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Highlights

A Body-frame Beam Constraint Model
Ke Wu,Gang Zheng,Guimin Chen,Shorya Awtar

• 1 We propose a body-frame beam constraint model for intermediate-range deflections.

• 2 The proposed model is analytical, closed-form and concise.

• 3 The proposed model considers buckling initiation and intermediate-range buckling.

• 4 The proposed model considers different types of loading besides beam-end loading.

• 5 The proposed model considers continuous deflected beam shapes and the energy stored.
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Abstract

Compliant Mechanisms (CMs) have presented their inherently advantageous properties since
the nature of CMs is to utilize elastic deformation of the built-in elementary flexible members
to transfer motion, force and energy. To predict the performances of CMs and optimize their
designs, modeling CMs turns out to be a major concern in this field, particularly, such as high-
precision flexure-based CMs. Reported in the literature, the famous Beam Constraint Model
(BCM) expressed in Cartesian coordinate system serves as an effective tool to model the deflec-
tion of flexures. Inspired by BCM, in this paper, we take one step further to propose a Body-
frame Beam Constraint Model (BBCM) to handle buckling and intermediate-range deflections
under typical beam-end loading conditions. Numerical and analytical analysis also proves that
BBCM can also provide reliable accuracy in complex loading conditions and complex beam ge-
ometries within small-to-intermediate-range deflections and may accurately characterize large
deflections under some specific loading conditions as well.

1. Introduction
1.1. Compliant mechanisms

Compliant mechanisms (CMs), as a novel type of mechanical systems, utilize the elastic deformation of the built-
in elementary flexible members to transfer motion, force and energy [1][2]. This novel and powerful concept has
provided many desired properties for CM-based mechanical systems: compliance due to the flexibility of the used
elastic material [1]; monolithic design that results in increased motion precision with no concerns about errors from
assembly [3], simplified manufacturing process [1][3][4], reduced weight [1][4], cost reduction [1][3][4] and less
maintenance [1][4]. These mentioned desired characteristics have made CMs a gradually mature component in many
mechanical applications, such as compliant kinematic joints [3, 5, 6], high-accuracy positioning motion stages [7–9],
bi/tri-stable mechanisms [10, 11] and other more complex applications that integrate the former three [12–14].

1.2. Commonly used theories and methods for modeling CMs
Modeling CMs plays a very important role in predicting the performances and optimizing the designs of CMs [15].

Here, the key is modeling large deflections of the flexible slender structures built in CMs. In the academic community
of beam and rod theories [16], or even solid mechanics [17], modeling large 3D deflections considering all possible
strains (like bending, shear and stretch) [16][17], as well as the corresponding methods [18][19][20][21] to solve the
models (in the form of differential equations), have all been intensively studied from a theoretical perspective.

However, these theories and the corresponding implemented methods turn out to be too complex, unfriendly and
inefficient for users from practical engineering, especially to DIY-design and model a specific CM [22][23], not to
mention conducting model-based optimization. Therefore, to meet the needs of engineering, in the current literature,
existing contributions in CM community provide many "more practical and engineering" solutions to this beam-
deflection problem [23].

The most intuitively straightforward type of methods is called Pseudo-Rigid-Body Models (PRBMs) [1] which
introduces the concept of rigid mechanisms and classic robotics, stating that a slender structure is assumed to be com-
posed of a series of rigid links and rigid kinematic joints to behave like a flexible structure. In the literature, some
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Mechanism and Machine Theory

PRBMs [24][25][26][27][28] are particularly designed for modeling flexure-based mechanisms, presenting remark-
able contributions in this field. These methods, under the concept of rigid mechanisms, provide handy and simplified
strategies to model these flexures via some feasible engineering assumptions. However, the mentioned methods also
suffer from their limitations due to the assumptions made. For example, the proposed method in [24][26][27][28]
are all based on constant-curvature assumption and logically only valid for the case of pure flexure-end moment and
constant cross-sections; the PRBM proposed in [25] is still restricted to linear framework where a modified con-
stant stiffness or compliance matrix is used to describe the relationship between forces and displacements. We have
also noticed some PRBMs that are used to characterize large deflections of slender beams as well, such as Chained
Pseudo-Rigid-Body Models (CPRBMs) under energy framework [29][30].

Besides, pioneering researchers dig into the essence those PRBMs aim to explain, such as geometrically nonlinear
Euler Bernoulli beam theory (in the form of differential equations [15] written in body frame), to provide more
theoretical results on beam-deflection problems bypassing the need of making engineering assumptions like PRBMs
do [31][32][33]. The authors of [31] proposed an elegant analytical solution to large-deflection problems where several
assumptions are made for the sake of the elegance, such as constant cross-sections and constant initial curvature.
However, the proposed solution will still has to identify the sign of some functions if multi-solutions possibly exist,
which might not be perfectly suitable for engineering. The contributors of [32] proposed a numerical solution in a
very compact and clean form, to large-deflection problems of semicircular beams (with constant initial curvature),
and based on the obtained results to facilitate the development of PRBMs for modeling planar compliant mechanisms.
However, it will not be valid anymore if the sign of current curvature changes (Eq. (40) will not be valid if the sign
d�
ds changes). In other words, it will not be valid if inflection points exist, which is exactly the same problem reported
in Section 4.3 of [22]. One more nice work should be noted that [33] starts from Lagrangian perspective to formulate
the potential energy, and use Hamilton’s principle to derive its Newtonian formulation for both dynamics and statics.
This work is quite theoretical and still sticks to Cartesian coordinate system to describe the geometrical nonlinearity,
resulting in the fact that the whole formulation is a bit more complex compared to the classic body-frame beam theory
[15].

Essentially speaking, what we actually face in terms of modeling large deflection of slender structures via geomet-
rically nonlinear Euler Bernoulli beam theory is a typical boundary value problem (BVP) of an ordinary differential
equation (ODE) [22]. Therefore, our previous work proposes to use typical methods for solving BVPs to solve the
mentioned problem. For example, we have used finite difference method [22], shooting method [22], weighted resid-
ual methods [22], Taylor series method and Padé approximant [34] to handle the original governing BVP. Besides,
a comprehensive study under Newtonian framework is presented in [15] to consider different loading conditions in
CMs, such as beam-end loading, distributed loading, distributed pressure, initially varying curvature of beams, varying
crosssections of beams and so on. Recently, the authors of [35] extend Timoshenko beam theory for CMs to consider
the shear along the beam when it is largely deflected. However, although the aforementioned BVP can be solved
via numerical techniques due to its strong nonlinearity [22], there are still some researchers looking for closed-form
solutions for more simplicity [7][36].

In Chapter 3 of Awtar’s PhD thesis [7], he derived a simple, clear and also analytical formulation by assuming that
the curvature of the deflected beam is small enough to transform the body-frame formulation into global Cartesian co-
ordinate system, which is mathematically simpler and user-friendly. This methodology is termed as Beam Bonstraint
Model (BCM), serving as a good tool of modeling intermediate-range deflections in high-precision flexure-based mo-
tion stages. It has been successfully and widely used in this field since its clear and precise formulation offers a sharp
insight into flexure deflection and handy implementation. Guimin and Fulei extended Awtar’s work by further taking
care of the shear in the crosssections of beams [37]. Later on, some further contributions are made after the success of
BCM: a more generalized beam constrained model for initially curved beams and beams with varying crosssections
[38], the corresponding energy framework [38] and a chained Beam Constrained Model (CBCM) used for modeling
large deflections [39][40].

