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Abstract

We consider an epidemiological model with the four classical compart-
ments of susceptible, exposed, infected and recovered population. We add
a new compartment that is supposed to describe, for a limited time, indi-
viduals that are protected from the epidemic through vaccination or med-
ication, for instance. We model the protection phase by an age-structured
partial differential equation. The age is the time since an individual en-
tered the protection phase. The model is then reduced by integration on
the characteristics to a differential-difference system with delay. The dis-
crete delay represents the limited duration of the protection phase. After
establishing the basic properties of the model, we show that the disease-
free equilibrium (DFE) is globally asymptotically stable when the basic
reproduction number is less than one and is unstable when this number is
greater than one. Furthermore, we show that even if there is no mortality
during the protection phase and the basic reproduction number is greater
than one, the endemic equilibrium is globally asymptotically stable. The
proofs of the global asymptotic stability of both equilibria are based on
carefully constructed Lyapunov functions. To complete this study on the
global dynamics, we discuss some results on weak and strong uniform per-
sistence of the disease. Finally, numerical simulations are performed to
illustrate and complete our main results.

Keywords: SIR epidemic model, delay differential-difference system, global
asymptotic stability, Lyapunov functional.
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1 Introduction

Ordinary (ODE) and partial differential equations (PDE) have long played an
important role in understanding, modeling and forecasting the spread of epi-
demics, [18, 27, 32, 38]. Many studies have been conducted on the dynamics
of the SIR (S: susceptible, I: infected and R: recovered) and SEIR (E: exposed)
epidemic models (see, for example, [9, 13, 14, 29, 32] and the references cited
therein).

Sometimes simple ODE and PDE models cannot capture the rich variety
of dynamics observed during an epidemic. In many cases, differential equa-
tions or partial differential equations with or without time delays are used,
[25, 28]. The interpretation of time delays depends on the problem. It may
model the incubation period or exposure to the disease, the duration of in-
fection, the duration of immunity after infection or vaccination, etc (see, for
instance, [11, 12, 15, 19, 20, 23, 30, 31, 33, 37, 39]). In most of these works, nec-
essary and sometimes sufficient conditions for the global stability of disease-free
and endemic steady-states have been addressed and in some cases the existence
of possible periodic solutions has been obtained.

Recently in [1, 2, 3, 4, 5, 6, 7, 8], we have proposed and studied a new
class of models based on a combination of differential or partial differential and
difference equations with discrete and distributed delay. In [1, 3, 7, 8], we stud-
ied systems with and without spatial structure applied to blood cell regulation
and production in the bone marrow (hematopoiesis). We considered systems of
differential-difference equations with delay where the delay represents the du-
ration of the cell cycle. We studied the existence and stability of steady-states,
the existence of a Hopf bifurcation for the positive equilibrium, the existence
and non-existence of monotone traveling wave front solutions in the case of an
unbounded space, etc. In [2, 5], we applied these techniques to a generalization
of the Kermack-McKendrick SIR model where we also combined a differential
system (or PDE) with a difference equation with time delay. We focused on
epidemic models of susceptible, infected and recovered (SIR) individuals con-
sidering a time-limited phase of protection, e.g. by vaccination or drugs. In
these models, the delay represents the duration of the protection phase. We
studied the global asymptotic stability of the two steady-states: disease-free
and endemic. We designed quadratic and logarithmic Lyapunov functions to
establish this global stability. We proved that the global stability is completely
determined by the basic reproduction number. In [6], we studied the existence
and non-existence of non-trivial traveling wave solutions for a general class of
diffusive Kermack-McKendrick SIR epidemic models. We obtained almost com-
plete information on the threshold and minimum wave speed that describe the
transition between the existence and non-existence of such non-trivial traveling
waves that indicate whether the epidemic can propagate or not. In most of
the situations we encountered, we made a rather extensive study of the models.
However, a complete theory of coupled differential-difference systems remains
to be done. In this sense, an important effort has already been brought in
the Lyapunov-Krasovskii type functional approach for this type of systems (see
[10, 24, 34, 35] and references therein).

For many infections, there is an important latency period during which in-
dividuals have been infected but are not yet infectious themselves. During this
period, individuals are in a compartment called E (for exposed). In this pa-



per, we consider a more general class of Kermack-McKendrick models than the
one studied in [2], by adding the E compartment. We then obtain a model
of susceptible, exposed, infected and recovered (SEIR) individuals with a time-
limited protection phase described by a deference equation. The main result of
this work is the global asymptotic stability of the two steady-states: disease-free
and endemic. The proof of the global stability is based on carefully constructed
Lyapunov functions.

