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The synchronverter control algorithm is a highly promising option for operating AC power inverters in future low-inertia power systems. Yet, as with conventional synchronous generators, the standard synchronverter algorithm only provides limited robustness guarantees. Therefore, we propose an additional control that confers the closed-loop system with global robustness in the Input-to-State Stability (ISS) sense. In this paper, such a control law is derived for the case of two identical synchronverters interconnected over dynamic power lines by using the Control Leonov Function (CLeF) framework. The control is illustrated by simulations.
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Unfortunately, as with SGs in classical power systems, the standard synchronverter algorithm only provides limited

robustness properties of the closed-loop system with respect to perturbations [START_REF] Weiss | Stability analysis for coupled synchronous generators with virtual friction[END_REF]. By recognizing this fact, an additional control termed virtual friction is considered in [START_REF] Weiss | Stability analysis for coupled synchronous generators with virtual friction[END_REF], which has been proven to be effective to (locally) improve the system behavior and, in particular, its robustness [START_REF] Blau | Synchronverters used for damping inter-area oscillations in two-area power systems[END_REF], [START_REF] Brown | Using synchronverters for power grid stabilization[END_REF]. The present paper is dedicated to addressing the same challenge by designing an additional control for the synchronverter, which confers the closed-loop system with the ISS property.

To achieve this objective, we use the concept of Leonov functions [START_REF] Efimov | A relaxed characterization of ISS for periodic systems with multiple invariant sets[END_REF], [START_REF] Efimov | On boundedness of solutions of state periodic systems: A multivariable cell structure approach[END_REF], [START_REF] Leonov | On the boundedness of the trajectories of phase systems[END_REF], [START_REF] Schiffer | Strong and weak Leonov functions for global boundedness of state periodic systems[END_REF]. This is motivated by the fact that the dynamics of AC power systems are periodic with respect to a part of the state vector. This periodicity of the dynamics implies that the power system exhibits multiple equilibria. Therefore, the construction of Lyapunov functions becomes very complicated. For instance, an application of existing approaches [START_REF] Forni | The ISS approach to the stability and robustness properties of nonautonomous systems with decomposable invariant sets: An overview[END_REF] in a state periodic system would require to construct a Lyapunov function, which respects the system periodicity. These strong requirements can often not be met in power systems applications and, consequently, the majority of stability results are merely local [START_REF] Liu | Stability and control of power grids[END_REF]. By using a Leonov function instead, we explicitly exploit the periodicity of the system dynamics to relax the (definiteness and periodicity) requirements compared to standard Lyapunov functions. Recently, the Leonov function framework has been extended to a universal formula for ISS and iISS stabilization via the concepts of an ISS-and iISS-Control Leonov Function (ISS-and iISS-CLeF, respectively) [START_REF] Mendoza-Ávila | A universal formula for ISS and integral ISS stabilization of multistable periodic systems[END_REF].

Using the Leonov function method, global stability and robustness properties are derived for a SG connected to a infinite bus in [START_REF] Barabanov | Conditions for almost global attractivity of a synchronous generator connected to an infinite bus[END_REF], [START_REF] Schiffer | An input-to-state stability approach to verify almost global stability of a synchronous-machine-infinite-bus system[END_REF]. Likewise, first extensions to provide almost global stability properties of power systems and microgrids are given in [START_REF] Schiffer | Almost global synchronization in radial multi-machine power systems[END_REF], [START_REF] Schiffer | Global synchronization analysis of droop-controlled microgrids: A multivariable cell structure approach[END_REF].

While the above results use the Leonov function framework concern and aiming on the global analysis of system properties, this work is focused on control design. More precisely, our main contribution is to apply the ISS-CLeF concept from [START_REF] Mendoza-Ávila | A universal formula for ISS and integral ISS stabilization of multistable periodic systems[END_REF] to confer the standard synchronverter algorithm from [START_REF] Zhong | Synchronverters: Inverters that mimic synchronous generators[END_REF] with additional robustness properties in the ISS sense. The control is derived and the global ISS properties are rigorously established for the case of a microgrid consisting of two synchronverters feeding a common load. Compared to this, the analysis of stability and robustness is only locally proven in [START_REF] Rosso | Robust stability analysis of synchronverters operating in parallel[END_REF], [START_REF] Weiss | Stability analysis for coupled synchronous generators with virtual friction[END_REF]. The efficacy of the proposed control is illustrated in a simulation example.