Different from BCM, instead of transforming the body-frame formulation into global Cartesian coordinate sys-
tem, in this paper, we propose a new Body-frame Beam Constraint Model (BBCM) where a closed-form formulation
via linearization along body frame (Frenet frame) is derived for intermediate-range (post-)buckling and intermediate-
range (deflection). It should be noted that many great contributions in mechanics also treat intermediate-range (post-
)buckling and intermediate-range (deflection) in Cartesian coordinate system [41][42][43][44][45]. However, our
proposed method explores another way to handle the mentioned problems. Under this strategy, first, we bypass the
need of dealing with complex coordinate transformation for linearization. Particularly, this coordinate transformation
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process will change the interval of the governing ordinary differential equations, which is bit tough to handle. Sec-
ond, we can directly utilize the existing conclusions and results achieved in the mentioned classic geometrically exact
beam and rod theories, such as energy formulation and beam-shape characterization. Finally, this manipulation pro-
vides more compact, clear and clean formulation without the need of choosing truncated series for a given accuracy
compared to BCM.

1.3. Structure of the paper
In Section 2, we recall the classic geometrically nonlinear Euler Bernoulli beam theory as the prerequisites for

deriving BBCM, and BCM for comparisons to the proposed BBCM. In Section 3, the detailed derivation and general
formulation of BBCM is provided where the scope and differences to BCM are both theoretically discussed. Then,
in Section 4, we apply BBCM to compliant mechanisms where intermediate-range buckling and intermediate-range
deflection are studied where several typical cases are studied along with numerical results verified by solid-mechanics-
based FEM (SD-FEM) and BCM as well. In particular, in the end of this section, the extended formulation of BBCM
is also provided for more variety kinds of loading conditions. In the last section, we summarize the work presented in
this paper as well as picture the perspective of our future work.

2. Recall of theory and prerequisites
2.1. Geometrically nonlinear Euler Bernoulli beam theory

The key of modeling compliant mechanisms is to model the built-in flexible structures. Therefore, we would like
to recall the famous geometrically nonlinear Euler Bernoulli beam theory first [46][47][48][49][50]. Here, we need to
notice the assumptions and conditions in this theory:

• The deflection is only caused by bending so axial stretch and shear are neglected.

• The material is homogeneous.

• The constitutive equation (1) is based on linear elasticity.

Taking a look at the constitutive equation(1), it implies that the curvature change d�
ds
(s) of the deflected slender

beam at some point s, or equivalently point (x(s), y(s)) is proportional to the external moment M(s) exerted at the
same point s or equivalently point (x(s), y(s)):

EI d�
ds
=M(s), s ∈ [0, L] (1)

where �(s) refers to the rotation angle of the point s with respect to X axis; E is the Young’s modulus of the material;
I denotes the second moment of inertia of the cross-section area; L denotes the beam length; Fx, Fy and Mo are the
constant forces and moment exerted at the beam-end point s = L. The loading conditions are shown in Fig. 1a. At
s = 0 and s = L, the slender beam could be subjected to different boundary conditions as graphically demonstrated
in Fig. 1b. Finally, we can end up with the following boundary value problem (BVP) in a general form:

D.E. d
2�
ds2

= −
Fy
EI

(cos �(s) +
Fx
Fy
sin �(s))

B.C. g
(

�(0), �′(0), �(L), �′(L)
)

= 0
(2)

where g
(

�(0), �′(0), �(L), �′(L)
)

∈ ℝ2 represents different independent boundary conditions defined at s = 0 and
s = L. Note that (2) is the general formulation of a straight slender beam subjected by beam-end loading under
different boundary conditions (Fig. 1b). Then, to characterize the deflected beam shapes, we have:

x(s) = ∫

s

0
cos �(�)d�; y(s) = ∫

s

0
sin �(�)d�; (3)

In terms of the elastic energy stored, we have:

Ep = ∫

L

0

1
2
EI(d�

ds
)2ds (4)
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Figure 1: General loading condition of a slender beam under different beam-end boundary conditions

To simplify the studied BVP and also reveal the mathematical essence of the BVP, the governing equation (2) needs
to be nondimensionalized first, as previously done in [7][51][36]:

D.E. d
2�̂
dŝ2

= −fy cos �̂(ŝ) − fx sin �̂(ŝ)

B.C. g
(

�̂(0), �̂′(0), �̂(1), �̂′(1)
)

= 0
(5)

where

fx =
FxL2

EI
; fy =

FyL2

EI
; mo =

MoL
EI

; ŝ ∈ [0, 1] (6)

2.2. Beam Constraint Model (BCM)
As stated in [52], BCM works in Cartesian coordinate system, which offers a clear and straightforward formulation

to characterize the beam-end displacements. Then, let’s recall the commonly-used formulations of BCM for straight
beams with rectangular crosssections [7] written in non-dimensional form:

[

fy
mo

]

= A
[

ŷ(1)
�̂(1)

]

− fxB
[

ŷ(1)
�̂(1)

]

x̂(1) − 1 = −ℎ
2

12
fx +

[

ŷ(1)
�̂(1)

]⊤
C
[

ŷ(1)
�̂(1)

]

− fx

[

ŷ(1)
�̂(1)

]⊤
D
[

ŷ(1)
�̂(1)

]
(7)

where

A =
[

12 −6
−6 4

]

; B =
[

1.2 −0.1
−0.1 2∕15

]

; C =
[

−0.6 1∕20
1∕20 −1∕15

]

; D =
[

1∕700 −1∕1400
−1∕1400 11∕6300

]

; (8)

Obviously, given any set of fx, fy and mo, to obtain beam-end coordinates x̂(1), ŷ(1) and �̂(1), the formulations (7)
along with (8) of BCM are closed-form:

[

ŷ(1)
�̂(1)

]

= (A − fxB)−1
[

fy
mo

]

x̂(1) = −ℎ
2

12
fx +

[

ŷ(1)
�̂(1)

]⊤
C
[

ŷ(1)
�̂(1)

]

− fx

[

ŷ(1)
�̂(1)

]⊤
D
[

ŷ(1)
�̂(1)

]

+ 1
(9)

XXXX, XXXX: Preprint submitted to Elsevier Page 4 of 26



Mechanism and Machine Theory

Similarly, BCM also has a closed-form formulation for the stored energy [38]:

Êp =
1
2
(ℎ
2

12
)f 2x +

1
2

[

ŷ(1)
�̂(1)

]⊤
A
[

ŷ(1)
�̂(1)

]

+ 1
2
f 2x

[

ŷ(1)
�̂(1)

]⊤
D
[

ŷ(1)
�̂(1)

]

(10)

Note that (9) only gives the formulation of the beam-end coordinates whereas according to [39], we can use the
following to characterize its deflected beam shape:

x̂(ŝ) = ŝ − ℎ2ŝ
12

fx −
[

fy
mo

]⊤
C∗

[

fy
mo

]

[

ŷ(ŝ)
�̂(ŝ)

]

= K∗
[

fy
mo

]
(11)

where matrix C∗ and matrix K∗ can be found in [39]. To dimensionalize the BCM results above, we have

x(s) = x̂(ŝ)L; y(s) = ŷ(ŝ)L; �(s) = �̂(ŝ); Ep =
EI
L
Êp; s ∈ [0, L], ŝ ∈ [0, 1] (12)

Remark 1. Note that the analytical solutions to BCM are in the form of transcendental functions that can be expressed
as infinite series. In the final forms (7), (10) and (11), these transcendental functions are expanded and truncated.

