elements for the coarse
mesh and 128 elements for the refined mesh. A different scale has been used for the reference
non-WB setting

condition and the results got with the non-WB (with respect to lake at rest) settings are
reported in Figure [0] Coherently with the previous case, the results are referred to PGL4
with 30 and 128 elements respectively for the coarse and the refined meshes. Again, there is a
certain advantage in adopting the WB space discretizations, which seem to be more capable
to handle a non-smooth bathymetry even for steady states different from the lake at rest.
However, still they are characterized by spurious oscillations and this is not surprising as the
elements have not been designed to achieve well-balancing with respect to a general steady
state.

In Figure [I0] we see the effect of the different stabilizations. It is immediately noticeable
the ability of jr and jg to capture in a polite way the evolution of the perturbation without
spurious oscillations. This feature can be somehow expected since, as already remarked, the
two stabilizations are designed to stabilize the quantity a%F — S. Nevertheless, let us notice
that no particular discretization has been adopted to make sure that they are exactly zero with
respect to the investigated steady state. One can observe that very little spurious oscillations
are present also for jr and jg in the results obtained with the coarse mesh, but this is normal,
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Figure 10: Perturbation of non-smooth frictionless supercritical steady state: comparison between
the different stabilizations. Results referred to PGL4 with 30 elements for the coarse mesh and 128
elements for the refined mesh

due to the lack of a limiting strategy. Such oscillations completely disappear in the mesh
refinement.

An interesting “fair” comparison between basis functions with different degrees is displayed in
Figure The number of elements in the coarse meshes has been chosen in such a way that
the total number of DoFs is constant. One can clearly see the effect of increasing the order
of accuracy in the diminishing of the spurious oscillations both in number and magnitude, as
well as in the better capturing of the peaks.

The ability of nicely capturing the evolution of the perturbation even with order 3 on a coarse
mesh should not be taken for granted, see for example Figure [I2] where the results of the
same test with PGL2 and 60 elements are reported for the other jump stabilizations. Let us
notice that the scale used for the plot completely differs from the one adopted in Figure
in order to entirely capture the spurious oscillations.
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Figure 11: Perturbation of non-smooth frictionless supercritical steady state: fair comparison be-
tween basis functions of different degree with jr and jg. Respectively 30, 40 and 60 elements for
PGL4, PGL3 and PGL2 for the coarse meshes and 128, 256 and 512 elements for the refined ones
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Figure 12: Perturbation of non-smooth frictionless supercritical steady state: results with all the
stabilizations but jr and jg for PGL2 with 60 elements for the coarse mesh and 512 elements for
the refined one
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Figure 13: Perturbation of non-smooth frictionless subcritical steady state: initial condition and
results obtained with non-WB settings. Results referred to PGL4 with 30 elements for the coarse
mesh and 128 elements for the refined mesh. A different scale has been used for the reference
non-WB setting

Again, we omit the results obtained with B2 and P2 and the ones got with all the basis
functions of degree one. The former ones are analogous to the results obtained with PGL2,
the latter ones are also qualitatively similar for a suitable amplitude of the perturbation.

e Subcritical flow
The results got in this context are qualitatively similar to the ones obtained in the previous
test, up to the fact that in this case we choose the same perturbation but with 4 := 5-10"%
and a final time Ty := 1.5.

Again, we start by showing, in Figure the unsatisfactory results that one gets in the
context of the reference non-WB framework and with the two WB space discretizations cou-
pled with the original stabilization jc. However, also in this case we underline how the WB
space discretizations are definitely more suitable when one has to deal with a non-smooth
bathymetry. Another common feature shared with the supercritical case is the presence of
spurious oscillations due to the lack of any particular attention to well-balancing toward a
general steady state.
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Figure 14: Perturbation of non-smooth frictionless subcritical steady state: comparison between
the different stabilizations. Results referred to PGL4 with 30 elements for the coarse mesh and 128
elements for the refined mesh

The advantages of adopting an approach oriented towards the preservation of a general steady
state can bee seen in Figure Again, the WB stabilizations jr and jg manage to remove
almost completely the non-physical oscillations, which totally disappear in the mesh refine-
ment. Also in this case, we remark that no limiting strategy has been adopted and this is
the reason for the little fluctuations that one can see in the results associated to the coarse
meshes.

For the sake of compactness, we omit here other results but analogous considerations to the
ones reported at the end of the tests concerning the perturbation of the supercritical case
hold.

e Transcritical flow
The perturbation assumed in this context is identical to the one assumed in the subcritical
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case, i.e., with 4 := 5-107%. We consider the same final time T := 1.5. The initial
condition is displayed in Figure [I5]

The results got for this steady state are analogous to the ones obtained in the previous cases
and, therefore, for the sake of compactness, we directly focus on the comparison between
the different stabilizations, which is reported in Figure [I6] The advantages of basing the
stabilization on B%F — S are pretty evident. The spurious oscillations obtained with jr and
jg are much smaller and controlled in terms of number and magnitude. The little ones still
present in such cases, due to a lack of limiting, fade away in the mesh refinement.