The organization of the paper is as follows. We present the mathematical
model in Section 2. This model is based on a combination of differential and dif-
ference equations with delay. In this same section, we discuss results concerning
the existence, uniqueness, positivity and uniform boundedness of the solutions.
Section 3 is devoted to the basic reproduction number and the expression of
the endemic steady-state as a function of this number. In Section 4, we prove
the local and global asymptotic stability of the disease-free steady-state. For
the global stability, we use a Lyapunov functional. In Section 5, we deal with
the weak and strong uniform persistence of the disease. We also construct a
Lyapunov functional to show the global attractiveness of the endemic steady-
state. In Section 6, we illustrate and complete our results with a discussion and
numerical simulations.

2 Presentation of the model

In this work, we study a SEIR model with a protection phase. The model is
represented by a differential-difference system with delay. More precisely, the
population is divided into five compartments of individuals: the susceptible S(t),
the infected I(t), the exposed E(t), the recovered R(t) and the protected indi-
viduals P(t) (see Figure 1). We structure the protected individuals according
to the time a since they entered this compartment, and we denote their density
by p(t,a), with a € (0,7) (see [2, 5] for more details). Then, we have, for t > 0,

P(t) = /O " ot a)da.

The model is given, for ¢ > 0, by

S'(t) A—(h+ag)SEt)—BSEH)I()+ (1 —a)e” % u(t — 1),
E'(t) = BSOI(t) — (n+ap)E(),
I'(t) = pE{)—(r+ar)l(t), (1)
R(t) = rI(t)—arR(t),
u(t) = hS(t)+ae Tu(t — 1),

where u(t) = p(t,0), t > 0, represents the new protected individuals. We note
B(t) := e *'p(0,—t), —7<t<O0.

Hence,
u(t—r1), t>m,

o(t—71), 0<t<T.
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Figure 1: Schematic illustration of the model.

We obtain
P(t) = /T e ?(t —a,0)da = /T e "*%(t —a)da, t>0.
0 0
By derivating P, we obtain, for ¢t > 0,
P'(t) = —apP(t) +u(t) — e u(t — 7).
This system is completed by the following initiates conditions,

S(0) = S, E(0) = Ey, I(0) = Iy, R(0) = Rog and u(f) = ¢(0), for —7 < 6 <0,

(2)
with ¢ a continuous function on the interval [—7,0]. All parameters are positive
and their interpretation is as follows. A represents births and immigration, h
is the protection rate, ag, a,, ag, ar, and ar are the mortality rates, 8 is the
contact rate, p is the infection rate, r is the recovery rate, 7 is the temporary
protection period, and « € (0, 1) is the fraction of individuals who, at the end of
the previous period of protection, enter a new phase of protection, for example,
through a vaccine booster or a renewal of treatment (see, [2, 5, 6]).

Remark 1. In the case a = 0, which means that no individual re-enters the
protection phase (no individual updates its vaccine). Then, the system becomes
a classical delayed differential equation. Indeed, we obtain u(t) = hS(¢). Then,
S satisfies

S'(t)=A— (h+ag)S(t) — BS)I(t) + he” " S(t — 7).



The total population N =S + F + I + R+ P, satisfies, for ¢ > 0,
N'(t) < A —oN(t), where ¢ :=min{as,ag,ar,ar,a,} > 0.

We obtain A
limsup N(t) < —
t—+o00 0
This means that each component is uniformly bounded.
We can show the existence, uniqueness and positivity of the solutions of
System (1)-(2) by the method of steps. More precisely, we have the following
theorem which is easy to prove and its proof is omitted.

Theorem 2.1. Assume that the initial condition (2) satisfies the compatibility

condition
@(0) = hSy + ae™ 7 p(—71),

with ¢ continuous on the interval [—7,0]. Then, the system (1)-(2) admits a
unique solution (S, E, I, R,u), where (S, E,I, R) has a continuous first deriva-
tive for allt > 0 and the function u is continuous for all t > —71. Moreover, all
solutions with nonnegative initial conditions are nonnegative.

Proof. The existence, uniqueness and regularity of the solution can be proved
by steps in the intervals [(k—1)7, k7], k = 1,2,.... Now assume that the initial
condition (2) is nonnegative and prove that the solution of the system (1) is
nonnegative. It is clear that for all ¢ € [0,7], u(t —7) = ¢(t —7) > 0. If
S(0) = 0, then S'(0) = A+ (1 — a)e " ¢(—7) > 0. In any case, there exists
to € (0,7) such that S(¢t) > 0 for ¢t € (0,%p). Suppose by contradiction that
there exists t; € [to, 7] such that S(¢1) = 0. We choose t; as the first point
such that S(t;) = 0. Then, we obtain S'(t;) = A+ (1 — @)e " ¢(ty — 1) > 0
and this is clearly absurd. We proved that S(t) is nonnegative on the interval
[0,7]. By steps, we can extend this reasoning to the whole interval [0, 4+00). The
functions S(t) and u(t) being positive, we can consider the system in (E, I, R) as
an ordinary linear differential equation with time varying coefficients. Therefore,
if the initial condition is nonnegative, the solution is also nonnegative. O