3. Derivation of Body-frame Beam Constraint Model
As recalled in the last section, BCM has been serving as an effective tool to characterize intermediate-range

deflections. BCM is formulated and implemented under Cartesian coordinate system. However, in this paper, we
formulate the proposed beam model in body frame, namely Body-frame Beam Constrain Model (BBCM). To start
with, we can first approximate the right hand side of the ODE in (5) via the Maclaurin series of sin �̂ and cos �̂:

sin �̂ = �̂ − �̂3

3!
+ �̂5

5!
− �̂7

7!
+ �̂9

9!
− ...; cos �̂ = 1 − �̂2

2!
+ �̂4

4!
− �̂6

6!
+ �̂8

8!
− ... (13)

If we just use the first terms of these series:

sin �̂ ≈ �̂; cos �̂ ≈ 1 (14)

we will end up with:

D.E. d
2�̂
dŝ2

+ fx�̂(ŝ) = −fy

B.C. g
(

�̂(0), �̂′(0), �̂(1), �̂′(1)
)

= 0
(15)

Obviously, the ODE of (15) is a typical non-homogeneous second-order linear ODE with constant coefficients. There-
fore, its analytical solution always exists given the valid boundary conditions.

Remark 2. Note (15) is linearized from the original BVP (5) so it is able to locally work in the interval near the point
of expansion where the linearized function (the truncated Maclaurin series) can relatively accurately approximate the
original function. In other words, the value of � should better be within or at least not be too far away from its radius
of convergence around � = 0, which implies that this ODE only governs small-to-intermediate-range deflection of
slender beams from the physical perspective.

To characterize the deflected beam shapes, we logically have the following:

x̂(ŝ) = ∫

ŝ

0
cos(�̂(�)) − fx�d�; ŷ(ŝ) = ∫

ŝ

0
sin(�̂(�))d� (16)

where x̂(ŝ) and ŷ(ŝ) are the nondimensionalized coordinates along the beam axis; fx� refers to the axial elastic stretch

with � = ℎ2

12L2 for rectangular cross sections and � = r2

4L2 for round cross sections.
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Remark 3. In (16), we add a correction term (regarding the elastic stretch of the slender beam) along the global X
axis by logically assuming that in small-to-intermediate-range deflections, the axial stretch has an insignificant but
essential contribution to the deformation in global X axis. Note BCM also incorporates elastic stretching (see Eqs.
3.11 and 3.12 in Chapter 3 of Awtar’s PhD thesis [7]).

In the above stated, we term (15) along with (16) as Body-frame Beam Constraint Model (BBCM). In the
following, we aim to handle two commonly-encountered types of beam deflections (buckling and general deflection
both cause by beam-end loading) in CMs via manipulating the basic formulation of BBCM (15).

Remark 4. Here, we would like to clarify the different strategies to derive Beam BCM and BBCM.

• BCM: In Awtar’s PhD thesis [7], Awtar transforms the formulation of Euler Bernoulli beam theory written
in body frame to Cartesian coordinate system, and then linearizes the corresponding ordinary differential
equation to find the closed-form solution. Therefore, in all previous work regarding BCM, Awtar and other
contributors all stay in Cartesian coordinate system to promote this great work [37][38][51][53][54][55].

• BBCM: However, different from all previous work regarding BCM, we propose to still stay in body frame
(Frenet frame), and directly linearize the governing ordinary differential equation of Euler Bernoulli beam
theory in body frame to find the closed-form solution. To the best of our knowledge, in the current literature of
compliant mechanisms, there is no existing work using our proposed method.

4. Application of Body-frame Beam Constraint Model to Compliant Mechanisms
In compliant mechanisms, there are two typical types of elastic deflection of flexible slender structures utilized to

transfer motion, force and energy [1][23][37]:

• (Post-)buckling: constant-force (or torque) mechanisms [56], bi-stable mechanisms [37] and so on.

• General deflection: positioning stages [7][9], compliant grippers [57][58][59], compliant kinematic joints
(hinges) [1] and so on.

In this section, we propose to handle the above two physical behaviors of a slender structure via utilizing the basic
formulation of BBCM (15) . As discussed in Remark 2, BBCM can only works within a small-range deflection due
to the fact that (15) is the result of linearization. Therefore, BBCM can be utilized to deal with buckling initiation and
intermediate-range post-buckling, and intermediate-range general deflection.

Remark 5. From the perspective of solving ordinary differential equations, (post-)buckling refers to multi-solutions
to a boundary value problem (BVP) of an ordinary differential equation (ODE) since it may yield different buckling
modes. On the contrary, general deflection only has one definite deformation, meaning that there is only one solution
to its governing ordinary differential equation. Essentially, what we aim to deal with in the following is one or multi
solutions to a BVP of an ODE.

4.1. Buckling initiation and intermediate-range post-buckling
The buckling initiation is studied here under different boundary conditions where a slender straight beam is only

subjected by an axial load. Essentially, they all share the same governing equation derived from (15) with fy = 0:

d2�̂
dŝ2

+ fx�̂(ŝ) = 0 (17)

which is essentially the corresponding homogeneous ODE of the one in (15). Then, we can directly write down the
general solution �̂ℎ(s) to (17):

�̂ℎ(ŝ) = C1 cos(
√

fxŝ) + C2 sin(
√

fxŝ) (18)

Logically, with boundary conditions available, we will be able to find the exact analytical solution to (17). Math-
ematically speaking, the essence of buckling is all about bifurcation of differential equations no matter derived from
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(b) Schematic diagram of a slender straight beam constrained by
sliding passive kinematic joints at both ends
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(c) Schematic diagram of a slender straight beam subjected by
slding clamped constraints at the both ends

Figure 2: Buckling initiation and post-buckling modes of Case 1

Table 1
Buckling limits of Case 1

1st 2nd 3rd 4th 5th 6th

f ∗x
BBCM ( �

2
)2 ( 3�

2
)2 ( 5�

2
)2 ( 7�

2
)2 ( 9�

2
)2 ( 11�

2
)2

SD-FEM 2.4816 22.3370 62.0620 121.68 201.19 300.59
ER 0.57% 0.58% 0.61% 0.63% 0.66% 0.68%

solid mechanics or beam theories. Here, three types of buckling subjected to different boundary conditions are studied
(see Fig. 2). Note the linearized ODE (17) is used here to characterize the buckling initiation (bifurcation of ODE
(17)) since it is straightforward to analyze the buckling limits of different modes using (16) and (18). As stated in
Remark 2, BBCM can only deal with intermediate-range deflections due to the linearization manipulation used so
BBCM is only valid around the initiation areas. For exact buckling behaviors of slender beams, [60] is recommended
for interested readers.