For the sake of compactness, we omit other results but we remark that there are no significative
differences with respect to the other non-smooth frictionless steady states.

6.4.2 Tests with friction

In this last section, we will only focus on the supercritical and on the subcritical flows respectively
characterized by the boundary conditions and (64). In particular, we assume the usual C°
bathymetry and njys := 0.03.

Just like in the frictionless tests of the previous section, the steady states are not available in
closed-form. Moreover, in this context, does not hold and there is no way to exactly compute
the water height. Therefore, the steady states have been obtained by running simulations with
very refined meshes, with 2048 elements and P1 basis functions, for time long enough and, finally,
transferred to the meshes used for the tests through interpolation of n and ¢. In this context, as
initial conditions, we adopted the frictionless steady states of the previous section. Further, for
coherence, for each simulation involving the evolution of the perturbation of a steady state with a
specific setting, the steady state obtained through the same setting is adopted as reference.

The perturbations and the final times assumed here are the same as the ones assumed in the
frictionless case in the analogous tests of the previous section.

e Supercritical case
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Figure 16: Perturbation of non-smooth frictionless transcritical steady state: comparison between
the different stabilizations. Results referred to PGL4 with 30 elements for the coarse mesh and 128
elements for the refined mesh
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We start by showing, in Figure[I7] the numerical steady states obtained with different settings.
We can see how all the results provided are consistent: the friction causes a speed decrease in
the direction of the flow, which, due to the constant momentum, is responsible for the general
increase of the total height, from left to right, not present in the frictionless case. Concerning
7, we cannot appreciate any macroscopical difference between the approximations provided by
the different schemes. For what concerns ¢, instead, the reader is invited to notice the different
scales used for the different settings: jr and jg are the only stabilizations able to capture
the constant momentum up to machine precision. In all the other cases, the oscillations in
correspondence of the discontinuities of the first derivative of the bathymetry are of the order
of 1073 ~ 1074,

We continue now with the perturbation analysis. In Figures and one can see the
evolution of the perturbation of the steady state obtained with several settings. The results
are analogous to the ones obtained in the frictionless case: we can see an advantage in adopting
the WB space discretizations in combination with jc with respect to the reference non-WB
setting. As usual, the best results are the ones related to jr and jg. Analogous considerations
hold with respect to the frictionless case. Let us notice, that in Figure we had to choose
a different scale for the results obtained with jt and je in order to capture the spurious
oscillations in their entirety.

Subcritical case

Also in this case, we focus first on the steady state obtained with different settings, reported
in Figure 20] As confirmed by the numerical results, in this context we have a general
increase in the velocity of the flow from left to right with consequent decrease of the water
height. The numerical results confirm the consistency of all the settings but, again, there is
remarkable difference between jr and jg and the other stabilizations in capturing the constant
momentum. The amplitude of the spurious oscillations due to the non-smooth bathymetry,
around 1072 ~ 10™* for all the other settings, jump down to 10~7 with jr and to machine
precision with jg.

The comparison between the reference non-WB approach and the WB space discretizations
coupled with the original jump jc gives results analogous to the ones obtained for all the
previous tests, confirming the preferability of the latter settings to the original one, and
it is, therefore, omitted. We directly focus on the comparison between the different CIP
stabilizations, shown in Figure from which we can further confirm the advantages in the
adoption of jr and jg.

We close this section with a comparison, in Figure between basis functions of different
degrees for the best performing settings. Like in the context of the frictionless supercritical
case, the number of the elements in the different coarse meshes is selected in such a way to have
a constant number of DoFs. The results are analogous: the quality of the results improves, as
the degree increases, in terms of ability to capture the peaks. Further, amplitude and number
of the spurious oscillations decrease. Under this point of view, we remark that the remaining
spurious oscillations, whose amplitude is however very small, are due to the fact that here we
do not adopt any limiting technique and, moreover, they disappear in the mesh refinement.
Indeed, an “unfair” comparison, with a constant number of elements, would give even better
results.
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Figure 18: Perturbation of non-smooth supercritical steady state with friction: results obtained
with non-WB settings. Results referred to PGL4 with 30 elements for the coarse mesh and 128
elements for the refined mesh. A different scale has been used for the reference non-WB setting

7 Conclusions and further developments

In this work, we have analyzed the performance of two WB space discretizations and four novel
WB CIP stabilizations. All the elements are specifically designed to exactly preserve the lake at
rest steady state. In particular, two stabilizations, jr and jg, address the problem of well-balancing
toward a general steady state, being they based on a discretization of the steady equilibrium.
The numerical results confirm the exact well-balancing with respect to the lake at rest and the
arbitrary high order accuracy. Further, jr and jg have been shown able to better handle other
general steady states in terms of superconvergences on smooth tests, with a strong propension in
retrieving the constant momentum up to machine precision, and ability to capture the evolution of
small perturbations of such steady states.