This paper is structured as follows. Some preliminaries on practical ISS-and iISS-CLeFs are presented in Section II. The description of the system and its respective model is developed in Section III. The main result is provided in Section IV. A simulation example is shown in Section V. Finally, conclusions and future work are given in Section VI.

II. PRELIMINARIES A. Notation

We denote the sets of natural, real and integer numbers by N, R and Z, respectively. Let R + = {s ∈ R : s ≥ 0} and

Z + = Z ∩ R + . The variable v ∈ R k (v ∈ Z k )
denotes a vector of real (integer) numbers with k ∈ N components, whose infinity norm is represented by ∥v∥ ∞ = max (|v 1 | , ..., |v k |) and its Euclidean norm is denoted by

∥v∥ 2 = v 2 1 + • • • + v 2 n .
The distance from a point p ∈ R n to the set S ⊂ R n is defined as ∥p∥ S = inf a∈S ∥p -a∥ 2 . The identity matrix is represented by I k ∈ R k×k . Let i ∈ Z, then the notations i n and i n×m , n ∈ N, m ∈ N, represent a column vector of n elements and a matrix with n rows and m columns, respectively, with all its elements being identical to i. The variable v ∈ L k ∞ with k ∈ N denotes a function whose components belong to the set of Lebesgue ∞-space.

A function α : R + → R + belongs to the class K if it is continuous, strictly increasing and α (0) = 0. A function α : R + → R + belongs to the class K ∞ if α ∈ K and it is unbounded. A continuous function β : R + × R + → R + belongs to the class KL if, for each fixed t ∈ R + , β (•, t) ∈ K ∞ and for each fixed s ∈ R + , β (s, •) is non-increasing and it tends to zero for t → ∞.

B. Practical ISS-and iISS-Control Leonov Functions

Consider a system of the form

θ = f 1 (x, d), ż = f 2 (x, d) + g(x)u, (1) 
where x ∈ R n is the state vector, x = (z, θ) ∈ R n with z ∈ R k and θ ∈ R q , n = k + q for k, q > 0, u ∈ L p ∞ is an admissible control input, and d ∈ L m ∞ is a vector of perturbation signals. Moreover, f 1 : R n × R m → R q , f 2 : R n × R m → R k and g : R n → R k×p are assumed to be locally Lipschitz continuous vector functions. Furthermore, define the vector

ξ j = [0 ⊤ k 2πj ⊤ ] ⊤ ∈ R n , j ∈ Z q .
Let us introduce the following assumptions for the system [START_REF] Barabanov | Conditions for almost global attractivity of a synchronous generator connected to an infinite bus[END_REF].

Assumption 1: The vector fields f 1 , f 2 and g in (1) are 2π-periodic with respect to θ.

Assumption 2: Let the set W ⊂ R n contain all αand ω-limit sets of (1) for d = 0 m and u = 0 p . Its projection W, on M = R k × [0, 2π) q , is compact and decomposable (in the sense of [START_REF] Forni | The ISS approach to the stability and robustness properties of nonautonomous systems with decomposable invariant sets: An overview[END_REF]).

Then, we introduce the following definition.

Definition 1 ([14]): A C 1 function V : R n → R is said to be a practical ISS-CLeF for the system (1) if ∂V (x)
∂ z is 2πperiodic in θ, and there exist functions ϑ, ϑ, σ, σ, ϖ, υ ∈ K ∞ and scalars g, ḡ, ζ ≥ 0, such that for all x = (z, θ) ∈ R n :

ϑ(∥x∥ W′ ) -σ(∥ θ∥) -g ≤ V (x) ≤ ϑ(∥x∥ W′ + ḡ) -σ(∥ θ∥), (2) 
and for all

x ∈ {x ∈ R n | V (x) ≥ 0} and all d ∈ R m : inf u∈R p {a(x, d) + β(x)u} ≤ -ϖ(V (x)) + υ(∥d∥) + ζ, (3) where a(x, d) = ∂V (x) ∂ θ f 1 (x, d) + ∂V (x) ∂ z f 2 (x, d) and β(x) = ∂V (x) ∂ z g(x)
, and W ′ (the projection of W′ on M ) is formed by atoms W i of the decomposition of W, such that