4.1.1. Case 1: a slender straight beam fixed at one end and exerted by an axial load at another end
As shown in Fig. 2a, the boundary conditions are

B.C. �̂ℎ(0) = 0;
d�̂ℎ(1)
dŝ

= 0 (19)

which yields the analytical solution:

�̂ℎ(s) = C2 sin(
√

fxŝ); f ∗x = [
�
2
+ (n − 1)�]2; n = 1, 2, 3... (20)

The detailed derivation and manipulation are demonstrated in Appendix.
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Figure 3: Diagram of different buckling modes for Case 1

Table 2
Buckling limits of Case 2

1st 2nd 3rd 4th 5th 6th

f ∗x
BBCM �2 4�2 9�2 16�2 25�2 36�2

SD-FEM 9.8205 39.2950 88.4610 157.36 246.02 354.43
ER 0.50% 0.47% 0.41% 0.35% 0.29% 0.24%

4.1.2. Case 2: a slender straight beam constrained by moving passive kinematic joints at both ends
The boundary conditions demonstrated in Fig. 2b are

B.C.
d�̂ℎ(0)
dŝ

= 0;
d�̂ℎ(1)
dŝ

= 0 (21)

which yields the analytical solution:

�̂ℎ(s) = C1 cos(
√

fxŝ); f ∗x = (n�)
2; n = 1, 2, 3... (22)

The detailed derivation and manipulation are demonstrated in Appendix.

4.1.3. Case 3: a slender straight beam subjected by moving clamped constraints at the both ends
In this Case, the boundary conditions as shown in Fig. 2c are

B.C. �̂ℎ(0) = 0; �̂ℎ(
1
2
) = 0; �̂ℎ(1) = 0 (23)

which yields the analytical solution:

�̂ℎ(s) = C1 sin(
√

fxŝ); f ∗x = (2n�)
2; n = 1, 2, 3... (24)

Here, since we can not get enough information from the boundary conditions, it could be complex if still being stuck
using the analytical formulation (24). We recommend directly using the original nonlinear strategy stated in [60] to
characterize the exact buckling behaviors.
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Figure 4: Bifurcation diagrams of Case 1

4.1.4. Results analysis and discussions
In (20), (22) and (24), f ∗x refers to the buckling limit and n stands for the nth-order buckling mode. In (20), (22) and

(24), the amplitudesC1 andC2 of the trigonometric functions are not defined so any value would satisfy the conditions,
and they could be positive and negative, yielding Scenario 2 and Scenario 3 in Fig. 2a, Fig. 2b and Fig. 2c. Here, C1
and C2 are chosen as 1 for simplicity. However, we can still use (20), (22) and (24) along with (16) to characterize the
buckling mode shapes of different orders, as shown in Fig. 3, Fig. 5 and Fig. 7. Here, BBCM and SD-FEM denote the
results of the proposed Body-frame Beam Constraint Model and solid-mechanics-based finite element method (SD-
FEM). SD-FEM is a very common module in most commercial FEM-based software frameworks, such as ANSYS,
COMSOL and Abaqus. It means that to model deformable bodies, the software solves the corresponding governing
differential equations arising from solid mechanics via finite element method. In the above cases, 20 hexahedral mesh
elements are used for the linear buckling analysis (eigenvalue analysis), and logically planar bending, shear and stretch
are all considered [17]. Besides, geometric nonlinearity is activated since intermediate-range deflections of beams are
modeled, and the assumption of linear elasticity is made as well. Note that geometrical nonlinearity of the proposed
BBCM comes from the consideration of bending strain happening in every single node defined along its beam axis
(written in body frame), which is a typical characteristics of geometrically nonlinear beam and rod theories [61].

Similarly, the corresponding buckling limits of different orders (modes) are also available in (20), (22) and (24),
which are verified by SD-FEM (See Tables. 1, 2 and 3). Note that BBCM, SD-FEM and ER denote the results of the
proposed body-frame Beam Constraint Model, SD-FEM, and the errors with respect to SD-FEM.
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Figure 5: Diagram of different buckling modes for Case 2

Table 3
Buckling limits Case 3

1st 2nd 3rd 4th 5th 6th

f ∗x
BBCM 4�2 16�2 36�2 64�2 100�2 144�2

SD-FEM 39.94 159.82 359.61 638.74 995.7 1428
ER 1.15% 1.19% 1.20% 1.11% 0.88% 0.47%

Note that (69) and (77) should be regarded as semi-closed-form formulations since they also need a numerical
process to get the value of � beforehand. However, the analytic formulations of (69) and (77) offer an intuitive
understanding of deflected beam shape at least at small-to-intermediate-range deflections (see Figs. 4 and 6 where the
numerical results are provided and compared to that of SD-FEM and Euler Bernoulli beam theory).

Taking a look at the two dash-line boxes in Fig. 4a and Fig. 4b, it can be concluded that from small to intermediate
deflection range (ŷ(1) is up to 0.4), BBCM can still capture relatively accurate results compared to that of solid
mechanics. This is logical since BBCM is the linearized outcome of (5) with limited accuracy outside the radius
of convergence. We can notice the same story in Case 2, specifically in the dash-line boxes in Fig. 6a and Fig.
6b. However, it is still promising since the closed-form formulations have provided a reliable prediction within
the intermediate-range of deflection, and they can serve as the initial guesses for the original nonlinear governing
equations stated in [60].

Overall speaking, BBCM can be used together with the numerical methodology proposed in [60]: first, we can an-
alytically obtain the buckling limits and mode shapes as well as exact characterization of intermediate-range buckling
via BBCM. Then, we can start from the pre-results of BBCM, such as buckling limits and mode shapes, to numeri-
cally handle the nonlinear buckling and post-buckling behaviors, which significantly speeds up the modeling process
without both numerically and empirically guessing the buckling limits and mode shapes [60].

4.2. Intermediate-range deflection
This is the most common case in CMs, especially in compliant positioning mechanisms that require high-accuracy

motions [1]. In the previous work, the BCM has been proved remarkably effective in terms of modeling up to
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Figure 6: Bifurcation diagrams of Case 2

intermediate-range deflections of slender straight beams (see Fig. 8). Here, in this section, we deal with the
intermediate-range deflection via BBCM. The derivation, formulation comparison with BCM, feasibility analysis
of BBCM, and mechanism synthesis are all provided accordingly.

4.2.1. Derivation
Starting from (15), the boundary conditions in this case yields:

B.C. �̂(0) = 0; �̂′(1) = mo (25)

Taking a look at (15), a typical non-homogeneous second-order linear ODE with constant coefficients, we normally
seek the analytical solution through the following procedure. We assume the solution �̂(ŝ) = �̂ℎ(ŝ)+ �̂p(ŝ) where �̂ℎ(ŝ)
is the analytical solution to the corresponding homogeneous second-order linear ODE and �̂p(ŝ) is the extra linear
independent solution to the non-homogeneous part −fy.

First, �p(s) can be directly solved:

�̂p(ŝ) = −
fy
fx

(26)
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Then, in terms of the corresponding homogeneous second-order linear ODE, we have

d2�̂
dŝ2

+ fx�̂(ŝ) = 0 (27)

For this homogeneous second-order linear ODE (27), there are three scenarios depending on the sign of fx. If fx > 0,
obviously, we can directly write down the general solution �̂ℎ(ŝ) to (27):

�̂ℎ(ŝ) = C1 cos(
√

fxŝ) + C2 sin(
√

fxŝ) (28)

Therefore, the general solution can be then formulated as:

�̂(ŝ) = C1 cos(
√

fxŝ) + C2 sin(
√

fxŝ) −
fy
fx

(29)

Logically, we can determine the two constant coefficients and find the final exact solution (30) by satisfying (25).