3 Steady-states and basic reproduction number

In this section, we establish the existence of steady-states and derive the basic re-

production number associated with the system (1). An equilibrium (S, E, I, R, %)
of the system (1) satisfies

A—(h+ag)S—BST+(1—a)e w"u=0,

BST — (i +ap)E =0,

wE —rl —arl =0, (3)
rl —arR =0,

u=hS+ ae""u.
From the third and fourth equations of (3), we have

It a7 and R=_T1. (4)
1 aR

E:



Moreover, the last equation of (3) gives
h _
u=-——2_9. (5)

1 —ae %7

By replacing (4) in the second equation of (3), we obtain

=0.

=

BSI — (u+ ag)(r+ar)

This implies that

(,Uz + CLE)(T‘ + CL[)
B
If I =0, then E = R =0 and the first equation of (3) gives
_ h _
A—(h+ag)S+(1—a)e *»"—5=0.

1—ae %7

I=0 or S =

Then, we obtain

. A(l — ae™7) A
S =5%:= = , 6
(h+ag)(1—ae=®T) — h(l — a)e=%7 ag + hA=e T (6)

l1—ce

—apT

and
u’ = LSO.
1—ae %7
This means that (5°,0,0,0,u°) is always an equilibrium of the system (1). This
is the disease-free equilibrium of the system (1).

Now, we assume that I > 0. Then,

_ _ A—(h+as)S+(1—-a)e@»™—Nr__3
S:(u+aE)(r+a1) and T— ( s) ( _ ) Taer7 "
Bu BS

1 exists if and only if

(h+ag)(1—ae ") — (1 —a)e”%"h| =

A— = S > 0.
1 —ae %7
The above inequality is equivalent to
Al — ae™ %"
(I —ae™*7)Bu o1

las(1 — aem®7) + h(1 — em@T)] (u + ap)(r + ar)

Therefore, we obtain a threshold Ry > 1 for the existence of a unique endemic
equilibrium given by (S, FE,I,R,w) = (S*, E*, I*, R*,u*), satisfying (4), (5),
and (7). This threshold is given by

Al —ae™*7)Bpu

Ro = s ae=m) + Al — )] (T ap)r T ap)’
_ ABu 8
Jos + 155 bt am)r ) )
_ Bu 0
(quaE)(rJraI)S



where S is given by (6). We defined the basic reproduction number R associate
to the differential-difference system (1) as the threshold Ry > 1 that allows
the existence of the endemic equilibrium. In fact, we have simply proved the
following theorem.

Theorem 3.1. 1. The disease-free equilibrium (S°,0,0,0,u%) of System (1)
always exists and it is defined by

A h
5= W and u° = 0

l—ae™ %P7

1 —ae a7
2. The endemic equilibrium of System (1) exists if and only if Rog > 1, where
Ro is given by (8), and this endemic equilibrium is defined by

o _ (p+ag)(r+ al)’

B
B - 7‘+a11*7
W
A—(h+as)S* +hlE=2e 06y 1y 1 _ emapr
I = e == |=-lag+h———
[S* B S* 1—ae %7
R* — LI*’
ar
* h *
u = .

1 — ae %7

In the rest of this paper, we will prove the well-known property associated
with Rg as a threshold, which says that epidemic can invade if Ry > 1, whereas
it cannot if Ry < 1.

4 Local and global asymptotic stability of the
disease-free equilibrium

4.1 Local asymptotic stability of the disease-free equilib-
rium

We deal with the local asymptotic stability of (S9,0,0,0,u"). In the case R <

1, (8°,0,0,0,u°) is the only equilibrium. We notice that in the system (1),

S, E, I and u are independent of R. So, in the following we can neglect the

component R, and consider the system

S'(t) A—(h+ag)St)—BSEIE)+ (1 —a)e T u(t — 1),
E'®t) = BSOIE) = (n+ap)E®), ©
r'(t) = pB(t) = (r+an)l(t),

u(t) = hS(t)+ae T u(t — 7).

As in [7], we linearize the differential-difference system (9) and derive the charac-

teristic equation. The linearized system of (9) about any equilibrium (S, F, I, @)

)|



is given by
S'(t) = —(h+as)S(t)—BSI(t) —BIS(t)+ (1 — a)e” @ u(t — 1),
E'(t) = BSI(t)+BIS(t) — (n+ap)E(),
Ity = pB(t)— (r+anl(t),
u(t) = hS(t) + ae~ % u(t — 7).
We consider the functions S, F, I and u, given by
S(t) = c1e™, E(t) = cae™, I(t) = cze™ and u(t) = cue™, V€ C, ¢; € RY.

