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On ISS with respect to average value of
disturbances: a time-delay approach

Efimov D., Fridman E.

Abstract—For input-affine nonlinear dynamical systems, an
input-to-state stability analysis with respect to (weighted) average
values of exogenous perturbations is proposed. The time-delay
method is used to represent the system in a suitable form for
investigation: a kind of neutral-type differential equation. The
introduced approach allows the asymptotic gains with respect to
zero-mean periodic signals to be evaluated for nonlinear systems
(an analogue of Bode magnitude plot), as well as for integral
input-to-state stable systems with periodic inputs. The results
are illustrated on the class of homogeneous systems.

I. INTRODUCTION

Analysis of robustness of stability properties for dynamical
systems with respect to external disturbances, measurement
noises, variations of parameters, unmodeled dynamics, delays,
etc., is one of the central issues in the control and estimation
theory [1]. For linear systems all these notions have been well-
studied through H., norms or Ly gains in 60s of the previous
century. For nonlinear systems there are several approaches
for robust stability analysis, and one of the most popular
frameworks is built around the input-to-state stability (ISS)
concept [2]. The advantage of this theory is that it has a list
of properties describing different stability characteristics, as
well as efficient necessary and sufficient conditions to check
these properties in applications (existence of proper Lyapunov
functions are usually verified). This framework allows one to
make qualitative and quantitative analysis of behavior of the
system trajectories with respect to the L., norm of the input
(or an integral of the norm).

In some cases, the analysis should be performed not with
respect to the maximal amplitude of the input, but evaluating
the bounds on trajectories as a function of the frequency of the
disturbance, or its average value on an interval of time (see the
respective extensions of the ISS framework [3], [4]). This is
often the case in vibration analysis, or when the external inputs
are (almost) periodic functions of time. In such a scenario, the
time-averaging approach was found to be very efficient [5],
and later its different extensions have been proposed [6], [7],
[8], also in conjunction with ISS [9], [10] (where the stability
property of the system is substantiated from the characteristics
of the averaged dynamics). Recent works [11], [12], which
are based on the time-delay approach, introduced the idea of
a transformation of coordinates, which allowed quantitative
estimates to be obtained on the averaging period.

D. Efimov is with Inria, Univ. Lille, CNRS, UMR 9189 - CRIStAL, F-
59000 Lille, France.

E. Fridman is with School of Electrical Engineering, Tel-Aviv University,
Tel-Aviv 69978, Israel.

This work was supported by Israel Science Foundation (grant no. 673/19)
and by Chana and Heinrich Manderman Chair at Tel Aviv University.

The objective of this work is to use the latter results to
propose a tool for studying ISS property of nonlinear systems
with respect to an averaged value of the input, which can
also be transformed in a frequency gain analysis (similar to
the amplitude Bode plot for linear systems or its counterpart
given for nonlinear convergent dynamics in [13]). Applying
the transformation from [11], [12], it will be shown that a
nonlinear affine in the inputs system can be transformed to
the neutral-type delayed dynamics dependent on the average
values of the inputs. The obtained theoretical findings are
illustrated on a class of homogeneous systems.

For homogeneous dynamical systems, their local and global
behaviors coincide, and for stability/instability analysis, Lya-
punov or Chetaev function of a homogeneous system can also
be chosen homogeneous [14]. In addition, if a system is homo-
geneous (considering disturbance as an auxiliary variable) and
asymptotically stable without disturbances, then it is ISS [15].
These facts make homogeneous systems suitable for analysis
and modeling of complex nonlinear compartments, disposing
many efficient and helping design procedures. The averaging
method has been already used with homogeneous systems in
[16], [17], [18], [19], where stability of a system was related
with the same property of its averaged dynamics.

The outline of this work is as follows. The preliminary
definitions and the homogeneity framework are given in Sec-
tion II. A method for analysis of robust stability with respect
to an average value of perturbations is presented in Section
III. Application of the developed theory to homogeneous
dynamical systems is considered in Section IV.

