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Intuitionistic S4 1s decidable

Roman Kuznets
TU Wien
Vienna, Austria

Marianna Girlando
University of Amsterdam
Amsterdam, Netherlands

Abstract—In this paper we demonstrate decidability for the
intuitionistic modal logic S4 first formulated by Fischer Servi.
This solves a problem that has been open for almost thirty
years since it had been posed in Simpson’s PhD thesis in 1994.
We obtain this result by performing proof search in a labelled
deductive system that, instead of using only one binary relation
on the labels, employs two: one corresponding to the accessibility
relation of modal logic and the other corresponding to the order
relation of intuitionistic Kripke frames. Our search algorithm
outputs either a proof or a finite counter-model, thus, additionally
establishing the finite model property for intuitionistic S4, which
has been another long-standing open problem in the area.

1. INTRODUCTION

For a logic to be decidable, there must be a recursive
procedure that determines, for each formula, whether or not
it is a theorem of the logic, ideally terminating with either a
proof in a deductive system or a suitable countermodel.

Decidability of intuitionistic propositional logic. Gentzen
was the first to show decidability of intuitionistic propositional
logic in 1935, using a sequent calculus he had designed [11].
His approach was to bound the number of consequences
inferred from some given initial sequents. It was later observed
(independently by Ono [23], Ketonen [14]], and Kleene [15])
that, if structural rules were built in into the notation, it allowed
for a root-first proof-search approach. Namely, search for a
sequent calculus proof until it either terminates with a proof
or else reaches a sequent that has already occurred along the
branch leading to it, in which case it is possible to reconstruct
a Kripke countermodel from that branch [28]. For a detailed
historical account, see Dyckhoff’s survey [3].

Decidability for classical modal logics. Decidability for
modal logics (on the classical propositional base) has been
investigated early on. Ladner provided decision procedures for
some common modal logics, including S4, based purely on
Kripke semantics, with no mention of sequent calculi [17].
Otherwise, the procedure described above can similarly be
applied to modal logic S4, as it is also the logic of reflexive
transitive Kripke frames. Generally, the approach via proof
search in a sequent calculus is available for those modal logics
that have a cut-free sequent system [25] (or, in certain cases,
a nested sequent system using a similar approach [3]).

Decision procedures using labelled sequents. Labelled
sequents internalize certain elements of Kripke semantics into
the syntax of sequents, which turns out to have several inter-
esting consequences for decision procedures for intuitionistic
propositional logic [6], as well as modal logics [22].
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Firstly, in the setting of intuitionistic propositional logic, it is
not necessary to restrict oneself to single-conclusion sequents
(i.e., sequents with at most one formula in the succedent).
This means that all the rules can be made invertible, thus,
removing the need for backtracking and making the proof
search procedure deterministic. Secondly, in both settings,
the loop-check for ensuring termination becomes local to the
topmost sequent of a branch of a proof-search tree rather than
applied between two sequents on this branch: it is sufficient
to check whether two labels of the topmost sequent carry the
same formulas. Finally, in the case when a loop is found, a
countermodel can be built directly from the topmost sequent.
Indeed, the syntax of labelled sequents makes it easy to read
off a countermodel from a sequent by simply substituting
labels or adding back edges, both constructions being available
directly in the labelled syntax.

Intuitionistic modal logic. Intuitionistic modal logic 154 is
a way to combine intuitionistic propositional logic and modal
logic S4. It is an extension of intuitionistic modal logic IK,
which was first studied in [[8], [24] and investigated in detail
in [26], where decidability was shown for most logics in the
intuitionistic modal S5-cube. Decidability of 1S5 (aka MIPQ)
had been shown earlier by Mints [21}, §11], but for IK4 and 154
decidability remained open. Indeed, the question of 1S4’s de-
cidability hides a lot more complexity than either of its
progenitors. As IS4 can be interpreted on Kripke frames
that combine the preorder relation of intuitionistic Kripke
frames with the accessibility relation of modal Kripke frames,
the well-known problems of looping in decision procedures
based on respective sequent calculi are exacerbated by the
interactions between modalities and intuitionistic implication.