Then, we obtain the following system

A+h+as+ BI 0 ﬁgi —(1 —a)e~®Te " €1 0
—pI1 At u+ag —-BS 0 c2| |0
0 —u Ar—+ar 0 ecs| |0
—h 0 0 1 —ae~@Te™ 7 c4 0
The characteristic equation is given by
det A} =0,
with
A+h+as+pI 0 8BS —(1 — a)e~@Te AT
AT — —BI A p+ag —-BS 0
A 0 — Ad+r+ar 0
—h 0 0 1 —ae @Te 7
For the disease-free equilibrium (SY,0,0,u"), the characteristic equation be-
comes
Ap(A) = [—h(l —a)e” ™M 4 (A +h+ag)(l— ae*“PT*)‘T)}
x[(A+p+ag)A+7r+ar) - BuS®)] =0.
(10)

We obtain the following theorem.

Proposition 1. (i) Assume that Rg > 1. Then, there exists a positive real
root of (10) and the disease-free steady-state (S°,0,0,u°) is unstable.

(i) Assume that Rog < 1. Then, all the roots of the characteristic equation
(10) have negative real parts, and the disease-free steady-state (S°,0,0,u°)
is locally asymptotically stable.

Proof. From the characteristic equation (10), we have either
—h(1—a)e” ™A L (A+h+ag)(l —ae” A7) =0, (11)
or
A+ p+ag)AN+7+ar)— pusS® =0. (12)

We suppose that A = £ + iw, with £ > 0, is a root of Equation (11). Then, we

have
6_()\+a”)7- _ A+h+ag

al+h+aag’



This means that

)\+h+a5
aX+ h+ aag

By developing the modulus, we obtain
(1 —a®)w? + (1 = a)(§ +as)[(1 + a)(§ +as) +2h] <0

Since o € (0,1), we obtain a contradiction. Then, no root with positive real
part satisfies Equation (11). Therefore, the local stability of (S°,0,0,u°) is
determined by the sign of the real part of A € C satisfying (12). This equation
is equivalent to

Nt (ptrap+r+a)h+ (u+ap)(r+ar) — BusS® =0.
We have u+ag +7r+ay >0 and
(n+ap)(r+ar) = BuS® = (n+ ap)(r + ar)(1 — Ro).

Then, according to the criterion of Routh-Hurwitz, the disease-free equilibrium
(5°,0,0,u°) is locally asymptotically stable if Ry < 1 and unstable if Ry >
1. O

4.2 Global asymptotic stability of the disease-free equilib-
rium

To prove the global asymptotic stability of the disease-free equilibrium (S°, 0,0, 0, u°),
we construct a Lyapunov functional. This is stated in the following theorem.

Theorem 4.1. Assume that Ro < 1. Then, the disease-free equilibrium (S°,0,0,0,u°)
of the system (1) is globally asymptotically stable.

Proof. Let (S°,0,0,0,u°) be the disease-free equilibrium. By putting, for ¢ > 0,
S(t)y=5(t)—S° and iy =up —u°,

where the notation wu:, t > 0, means the function u; : 0 € [—7,0] — u(0) :=
u(t + 0), the system (1) becomes

S'(t) —(h+as)S(t) = BSH)I(t) = BS°L(t) + (1 — a)e T a(t — 7),
E'(t) = BSWHI(t)+pBS°I(t) — (u+ap)E(R),
I'(t) = uE({t)—(r+ap)l(t),
R(t) = rI(t)—arR(t),
a(t) hS(t) + ae™ % a(t — 7).

(13)
We construct the following Lyapunov functional, ¢ > 0,
V:RxR} x O([-7,0,R) — R



defined by

(h+ as) — hae™2%T — aga?e 27 .

- 0 -
o= GIREOE SO+ w e
(h+ as) — hae™2%T — aga?e2rT p+ag
+2 (o (1= a))? SYE(t) + ——— (I +nR(t))],
where 7 is a constant satisfying
0 < gy < Mﬂ(l—Ro).
r(i+ ag)

We set ) - S

e1 i (i as) Zhae T —asafen T (14)

(emor(1 - a))?
We compute the derivative of V along the solution trajectory. We get, for ¢ > 0,

V'(t) = eS@)S(t)+a*(t) — a(t —7)
/ w+ag / p+ag /
+€,5° (E (t) + TI (t) + TnR (t)) ;

= S0 [—(h +as)S(t) + (1 — a)e  a(t — T)] Fa2(t) — @it — 1)
—eBS2)I(L) — e1 BSHI(H)SC + e 8S°S(£)I () + €1.5°BS°I(¢)
—e1S%( + ap)E(t) + €5 (i + ag) E(t) - els“”%(r +an)I(t)

+e SOIH_#TUI@) - 6150’”#77@3}2(75).