II. PRELIMINARIES

A. Notation

The real and integer numbers are denoted by R and Z,
respectively, Ry = {s € R: s > 0} and Z; = Ry NZ.
Euclidean norm for a vector € R™ is denoted by ||z|| (for a
matrix A € R™*™ || A|| corresponds to the induced norm), and
the absolute value of s € R by |s|. We denote by CT, ;;, —00 <
a < b < 400 the Banach space of continuous functions ¢ :
[a,b] — R™ with the uniform norm |¢|c = sup,< < ||¢(<)]|
(similarly for Cf; ), for x : [T, +00) — R™ with T > 0
we denote by z; € C"_T,O], t € R, its respective restriction
x1(s) = z(t + s) for s € [-T,0]. For a Lebesgue mea-
surable function of time d : [a,b) — R™ define the norm
l[dlla,n) = ess sup;ery p)lld(E)], then [|d]joc = [|d][jo,1oc) and
the space of d with ||d||(4,5) < 400 (||d|ls < +00) we further
denote as Eﬁb] (L2).




For a continuously differentiable function V' : R” — R,
its directional derivative along a given vector v € R™ at a
point z € R™ is defined as follows:
_OV(x)
- Ox

A continuous function ¢ : Ry — R belongs to class /C if it
is strictly increasing and o(0) = 0; it belongs to class K if it
is also unbounded. A continuous function 8 : Ry xRy — R
belongs to class KL if B(-,r) € K and jS(r,-) is a strictly
decreasing to zero for any fixed r>0.

A sequence of integers, 1,2,...,n, is further denoted by
1,n.

DV (z)v v.

B. Input-to-state stability

Consider a dynamical system:
z(t) = F(x(t),u(t)), t >0, (1

where x(t) € R™ is the state and u(t) € R™ is the input,
we L F o R™*™ — R™ is a continuous function, and
it ensures forward existence and uniqueness of solutions of
the system at least locally in time (e.g., it is locally Lipschitz
continuous out the origin), '(0,0) = 0. For any 2 € R™ and
u € LT the respective solution is denoted by x(t, zg,u) with
x(0,x0,u) = zp.

The definitions and results given in this subsection follow
(2], [20].

Definition 1. The system (1) is called practically ISS, if there
exist 5 € KL, v € K and ¢ > 0 such that

[(t, o, w)l| < max{B([lzoll, ), v(l[ullo.r)), ¢},

for all zp € R™ and v € L7.
If ¢ = 0 then (1) is called ISS.

vt >0

The function v from Definition 1 quantifies an asymptotic
gain of (1):

limsup [|2(2, 2o, u)|| < max{~y(||ulljo,s)), ¢}
t——+oo

satisfying for all zp € R™ and w € L7. Another property,
followed by (practical) ISS, is (practical) global stability: there
exist 9,1, € K4 such that

[[(t, 2o, w) || < max{a([[zol]), Pu([ul

[O,t))7Q}7 Vt>0

for all xp € R™ and u € L7} (obviously, a possible choice is

U2 (s) = B(s,0) and Jy(s) = 7(s)).
If u = 0, then from ISS we recover the conventional global
asymptotic stability at the origin.

Definition 2. A continuously differentiable function V'
R™ — R, is called practical ISS-LF for the system (1) if
there exist oy, o € Koo, 1, 0 € K and r > 0 such that for all
z € R” and all u € R™:
ar([lz]) < V(z) < az((l]]),
V() = max{o(|lull),r} = DV (x)F(z,u) < —n(||z[]).
If » = 0, then such a function V is called ISS-LF.

Theorem 1. The system (1) is (practically) ISS if and only if
it admits a (practical) ISS-LF.

C. Homogeneity

For any ; > 0, ¢ € 1,n and A > 0, define the vector
of weights v = [ry,...,7,] and the dilation matrix A.()\) =
diag{ A"} {5 Tmin = min; 7, 7 and ryax = Max; g i

Definition 3. [21], [14] The function A : R™ — R is called
r-homogeneous, if for any x € R" the relation

h(A-(N)z) = N h(z)

holds for some v € R and all A > 0.
The vector field f : R® — R" is called r-homogeneous, if
for any x € R™ the relation

A+ (N)z) = N A (A) f ()

holds for some v > —rpy;, and all A > 0.
In both cases, the constant v is called the degree of
homogeneity.

A dynamical system
z(t) = f(z(t), t >0 ()

is called r-homogeneous of degree v if this property is satisfied
for f in the sense of Definition 3.

For any x € R™ and @w > rpya.x, a homogeneous norm can
be defined as follows

n 1/w
]l = <Z |l’z'|w/”> :
i=1

For all © € R", its Euclidean norm ||z| is related with the
homogeneous one:

a.(lzllr) <zl < or(lz]l-) 3)

for some ¢,,5, € Ko [14]. In the following, due to this
“equivalence”, stability analysis with respect to the norm
||| can be substituted with analysis for the norm |z||;.
The homogeneous norm has an important property: it is r-
homogeneous of degree 1, that is ||A.(\)z||, = Al|z]|, for all
z€R™and A > 0.