Contribution. In this paper, we show that IS4 is decidable
and conjecture that the same method can also be applied to
show decidability of IK4. We provide a constructive decision
procedure, that, given a formula, produces either a proof
showing the formula to be valid or a finite countermodel
falsifying the formula. The procedure is based on a fully
labelled proof system for 1S4 presented in [20]. This system
inherits the advantages of labelled systems for intuitionistic
propositional logic and for classical modal logics, in partic-
ular, all inference rules are invertible and there is a direct
correspondence between sequents and models. This choice was
crucial to the emergence of the solution, which also required
an intricate organization of proof search and loop-checking to
reach a full decision procedure.

Related work. Several strategies have been explored for
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decidability of 1S4 and related logics. The O-only fragments
of a wide range of intuitionistic multi-modal logics was shown
to be decidable via a proof-search based procedure in [[10].

Moreover, for O-only fragments of intuitionistic modal
logics, decidability results were obtained through embedding
into classical bimodal logics, defined as fusions of normal
monomodal logics [29]. Logic 1S4 is closely related to a
classical bimodal logic defined as the product S4 x S4 [8§]
in that both are sound and complete with respect to Kripke
models with two preorder relations forming a “grid.” Inter-
estingly, logic S4 x S4 was shown to be undecidable by
Gabelaia et al. [9]. This result shows how easily undecid-
ability arises in modal logic; however, the proof strategy
from [9]] does not scale to 1S4, whose models need to satisfy
monotonicity over one of the preorder relations. Similarly,
embeddings of intuitionistic modal logics into fragments of
monadic second-order logic, which is decidable, were used to
prove decidability [1]], but, as explained by the authors, the
method could not be applied to 1S4. Another common method
of demonstrating decidability applied to some intuitionistic
modal logics in [[12] is semantic filtration, but again the
specificities of the logics from the intuitionistic S5-cube have
so far prevented its application to them. On the other hand,
constructive S4 (a different intuitionistic variant of modal
logic S4) was shown to be decidable in [13]], and the finite
model property for it was proved in [2].

Organization. In Sect.2] we recall the syntax and semantics
of 1S4. In Sect. Bl we explain the difficulties of devising
a decision procedure for it. In Sect. |4, we present the first
ingredient of our solution: proof system lablS4< for 1S4 based
on fully labelled sequents. In Sect.[5] we describe how to read
off a model from such a sequent. In Sect. [6l we establish
useful properties of sequents occurring during a proof search
in lablS4<. In Sect. [/ we develop concepts necessary to
present our decision procedure based on a modified proof-
search algorithm. In Sect. [§] we demonstrate how to retrieve a
countermodel from a failed proof search. In Sect. [0 we show
how to reconstruct a real proof when the algorithm succeeds.
In Sect. we prove that the algorithm always terminates.
Finally, Sect. contains our conclusions. All the proofs
and some detailed examples can be found in the Appendix.

2. PRELIMINARIES: LOGIC IS4

In this paper, formulas are denoted by capital letters A, B,
C, ... and are constructed from a countable set A of atomic
propositions (denoted by lowercase a, b, ¢, ...) as

Au=1a| (AANA) [ (AVA) | (A>A)|0A] oA

Intuitionistic modal logic K, or IK for short, is obtained from
intuitionistic propositional logic by extending the syntax with
two modalities O and <, standing most generally for necessity
and possibility respectively, and by adding k-axioms

ks: O(AV B) D (CAVOB)
ka: (CADOB)D>O(ADB)
ks : OCL DL

ki: O(ADB) D (0DADOB)

ko: O(AD B)D (CADOB) ey

A formula is a theorem of IK iff it is derivable from this
set via the rules of necessitation and modus ponens:
A A ADB

and mp ——
OA B

nec

Intuitionistic modal logic S4, or 1S4 for short, is obtained
from IK by adding axioms

4: (OCOADCA) AN (DA DDOOA)

t: (ADOA)A(DAD A) 2)

Note that in the classical case axioms ko—ks in (1) would
follow from kj, but due to the lack of De Morgan duality, this
is not the case in intuitionistic logic. Similarly, in both
conjuncts are needed because they do not follow from each
other as in the classical case.

Let us now recall the birelational models ||, [24] for intu-
itionistic modal logics, which combine the Kripke semantics
for intuitionistic propositional logic and classical modal logics.