�̂(ŝ) =
sin(

√

fxŝ)

cos(
√

fx)
(
sin(

√

fx)fy
fx

+
mo
√

fx
) +

cos(
√

fxŝ)fy
fx

−
fy
fx
, (fx > 0) (30)
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Then, if fx = 0, rearranging (15), we will end up with the following:

d2�̂
dŝ2

= −fy (31)

Satisfying (25), we will be able to find the analytical solution:

�̂(ŝ) = −1
2
fyŝ

2 + (mo + fy)ŝ, (fx = 0) (32)

Finally, if fx < 0, the general solution �̂ℎ(s) to (27) is:

�̂ℎ(ŝ) = C1e
√

−fxs + C2e−
√

−fxs (33)

Logically, the general solution can be then formulated as:

�̂(ŝ) = C1e
√

−fxs + C2e−
√

−fxs −
fy
fx

(34)

Then, we can determine the two constant coefficients by satisfying (25), and find the final exact solution (35). Now,

�̂(ŝ) =
(fy

√

−fxe−
√

−fx + fxmo)e
√

−fx ŝ + (fy
√

−fxe
√

−fx − fxmo)e−
√

−fx ŝ

√

−fx(e
√

−fx + e−
√

−fx )fx
−
fy
fx
, (fx < 0) (35)

we have the final analytical solution to (15), as well as the solution to BBCM for intermediate-range deflections of
slender straight beams subjected to beam-end loading conditions:

Γ̂(ŝ, fx, fy, mo) =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

�̂(ŝ) =
sin(

√

fxŝ)

cos(
√

fx)
(
sin(

√

fx)fy
fx

+
mo
√

fx
) +

cos(
√

fxŝ)fy
fx

−
fy
fx
, (fx > 0) (30)

�̂(ŝ) = −1
2
fyŝ

2 + (mo + fy)ŝ, (fx = 0) (32)

�̂(ŝ) =
(fy

√

−fxe−
√

−fx + fxmo)e
√

−fx ŝ + (fy
√

−fxe
√

−fx − fxmo)e−
√

−fx ŝ

√

−fx(e
√

−fx + e−
√

−fx )fx
−
fy
fx
, (fx < 0) (35)

(36)

with

x̂(ŝ) = ∫

ŝ

0
cos(Γ̂(�)) − fx�d�; ŷ(ŝ) = ∫

ŝ

0
sin(Γ̂(�))d� (37)

where (36) is formulated in a piecewise form depending on the sign of fx. In this BBCM formulation, (36) serves
as the solution to the constitutive law whereas (37) characterizes the deformed beam shapes under beam-end loading
conditions. Clearly, BBCM offers a purely analytic and closed-form formulation (Eq. (36) and Eq. (37)) so its
modeling efficiency has been improved while its computational complexity has been decreased compared to numerical
methods [15][22][60].

Remark 6. However, we are still interested in the continuity of the function Γ̂(ŝ, fx, fy, mo) at fx = 0. Therefore, we
need to find out the limit of (36) while fx → 0 via L’Hôpital’s rule. For fx → 0 and according to (30)(32)(35), we
have

lim
fx→0+

Γ̂(ŝ, fx, fy, mo) = lim
fx→0−

Γ̂(ŝ, fx, fy, mo) = −
1
2
fyŝ

2 + (mo + fy)ŝ (38)

Clearly, (38) proves the continuity of Γ̂(ŝ, fx, fy, mo) at fx = 0.
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For nondimensional energy calculation, we have:

Êp = ∫

1

0

1
2
()Γ̂
)ŝ
)2dŝ + 1

2
(ℎ
2

12
)f 2x (39)

Note that BCM also has a similar formulation for calculating the energy [38], and we have demonstrated the formula-
tion of BCM in the next section.

4.2.2. Feasibility analysis of BBCM
In this section, we aim to analyze the scope of feasibility of the proposed BBCM via a straightforward enumeration

strategy. Under the same boundary conditions (25), we use the original governing equation of geometrically nonlinear
Euler Bernoulli beam theory (5) as the standard to compare the results from BBCM, equivalently (15) and also (36).
In flexure-based CMs, the beam-end motions of the built-in flexures are the main contributors to the motions of these
mechanisms. Therefore, we here use the following formulation to form the expression of the evaluated errors:

er =
√

e2rx + e
2
ry
+ e2r� (40)

with

e2rx = (∫

1

0
cos(Γ̂(ŝ))dŝ − ∫

1

0
cos(�̂(ŝ))dŝ)2; e2ry = (∫

1

0
sin(Γ̂(ŝ))dŝ − ∫

1

0
sin(�̂(ŝ))dŝ)2; e2r� = (Γ̂(1) − �̂(1))

2 (41)

where Γ̂(ŝ) and �̂(ŝ) denote the solutions to (15) and (5) subjected to the boundary conditions (25).
Here, we consider fx, fy and mo as the inputs of the model ((15) and (5)) where fx ∈ Ufx = [fx, fx], fy ∈ Ufy =

[fy, fy] and mo ∈ Umo = [mo, mo], and er as the corresponding output. We can then formulate the whole admissible
input space: U = Ufx ×Ufy ×Umo with Ufx , Ufy , Umo ∈ ℝ. Then, we sample Ufx , Ufy and Umo via a set of N points,

noted as U s
fx

, U s
fy

and U s
mo

with fixed sampling lengths:
fx−fx
N−1 ,

fy−fy
N−1 and

mo−mo
N−1 , i.e., Ufx ≈ U s

fx
, Ufy ≈ U s

fy
and

Umo ≈ U
s
mo

:

U s
fx
= {fx, fx +

fx − fx
N − 1

, ..., fx −
fx − fx
N − 1

, fx}; U s
fy
= {fy, fy +

fy − fy

N − 1
, ..., fy −

fy − fy

N − 1
, fy};

U s
fx
= {mo, mo +

mo − mo
N − 1

, ..., mo −
mo − mo
N − 1

, mo}

(42)

and the input space can therefore be approximated by

U ≈ U s = U s
fx
× U s

fy
× U s

mo (43)

From an engineering point of view, the following values are assigned to the corresponding parameters in (42) to
evaluate the error (40) distribution through the sampling strategy (or the enumeration framework):

fx = −1; fx = 1; fy = −1; fy = 1; mo = −1; mo = 1; N = 0.025 (44)

Then, we can obtain the following numerical results below in Table 4 where the results from BCM are compared.
Note that the results from BCM follow the same evaluation framework as stated in (40) to (44). For clarification, let’s
take the first row of BBCM section in Table 4 for example: if ŷ(1) < 0, the errors of 95.66% of BBCM results are less
than 5.5 × 10−3 and the maximum error is 1.53 × 10−2.