Homogeneous systems possess certain robustness with re-
spect to external disturbances.

Theorem 2. [15] Let F(A,(N)x, Ar(MN)u) = A A (AN F(z,u)
for all x € R™, uw € R™ and all A\ > 0 with the weights
r = [ri,...,m] > 0, F = [F1,...,7m] > 0 and a degree
V > —Tmin. Assume that the system (1) is asymptotically stable
for uw =0, then (1) is ISS.

III. MAIN RESULT

Consider an affine in the inputs nonlinear system:

@(t) = f((t) + g(x(t))u(t), t >0, C)

where x(t) € R™ is the state, u(f) € R™ is the input,
uwe Ll f:R" - R"” and g : R" — R™ ™ are locally
Lipschitz continuous functions for all z € R™ \ {0}, ensuring
forward existence and uniqueness of the system solutions at
least locally in time, f(0) = 0.



Our goal is to derive ISS-like estimates for (4) with respect
to average or weighted average values of the input u, and for
this purpose we define the signals of interest:

01(t) = %/t_T(s —t+4+ T)u(s)ds, §2(t) = %/t_T u(s)ds,
50 =5 [ = t+Dluts)lds, 5a0) = 7 [ fuls)las,

where T' > 0 is the window of averaging (a parameter for our
analysis). These quantities are well-defined for ¢ > T, while
for t € [0,7T) in the sequel we will assume that u(t —7") = 0,
then all these averaged variables are defined for all ¢ > 0.

Remark 1. Note that &7, 2, 81 and d are continuous functions
of time ¢t > 0, and the upper bounds of these averaged values
are related to the respective norms of u and the period T":

161 ()11 < 1161 ()]] < %IIUIIW 182 (&) < [162(8)]] < [Jut]| oo

A. Time-delay approach analysis

Similar to [11], [12], [22], let us define a transformation of
state variables:

1 t
7|t D+ 20, ©

z(s) = z(0), u(s) =0, Vs <0,

where z(t) € R™ is a new auxiliary residual variable defined
for all ¢t > 0. Differentiating (5) we obtain:

A=) + 7 [ e ©
= f(2(t) + di(t)) + da(t),
where
1 t
)=~ [ (=t+Dglalhus)ds, @)

%;L;Tg@iﬁﬁdﬁd&

The right-hand side of (5) depends on the past values of x(t)
(i.e., x(s) for s € [t — T,t)). Thus, (5) can be written as
2(t) — G, ur) = 2(t) for Glzy,ue) = & [ (s —t +
T)g(x(s))u(s)ds, where z¢ € Clq with z4(s) = x(t + s)
and us(s) = u(t + s) for s € [-T,0]. It can be considered as
a difference equation with respect to x(¢) with disturbances
u and z, which is ISS in z(t) and §;(¢) under introduced
restrictions, as it is demonstrated later. To this end note that
for any z(0) € R™ and u € £ in (5), z(t) exists on maximal
time interval 7 = [0,¢) for some ¢ > 0 and z(0) = z(0).
By continuity of the solutions z(¢) of (4), z(t) is a continuous
function of time ¢ € T by construction.

The starting point for our analysis is ISS of (6) with respect
to the auxiliary inputs d; and ds:

Assumption 1. There exists a continuously differentiable
function V : R™ — R such that

ar([[z[)) < V(2) < a2,
V(z) = max{oi(||di[]), o2(l|d2[))} =
DV(2) (f(z + d1) + d2) < —a(||z]]),

forall z,dy,ds € R™, with some a1, sz, € Koo and 01,09 €

K.

These conditions imply that V' is an ISS-LF for the system
(6) with disturbances d;, d2 € L7, and, hence, due to Theorem
1 this system is ISS with respect to these perturbations.

Since in (7) there is additionally a nonlinear gain g multiply-
ing the input u, supplementary constraints have to be imposed.
Note that by continuity of g, its norm can be bounded by a
growing function of ||z||, hence, there exist p € K and py > 0
such that

lg@@)Il < p(llz[)) + po, V& € R™. (8)

Assumption 2. There exist 05,0, € Ko, such that
0.(s) + (p(s) + po)bs(s) < s, Vs > 0.
Assumption 3. There exist vy € K, y1,72 € Ko such that

f > ’YV(C) =05 (’yl(g)(p(C) + pO)) < 57 = 1727 VE,C € RJF?
where 01,09 € IC are given in Assumption 1.