Definition 2.1. A birelational frame ¥ is a triple (W, R, <) of

a nonempty set W of worlds equipped with an accessibility

relation R and a preorder < (i.e., a reflexive and transitive

relation) satisfying:

(F1) For all z,y, z € W, if xRy and y<z, there exists u € W
such that x<u and uRz (see figure below left);

(F2) For all x,y,z € W, if <z and x Ry, there exists u € W
such that zRu and y<u (see figure below right).

- - ==

Definition 2.2. A birelational model 171 is a quadru-
ple (W,R,<,V) with (W,R,<) a birelational frame and
V: W — 27 a valuation function, that is, a function mapping
each world w to the subset of propositional atoms that are
true at w, additionally subject to the monotonicity condition:
if w<w’, then V(w) C V(w').

We write M,w IF o iff « € V(w) and recursively
extend relation I to all formulas following the rules for both
intuitionistic and modal Kripke models: 777, w I L;

m,wl- AN Biff M, wl- Aand M, w I+ B;
m,wl- Av Biff M,wl- A or M,wl- B;
M, wl- A D Biff for all w’ with w<w/’,
if M, w' I+ A, then M, w' I+ B;
M, w - OAiff for all w' and v with w<w’
and w’' Ru, we have 111, u |- A;
M, w - O Aiff there exists u such that
wRu and M, u l- A.

From the monotonicity of valuation function V, we get the
monotonicity property for relation IF:

Proposition 2.3. (Monotonicity) For any formula A and for
any w,w' € W, if w<w' and M, w Ik A, then M, w' | A.



Definition 2.4 (Validity). A formula A is valid in a
model 1M = W, R, <, V) iff M,w I+ A for all w € W.
A formula A is valid in a frame 5 = (W, R, <) iff it is valid
in (W, R, <, V) for all valuations V.

The correspondence between syntax and semantics for 1S4
can be stated as follows:

Theorem 2.5 (Completeness [8ll, [24]). A formula A is a
theorem of 1S4 if and only if A is valid in every birelational
Sframe (W, R, <) where R is reflexive and transitive.

3. WHY Is IS4’S DECIDABILITY HARD?

In this section we highlight the main difficulties that we
encountered in tackling the decidability problem for 1S4 and
give a hint at the key ingredients of our method in the process.

One way to prove decidability for a logic is to perform
proof search in a sound and complete deductive system with
the intention of either finding a proof or constructing a
countermodel from a failed proof search.

For 154 several such deductive systems exist, the first being
Simpson’s labelled systems [26]. Moreover, there are various
kinds of nested sequents systems: single-conclusion [27],
multiple conclusion [[16], and also focused variants [4]. A
natural question to ask is why none of these systems has been
used to prove decidability of 1S4.

The need for more labelling. The aforementioned systems
rely on what we could call a mixed approach: they internalize
the modal accessibility relation R within the sequent syntax,
using either labels and relational atoms or nesting, but they rely
on a traditional structural approach for the intuitionistic aspect
of the logic, e.g., single-conclusion sequents (at least in certain
rules). One might think that combining the traditional loop-
check for the intuitionistic part with the label-based loop-check
for the modal part would be a way to a decision procedure.
But the situation is more complicated because

1) the classical S4-loop test, which is looking for a repetition
along the R-relation, cannot be applied to the right-
hand-side of a sequent, as the conclusion formula can
sometimes be replaced by a new one;

2) the structural approach to the intuitionistic system also
means the rules are not all invertible and the procedure
requires backtracking, so the modality loop-check also
needs to be combined with the necessary backtracking.

Both of these problems can be overcome by using
a fully labelled proof system that incorporates both
relations R and < [19]], [20]. This has the same advantages as
moving from a structural to a labelled approach for intuitionis-
tic propositional logic, mentioned in the introduction. Not only
does this system re-establish the close relationship between a
sequent and a model, as is known from classical modal logic,
it also enables us to make all rules in the system invertible.
Moreover, explicit relational atoms in the sequent syntax
make it easy to implement the loop-checks and to represent
the back edges explicitly when constructing a countermodel.