Obviously, in Table 4, under the same evaluation policy, BBCM maintains the same accuracy level as BCM in
term of deflections within small-to-intermediate range.
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Table 4
Accuracy evaluation results by BBCM and BCM

Model Evaluation results

BBCM
ŷ(1) < 0.1; 95.66% er < 5.5 × 10−3; ermax = 1.53 × 10

−2

ŷ(1) < 0.2; 95.48% er < 1.55 × 10−2; ermax = 4.20 × 10
−2

ŷ(1) < 0.3; 95.33% er < 3.0 × 10−2; ermax = 8.47 × 10
−2

BCM
ŷ(1) < 0.1; 96.05% er < 5.5 × 10−3; ermax = 1.49 × 10

−2

ŷ(1) < 0.2; 95.80% er < 1.55 × 10−2; ermax = 4.10 × 10
−2

ŷ(1) < 0.3; 94.66% er < 3.0 × 10−2; ermax = 8.52 × 10
−2
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Figure 9: Schematic diagram of a straight-beam-based compliant parallelogram
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Figure 10: Numerical results of the studied compliant parallelogram by BBCM

4.2.3. Mechanism analysis
In this section, we aim to validate the proposed BBCM to solve the constitutive equations of modeling CMs where

the results of BCM are provided for comparisons. A typical CM, a straight-beam-based compliant parallelogram
is studied for the demonstration of applying BBCM.

As shown in Fig. 9, the mechanism is composed of a rigid motion stage and two compliant beams (Beam #1 and
Beam #2). K is the reference point. Other geometric information and loading conditions are also provided in Fig.
9. To statically model this mechanism, we need to follow the standard modeling procedure stated in solid mechanics
[62].

1. Constitutive equations
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Figure 11: Numerical results of the studied compliant parallelogram by BCM

For Beam #1, in coordinate system X1-O1-Y1, we have

x1(L) = Lx̂1(1) = L∫

1

0
cos(Γ̂(ŝ, pA, fA, mA)) − pA�dŝ; y1(L) = Lŷ1(1) = L∫

1

0
sin(Γ̂(ŝ, pA, fA, mA))dŝ (45)

with

pA =
PAL2

EI
; fA =

FAL2

EI
; mA =

MAL
EI

(46)

For Beam #2, in coordinate system X2-O2-Y2, we have

x2(L) = Lx̂2(1) = L∫

1

0
cos(Γ̂(ŝ, pB , fB , mB)) − pB�dŝ; y2(L) = Lŷ2(1) = L∫

1

0
sin(Γ̂(ŝ, pB , fB , mB))dŝ (47)

with

pB =
PBL2

EI
; fB =

FBL2

EI
; mB =

MBL
EI

(48)

2. Force equilibrium equations

FK − FA − FB = 0; PK − PA − PB = 0
MK −MA −MB + FKT ∕2 sinΦ − PKT ∕2 cosΦ − FBT sin(Φ) + PBT cos(Φ) = 0

(49)

3. Geometric compatibility equations
In the global coordinate system X-O-Y, we have

[

xA
yA

]

=
[

L
T ∕2

]

;
[

xA∗
yA∗

]

=
[

x1(L)
y1(L)

]

+
[

0
T ∕2

]

;
[

xB
yB

]

=
[

L
−T ∕2

]

;
[

xB∗
yB∗

]

=
[

x2(L)
y2(L)

]

−
[

0
T ∕2

]

;

AB = [(xA − xB)2 + (yA − yB)2]0.5 = T ; A∗B∗ = [(xA∗ − xB∗ )2 + (yA∗ − yB∗ )2]0.5 = T ;

|xA∗ − xB∗ | = T sinΦ; |yA∗ − yB∗ | = T cosΦ; Γ̂(1, pA, fA, mA) = Γ̂(1, pB , fB , mB) = Φ;
[

xK
yK

]

= 1
2

[

xA
yA

]

+ 1
2

[

xB
yB

]

;
[

xK∗
yK∗

]

= 1
2

[

xA∗
yA∗

]

+ 1
2

[

xB∗
yB∗

]

;
[

Δx
Δy

]

=
[

xK∗
yK∗

]

−
[

xK
yK

]

(50)

where
[

xA yA
]T ,

[

xA∗ yA∗
]T ,

[

xB yB
]T ,

[

xB∗ yB∗
]T ,

[

xK yK
]T and

[

xK∗ yK∗
]T are the coordinates

of A, A∗, B, B∗, K and K∗. Then, we can numerically solve Eq. (45) to (50) using Newton-Raphson method.
Besides,

[

Δx Δy Φ
]T refers to the translational and rotational displacements of K, the reference point of

the modeled mechanism.
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Figure 12: The maximum-deflected configuration of the studied CM obtained by BBCM and SD-FEM

We are interested in the relationships between applied loads
[

FK PK MK
]T and the corresponding displacements

[

Δx Δy Φ
]T both at the reference point K. The material properties and geometry information are provided in the

following:

E = 200 × 109 Pa; w = 0.015 m; ℎ = 0.0045 m; L = 0.25 m; T = 0.2 m; A = ℎw; I = wℎ3

12
; � = ℎ2

12L2

The applied loads are set up as:

⎡

⎢

⎢

⎣

FK
PK
MK

⎤

⎥

⎥

⎦

= iU = i
⎡

⎢

⎢

⎣

80 N
80 N
4 N.m

⎤

⎥

⎥

⎦

(i = 1, 2, 3, 4...10)

The numerical results are provided in Fig. 10 and Fig. 11. In both modeling process, the next-step initial guess is set
up as the last-step answer for faster convergence [17]. It can be easily noticed that results from BBCM achieve the
same accuracy level as BCM does where the maximum transverse deflection of the built-in flexible beams goes up to
10% of the beam length L.

Then, we can characterize the deflected beam shapes via (46) and (48) (see the maximum deflected configuration
of the studied CM under 10U in Fig. 12), which serves as a handy tool to analyze the potential mechanical interference
during the motion of the CM.

Besides, we can also calculate the stored elastic energy in the studied CM via BBCM:

Ep =
EI
L
(Êp1 + Êp2) =

EI
L
[∫

1

0

1
2
(
)Γ̂(ŝ, pA, fA, mA)

)ŝ
)2dŝ + 1

2
(ℎ
2

12
)p2A + ∫

1

0

1
2
(
)Γ̂(ŝ, pB , fB , mB)

)ŝ
)2dŝ + 1

2
(ℎ
2

12
)p2B]

(51)

The results via BBCM and BCM are plotted in Fig. 13 where the errors of both are all below 4% along the motion of
the studied CM.

4.2.4. General Body-frame Beam Constraint Model
As we have stated earlier, one of the key differences is the different coordinate systems used by BBCM and

BCM. Being expressed in the body frame makes BBCM consistent with the fruitful contributions in rod [61] and
beam [15][60] theories. This proves why BBCM offers standard formulations (or solutions) for characterization of
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Figure 13: The stored elastic energy stored in the studied CM

the deflected beam shape, energy calculation and buckling problems. Besides, we can easily explore more based on
the previous contributions in rod and beam theories. For example, we can consider more different loading scenarios
on the studied beam (see details in [15]). As shown in Fig. 14a, besides the beam-end loading, to take distributed
momentM∗, distributed loading qy and initially varying curvature of the beam into account, based on BVP (2), we can
reformulate the problem as a new BVP (52). Following the similar procedure such as (5) and (6) to nondimensionalize
and linearize BVP (52), we have the final governing BVP (53) along (54), and the corresponding nondimensional
graph is shown in Fig. 14b.