(W i + {ξ j }) ⊂ Ω 1 ∪ Ω 2 for some j ∈ Z q , where Ω 1 = {x ∈ R n | V (x) < 0}, Ω 2 = {x ∈ R n | β(x) = 0}. Additionally, if (3) 
holds for ζ = 0, then V is said to be an ISS-CLeF. Moreover, if (3) holds for ζ = 0 and a non-negative function ϖ : R + → R + , then V is said to be an iISS-CLeF. Now, following [START_REF] Mendoza-Ávila | A universal formula for ISS and integral ISS stabilization of multistable periodic systems[END_REF], we introduce the functions

ā (x) = sup d∈R m a (x, d) -v (∥d∥) -ζ , (4) 
with v (s) ≥ v (s) for all s ≥ 0 and ζ ≥ ζ, and

ϕ (∥x∥ W ) = sup σ(∥ θ∥)≤ϑ(∥x∥ W′ +ḡ) ā (x) + 1 2 ϖ (V (x)) .
(5) Likewise, in [START_REF] Mendoza-Ávila | A universal formula for ISS and integral ISS stabilization of multistable periodic systems[END_REF] the following variant of the small control property is introduced: for any ε > 0, there is δ > 0 such that sup

0<∥x∥Ω≤δ ϕ (∥x∥ W′ , z) ∥β(x)∥ 2 < ε, (6) 
where

Ω = {x ∈ R n | V (x) = 0; β(x) = 0}.
We write the well-known Sontag's universal formula [START_REF] Sontag | A 'universal' construction of Artstein's theorem on nonlinear stabilization[END_REF] as follows

K (ϕ(•), β(•)) = ϕ+ √ ϕ 2 +∥β∥ 4 ∥β∥ 2 if β ̸ = 0, 1 if β = 0. (7) 
Finally, we define the set

W -= ∪ l - i=1 W i , (8) 
such that (W i + {ξ j }) ⊂ Ω 1 \ Ω 2 for some j ∈ Z q , W i are atoms of the decomposition of W and ϵ ∈ (0, ϵ], where ϵ > 0 is the distance between the sets {x ∈ R n | V (x) = 0} and W-. Then, the following theorem can be stated. Theorem 1 ( [START_REF] Mendoza-Ávila | A universal formula for ISS and integral ISS stabilization of multistable periodic systems[END_REF]): Let the system (1) satisfy Assumptions 1 and 2, and the set Wcl , which contains all invariant solutions of the closed-loop system, be decomposable. If there exists a (practical) ISS-CLeF (iISS-CLeF) for the system (1) satisfying the inequality (6), then the controller

u (x) = -min 1, ∥x∥ W- ϵ K (x) β ⊤ (x) , (9) 
with K (x) ≥ K (ϕ(∥x∥ W ), β(x)), which is continuous for all x ∈ R n \ Ω 1 , provides the (practical) ISS (iISS) property to the system (1) with respect to W cl .

III. CONSIDERED SYSTEM AND PROBLEM STATEMENT A. Model of two synchronverters coupled via dynamic power lines in abc-coordinates

We consider a small power system composed of two inverters connected in parallel to a load. We assume that both inverters are operated with the standard synchronverter algorithm [START_REF] Zhong | Synchronverters: Inverters that mimic synchronous generators[END_REF]. Similarly to [START_REF] Weiss | Stability analysis for coupled synchronous generators with virtual friction[END_REF], we assume that the load is purely resistive. So, we obtain the scheme of Figure 1, where for k = 1, 2; the parameters R k > 0 and L k > 0 are the line resistance and inductance, respectively, while the variables ω k (t) ∈ R, i k,abc (t) ∈ R 3 , e k,abc (t) ∈ R 3 represent frequency, currents and voltage, respectively. Likewise, R L > 0 represents the load resistance and i L abc (t) ∈ R 3 is the load current and

V L,abc (t) = R L 2 k=1 i k,abc (t) ∈ R 3 (10) 
is the load voltage 1 .