The backtracking/termination trade-off. Naive proof
search is not terminating, with two possible sources of

~
'

Fo(AAB),IFAFB
I Oa,lf a> L

Fig. 1. Left: Illustration of the potential non-termination issue.  Right:
Illustration of a break of condition F; when identifying nodes unrestrictedly.

non-termination: the first inherited from the classical modal
logic S4, and the second from intuitionistic propositional logic.
In both those cases independently, the problem would be
solved by a simple loop-check. However, it is not straight-
forward to combine the two, as the following example shows:

Example 3.1. Consider the following formula, which is not
provable in 1S4:

D((DaDL)A ((aDL)DL)) S5 1. 3)

Let A=0aD L and B = (a > L) D L. In order to construct
a countermodel 771, we need a world w, that forces C(A A B)
and, therefore, also A and B. Consequently, every world w’
such that wi<w and wRw’ for some w should force these
formulas. Then all these worlds must force neither [Ja nor
a D L. The latter means that for each such world w’, there
must be a world v with w’<v and 1, v IF a. Of course, in turn,
v must not force Ca, so there must be worlds v and «’' with
v<u’, u' Ru, and MM, u I a. But this u must not force @ O | so
there must be a world vy with u<wv; and 171, v1 I+ a, and so on.
Thus, a naive implementation of a countermodel construction
via proof search will keep adding worlds ad infinitum because
neither of the two loop-checks will detect the repetition (see
Fig. [l Left). In other words,

3) to account for the interaction of modalities and intuition-
istic implications, the two loop-checks must get along
well with each other.

The interleaving of proof search and loops. For solving
this third problem, we have to implement a more sophisticated
loop-check involving both relations. This directly leads us to
the fourth problem.

Example 3.2. Assume, for the sake of example, that we
designed a suitable loop-check such that we could stop proof
search at the stage of the structure presented on Fig. [
(Left) and that we identified w7 to w3 and wg to wy. This
would create “backlinks” between wigp and ws as well as



ide,Igy,F,x:a = A, y:a
R, T, x:A,x2:B — A
& R, e:ANB = A
R T, x:A=A R,I,2:B= A
) R, T, x:AV B = A

\

RT —= A,x:A RT — A x:B
N RIT= A x:ANDB
R, T = A,x:A,x:B
v RIT= Ax:AV DB
Rz A= A, 2B

R,z<y,x:A> B, T = A,y:A R,2<y,I,y:B = A
D.
Rox<y,I'x:ADB = A

L Re<y,yRz, T, :0A, 224 = A
: R,x<y,yRz, T, x:04A = A
R, 2Ry, T, y:A — A
<>.
R 0:0A = A

y fresh

R,zRx, I = A
RT= A

Rrf

R, xRy, y<z,z<u,uRz,I' = A
R, xRy, y<z,T' = A

1 u fresh

z fresh

RIT= A x:ADDB

R, e<u,uRz,I' = A z: A
R = A, x:0A

u, z fresh

R,zRy, I = A, z:CA y: A
<>O
R, xRy, ' = A, 2:CA

R, o<y, y<z,2<z,I' = A
(vagyvygzvré A
R,zRy,yRz, xRz, T = A
R, xRy, yRz, T — A

Rtr

R, xRy, r<z,y<u, zRu,I’ = A

F
’ R, xRy, z<z,I' = A

u fresh

Fig. 2. System lablS4<

Ry, oAy A= A

R, T, x: A, 2:A = A

mon

R,x<y, T x:A = A

RIT= A

R, xRy, z:0A,y:0A,T = A
4°
R, xRy, v:0A, T = A

cont®

R, 0:A= A
R = A, x: A, x:A

weak
RR T, T — A, N

R, xRy, I' = A, 2:0A y:OA
4°
R, xRy, I' = A, x:CA

cont®

RT = A,x:A

Fig. 3. Admissible rules

between wg and ws. However, this would lead to a violation
of F; as now wjgRws<wg but there is no w’ such that
wio<w’ Rwg. (see Fig. [l Right). This means that

4) the standard method of constructing a (finite) counter-
model from a failed proof search via identifying la-
bels/worlds that create a loop fails in the setting of
birelational models. We break the F1/F5 properties, which
in turn would force us to add new worlds, which would
mean we have to continue proof search.