In these assumptions, some functions from classes X and
K~ are introduced, whose existence guarantees ISS of (4)
with respect to averaged signals 61 and 05, as it will be shown
below (assumptions 1 and 3 imply ISS of (4) with respect to
the input u if vy (s) > «;(s) for all s € Ry).

Lemma 1. Let Assumption 2 hold and given x(0) € R™,
z € L2 N C[T(l),+%9)’ w € LT the relation (5) be satisfied for
all t € T. Then T = Ry and there exists 1 € KL such that

lz(@)] < max{51(||9~5(0)||7t)»ez_l(HZH[o,t))» ©)
05 (101llj0.0)}

forallt >0, all z(0) € R", z € LI, NC , ) and u € LT,

Proof. Using (8) an estimate follows from (5) for all ¢t € T

()]l

IN

%[7T(S —t+T)|lg(z(s))u(s)||ds + ||z(t)]|

(p(lzele) + po) 61(t) + [12(1)]]-

Under Assumption 2, this estimate leads to the following
relation:

lz(®)]| = max{6- (|=(0)]), 65 * (51(£))} =
@) < 0-(lzelc) + (p(lzelc) + po) Os(|2il0) = ulilc)

IN

with € K. The contraction property, u(|x¢|c) < |z¢|c for
all |xz¢|c # 0, is introduced in Assumption 2, and it implies
convergence of x(¢) while the latter implication holds. Indeed,
assume that 7 = T, U T,., where

teT.: llz(®)] < max{07"(z]x). 05" (61]l0)}
teTo la@)] > max{0:"(l2]lx), 05 " (101])},
then due to continuity of xz(t) there exists a sequence
of nonempty intervals such that T, Ujez, [t t]]

(all isolated points can be placed in 7). Denote 7,
min{arg max,ec_7,0 [|2(t + s)||} (we use min{-} to avoid



non-uniqueness of argmax operation), i.e., |x¢|c = ||z(7)],
and for some j € Z, consider t € [tJ,t], then

lz@)] < pllz(m)ll) < po pllzrlo) < po p(la(r)|) <

S 1=td
cell< T‘)

—~ =
...Slu [eRENe) (|th£|c)’

where ceil (s) is the function of truncation to the smallest
integer bigger than s € R. Hence, there is 51 € KL such
that

el < Bi(|ay lost — t)

for all ¢t € [tJ,t]] and any j € Z,. Note that 3;(s,0) = s

87 7e

by the construction, then for the value of |z,;|c two options
are possible: either ¢/ = 0 and |z|c = |zo|lc = ||z(0)]
or t > 0 and |z, | = max{0:(||zllc). 05" ([|01]]c)} by
continuity. Therefore, the following estimate is satisfied for
allt e T:

lz()] < max{B1(|x(0)I|, ), 0= *(ll=llo), 05 (101 ]l0) },
implying that 7 = R, which finishes the proof. O

In the framework of the trajectory based approach [23], a
similar ISS result was obtained for pu(s) = pos with g €
(0,1) and the exponential convergence, then Lemma 1 can be
seen as an extension of that method to the case of asymptotic
convergence. Now let us investigate the behavior of z(t) in (6).
Under Assumption 1, for d; and d» defined by (7), considering
V() as an ISS-LF candidate for (6), the following relation is
valid:

V() 2 max{oy ([l (D), o2(ld2(8)1)} =
V(t) = DV (2(t)) (f(2(t) +di(t)) + da2(t)) < —a([|z(t)]),
Recalling (8),
ldy ()] < (p(lzele) + po) 01(2),
ld2 ()] < (p(|ztlc) + po) da(t).

In addition, under Assumption 3 the following implications
are satisfied:

V(z(t) = max{jv(\l‘t\c)?71_1(51(2?)),
72 (02(1))} =
V(=(t) = max{or ((olladle) +po) 8:(1))
o2 ((pllaile) + po) da(t) )} =

V(z(t)) = max{o([[d(@)]), o2(lld2 (@) [)}
which implies due to Definition 2 that V' is an ISS-LF for (6)
with respect to the inputs |z¢|c, 01(t) and d(t):
V(z) = max{yv (jeelc), 1 1 (61),% H(82)} = V < —a(|2])

for all z € R", 51,52 € Ry and z; € C’[”_TO. Therefore,
according to Theorem 1, the following estimate is valid:

Izl < ey o max{B2(|[2(0)l]. £), v (Ilo,6))
1 10 llo,6)s 72 (10211106}
for all t > 0 and some 35 € KL (note that again 55(s,0) = s).