- Following [START_REF] Zhong | Synchronverters: Inverters that mimic synchronous generators[END_REF], the electromotive forces are given by

+ i1 abc R1 L1 RL iL abc L2 R2 - + i2 abc Tm 1 Tm 2 D1 J1 e1 abc D2 J2 e2 abc
e k,abc = 2 3 b k ω k   sin (δ k ) sin δ k -2 3 π sin δ k + 2 3 π   , b k = 3 2 M f k i f k , for k = 1, 2
, where δ k are the phase angles, M f k is the mutual inductance and i f k denotes the rotor current of the k-th synchronverter. Then, the dynamics of the k-th synchronverter are given by [START_REF] Zhong | Synchronverters: Inverters that mimic synchronous generators[END_REF] δk =ω k ,

J k ωk = -D k ω k + T m k -T e k + ρ m k , L k di k,abc dt = -R k i k,abc + e k,abc -V L,abc + ρ e k , (11) 
where the electrical torque T e k can be expressed as

T e k = ω -1 k i ⊤ k,abc e k,abc , (12) 
which is well-defined for ω k = 0, since the term ω -1 k cancels out with ω k in e k,abc . The positive parameters J k as well as D k are the virtual inertia and damping coefficients, respectively. The signal T m k (t) ∈ R represents a virtual torque, which is usually taken as control input for active power and frequency control [START_REF] Zhong | Synchronverters: Inverters that mimic synchronous generators[END_REF]. The signal ρ m k (t) ∈ R represents perturbations arising in the implementation of the synchronverter algorithm, such as measurement noise or oscillations pertaining to harmonics. Finally, ρ e k (t) ∈ R 3 is an external perturbations vector, which can represent, e.g., additional, unmodeled load variations. We aim at designing a control law that confers the synchronverter dynamics [START_REF] Kroposki | Benefits of power electronic interfaces for distributed energy systems[END_REF] with improved robustness properties. Similarly to [START_REF] Weiss | Stability analysis for coupled synchronous generators with virtual friction[END_REF], we write the control input T m k as

T m k = Tm k + u k , (13) 
where Tm k is a positive constant representing the nominal torque, and u k is a free control input for k = 1, 2. Remark 1: The current i f could be used as an additional control input for reactive power and voltage control [START_REF] Zhong | Synchronverters: Inverters that mimic synchronous generators[END_REF]. In the present work, we follow [START_REF] Weiss | Stability analysis for coupled synchronous generators with virtual friction[END_REF] and assume that i f is constant, see also [START_REF] Zhong | Synchronverters: Inverters that mimic synchronous generators[END_REF]. 1 In the sequel, the time-dependency of signals is omitted, whenever it is clear from the context.

B. Model of two synchronverters coupled via dynamic power lines in dq-coordinates

For the subsequent derivations, it is convenient to represent the system [START_REF] Kroposki | Benefits of power electronic interfaces for distributed energy systems[END_REF] in dq-coordinates [START_REF] Schiffer | A survey on modeling of microgrids-from fundamental physics to phasors and voltage sources[END_REF]. Thus, let ϕ(t) ∈ R and consider the dq-transformation matrix defined as follows

T dq (ϕ) = 2 3 cos (ϕ) cos ϕ -2 3 π cos ϕ + 2 3 π sin (ϕ) sin ϕ -2 3 π sin ϕ + 2 3 π , (14) 
as well as the rotation matrix

T r (ϕ 1 -ϕ 2 ) = cos (ϕ 1 -ϕ 2 ) -sin (ϕ 1 -ϕ 2 ) sin (ϕ 1 -ϕ 2 ) cos (ϕ 1 -ϕ 2 ) , (15) 
which allows to transform dq-variables from a dq-frame with ϕ = ϕ 1 to another dq-frame with ϕ = ϕ 2 , see [START_REF] Schiffer | A survey on modeling of microgrids-from fundamental physics to phasors and voltage sources[END_REF].

By applying [START_REF] Mendoza-Ávila | A universal formula for ISS and integral ISS stabilization of multistable periodic systems[END_REF] with ϕ = δ k to the k-th synchronverter, the model ( 11) can be written in its local dq-coordinates as δk =ω k ,

J k ωk = -D k ω k + Tm k + u k -T e k + ρ m k , L k di k,dq dt = [L k J (ω k ) -R k I 2 ] i k,dq + e k,dq - T dq (δ k )V L,abc + µ e k , (16) 
where µ e k ∈ R 2 is the transformation of ρ e k and

J (ω k ) = 0 -ω k ω k 0 , e k,dq = b k ω k 0 1 .