We solve this problem by identifying (substituting) labels
not only after the completion of but also during proof search.
This preserves unprovability, but could, a priori, be unsound.
This means that, when terminating a branch on a non-axiom-
atic sequent, it is still possible to extract a countermodel
from it. However, when reaching only axiomatic leaves, it
remains to be shown that a sound proof can be obtained
from the proof attempt (potentially containing identification

of labels). So, instead of doing naive proof search and then
constructing a countermodel from a failed proof search by
“folding” the failed sequent, we perform the folding already
during the proof search, which is now a countermodel search,
and then construct a proper proof from a failed countermodel
search by “unfolding” the search tree. The loop-check ensuring
termination has to be subtly calibrated for this final step of
unfolding the proof attempt into a real proof.

4. PRELIMINARIES: FULLY LABELLED SEQUENTS

In this section we present the fully labelled sequent proof
system lablS4< [20] for intuitionistic modal logics we are
using in order to prove decidability of I1S4. The starting point is
the notion of a labelled formula which is a pair z: A of a label =
and a formula A. A relational atom is either an expression
xRy or x<y where = and y are labels. A (labelled) sequent &
is a triple R,I' = A where R is a set of relational atoms
and T" and A are multisets of labelled formulas, all written



id
1<2,2R2,2R3,3<3,3<5,3R4,4<6,5R6,2:1",3: A, 5:¢,3:C A, 4:b,6:b = 2: 1, 5:0b,6:b
o0

1<2,2R2,2R3,3<3,3<5,3R4,4<6,5R6,2:1",3: A, 5:¢,3: O A, 4:0,6:b = 2: 1, 5:0b

F>+mon®

1<2,2R2,2R3,3<3,3<5,3R4,2:T",3:A,5:¢,3: O A, 4:b = 2: 1, 5:Ob
<>‘

o*+A

L 1=2, 2R2,2R3,3<3,3<5,2:1',3:A4,5:¢,3:0A,3:0b = 2: 1, 5:0b

c*, Ob° b®, b°
O(CA A OD)®,

1<2,2R2,2R3,3<3,3<5,2:[, 3:A, 5ic = 2: 1, 5:0h

O—0

1<2,2R2,2R3,3<3, 2.1, 3:A = 2: 1, 3:c > Ob

G

<rf+>°

1<2,2R2,2R3,2:1", 3:A — 2: 1.

O—O—0

1<2,2R2,2:0(CA N D), 2:0A,2:00 = 2: |

Rrf+0°+A°®

QA A b*

1<2,2:0(CANCh) = 2: L
DO

= 1:0(CAANOh) D L

®

Fig. 4. Left: Proof in lablS4« of O(CA A ©b) D L with A = (¢ D 0b) D L, T' = {0(GA A ©b), Ob} and & = 1<2,2R2,2R3,3<3, 2:T",3: | = 2: 1.

Right: Diagrammatic representation of the top left sequent in the derivation.

as comma-separated lists. Figure [2] shows the inference rules
of IabIS4S Figure 3] shows some additional rules, and we de-
fine lablS4~ := lablS4< U {mon®, weak, 4*,4°, cont®, cont°}.

A derivation is a finite tree where each edge is a sequent
and each internal node is a rule. A derivation is a proof
of the sequent at the root iff each leaf is a rule with no
premises, i.e., L® or id. As shown in [20], lablS4< is sound
and complete for 1S54.

Theorem 4.1 ( [20]). A formula A is a theorem of 1S4 iff for
every x, the sequent => x:A is derivable in lablS4<.

Example 4.2. On the left of Fig. @ we have a proof in
lablS4< for the valid formula /' = O(CA A <$b) D L, with
A= (¢D©b) D L, where, for reasons of space, several rules
are sometimes condensed into a single step.

Corollary 4.3. Rules mon®, weak, 4%, 4°, cont®, and cont®
are admissible for 1ablS4<. Therefore, a formula A is deriv-
able in |ab|S4/S iff it is derivable in lablS4<.

5. FROM SEQUENTS TO MODELS

In this section we establish the promised correspondence
between sequents and models.