Then, we have
V'(6) = —e(h+as)82(t) + (1 — a)e Ta(t — 1)8(t) + h252(1)
+(e™ ™) 252 (t — 1) + 2hae” " S(t)a(t — ) — @2 (t — 1)
—a B2 (0)1(1) + e1S°BSOI (L) — elsoﬁ%w +an)I(t)

—l—elSO/H_#“ErnI(t) - elSOMnaRR(t).

Therefore, we get

V') = [—e1(h+as) + h?] S2(t) + lere™ (1 — a) + 2hae™ 7] u(t — 7)S(t)
+a*(t — 7) [(ae™ ) — 1]

—GIBSQ(t)I(t)+€1550[(t)(u+aElu)ﬂ(r+aI) (R0_1+ M—/:Ba’E’I"T]>

—elSO(M—LaE)naRR(t).

We denote

A:=e(h+as) — h?,
B :=€e (1 — a) + 2hae” %7,
C:=—(ae” )2 +1>0.

10



We claim that A > 0. In fact,

(h+ag)? — ae™2%7(h + aag)(h + ag) — h*(e= %7 (1 — oz))Q.

4 (o= a2

Then, we claim that (h+ag)?—ae 2% (h+aag)(h+as)—h?(e” %7 (1—-a))? > 0.
Indeed,

(h +as)? — ae 27 (h + aas)(h + ag) — h*(e” " (1 — a))?
= h? 4 a% + 2has — ae?*7(h? + has + ahas + aa%) — h*(e" " (1 — a))?,
=a%(1 — a?e 2*7) 4 2hag — hagae 2T — ahage 27
FR2(1 — qe 20T — o727 _ g2p=2aT | 9q 20T,
= a2(1 — a2 297) § hag(2 — ae~ 27 — a2e~2a7)

+h2(1 _ 672ap'r _ a2€72ap'r + 04872(1?7—).
Since 0 < o < 1, then

a’2S(1 o a2€72ap7—) + has(2 _ a672ap7' _ a2672ap‘r)
+h2(1 o 672ap'r o a2672ap7‘ + 046720'”7—) > 0

Using the notations above, we obtain

V'(t) = —AS%(t)+ BS(t)a(t —7) — Cu?(t — ) — e1 S ()1 (1),
(u+ag)(r+ay) pag
+e18S°1(t) B (Ro -1+ oY 7’77)
_6150H+ ar nagR(t),
< —AS%(t) + BS(t)a(t — 7) — Cu?(t — 1),

e 8501 (t) a’i)ﬁ(r *ar) (RO 14k : ;E m)
Ht+ag

—e1 S —=narR(t).
1
This leads to the following inequality
N B . \> 4AC-B?_,

(u+ai)ﬁ(r+a1) (Ro g H:;Em>

narR(t). (15)

Vi) < -C

+€1ﬁSOI(t)

—EISO'LL + ag

The next step is to analyze the sign of —AS? + BSa(t — 7) — Cu*(t — 7). We
compute the discriminant

A(e)) = B?—-4AC,
= (e1e77(1 — a) 4+ 2hae™7)? — 4(—ei(h + ag) + h?)(a®e 27T —1).

11



Next, we compute A(e;) and obtain
Ale)) = ele 27 (1 —a)? +4h*a?e %™ — (—dey (h + ag) + 4h%)(aPe 29T — 1)
+4e1e72%7 (1 — a)ha,
= e T (1—a)® +4[(1 — a)hae > + (a®e*»7 — 1)(h+as)] &1
4R (26727 _ 1) 4 4h2aPe 2007
= e *"7(1— )’ +4 [hae>*7 + aga’e **7 — (h +ag)] e + 4R°.
The quantity €; defined by (14) is the value that minimize the function A. In

another side, the discriminant of A given above by a second degree polynomial
function is calculated as follow

Ao = 16 [(h(ae T —1) +ag((ae *7)* —1))® — h*(e " (1 — ))?]
= 16 [h(ae ™" — 1) + as((ae”*7)* = 1) + h(e “"(1 — a))]
x [h(ae™ %7 — 1) + ag((ee™7)? — 1) — h(e” 7 (1 — a))] .
Obviously, we have
h(ae 2T — 1) + ag((ae™®7)? — 1) — h(e™*7 (1 — a)) < 0.
Moreover, we get
h(ae 2" —1) +as((ae”*7)* —1) + h(e” " (1 — a))
= hae 27 — h+as((ae” )% — 1) + he " — ahe” %",
=h(e™™T — 1) + ahe™ (e~ %" — 1) + +ags((ae"*7)* —1) <O0.