So, electrical torque and load voltage result in

T e k = b k i k,q and T dq (δ k )V L,abc = R L 2 j=1 T r (δ k -δ j ) i j,dq .
To combine both synchronverter models ( 16) in a single system, we define the difference between angles θ = δ 1 -δ 2 , and the state vectors

z k = ω k i k,d i k,q ⊤ , for k = 1, 2.
Therefore, the model for the whole system of Figure 1 can be written compactly as

Γ 1 ż1 =A 1 (ω 1 ) z 1 -B (θ) z 2 + ê1 T m1 + µ 1 , Γ 2 ż2 =A 2 (ω 2 ) z 2 -B (θ) ⊤ z 1 + ê1 T m2 + µ 2 , θ =ω 1 -ω 2 , (17) 
where ê1 = 1 0 0 ⊤ , µ k = ρ m k µ e k ⊤ , and

A k (ω k ) =   -D k 0 -b k 0 -(R k + R L ) -L k ω k b k L k ω k -(R k + R L )   , B (θ) =R L   0 0 0 0 cos (θ) -sin (θ) 0 sin (θ) cos (θ)   , Γ k =   J k 0 0 0 L k 0 0 0 L k   .
Following [START_REF] Weiss | Stability analysis for coupled synchronous generators with virtual friction[END_REF], we assume that the two synchronverters have identical parameters, such that Γ k = Γ. Likewise, recall that T m k = Tm k + u k . Hence, we obtain

Γ ż1 = Â (ω 1 ) z 1 -B (θ) z 2 + ê1 Tm + ê1 u 1 + µ 1 Γ ż2 = Â (ω 2 ) z 2 -B (θ) ⊤ z 1 + ê1 Tm + ê1 u 2 + µ 2 θ =ω 1 -ω 2 , (18) 
where

Â(ω k ) =   -D 0 -b 0 -(R + R L ) -Lω k b Lω k -(R + R L )   , k = 1, 2.
C. Equilibrium set Now, the equilibria of the unforced nominal system (18) (i.e., with u 1 = u 2 = 0 and µ 1 = µ 2 = 0 2 ) are given by

ω 1 -ω 2 = 0, Â (ω 1 ) z 1 -B (θ) z 2 + ê1 Tm = 0 3 , Â (ω 2 ) z 2 -B (θ) ⊤ z 1 + ê1 Tm = 0 3 . ( 19 
)
Based on [START_REF] Groß | On the steady-state behavior of a nonlinear power system model[END_REF], [START_REF] Weiss | Stability analysis for coupled synchronous generators with virtual friction[END_REF], we consider the following assumption. Assumption 3: All solutions of [START_REF] Schiffer | Strong and weak Leonov functions for global boundedness of state periodic systems[END_REF] belong to the set

S E = S E * ∪ S E * * , (20) 
where

SE * = [z1, z2, θ] ∈ R 7 | z1 = z2 = z * , θ = 2jπ , SE * * = [z1, z2, θ] ∈ R 7 | z1 = z2 = z * * , θ = (2j -1) π ,
for j ∈ Z. Moreover, S E * corresponds to the locally stable equilibrium points and S E * * , contains the unstable ones.

Remark 2: Assumption 3 is reasonable, because we are considering identical parameters as [START_REF] Weiss | Stability analysis for coupled synchronous generators with virtual friction[END_REF]. In general, the system may also possess other equilibria.

Under Assumption 3, we denote (z * , 0) as the reference equilibrium and the shifted state vector is defined as follows

x = z1 z2 θ ⊤ = z 1 -z * z 2 -z * θ ⊤ . (21) 
Then, the shifted system can be written as

Γ ż1 = Ã (z1,1) z1 -B( θ)z2 -B( θ)z * + ê1u1 + µ1, Γ ż2 = Ã (z2,1) z2 -B( θ) ⊤ z1 -B( θ) ⊤ z * + ê1u2 + µ2, θ =ê ⊤ 1 (z1 -z2) , (22) 
where B( θ) = B( θ) -B (0) and

à (z k,1 ) =   -D 0 - b -Li * q -(R + RL) -L (z k,1 + ω * ) b + Li * d L (z k,1 + ω * ) -(R + RL)   .
Hence, all invariant solutions of the system (22) are contained in the set

W = W1 ∪ W2, W2 ={x ∈ R 7 | z1 = z2 = z * * -z * , θ = (2j + 1)π}, W1 ={x ∈ R 7 | z1 = z2 = 03, θ = 2jπ}, j ∈ Z. (23) 
Now, we formulate the problem addressed in this work. Problem 1: Consider the system [START_REF] Schiffer | Almost global synchronization in radial multi-machine power systems[END_REF]. Design a feedback control law for u k , k = 1, 2, such that the closed-loop set Wcl ⊃ W1 is globally ISS with respect to µ 1 and µ 2 .