D.E. EI d
2�
ds2

= −(Fy cos �(s) + Fx sin �(s)) +
dM∗

ds
+ qy cos �(s)(L − s) + EI

d�(s)
ds

B.C. �(0) = 0; �′(L) =
Mo +M∗(L)

EI
+ �(L)

(52)

D.E. d
2�̂
dŝ2

+ fx�̂ = −fy +
dm∗(ŝ)
dŝ

+ q̂y(ŝ)(1 − ŝ) +
d�̂(ŝ)
dŝ

B.C. �̂(0) = 0; �̂′(1) = m∗o = mo + m
∗(1) + �̂(1)

(53)

fy =
FyL2

EI
; fx =

FxL2

EI
; mo(ŝ) =

MoL
EI

; m∗(ŝ) =
M∗(s)L
EI

; q̂y(ŝ) =
qy(s)L3

EI
; �̂(ŝ) = �(s)L; s ∈ [0, L]; ŝ ∈ [0, 1]

(54)

It is noticed that (53) is a typical non-homogeneous second-order ODE, and m∗(ŝ), q̂y(ŝ) and �̂(ŝ) are all functions of
s in a general sense. Therefore, we assume the mentioned three variables are all polynomials:

m∗(ŝ) = a0 + a1ŝ + a2ŝ2 + a3ŝ3; q̂y(ŝ) = b0 + b1ŝ; �̂(ŝ) = c0 + c1ŝ + c2ŝ2 + c3ŝ3 (55)

which suggests that m∗(ŝ), q̂y(ŝ) and �̂(ŝ) vary along the beam axis. Note that in theory, qy(s) denotes the general
transverse distributed loading along the beam whereas in practice, it normally refers the gravity where q̂y(ŝ) is constant.

Similarly, the solution to (53) can be formulated as �̂(ŝ) = �̂ℎ(ŝ) + �̂p(ŝ) as well. Logically, we can derive the
following:

�̂p(ŝ) = A + Bs + Cs2 (56)
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Figure 14: A slender straight beam subjected to complex loading conditions

where

A =
(−fy + a1 + b0 + c1)fx − 6a3 + 2b1 − 6c3

f 2x
; B =

2a2 − b0 + b1 + 2c2
fx

; C =
3a3 − b1 + 3c3

fx
(57)
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Therefore, similar to (36), we can arrive at the exact analytical solution (58).

Γ̂(ŝ)=

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

C1 cos(
√

fxs) + C2 sin(
√

fxs) + A + Bs + Cs2, (fx > 0)

C1 =
fxa1 + fxb0 + fxc1 − fxfy − 6a3 + 2b1 − 6c3

f 2x

C2 =
f

3
2
x sin(

√

fx)C1 + mofx − 2a2 − 6a3 + b0 + b1 − 2c2 − 6c3

f
3
2
x cos(

√

fx)

(
c3
4
+
a3
4
−
b1
12
)s4 + (

a2
3
−
b0
6
+
b1
6
+
c2
3
)s3 + (−

fy
2
+
a1
2
+
b0
2
+
c1
2
)s2

+ (m − a3 −
b1
6
− c3 − a2 −

b0
2
− c2 + fy − a1 − c1)s, (fx = 0)

D1e
√

−fxs +D2e
−
√

−fxs + A + Bs + Cs2, (fx < 0)

D2=
e
√

−fx (e
√

−fx (−fy+a1+b0+c1)(−fx)
3
2 +6

√

−fx(c3+a3−
b1
3
)e

√

−fx−fx(fxmo−2a2−6a3+b0+b1−2c2−6c3))

(−fx)
5
2 (e2

√

−fx+1)

D1 = −
D2f 2x + fxa1 + fxb0 + fxc1 − fxfy − 6a3 + 2b1 − 6c3

f 2x

(58)

Remark 7. Here, we can also consider shear strain in the studied flexure especially if the flexure is stubby. According to [35], we
can just add shear influence into the model via

Γ̂s(ŝ) = Γ̂(ŝ) +
12 + 11�

5
�(fy cos Γ̂(ŝ) + fx sin Γ̂(ŝ) − ∫

1

s
q̂y(ŝ)dŝ cos Γ̂(ŝ)) (59)

where � is the Poisson’s ratio of the material and � = ℎ2

12L2
. Besides the shear influence, we can also include the axial stretch in

this general BBCM following [35]

x̂(ŝ) = ∫

ŝ

0
(1 + (fy sin Γ̂s(ŝ) − fx cos Γ̂s(ŝ) − ∫

1

s
q̂y(ŝ)dŝ sin Γ̂(ŝ))�) cos Γ̂s(ŝ)d�

ŷ(ŝ) = ∫

ŝ

0
(1 + (fy sin Γ̂s(ŝ) − fx cos Γ̂s(ŝ) − ∫

1

s
q̂y(ŝ)dŝ sin Γ̂(ŝ))�) sin Γ̂s(ŝ)d�

(60)

In the following, Scenario 1 and Scenario 2 are presented where the proposed BBCM (58) is used to further model
distributed moment, distributed loading and varying initial curvature within small-to-intermediate-range deflections
or even large-range deflections in some specific loading conditions. Finite element method (FEM) is used to verify the
results where the loading conditions and all results have been nondimensionalized as provided in Table 5 and Table 6.
In particular, the beam-end coordinates are presented where BBCM is compared with FEM. The error (ER) is defined
in (61).

As demonstrated in Fig. 15 and Table. 5, BBCM can be used to consider distributed moment, distributed loading
and varying initial curvature. The results also prove the reliable accuracy level of BBCM within small-to-intermediate-
range deflections, as stated in Section 4.2.2.

Noticing that in BVP (52) and BVP (53), the nonlinear terms in the corresponding ODEs are the terms that have
Fx(fx), Fy(fy) and qy(q̂y). Logically, if we exclude the mentioned three to only consider beams of initially varying
curvature �(�̂) subjected to beam-end moment Mo(mo) and distributed moment M∗(m∗), the original studied ODE is
already linear which has the exact analytic solutions. That means in this case, the exact analytic solutions to BBCM
can be used to consider large-range deflections. The details of nondimensionalized loading conditions in Scenario
2 and the corresponding results of beam-end coordinates are presented in Table 6. In Fig. 16, the BBCM results
perfectly capture FEM results as well. Therefore, it is logical to conclude that BBCM can be used to model large
deflections in these specific scenarios with reliable accuracy.
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ER =

√

(x̂(1)BBCM − x̂(1)FEM)2 + (ŷ(1)BBCM − ŷ(1)FEM)2 + (�̂(1)BBCM − �̂(1)FEM)2

(x̂(1)FEM)2 + (ŷ(1)FEM)2 + (�̂(1)FEM)2
(61)

Table 5
Details of nondimensionalized loading conditions in Scenario 1

Loading Undeformed Case 1 Case 2 Case 3

fx 0 0.25 0.1 −0.1
fy 0 0.25 0.1 −0.1
mo 0 0.25 0.1 −0.1

m∗(ŝ)

a0 0 0 0.1 −0.1
a1 0 0 0.1 −0.1
a2 0 0 0.1 −0.1
a3 0 0 0.1 −0.1

q̂y(ŝ)
b0 0 0 1 0.3
b1 0 0 2 0.3

�̂(ŝ)

c0 1 1 1 1
c1 −4.5 −4.5 −4.5 −4.5
c2 0.3 0.3 0.3 0.3
c3 4.5 4.5 4.5 4.5

BBCM
x̂(1) 0.9961 0.9717 0.9930 0.9596
ŷ(1) 0.0000 0.2268 −0.0817 −0.2030
�̂(1) −0.0250 0.3817 −0.0060 −0.4424