Hence, the positivity of Ag implies directly that, for €; given by (14), we have
A(er) < 0. We know that C' > 0. So, (15) is equivalent to

- B? —4AC (u+ag)(r+ay) p+ag
/ < 2 OI —1
Vi) < i S*(t) + e18S°I(t) e (Ro + e 7‘77)
+a &
—elso(“u’f)naRR(w 82 () — (1) — 18 R(1), (16)
with
" —B* +4AC =0
1 = ;
4C
1w = qpgeplrtan (_Ro f1oKEaE rﬂ) >0,
J7E] B
Y3 = €1SO(ILL<FMGE)T](1R > 0.

As a first consequence, we can say that the function V' is non-increasing and

V(t) = V(S(0), BW). 1(). R, ) —1os e b [V(S(s), E(s), 1(), B(s), 0] = V* 2.0,

In addition, by integrating (16), we obtain

t o t t
71/0 S (s)derfyg/O I(s)derfyg/O R(s)ds
< V(S(O)aE(0)7I(0)7R(0)7ﬁ0) - V(g(t),E(t),[(t),R(t)7ﬁt). (17)
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By monotonicity, the limits of the expressions in the inequality (17) exist when
t tends to +00. We then obtain

¢ ¢ ¢
lim S52%(s)ds + lim I(s)ds + lim R(s)ds
t—+o0 0 t—+o0 0 t—+o0 0
1 _
< [v(5(0), E(0), 1(0), R(0), @g) — V*] .
< oty V0, B0), 10), R0), ) = V"]

We can see directly from the system (13), that the functions S'(t), I'(t) and R’ (t)
are uniformly bounded. Then, S(t), I(¢t) and R(¢) are uniformly continuous.
We conclude by applying the lemma of Barbalat [26], to the function ¢ —

JE52(s)ds + [! I(s)ds + [} R(s)ds, that

lim S2(t) + I(t) + R(t) = 0.

t——+oo
As a consequence,
lim S(t) =0, lim I(t)=0  and lim R(t) = 0.
t—+o00 t—+o00 t—+oo

Since lim S(t) = 0, then from Lemma 3.5 of [16], we get that

t——+o0

lim @(t) = 0.

t—+o00

So, the expression of the function V implies that

lim E(t) = V*. (18)

t——+oo

We claim that V* = 0. In fact, the function I is bounded and differentiable.
Then, the fluctuations lemma, see Lemma A.14 of [36], ensures the existence of
a sequence t,, — +oo such that

lim I'(t,) = 0.

t—+o00
Then, the third equation of the system (13) implies that

lim E(t,) = 0.

t—+o00
Therefore, we get that V* = 0. From (18), we deduce that

lim E(t) =0.

t——+o0

The global asymptotic stability of the disease-free equilibrium is ensured. [

5 Persistence and global attractivity of the en-
demic equilibrium
In this section, we want to examine the long-term behavior of the system in the

case where Rg > 1. More precisely, we want to know if the infection persists or
not. We start by proving the weak persistence of the disease.
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Lemma 5.1. Assume that Rg > 1. Then, there exists a constant € > 0 such
that, for any initial condition (So, Eo, Iy, Ro,¢) € Ry x (R%\ {0,0}) x Ry x
C([-7,0],R), we have

limsup I(t) > e.

t——+o0
Proof. We suppose by contradiction that limsup,_,,  I(t) < €, for any small
€ > 0. Then, there exists a sufficiently large t. > 0 such that I(t) < e, for all
t > t.. Hence, we get for all ¢t > ¢,

S'(t) > A—uS(t) — BeS(t) + (1 — a)e™*Tu(t — 7).

We put liminf; o S(t) = S and liminf; . u(t) = ueo. Then, there exists
a sequence t,, tending to infinity as m tends to infinity, such that S(¢,,) = Seo
and S'(tm,) — 0. This yields to

0>A—(h+as)Se — BSce+ (1 —a)e T uy

We also obtain
hSs

Usg > ——————————.
=1 —qe T

Then, we have

A

as + h l—e”®p7

Soo > .
T T ¢

1—ce

By using the fact that Ry > 1, we can consider € and A > 0 sufficiently smalls
such that

Bu 0
RN = Se > 1,
0 A+p+ag)AN+r+ap) €
where
S0 .= A .
‘ as+ hf_—;;ﬂ:p: + Be

A

Multiplying the equation of I(¢) in (1) by e~*¢ and integrating from t. to +oo,

we obtain

+oo
—e M (t) > p / e " E(t)dt — (A +7 +ar) / e " I(t)dt.
t t

€ €

We also obtain

—+o0 —+o0
0> —e M B(t) > BS° / e~V I(t)dt — (A + 1+ a) / VL E(t)dt.
t t

Therefore, using the fact that ’RS’A > 1, we arrive to

0 > —e MI(t),
1

o0
m[5#5?—(A+u+aE)(A+r+az)]/t eVI(t)dt > 0.