Notation 5.1. Let & be a sequent R,I' = A. We write
o x<gy iff x<y occurs in R;
e xRy iff xRy occurs in R;
o B x:A® iff 2:A occurs in '
(in this case we also say that A® occurs at x in &);
o & x:A° iff x:A occurs in A
(in this case we also say that A° occurs at z in &);
o £(®) for the set of labels occurring in &.

This notation is used extensively throughout the paperE

Example 5.2. This notation also enables us to represent
sequents graphically, as shown on the right of Fig. [d which
depicts the top-left sequent of the proof showcased on the

'Note that la bIS4< has no cut rule, meaning that cut is admissible. For a
syntactic proof of cut elimination, see [20].
2The use of  and o in this way goes back to Lamarche [18].

left of the figure. The sequent is represented by means of a
directed graph whose nodes are the labels of the sequent (for
convenience we shall use natural numbers), dashed edges are
the <-relations, and solid edges are the R-relations. We can
now simply write a formula A® (A°) next to a label w, to
indicate that the labelled formula w:A occurs on the left-hand
side (right-hand side) of —.

Definition 5.3 (Happy labelled formula). A formula A® (A°)
is happy at a label = in a sequent &, or &,x: A°® (B,2:A°) is
happy for short, iff the following conditions hold:
e ®,x:a° is always happy;
e &, x:a° is happy iff we do not have &,z:a°;
e B x:1* is never happy;
o B,2:1° is always happy;
e B x:A N B*® is happy iff ,2:A* and &,2:8°;
o & 2:A N B° is happy iff &,2:A° or &,2:8°;
e B x:AV B*® is happy iff &,2:4° or B,2:8°;
o & 2:AV B° is happy iff &,2:A° and &,2:B°;
o B x:A D B* is happy iff &,2:A° or &,2:B°%;
e B,x:A D B° is happy iff
B,y:A® and &,y:B° for some y s.t. z<gy;
e B x:00A* is happy iff
®,2:A® and &,z:0A° for all z with zRg z;
o B x:00A° is happy iff
B,2:A° for some y, z s.t. t<gy and yRez;
o B x:OCA® is happy iff &,y:A® for some y s.t. RpY;
o B,2:0A° is happy iff
B.y:A° and &,y: O A° for all y s.t. xRey.
Otherwise, the formula is urnhappy.

Definition 5.4 (Happy label). A label x occurring in a se-
quent & is happy iff all formulas occurring at = in & are happy.
Label z is almost happy iff all formulas occurring at x are
happy except, possibly, those of the shapes |°®, a°, A D B°,
and 0 A°. Label x is naively happy iff all formulas occurring
at x are happy except, possibly, those of the shapes | *, O A,
a®, AD B°, and OA°.

Definition 5.5 (Structurally saturated sequent). A sequent &
is structurally saturated iff the following holds:



(mon®) if x<gy and &,x:C*®, then &,y:C'*;
(F1) if zRsy and y<gz, then there is u such that r<gu
and uRg z;
(F2) if zRsy and x<gz, then there is u such that y<gu
and zReu;
(<tr) if x<gy and y<gz, then x<gz2;
(<rf) x<gx for all x occurring in &;
(Rtr) if xRy and yRe 2, then xRe 2;
(Rrf) xRgx for all = occurring in &.

Definition 5.6 (Happy sequent). A sequent & is happy iff it is
structurally saturated and all labels in the sequent are happy.

Definition 5.7 (Model of a sequent). Let & be a sequent.
We define the model 111y of & to be the quadruple Mg =
(&), <e,Res,V) where {(8),<g,Re are as defined in
Notation and V is the function V': ¢(®) — 27 defined
such that for all atoms a € A we have a € V(w) iff &,w:a®.

Theorem 5.8 (Completeness). For a happy sequent &, its
model Mg = (L(B), <, Rs,V) is a transitive and reflexive
birelational model with the following two properties:

o if Bx:A°, then My, x - A;

o if &,x:A°, then Mg,z I A.

Definition 5.9 (Axiomatic sequent). A sequent & is axiomatic
iff there is a label x such that either & ,x:a® and &,z:a° for
some «a, or &,x: 1 °. Otherwise, & is called non-axiomatic.

Remark 5.10. An axiomatic sequent & is never happy,
because either ®,z:a° or &,x: 1 * is unhappy.