(10)

We are in position to formulate the main result.

Theorem 3. Let Assumptions 1-3 be satisfied for (4), then
there exists B3 € KL such that

lz(®)]| < max{Bs(|z(0)]l. ), 65 (11 ]lj0,0)):
0= ooy o ([I01fljo.y), 02" 0 a0y (102

z [O,t))}

forall t >0, all (0) € R™ and u € LT} provided that

07 oa;t oy (s) < s, Vs >0,

meaning that (4) is ISS with respect to 51, 52 e /.1(1)0 that are
averages of |ul.

Proof. Since all conditions of Lemma 1 are verified, the
estimate (9) is valid for ¢ € 7 C R,. Above, it has been
shown that the estimate (10) is also true for all ¢ € 7. Using
the standard small-gain arguments [24], [25], first, the global
stability of the feedback interconnection (5), (6) can be proven,
i.e., there exist functions ¢; € K for i = 0,1, 2 such that

max{{[z(&)]], [l2(£)]} < max{tpo o max{[|lz(0), [l=(0)[},
$1([101]loc); P2([102]l00) }, VE > 0,

for all z(0),2(0) € R™ and w € L7, implying
also that 7= R,. Under the observation that [[2(0)] <
(p(l(O)]]) + po) [191]loo + [|2(0)]|, the latter estimate can be
rewritten as

max{[lz(@)]], lz(#)]]} < mle{Lﬁo(le(O)ll),
P1([101]l0c), P2(l102]l0) }

for all £ > 0, #(0) € R"™ and v € L7, for suitably modified
Yo,Y1 € Kso. Second, the asymptotic gain function can be
derived (we are further interested only in the behavior of x(t)
due to its physical meaning in (4)):

lim sup ||z ()] < max{0; " (]|01]|s),
t—+oo

6" ooyt omax{y (11 ]l0c) 72 (192]lc) -

If the system (4) admits both properties, global stability and
asymptotic gain, then it is ISS [26, Lemma 2.7]. O

Remark 2. All assumptions, 1-3, as well as the small-gain
condition in Theorem 3, are formulated globally (i.e., for all
xz € R™ and s > 0). Restricting validity of the introduced
inequalities it is possible to get the respective local stability
results.

In the conditions of Theorem 3, the system (4) is not
obligatory ISS in w, while the power ISS or the moving
average ISS properties from [3] are equivalent to ISS under
Assumption 1. In [4], ISS of (4) with respect to 52 was
established starting from ISS property in .

Note that rewriting (6) in the coordinates x(t),

G (-7 [ tT<s - 4 Thglalo)u(s)ds)

= fa)+ 7 [ slal)uls)ds

we get a special neutral-type time-delay system. Then the
main result of this work can be interpreted as an extension of



Lyapunov-Razumikhin ISS result of [27] to this neutral-type
system.

The results of Theorem 3 can be easily applied if the
function g(z) is just bounded, then p € K from (8) admits
a restriction:

p(s) < p1 < +o0, Vs > 0,

for some p; > 0, and we can take 05(s) = % with 0, (s) <
_ o)

5. 7i(s) = > with i = 1,2 and yv (s) < a1 06:(s). In
addition, if ¢ is a constant function, then a more constructive
result can be derived given below.

B. A static input gain

A constant input gain, g(z) = B € R™ "™, represents an
interesting practical case, where rather technical Assumptions
2, 3 and the small-gain condition can be skipped (they char-
acterize the properties of g as a function of x):

Theorem 4. Let Assumption 1 be satisfied for (4) with g(x) =
B, then there exists B4 € KL such that

l2(®)]] < max{Ba(|lz(0)[,1), a1 o a1 (| B8 ]lj0.1)),
ait o oa(||B[[182]1f0.6)} + 1 BII1I81 ]l 0.
forallt >0, all z(0) € R™ and u € L, meaning that (4) is

I;S with respect to 81,902 € L7} N C[’SL’JFOC) that are averages
of u.