€

This leads to a contradiction. Then, we get the weak uniform persistence. [

Using an idea similar to the one in the article [22], we can prove the strong
persistence of the disease. This is done in the following theorem.
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Theorem 5.2. Assume that Rg > 1. Then, there exists a constant €1 > 0 such
that

0> a
for any initial condition (S, Eo, Iy, Ro, $) € Ry x(RZ\{0,0}) xRy xC([—7,0], Ry).
Proof. The proof follows the same ideas as those corresponding to the similar
result in [2] and is omitted. O

Next, we study the global stability of the endemic equilibrium (S*, E*, I*, R*, u*)
of System (1). The strategy to prove the global asymptotic stability of the en-
demic equilibrium (S*, E*, I*, R*, u*) of the system (1), consists in constructing
a well adapted Lyapunov functional.

Theorem 5.3. Assume that Ro > 1 and a, = 0. Then, the endemic equilibrium
(S*, E*, I*, R*,u*) of the system (1) is globally attractive.

Proof. Since S, E, I and u are independent on R, we can omit the equation of
R. Assume that Ry > 1. Then, the endemic equilibrium (S*, E*, I'*, u*) exists.
We construct the following Lyapunov functional

W:R3 x O([-7,0,R;) — Ry
(S(t), E(6), I(t),ur) — W(t):= W(S(t), E(t), I(t), ur),

defined, for ¢t > 0, by

W (t) == Wi(t) + Wa(t),
Wi(t) = S*g (S(t)> + B (E(t)) . BS*(I*)QQ (I(t)) 7

S* E* nk* I*
0
Wh(t) := Ii/ u'yg (ut(j)) ds,
—r u
where g(z) := x — 1 —Inx, > 0 and & is a positive constant to be defined

below. The differentiation of W7 along the solution trajectory is

Wi(t) = (1 — S;) [A—agS — BST —u(t) +e T u(t —7)]
+(1_E*)[/351—( + )E]+W<1—F)[ E—(r +ap)]
5 [+ ag T 7 ) B = (r+an1].
That is,
Wi(t) = (1 - 5;) {as(S* = 8) + BS*I* — BST +u* —u(t) + e [u(t —7) — u*]}

E* E i
w(10- 2 ) osr+ (1= £ ) v an)e

+ ﬂlf;f Kl - I;) wE + <1 - II*> (r+a1)I*] .
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Wi(t) = s(5 = 57) +(1—”2—S€§+I[>BSI
+(1- {uw —u(t) + e ult — 1) —u']}

_ as(S-5)° <3 S*  SIE* EI*>55*I*

S*
+ (1 — S) {u* —ut) + e [u(t — 1) —u]},
__as(S =8O [ (5T (SIETY | (EIN] oo
- S I\s )9\ srEe) t9\51)| P51
S*
+ (1 — S> {u" —ut) +e T [u(t — 1) —u]}.
Let iy := uy — u*, t > 0. We then have

(1 _ ‘Z) {u" —u(t) + e [u(t — ) — u*]}

(1- Y et
0 e 0T ) oo
_a(t) —ada(t—r1) . )

W) —adu(t =) U +oult = 7))

where § := e7%7 < 1. On the other hand, we have

w0 [en (1) ().

=k |u(t —u*—u*lnF—u(t—T)—i—u*—Fu*ln




Hence, the derivative of W is given, for ¢ > 0, by

W' (t) = W{(t) + W),

ag(S — 5*)2 S* SIE* EI* .
B ()0 (325) 0 ()]

g (u(i— 7')) B ﬁgt) — adi(t —7) {a(t) — it — 1)

Recall that a, = 0. Then, we have § = 1. Taking x = 1, we obtain

_ %) 2 * * *
=SS () (S (]

o) |2 e

__as(S-89* T g (2 SIE* EI* -
- S s ) 9\ srE) "I\ BT 551

—u* U(t — T) (t)?:t(t - T) ( — T ﬂ(t) -
g( u(t) > O ot~ () 0 8T

as(§—592 [ [8* SIE* EI'NT s
= SO o (%) vo(5ip) vo (7)o

—u” ut=7)y o u(t) —u(t — 7))
1 (“57) - st 0~

Q

< 0.

Hence, W is a Lyapunov function. The last part of the proof of the theorem
4.1 can be adapted to show the convergence of any solution to the endemic
equilibrium (S*, B*, I*, u*). O

Proposition 2. Assume that Rg > 1 and o = 0. Then, the endemic equilibrium
(8*, E*, I*, R*,u*) of the system (1) is globally attractive.