6. LAYERS, CLUSTERS, AND SATURATED SEQUENTS

All derivations of = x:A obtained by a proof search in
lablS4< have a particular structure: their labels are partitioned
into layers, with each layer having a tree structure. This plays
an important role in our proof search algorithm.

Definition 6.1 (Layer). For a sequent &, we define the
relation Rg to be the transitive and reflexive closure of
Rs URgl. Since this is an equivalence relation, we can define
a layer L in & to be an equivalence class of Ry .

Definition 6.2 (Layered sequent). We say that a sequent & is
layered iff for any labels z, 2/, y, and y’ occurring in &:

1) if xRy for x # y, then v€sy and yLesx; and

2) if Ry, o' RSy, and x<ga’ for x # a', then ' L y.
For layers L1 and Lo, we define L; < Lo whenever there are
labels x € Ly and y € Ly such that <gy. We write L1 < Lo
iff L1 < L2 and Ll 75 Lg.

Proposition 6.3. For a layered structurally saturated se-
quent &, relation < is an order relation on its layers.

The second condition in Def. is only needed to establish
antisymmetry in Prop.[6.3] If <g on labels is already antisym-
metric then the second condition follows from the first. In all
sequents that we discuss here, the order relation < on layers
defines a tree structure.

Definition 6.4 (Tree-layered sequent). A layered sequent is
tree-layered iff (i) there is a layer Ly such that Lo < L for
all layers L, and (ii) for all layers L, L', and L”, whenever
L' < Land L" < L, then either L' < L" or L" < L'.

Definition 6.5 (Topmost and inner layer). A layer L in a
layered sequent & is called a topmost layer iff it is maximal
with respect to <, i.e., whenever L < L’ for some layer L',
then L = L’. Otherwise, the layer L is called an inner layer.

Note that in a tree-layered structurally saturated sequent,
topmost layers are the leaves of the tree structure w.r.t. <.

In a sequent & constructed by lablS4<, each layer also has
a tree structure with respect to Re. But, as said before, in
order to search for a proof and a countermodel at the same
time, we need to weaken this tree structure on the layers.

Definition 6.6 (Cluster). If & is structurally saturated, then
Rgs N Rgl is an equivalence relation, and we can define a
cluster C' in & to be an equivalence class C' = {x1,...,2,}
of ReNR'. A cluster C' = {x1} containing only one label is
called singleton. On clusters, we define two binary relations:

o (1<u(Cy iff for all y € Cy there is x € Cp with z<gy.

o 1Ry, iff there are z € C'; and y € Cy with zRgy.
We sometimes abuse the notation and replace one of the clus-
ters by a label = even when {x} is not a cluster. Nevertheless,
the definitions are then applied verbatim to {z}.

Proposition 6.7. For a structurally saturated sequent ®,
relation Rg is an order and <g is a preorder on its clusters.
If & is layered, then <g is also an order.

Definition 6.8 (Tree-clustered sequent). A structurally sat-
urated sequent & is called tree-clustered iff (i) for any
clusters C’ and C” there is a cluster C, such that CRgC’
and CRsC", and (ii) for all clusters C, C’, and C”, whenever
C'RgC and C"RgC, then either C'RgC” or C" ReC".

Definition 6.9 (Happy layer). A layer L is happy/almost
happy/naively happy iff all labels of L are happy/almost
happy/naively happy respectively.

Remark 6.10. Observe that the definitions of happy labelled
formulas for A O B*® and 0A® in Def. 3.3] are different from
the forcing conditions of the corresponding connectives. This
mismatch is intentional with the missing conditions on < out-
sourced to (mon®)-structural saturation (Def.[5.3) instead. As a
result, happiness becomes almost a local property for layers: if
a sequent is modified (by adding labelled formulas or relational
atoms) outside of a given happy layer, the only formulas whose
happiness needs to be reinspected are A O B° and 0JA°. We
use this observation in the notion of stable sequents below,
where inner layers are never modified and always remain

happy.