IV. ISS-CONTROL LEONOV FUNCTION DESIGN

In this section, we present a control law, which solves Problem 1. Since the system dynamics ( 22) are periodic with respect to the variable θ, Problem 1 is hard to solve using ISS methods based on conventional Lyapunov theory, see also the discussion in [START_REF] Efimov | A relaxed characterization of ISS for periodic systems with multiple invariant sets[END_REF], [START_REF] Efimov | On boundedness of solutions of state periodic systems: A multivariable cell structure approach[END_REF], [START_REF] Schiffer | Strong and weak Leonov functions for global boundedness of state periodic systems[END_REF]. Thus, to design the controller, we follow our recent work [START_REF] Mendoza-Ávila | A universal formula for ISS and integral ISS stabilization of multistable periodic systems[END_REF].

For the sake of a compact presentation of the subsequent derivations, we introduce the following variables

σ 1 = (2 (R + R L ) -λ) p 2 -R L ∥ (z * 2 , z * 3 ) ∥ 2 , σ c =2p 2 R L cos( θ), σ s = 2p 2 R L sin( θ), σ * 1 =σ 1 + 0.5λp 2 , σ * k,2 = p k,1 b -p 2 (Li * d + b) , σ * * k = (2D -0.5λ) p k,1 -8ϵλ -1 , (24) 
for p 1,1 > 0, p 2,1 > 0, p 2 > 0, λ > 0, ϵ > 0 and k = 1, 2.

A. Preliminary lemmata

In order to verify the required properties of a ISS-CLeF for the system [START_REF] Schiffer | Almost global synchronization in radial multi-machine power systems[END_REF], we introduce the matrices

MS = M S,1 0 4×1 0 1×4 λϵ -4p 2 2 R L , MS,1 = σ 1 I 2 Mσ M ⊤ σ σ 1 I 2 , (25) 
M * S,1 = σ * 1 I 2 Mσ M ⊤ σ σ * 1 I 2 , Mσ = σ c -σ s σ s σ c , (26) 
and

M * =   8ϵ λ ê1 0 3×2 0 3×3 ϵê 1 0 3×3 8ϵ λ ê1 0 3×2 -ϵê 1 ϵê ⊤ 1 -ϵê ⊤ 1 λϵ 2 -4p 2 2 R L   , (27) 
to present the following three lemmata. Lemma 1: The matrix MS is positive definite for any θ ∈ S if and only if Due to space limitations, the previous proofs are omitted. However, they are based on Schur's complement.

ϵ > 4λ -1 p 2 2 R L , λ > p -1 2 2p 2 R -R L ∥ (z * 2 , z * 3 ) ∥ 2 . (

B. Main Result

To present the main result, we define

K( Φ, β) = Φ+ √ Φ2 +∥β∥ 4 ∥β∥ 2 if ∥β∥ ̸ = 0 1 if ∥β∥ = 0 , (30) 
where

β(z 1 , z2 ) =2 p 1,1 z1,1 p 2,1 z2,1 , Φ(z 1 , z2 ) = -z1 z2 ⊤ M * z1 z2 , (31) 
with

M * =        σ * * 1 Lp2i * q σ * 1,2 0 0 0 Lp2i * q σ * 1 0 0 σc -σs σ * 1,2 0 σ * 1 0 σs σc 0 0 0 σ * * 2 Lp2i * q σ * 2,2 0 σc σs Lp2i * q σ * 1 0 0 -σs σc σ * 2,2 0 σ * 1        . (32) 
In line with Problem 1, we are interested in robustifying the set of stable equilibria, i.e., W1 . This is a particular application of the approach presented in [START_REF] Mendoza-Ávila | A universal formula for ISS and integral ISS stabilization of multistable periodic systems[END_REF], which leads to our main result of this work. We stress that the control may lead to new, additional equilibria of the closed-loop system and, thus, Wcl ⊃ W1 .