Proof. We consider the same functional W used in the proof of the last theorem,
with o = 0 and kK = e~ %7,

052 (3) o (5) S ) o (32
We obtain
05 (S) () ()

e Ty (U(t— T)) _a —uil;aPT)[ﬁ(t)]27

Hence, W is a Lyapunov function. O
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6 Discussion and numerical simulations

In this paper, we present and study a SEIR epidemiological model with a class
of individuals temporarily protected, through vaccination or medication for in-
stance. In the literature, there are many epidemiological models with a com-
partment of individuals temporarily protected from infection (see for instance
[11, 15, 19, 20, 23, 31]). In most cases, these systems are modeled directly by
delay differential equations, or they are obtained from age-structured PDEs and
reduced by integration using the method of characteristics to delay differential
systems, where the delay generally corresponds to the duration of the protec-
tion phase. A restrictive assumption is often made to reduce the model to a
delay differential system: the entire protected population becomes susceptible
at the end of the protection phase. However, for many infectious diseases, such
as hepatitis A and B, human papillomavirus, influenza, COVID 19, etc., people
who renew their vaccine remain protected, and only those who don’t renew their
vaccine become susceptible. In this case, the model can no longer be reduced
to a classical delay differential system. The resulting model as we have shown,
is a coupled system between differential equations and a difference equation.
With the exception of our works [2, 5], this approach has never been used in
epidemiological models. A novelty that our model can bring compared to what
exists in the literature is that we can reduce the basic reproduction number Rg
by increasing the new parameter «, and thus reduce the epidemic (see Figures 2
and 3). This observation is interesting from an epidemiological point of view, as
it is generally easier to increase the rate of renewal of protection for individuals
already protected (because this population is already under medical care) than
to increase the rate of protection h or the duration 7.

In addition, we consider here a more general class of Kermack-McKendrick
models than the one considered in [2], adding the compartment of exposed indi-
viduals E. Indeed, for many infections, such as influenza [21] and tuberculosis
[17], there is a more or less long latency period during which individuals have
been infected but are not yet infectious themselves. During the period 1/u,
infected individuals are in the compartment F but are not yet infectious (see
also [32] for other cases of infectious diseases with a latency period).

The model we consider in this work, is a system composed of differential
equations and a difference equation with delay. In addition to the disease-free
equilibrium, it admits an endemic steady-state. We focus on the global asymp-
totic stability of the two steady-states. The construction of Lyapunov functions
allows us to prove the global asymptotic stability of both equilibria. More pre-
cisely, by using the basic reproduction number Ry as a threshold, we obtain
a necessary and sufficient condition for the global asymptotic stability of the
disease-free equilibrium. Furthermore, we show that the endemic equilibrium
is globally attractive if Ry > 1 and there is no mortality during the protection
phase. To complete the study of the global dynamics of the system, we show
results on the uniform weak and strong persistence of the disease.

We present some numerical simulations to illustrate the results obtained in
the previous sections. For the simulations, we set the parameters as follows

A=2 u4=0.15 r=0.15 as =ag =a;=0.1, =0.1and h =0.5. (19)

We choose to modify the parameters o and 1" := a,7. For some figures, we also
change the values of 8 and h. Figure 2 shows the variation of Ry as functions
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of the parameters o and 1" := a,7. We see that Ry is a decreasing function
with respect to a and T. Moreover, by increasing the value of the parameter
h, the region Ro(a,T) < 1 increases. From an epidemiological point of view,
this means that the epidemic could be stopped, or at least slowed down, by
increasing one of the three parameters h, 7 or . Combining the three param-
eters offers more possibilities for controlling the epidemic, as in reality some
parameters, such as 7 or sometimes even h, can no longer be increased. Figure
3 shows the variation of the equilibrium of infected individuals I* as a function
of the parameters o and 7" := a,7. We can see that it is a decreasing function
with respect to each of these two parameters. This shows that even when Ry
remains above 1, the parameters 7 and a reduce the epidemic by decreasing the
number of infected individuals I'* at equilibrium. Figure 4 shows the global con-
vergence of the solution to the disease-free equilibrium (S°,0,0,u°) and Figure
5 illustrates the global stability of the endemic steady-state (S*, E*, I*, u*).

RD((y ,T)=1

S Ry<T h=0.9

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2: Representation of the curve Ro(a,T) = 1, with T := a,7, by varying the
parameter h.

Although we proved the global stability of the endemic equilibrium when Rg > 1
only for the particular cases o« = 0 or a, = 0. These are technical conditions
for obtaining a Lyapunov function. It is possible that the endemic equilibrium
remains globally stable even in the cases a > 0 and a, > 0 (this is confirmed
by numerical simulations and by the persistence property proved in the general
case R > 1). The assumption a, = 0 means that there is no mortality during
the protection phase, and the assumption o = 0 means that at the end of the
protection phase, all individuals become susceptible.
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|*

Figure 3: Representation of the equilibrium of infected individuals I* as a function

of the parameters a and T := a,T.
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