Some of the elements can be generalized: the stabilization based on the entropy variables je,
the one based on the jump of the space residual jr, the notion of global flux and, hence, the related
space discretization and stabilization jg can be extended to the Euler equations in a natural way;
further, all the elements, apart from the ones relying on the notion of global flux, can be extended
to a multidimensional unstructured setting in a straightforward way.
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(h) WB-GF with jg
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Figure 20: Non-smooth subcritical steady state with friction: numerical steady state obtained with
different settings. Results referred to P1 with 2048 elements. Different scales have been used for ¢
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Figure 21: Perturbation of non-smooth subcritical steady state with friction: comparison between
the different stabilizations. Results referred to PGL4 with 30 elements for the coarse mesh and 128

elements for the refined mesh
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Figure 22: Perturbation of non-smooth subcritical steady state with friction: fair comparison be-
tween basis functions of different degree with jr and jg. Respectively 30, 40 and 60 elements for
PGL4, PGL3 and PGL2 for the coarse meshes and 128, 256 and 512 elements for the refined ones

A Proof of Proposition

Proof. The first point is a straightforward consequence of the assumptions made on the basis
functions. In particular, we can write

Z STZK(uh)Z Z Z Zaf, /V,,fgo,h( Vfuh]]da( )

x, eK xz, €K fC(;:K'r‘ 1
Ten (67)
= ZafT/V (Z (PiK> [[V,Cfuh]]da(w),
fCOK r=1 z, €K
fEFn

which is indeed equal to zero because of .

Now, let us deal with the second point. In order to light the notation, without loss of generality,
we will focus on the r-th derivative only, dropping the sum over the orders, and we will neglect the
factor ay,. Then, what we want to show is the equivalence

S / Lol [V, w]dote) = 33 / Vi, el [ Vi un]do@).  (68)
fE€EFN KeK; )}%?__K

We start by observing that, in a conformal tessellation, all the faces f € F} shared by the
elements are given by the intersection between two neighboring elements K and K’. Thanks to
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this, the left-hand side of can be written as

2 /f [V, 0] [vi,u]ar@= 3 3 3 /K I 01 ] A L COR.

fEFH KeTn K'eTy,
K'#K
where, with abuse of notation, we stick to vy to indicate the normal to the face shared by K and
K’ at the right-hand side. We remark that the orientation of v is not relevant in this context.

Remark A.1. In the previous equation , the sums over K and K' are meant over all the
elements of the tessellation: whenever two different elements K¢ and K® do not share any face,
then K*NK® = 0 and their contribution is zero. Instead, when they share a face f, the contribution
of that face is counted twice: once when K = K and K' = K, once when K = K® and K' = K°.
This is why we have to put % We remark that, due to the assumption of conformal tessellation,
any face f not belonging to the boundary is shared exactly by two elements.

Concerning the direction of evaluation of the jump, not relevant in (19)), we assume here [z] :=
z|k — z|k+. Thus, from ([69), one gets

> % /K - [[V’;fw]] [[VL]fuh]]do(w) (70a)

KeTh K'eTy,
K'#K

-y > /K (e = Vil ) [Vhw]do @) (70)

KeTh K'€Ty,
K'#K

- Y Y 5[ welk]v,w]a@ (700

KeTn K'eTy,
K'#K

-y Y3/ Vel [viw]ae (r0d)

KeTn K'eTy,
K'#K

=> > %/KQK/ Vo, @il K (Vﬂfuh\K—Vquth/> do(z) (70e)

KeTn K'eTy,
K'#K

1
Y 5/ Vi il (Vo unlic = V3wl ) dota). (700)
KeTh K'eT,, KNK’
K'#£K

Let us focus on the term at (70f). By a simple renaming of K and K’ in such a way to
switch the indices of the sums, by entering the sign — inside the integral and from the fact that
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KﬂK/:KVﬂ}QWeget

_ Z Z %/I(QK/ V;f@ih{' (szuh\K—V;fuMK,) dO’(w)

KeTn K'eTy,
K'#K

1 . . )
== 2 2 5/,vaVf‘pi|K (Vuf“h|K/*Vuf“h|K) do ()

K'eTn, KETs
K#K'

= Z Z %//vangO”K (szuhh(—VZf’Uuh‘K/) dO'(:c)

K'€Tn KETh
K#K'’

K'eTn KETh
K#K'