Theorem 2: Choose p 1,1 > 0, p 2,1 > 0, ϵ > 0, λ > 0 and p 2 > 0 in [START_REF] Sontag | A 'universal' construction of Artstein's theorem on nonlinear stabilization[END_REF], such that (28) and (29) are satisfied. Assume that the set W cl is decomposable. Then, the control law

u = u 1 u 2 ⊤ = -K(z 1 , z2 ) β ⊤ (z 1 , z2 ). (33) 
ensures that the system ( 22) is ISS with respect to the closedloop set Wcl ⊃ W1 and to the external inputs µ 1 and µ 2 .

where βµ = β ⊤ µ , 0 6×1 ⊤ and

M =         D λ 1 Lp2i * q σ * 1,2 0 0 0 ϵ Lp2i * q σ1 0 0 σc -σs 0 σ * 1,2 0 σ1 0 σs σc 0 0 0 0 D λ 2 Lp2i * q σ * 2,2 -ϵ 0 σc σs Lp2i * q σ1 0 0 0 -σs σc σ * 2,2 0 σ1 0 ϵ 0 0 -ϵ 0 0 ϵ λ         , with D λ1 = (2D -λ) p 1,1 , D λ2 = (2D -λ) p 2,1 , ϵ λ = λϵ -4p 2 
2 R L , and the auxiliary variables defined in [START_REF] Sontag | A 'universal' construction of Artstein's theorem on nonlinear stabilization[END_REF]. To show that condition (3) of Definition 1 is verified, we consider the set, where β in (37) is zero, i.e., the set

S = x ∈ R 7 | ∥β(z 1 , z2 )∥ = 0 . (38) 
Then, we have from (37) that

a(x, μ)| x∈S ≤ -λ V (x)| x∈S + υ∥μ∥ 2 -υ μ⊤ m μm - xS μe ⊤ MS βS β⊤ S υI 4 xS μe , (39) 
where xS = z1,2 , z1,3 , z2,2 , z2,3 , θ ⊤ , MS is defined in [START_REF] Weiss | Stability analysis for coupled synchronous generators with virtual friction[END_REF], μm = ρ m1 , ρ m2 ⊤ , μe = µ ⊤ e1 , µ ⊤ , we conclude that condition (3) of Definition 1 is satisfied. Hence, (34) is an ISS-CLeF for the system [START_REF] Schiffer | Almost global synchronization in radial multi-machine power systems[END_REF].

The last step of the proof is to show that the controller (33) provides the ISS property in closed-loop with the system [START_REF] Schiffer | Almost global synchronization in radial multi-machine power systems[END_REF] with respect to W1 . For this, we use Theorem 1 and the fact that W′ = W1 . It, thus, remains to verify condition [START_REF] Efimov | On boundedness of solutions of state periodic systems: A multivariable cell structure approach[END_REF].

Consider the following function

Φ(z 1 , z2 ) = sup V ≥0 ā(x) + λ 2 V (x) ≤ sup V ≥0 -x ⊤ M * x ,
where ā = sup μ∈R 6 a(x, μ) -υ∥μ∥ 2 , and M * = M * + M * , with M * and M * defined in ( 27) and (32), respectively. By Lemma 2, the matrix M * is positive semidefinite if (29) is satisfied. Therefore, the previous inequality is reduced to

Φ(z 1 , z2 ) ≤ Φ(z 1 , z2 ). ( 40 
)
The functions Φ(z 1 , z2 ) and β(z 1 , z2 ) given in (31) are substituted in the formula (30) to define the controller (33). Clearly the 2π-periodicity follows trivially. So, we only have to check the continuity of the formula of (30) for all x ∈ R 7 .

We have that Φ(z 1 , z2 ) and β(z 1 , z2 ) are continuous by construction. Hence, (30) is also continuous for 
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 1 Fig. 1: Two parallel synchronverters feeding a resistive load.
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 12 Lp 2 I 4 0 1×4 ⊤ . By invoking Lemma 1, under the required conditions by the theorem, the matrix MS is positive definite. Thus, using the Schur complement for υ ≥

  ∥β(z 1 , z2 )∥ ̸ = 0. To analyze the case ∥β(z 1 , z2 )∥ = 0, recall the property √ a + b ≤ √ a + √ b for any a, b ≥ 0. Hence, K( Φ, β) ≤ Φ + Φ ∥β∥ -2 + 1.