Proof. In such a case the equations (5) and (6) take the form:
z(t) = Bo1(t) + z(t)
and
() = f(2(t) — Boy(t)) + Béa(t),

respectively. Hence, from the first equation, which is static
here, we immediately get:

l=@I < Bl + 1z

for all ¢ > 0, while applying Assumption 1 to the dynamics
of z, its ISS property can be substantiated, i.e., there exists

B4 € R™ such that

()l < ot o max{Ba(l|=(0) 11, ), o1 (| BIlI61 l10,6))
o2([[Bll[162llf0,1))}, VE =0,

for all 2(0) € R” and 61,5, € L7Z. Combining both
inequalities, due to ||z(0)|| = ||=(0)|| we obtain:

lz() < IBI61llj0,6) + e o max{Ba(|lz(0)],2),

a1([1BllI1llo.0)), o2([Blll162llf0,6))}, VE = 0,

for all z(0) € R™ and 41,02 € L7, leading to the required
estimate. O
Remark 3. Note that we may have 6o € L7 while u ¢ L.

For a T-periodic time signal u with zero mean value (in
such a case d2(t) = 0 for all ¢ > 0), the following corollary
is a direct consequence of Theorem 4 and Remark 1:

Corollary 1. Let Assumption 1 be satisfied for do = 0 and
g(x) = B in (4). Then for all x(0) € R™ and all T-periodic
signals w € L7} with zero mean value the following holds:

timsuplle(t)| < a7 0 o1 (1Bl g lullo) + 1B
t——+oo

Remark 4. If the signal u is T-periodic with non-zero av-

erage, then practical asymptotic gain can be obtained. Local

versions of the above results follow the respective restrictions

in Assumption 1 (e.g., if V' is a local ISS-LF).

Defining the frequency w = 27”, this result allows us

to introduce an analogue of Bode magnitude plot for the
nonlinear system (4) with g(z) = B:

_ ™ ™
H(w) = 20log (a1 0 o1(I1BI|= [[ulloe) + 1 BI| = [[ul< ) -

which indicates that for a constant input amplitude, increasing
the frequency improves the filtering abilities for the class
of nonlinear systems satisfying the conditions of Corollary
1. Comparing with [13] (see also [28]), where a frequency
response of convergent systems is studied, and to find the
response it is suggested either to solve a PDE or to make
simulations, in the present work an upper estimate H (w) of
the response is obtained dependent on the functions «; and
o1 defining an ISS-LF of (6), which are easier to derive.

Example 1. In [13], the frequency response of

1(t) = —a1(t) + z5(1),
Ta(t) = —w2(t) +u(t),

was analytically derived, z(t) = [z1(t) z2(t)]T € R% To
apply Corollary 1, consider in Assumption 1 a Lyapunov
function V(z) = 2% + %23 + £23 for some » > 0 and
¢ > 0, then an estimate DV (z)f(z +d1) < —(1 — 1.5¢)x? —
Zad— (4 — e 1) 23 +0.5¢ 1 (2d3, +|di1|)? + Zd3, + £ di, for
dy = [di1 d12]" € R? and some € € (0, %) can be obtained,
which for £ > 4e~! gives
min{1, s>} 2

aq (S) = 2 )
L4 2) st + max{e !, £}s?

min{1,2 — 3¢,1 — %+

An interesting feature of the obtained result is that in (4), in
order to have a well-defined asymptotic gain with respect to an
average value of the input u, according to Assumption 1, the
system should be ISS with respect to a "measurement noise"
signal d;. However, the noise sensitivity of a system usually
has other origins and mechanisms than the robustness in
the exogenous state disturbances leading to insightful results,
which is demonstrated in the next example.

o1(s) = 2(

Example 2. Consider a system
(t) = —k|z(t)|"sign(x(t)) + sin(wt),

where () € R and k,x > 0 are parameters. Assumption 1
is satisfied for V(z) = z? with

P3N

52, o1(s) = ef252, o2(8) = €y
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a(s) = 2e3s



Figure 1. Plot of ay, for different value of k

where €, € (071), €s,€3 > 0 and k(l — 61)»€ > €9 + €3.
Therefore, -
H(w) = 20log (1+)7)
w

and optimizing the value of ¢; we can get a lower bound
H(w) = 20log (2Z) independent in k and «, which may
indicate that the obtained bound is qualitative representing
the worst-case estimate. To evaluate its conservativeness, we
simulate this system on the time interval [0,500] using the
explicit Euler method with the time step h = 0.005, for

different values of w, k, k and calculating the map

(0]

we obtain the results given in Fig. 1 for £ = 0.01, 1, 100. These
results surprisingly demonstrate indeed a weak dependence on
K, and also a limited sensitivity for the decay in k, while
increasing w leads to lower values of aj confirming the
theoretical findings.