FEM
x̂(1) 0.9961 0.9723 0.9932 0.9607
ŷ(1) 0.0007 0.2245 −0.0794 −0.1993
�̂(1) −0.0250 0.3769 −0.0034 −0.4369

ER 0.07% 0.50% 0.35% 0.62%

4.2.5. Discussions
In this section, we have demonstrated the detailed derivation of the solution to BBCM for deflections within an

intermediate range. The accuracy level has been proved as the same as BCM via an enumeration strategy. Besides,
its feasibility of modeling CMs has also been presented via modeling a typical compliant parallelogram. As stated
previously, different from BCM expressed in the global coordinate system, BBCM is written in the body frame, which
makes BBCM more practical and consistent with those previously extensive studies on beam and rod theories [15].
For example, in Section 4.2.4, we can directly extend BBCM to consider distributed moment, distributed loading and
initially varying curvature of beams within intermediate-range deflections. Under these complex loading conditions,
BBCM can also present reliable accuracy within intermediate-range deflections. In particular, it should be noticed
that BBCM can accurately characterize large deflections of slender beams under some specific loading conditions.

5. Conclusions
In compliant mechanisms, modeling gradually becomes more important for performance prediction and model-

based optimization (design). In this paper, we focus on modeling beams of intermediate-range deflections that com-
monly exist in CMs, specifically in high-precision CMs, such as positioning stages. Two representative cases are
studied: intermediate-range (post-)buckling and intermediate-range deflections subjected to beam-end loading and
geometrical conditions where semi-analytic and analytic solutions are provided. The accuracy has been compared and
also verified by the famous BCM, and the feasibility in modeling CMs has been proved via a compliant parallelogram
as well. Since BBCM still stays in the body frame which is consistent with classic rod and beam theories, we demon-
strate extending BBCM to consider other complex loading conditions within intermediate-range deflections. Our
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Figure 15: Graphical results of Scenario 1
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Figure 16: Graphical results of Scenario 2

future work will include deriving the analytical closed-form solution to large-deflection problems of slender beams in
more complex loading conditions.
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Table 6
Details of nondimensionalized loading conditions in Scenario 2

Loading Undeformed Case 1 Case 2 Case 3

fx 0 0 0 0
fy 0 0 0 0
mo 0 1 −1 −1.5

m∗(ŝ)

a0 0 1 −0.5 −1
a1 0 1 −0.5 −1
a2 0 1 −0.5 −1
a3 0 1 −0.5 −1

q̂y(ŝ)
b0 0 0 0 0
b1 0 0 0 0

�̂(ŝ)

c0 1 1 1 1
c1 2 2 2 2
c2 3 3 3 3
c3 4 4 4 4

BBCM
x̂(1) 0.2722 0.14770 0.8072 0.9413
ŷ(1) 0.4562 0.2338 0.2902 −0.2590
�̂(1) 4.0000 7.0833 1.9583 0.4167

FEM
x̂(1) 0.2722 0.1496 0.8066 0.9412
ŷ(1) 0.4555 0.2357 0.2905 −0.2585
�̂(1) 4.0000 7.0833 1.9583 0.4167

ER 0.02% 0.04% 0.03% 0.06%

Appendix
Detailed derivation of Section 4.1.1

To characterize the intermediate-range buckling shape, we need to follow the procedure below. Integrating (5), we
will have the following:

1
2
(d�̂
dŝ
)2 − fx cos �̂(ŝ) = C (62)

where C is an unknown constant which can be determined by the boundary conditions. Precisely,

C = 1
2
(d�̂
dŝ
(1))2 − fx cos �̂(1) = −fx cos � (63)

where d�̂
dŝ (1) = 0 and �̂(1) = �, and � is an unknown parameter to be determined. Then, we can reach

1
2
(d�̂
dŝ
)2 − fx cos �̂(ŝ) = −fx cos � (64)

Obviously, it is not hard to find that �̂ = 0 (� = �̂(1) = 0) is the solution to (64) (Scenario 1 in Fig. 2a). Besides,
manipulating (64) drives us to obtain:

d�̂
dŝ
= +

√

2fx(cos �̂ − cos �) (65)

if � > 0 (Scenario 2 in Fig. 2a) and

d�̂
dŝ
= −

√

2fx(cos �̂ − cos �) (66)
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if � < 0 (Scenario 3 in Fig. 2a). Taking Scenario 2 for example, we will have

f (�) = ∫

�−

0

1
√

2fx(cos �̂ − cos �)
d�̂ − ∫

1−

0
dŝ (67)

Obviously, we can therefore obtain the value of � via Newton-Raphson method. As long as � is available, the boundary
conditions yields:

B.C. �̂(0) = 0; �̂(1) = �; �̂′(1) = 0 (68)

Then, we will be able to arrive at

�̂(ŝ) = �
sin

√

fx
sin(

√

fxŝ) (69)

where fx >
�2

4 and this is only the formulation for the first order buckling of a slender straight beam. Then, using
(16) yields the exact characterization of the deflected beam shapes.

Detailed derivation of Section 4.1.2
Similarly, following the procedure like (62) to (67) which are originally stated in [60], we will be able to obtain

the value of �. Integrating (5), we will have the following:

1
2
(d�̂
dŝ
)2 − fx cos �̂(ŝ) = C (70)

where C is an unknown constant which can be determined by the boundary conditions. Precisely,

C = 1
2
(d�̂
dŝ
(0))2 − fx cos �̂(0) = −fx cos � (71)

where d�̂
dŝ (0) = 0 and �̂(0) = �, and � is an unknown parameter to be determined. Then, we can reach

1
2
(d�̂
dŝ
)2 − fx cos �̂(ŝ) = −fx cos � (72)

Obviously, it is not hard to find that �̂ = 0 (� = �̂(1) = 0) is the solution to (64) (Scenario 1 in Fig. 2b). Besides,
manipulating (64) drives us to obtain:

d�̂
dŝ
= −

√

2fx(cos �̂ − cos �) (73)

if � > 0 (Scenario 2 in Fig. 2b) and

d�̂
dŝ
= +

√

2fx(cos �̂ − cos �) (74)

if � < 0 (Scenario 3 in Fig. 2b). Taking Scenario 2 for example, we will have

f (�) = ∫

−�+

�1

−1
√

2fx(cos �̂ − cos �)
d�̂ − ∫

1−

0+
dŝ (75)

Logically, we can therefore obtain the value of � via Newton-Raphson method. As long as � is available, the boundary
conditions yields:

B.C. �̂(0) = �; �̂(1) = −�; �̂′(0) = 0; �̂′(1) = 0 (76)

we will have:

�̂(ŝ) = � cos(
√

fxŝ) (77)

where fx > �2 and this is only the formulation for the first order buckling of a slender straight beam. Similarly, using
(16) yields the exact characterization of the deflected beam shapes.
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