  28) Lemma 2: The matrix M * is positive semidefinite for any θ ∈ S if and only if

	ϵ ≥ 16λ -1 p 2 2 R L . Lemma 3: The matrix M * S,1 is positive definite for any (29) θ ∈ S if (28) is satisfied.

The control was designed by using the novel theory of ISS-CLeFs. In comparison to the classic control Lyapunov function, this new methodology relaxes the restrictions to design the control function by exploiting the periodicity of the system dynamics. This allows us to obtain the controller by analyzing a reduced system instead of the whole system.

Future work is geared towards extending the presented control design approach to other settings in low-inertia power systems, such as multiple, non-identical synchronverters, different types of loads and other type of inverter controls. Also, we plan to implement and validate our proposed control in our power-hardware-in-the-loop laboratory [10].
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Proof: We propose the following ISS-CLeF candidate

where the matrices P 1 = diag (p 1,1 , p 1,2 , p 1,3 ) > 0 and P 2 = diag (p 2,1 , p 2,2 , p 2,3 ) > 0 and ϵ ∈ R + are design parameters. Since all its parameters are positive, we can readily see that the function (34) satisfies condition [START_REF] Beck | Virtual synchronous machine[END_REF] with, see [START_REF] Schiffer | Global synchronization analysis of droop-controlled microgrids: A multivariable cell structure approach[END_REF],

Now, defining μ⊤ = µ ⊤ 1 , µ ⊤ 2 , the derivative of (34) along the trajectories of the system ( 22) is given by

where

Analyzing the terms in (36) that do not depend on u, for any positive constant υ > 0, we have

For the next step, it is important to stress that, in general, ÃP ksym (z k,1 ) depends on zk,1 , k = 1, 2. This dependency generates cross terms of order 3, which cannot be compensated by the quadratic terms. To avoid this issue and taking advantage of the structure of the system ( 22), we choose p 1,3 = p 1,2 and p 1,3 = p 1,2 , so that all cross terms of order 3 are canceled. Likewise, we fix p 1,2 = p 2,2 = p 2 to reduce some terms and using trigonometric properties, we obtain

we have

Using Young's inequality and the triangle inequality, we can bound a(x, μ) in (36) as follows

Recall the set S in (38). On S, we have from (31) that

where M * S is presented in [START_REF] Zhong | Synchronverters: Inverters that mimic synchronous generators[END_REF]. By using Lemma 3, under the conditions of the theorem, M * S is positive definite. So, ∥β(z 1 , z2 )∥ = 0 =⇒ Φ(z 1 , z2 ) ≤ 0. Moreover, ∥β(z 1 , z2 )∥ and Φ(z 1 , z2 ) are zero simultaneously only at the origin and Φ(z 1 , z2 ) and ∥β(z 1 , z2 )∥ 2 are quadratic polynomiallike functions, so ( 6) is satisfied for some ε > 0 and for all x ∈ R 7 . From (41), we can see that K( φ, β) S ≤ 1 + ε for all x ∈ R 7 . So, function (30) is continuous for all x ∈ R 7 .

Finally, since W1 = W′ ⊂ Wcl , the controller (33) vanishes at every element of the set W1 . Thus, the set W1 is kept and the function ( 34) is an ISS-Leonov function for the closed-loop system ( 22), (33) with respect to Wcl .

V. SIMULATION RESULTS For the system in Figure 1, we consider identical piecewise constant perturbations, see Figure 2a. We compare the behavior of the system with and without the controller (33) under initial condition as 0 7 .

Based on [START_REF] Natarajan | Synchronverters with better stability due to virtual inductors, virtual capacitors, and anti-windup[END_REF], we consider two identical synchronverters [START_REF] Rosso | Robust stability analysis of synchronverters operating in parallel[END_REF], whose parameters are

By numerical computation, we can determine that the equilibria of the unforced system [START_REF] Rosso | Robust stability analysis of synchronverters operating in parallel[END_REF] are given by In Figure 2b, the norm of the state x is shown. We see that in both cases, the trajectories converge to zero but the trajectories for the system with controller (33) converge much faster. Likewise, we can verify that in presence of perturbations, the final norm of the state is by far smaller, when the controller (33) is used.

VI. CONCLUSIONS AND FUTURE WORK

We designed an ISS controller, which provides robustness to two identical synchronverters connected in parallel with a resistive load. The closed-loop system is ISS against external perturbations in the frequency and current dynamics.