max

=1
ak(w, ) = log [400<t<500

C. Integral ISS

Another interesting consequence of Corollary 1 is that if
the system (4) is integral ISS (ISS) [2], [20], then it has an
asymptotic gain with respect to 7 ( fot v(|lu(s) ||)ds) for some
7,7 € Koo (and not with respect to v(||uloc) as in the ISS
case), and it is easy to observe that fot v(Jlu(s)||)ds for any
v € K+ and a bounded non-zero periodic u is an unbounded
signal in ¢. Therefore, iISS property, formally, does not provide
a reliable conclusion about the boundedness of solutions of (4)
in such a setting. However, if the conditions of Corollary 1
are verified, it could be the case that the system is still ISS
with respect to d; (Assumption 1 is satisfied for do = 0),
then the theory proposed in this work allows to guarantee the
boundedness with respect to periodic signals for iISS systems.

Example 3. For an illustration consider a scalar system
i(t) = —kep(x(t)) + sin(wt),

where z(t) € R, k > 0 is a parameter, and ¢ : R — R is
a bounded continuous function such that ¢(s)s > 0 for all

s € R\ {0}. Due to boundedness of ¢ this system is only
iISS with respect to an additive input. However, Assumption
1 is satisfied for dy = 0 with V(z) = 22 and

a1(s) = an(s) = 52, o1(s) = €] 282,

a(s) = 2ksp., (),

where €1 € (0,1) is a parameter, and

Milge[(1—e;)z,(14e)a] f(5)  if 2 >0
MAX e [(14e1),(1—e1)2] [(5) if 2 <0

is a continuous function verifying the passivity condition
e, (8)s > 0 for all s € R\ {0}. Therefore, again

H(w) =20log ((1 + efl)g>

and optimizing the value of ¢; we can get a lower bound
H(w) =20log (2Z).

IV. APPLICATION TO HOMOGENEOUS SYSTEMS

Let us consider a subclass of (4) with homogeneous func-
tions f and g, which allows us to replace Assumptions 1-3
by the following one (denote g(z) = [g1(z) ... gm(x)], Where
gi(z) is a column of g for ¢ € 1, m, then g; ;(z) is the element
of g; for j € 1,n):

Assumption 4. The vector field f and functions g; ; for i €
1,m, j € 1,n are r-homogeneous of degrees v > —r,;, and
s; > 0, respectively, and the system (4) is asymptotically stable
for u = 0.

Following [21], [29], under Assumption 4, for the sys-
tem (4) there is a twice continuously differentiable and
r-homogeneous of degree ;1 > 7yax Lyapunov function
V : R® — R, which implies fulfillment of the following
inequalities:

alzlll < V(z) < o, DV (2) f(x) < =],

oV (x)
sup <y
lef,=1 1l 9%
for all x € R™ and some ¢; > 0, ¢ = 1,...,4. Moreover,

following [15] and using (3) there exist w; > 0 and we > 0
(dependent only on the properties of f and c3, ¢4) such that

[/l = max{ws|[dy [, wallda[l7} =

DV (@)(f(x+di) +da) < = [l

for all x,d;,ds € R™ (see Theorem 2), r = r + v. Hence,
Assumption 1 is verified for this V with a(s) = Ss*t7,
oi(s) = cowl's* for i = 1,2, where the homogeneous norm is
used instead of the standard one (recall that these norms are
equivalent due to (3)), then |z¢|c = sup_r< <ql|z(t +<)|»
in this section. As a consequence, to verify Assumptions 2—
3 we will use also the homogeneous norm, then to simplify
the computations let m = 1 and ¢ = ¢;. From Assumption
4 we get that ||g(z)|| < cs|lz|ls for all z € R™ and some
¢s > 0, therefore, p(s) = csa,°(s) and py = 0 in (8). Next,



let us repeat the steps made in the previous section in order
to replace the conditions in Assumptions 2 and 3.
An estimate follows from (5) for all t € T

le@)] < % /t_T(S —t+T)llg(x(s))u(s)lds + 2D

1 t
<7 /th(S —t+T)u(s)llllg(x(s))llds + [|z(2)]]
< cslaelgdi(t) + [l=(t)]]

for z(0) € R™, z € L7 and u € L. This estimate leads to
the following relation:

()]l > max{0;" ([[2(£)]), 05 (5:.())} =
[z < 0:(|ze|c) + cslzel b5 (Jzelc) =
2@l < a7t (0:=(Jzele) + eslael&05 (ol e))
< |z¢le,

which is valid provided that

0, (0:(s) + e55°05(s)) < 5, Vs > 0. (11)