KeTh K'eTy,
K'#K

Z Z %/KOK/ VZ#PJK (Vf,fuhh( _vzfuh‘K’) dO’(aZ)

Z Z %‘/I(OK/ V,T,f%‘K (V:’fuh|K_v7l;fuh|K’) dO'(m)7

(71a)

(71b)

(71c)

(71d)

(71le)

where the last equality comes from the fact that in this case KeT,, > k'eT, is equivalent to

ZK/ET;L > keT;, - By replacing then (70f) with (71e), we get
K#K'

Z Z %./I(QK/ V,T,f‘Pz|K (szuhh( —V;’;fuhh(l) dU(w)

KeTh K'eTh
K'#K
-2 X %/K
KeTh K'eT,

K'#£K

KeTn K'€Ty,
K'#K

1 ) ) r
+ Z Z i/KmK/ VUf<Pz'|K (Vyfuh|K7Vl,fuh\K,> do(x)

KeTh K'€Th
K'#K

KeTn K'€Ty,
K'#K

— Z Z /KOK/V,T,stHK[[V:,fuh]]dJ(:D)

KeTh K'€Ty,
K'#K

= Z Z /fV,T,f%h([[V,T,fuh]]dU(az).

KeTy, fCOK
fe€Fn

V£f¢i|K/ (sz’u,h‘;( — szuhh(,) do(a:)

Z Z %/I(QK/ VLJ@Z‘K (V:,fuh|K—V’T/fuh|K,) dU(w)

2 2 /KmK/ Vi il (V:;f“h“f - vquh‘K,) do(x)

(71f)



Now, since ; has support in the union of elements containing the node x; to which it is
associated, i.e., it is not identically zero just in the elements K € K;, we can write

Z Z /fvzf@ih([[v;fuh]]da(m): Z Z /fV,T/fcpiK[[V,T/fuh]]da(w). (T1g)

KeTyn fCOK KeK; fCOK
feFn fEFn
With this, we have completed the proof of the equivalence . O

B Proof of Proposition

Proof. In the context of a lake at rest steady state, the velocity part of the flux and of the source
are zero and the considered global flux values — reduce to

Gh(wi) = Fy(xi)+Ru(zi), (72a)
0

(5 ) N A (O
Jj=1 h L x

We want to prove that, in such a case, Gp(z;) = const Vi. Actually, we can see that the first
component is identically zero; therefore, let us consider the second component only

Gha(zi) = [ggzh (z:) + / m [gH;BL(S)ds (72¢)

(2] @+ [ ([ Zn] @- 2 5] @) 0

Let us focus on K, the leftmost element of the tessellation, and let us consider z; € Kj.
Through basic analysis, thanks to the linearity of the interpolation and to the fact that the total
height is constant (n =7) for lake at rest, the integral in (72d)) can be rewritten as

[ (o +mogn] o2 [5] @) (72¢)

L

. /: <[g(Hh +Bh)§$Bh]h (s)> ds — {g?]h(wi) | [gfz]h (21) (72f)

L

(] o) [ o [ o
o[ (o) [ (B er o

Now, we have a crucial passage: since the interpolation By, restricted to K7, lives in the space of
the polynomials of degree M, its derivative lives in the space of the polynomials of degree M — 1
and, hence, it can be interpolated exactly through the basis functions ¢; of degree M with support
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in K; and so [-2 By, = 2 By,. This allows to recast (72h) as
ox h oz
i 0 gB? gB?
o [ ([gem] @)as= 5] @+ |G| @
T O h 2 Jn 2 ]n

—an [ (o) s - ] @)+ ] ) (72)

Coming back to (72d]), thanks to the fact that H =7 — B, we have

=[] o [ (o o -5 2] )

= g};?} . (z:) + g7 (Bp(x;) — Bu(zr)) — [932} . (i) +

2
— [P EE] (g (B(e) — Bt - [
h

_ i9(772 + B; — QUB)} h (x:) + g7 (Bn (i) — Bn(z1)) — [2} . (x;) + {952} ) (L)

- 5] - e+ g o) - B - [*"B]h () + [QBL (1)

_ 97 Bz] (o) = {gnQ + 9B — 2g7B
2
h

5 — gnBr(xL) + [92 ] (zr) = const, Vr; € K'.
h

(72j)
We proved that, for the DoFs x; in the first element, the global flux is equal to a constant

independent of the specific DoF. Actually, exactly through the same computations, one can show
that this holds more in general for any DoF

g7 + gB? — 2g1B
2

Gho(z;) = { } (xp) =const, Vi=1,...,1. (72k)
h

The key point is that, despite %Bh being discontinuous across the interfaces of the elements, By,

is continuous, leading to a cancellation effect in the integration over subsequent elements. This

completes the proof. O
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