Repeating the same computations as before, the following
inequality is satisfied for all ¢ > 0, all z(0) € R", z € LT
and u € L7}:

lz(®)]l < max{B1([|z(O)]lr, 1), 6" (IIzllo0), 65 (I81]]0)}

for some (8; € KL. Recalling the definition of d; and ds in
(7), we obtain

o, (ldi(®)r) < eslzel&01(8),
g ([[d2(t)|7) < ¢sze[e02(2)-
Next, the following implications should be satisfied:
V(z(1)) = max{yv (Jzelc), v (0u(1), 72 (82(t))} =
V(1) 2 max{eawio; * (eslail&81(1))
cahior? (eslarleda(t))} =
V(2(t)) = max{cowt||di (D)1, cowsp [|da(t) 15},
leading to the property:
§ 2 w(Q) = o, " (e:¢*n(8)) <&,
cowh oy " (€500 72(8)) < €, Y, C € Ry

Therefore, according to Theorem 1, the following estimate is
valid for all £ > 0:

=)l < e max{ Ba([12(0) |, £), v ( s lz(s)l1r),

A (1811 0,6) ¥ (118211 0,69) }H*,

forall 2(0) € R,z € £ and u € L7, and a suitably defined
B2 € KL. Finally, the small-gain condition of Theorem 3 takes
the form:

12)

13)

z

0;105, (cl_l/“'y‘l//”(s)> <s, Vs> 0.
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Figure 2. An illustration for Corollary 2

Recall from [30] that for rpae < 1 and @w = 1 (this
property can be always provided by scaling the weights in
r) the following choice is possible

1
ST
o, ' (s) —n{ e

Srmi“

s<1
s>1’

s<1
s>1"

T T
S "min § max

a.(s) = \/ﬁ{

Let us perform verification of the conditions (11)—(13) (As-
sumptions 2-3 and the small-gain condition) for s > 1. After
straightforward computations (applying Jensen’s inequality)
we get that (11) is satisfied for 0,(s) = c¢gs™i» and
05(s) = cgs™i»~ with some sufficiently small ¢ > 0
under constraizlglE ¢ < Tmin; the copdition (12) is va;lid fzour
Y (s) = crs™min and 71(s) = cgs v2(8) = csgs ik

for some ¢; > 0 and ¢cg > 0 if v > 0, and Yy (s) =

wsﬁ, 7(s) = 08575%, Y2(s) = 088% otherwise;
finally the small-gain relation (13) can be checked for s > 1
if ¢ < min{7min, Pmin + V}. Since rpax = 1 is a
possible/mér‘)?i)}nal choice, the restriction on the degree of g
is ¢ < ™3 min{ryin, rmin + v}, and the following result can
be deduced from Theorem 3:

Tmin

Corollary 2. For the case m = 1, the system (4) under
Assumption 4 with ¢ < 5= min{ryin, "min +v} is practically
ISS with respect to the inputs 61,02 € L1_.

Example 4. Consider a system

(t) = —klx(t)]"sign(x(t)) + | (t)[*sign(z(t))u(t),

where z(t) € R and k,x,¢ > 0 are parameters. Assumption
4 is satisfied for r = 1 and ¥ = k — 1, and according to the
established result, ¢ < g Obviously, if k > ¢ then the system
is ISS with respect to u € L1 and for u(t) = Asin(35t),
for some A > 0 and T > 0, this system is practically ISS
with respect to 4 (t) < AL and ba(t) = %. The results
of simulation for ¥ = 1, Kk = 0.25, ¢ = 1/3 and A = 5
are presented in Fig. 2, where blue, red and green curves
correspond to T = 0.1, 1,10, respectively. A kind of finite-
time convergence to the origin is observed since the term
g(x(t))u(t) acts as a stabilizer for the instants of time when
u(t) is negative.



V. CONCLUSIONS

Using the time-delay approach, the conditions of ISS are
investigated for nonlinear affine in the input systems with
respect to an average value of the disturbances. For periodic
signals and static input gains, a kind of Bode amplitude plot is
derived for this class of nonlinear dynamics. For integral ISS
systems, the gains are obtained for periodic inputs implying
boundedness of solutions. For the case of homogeneous sys-
tems, it is shown that stability can be preserved with respect
to an average value of the input even in the case when
degree of the perturbation gain is higher than the degree of
the nominal dynamics. The results are illustrated by simple
examples. Relaxing conservatism of the imposed assumptions
can be considered as a direction for further research.
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