Definition 6.11 (Stable and saturated sequent). A sequent &
is stable iff it is tree-layered and tree-clustered and, ad-
ditionally, all its inner layers are happy. A sequent & is
saturated iff it is stable and all its topmost layers are almost
happy. It is semi-saturated iff it is stable and all its topmost



layers are naively happy. A set & of sequents is called
stable/saturated/semi-saturated iff it is finite and all elements
of & are stable/saturated/semi-saturated respectively.

Since tree-layered sequents are layered and tree-clustered
sequents are structurally saturated (in fact, the definition of
clusters does not make sense otherwise), all stable sequents
are layered and structurally saturated.

7. SEARCH ALGORITHM

The algorithm that we will present here works on stable
sequents. Roughly speaking, we work on the topmost layers
of such sequents until these layers are almost happy. This
is achieved by first semi-saturating (which essentially means
applying all inference rules to a layer that do not add new
labels to the sequent), then picking an unhappy x: > A® in the
layer and making it happy (either by applying the <°-rule
or, in case of loop detection, by creating a cluster). Then we
semi-saturate again, and continue until all z:$> A*® in the layer
are happy and, therefore, the layer is almost happy.

After all layers are almost happy, the only unhappy formulas
remaining in the resulting saturated sequent are in topmost
layers and of the shape x:1°, z:a°, x:A O B° or x:0A°. For
the first two shapes, the sequent is axiomatic, and we can stop
working on it.

If all unhappy formulas are in topmost layers and of the
shape z:A O B° or x:10A°, we make them happy by creating
new layers that become new topmost layers to be saturated
while formerly topmost layers turn into happy inner layers.
This process is repeated, until we see a repetition of layers.
In order to achieve termination of this process, we implement
two other loop detection mechanisms (different from the one
used for z:0A® formulas).

In the remainder of this section, we formally introduce the
concepts needed to understand the details of this algorithm,
which is then shown in Fig.

A. Semi-saturation

We begin by making happy all formulas that are not of the
form z:1°®, z:a°, ©:CA®, z:A D B°, or x:00A°.

Definition 7.1 (Semi-saturation). We define a rewrite rela-
tion »3; on sets & of sequents: & 35 &' iff there is a
sequent & € & such that some labelled formula C' of
one of the below shapes occurs at x in & and is unhappy,
and &’ is obtained by replacing sequent & in set & either
with sequent &’ according to cases 1)-4) below, or with se-
quents &’ and &” according to cases 5)-7) below, as follows:
1) for C' = A A B®, obtain &’ by adding to & all of x:A®
and z:B° that are missing;
2) for C = AV B° obtain &' by adding to & all
of x:A° and x:B° that are missing;
3) for C' = OA®, obtain & by adding to & all 2:A®
and z:(JA® that are missing whenever v Rg 2;
4) for ¢ = ©A°, obtain &’ by adding to & all y:A°
and y:> A° that are missing whenever xR y;

5) for C' = AV B*®, obtain &' (respectively &) by adding
to & the labelled formula z:A® (respectively x:5°®);

6) for C'= A A B°, obtain &’ (respectively ") by adding
to & the labelled formula x:A° (respectively x:5°);

7) for C'= A D B®, obtain &' (respectively &) by adding
to & the labelled formula z: A° (respectively x:5°).

We write a7 for the transitive and reflexive closure of .
If 6 »3f 6 and &' is in normal form w.r.t. ~3, i.e., if all
labels occurring in all sequents from &’ are naively happy,
then &’ is called the semi-saturation of &.

The use of this term is justified because, the semi-saturation
of a stable set of sequents is semi-saturated.

Lemma 7.2. All the following statements hold:

a) If a set & is stable and & ~3; &', then &' is stable.

b) On finite sets &, the rewrite relation ~34 is terminating.

c) A set & is semi-saturated iff it is stable and in normal
form w.rt. x3.

B. Saturation

In the next step we show how to deal with unhappy x: O A°.
This is the first source of non-termination, and for this we
employ the same method that is commonly used for
classical S4. However, whereas in the case of classical S4,
loop detection completes the proof search in the current
branch, here we have to continue proof search. For this
reason we realize loops by clusters.

Definition 7.3 (Equivalent labels/clusters). Labels x and y
occurring in sequents & and $) respectively are equivalent,
in symbols gz ~ gy, iff &,2:4° < H,5:4° and also
B.1:A° < H,y: A° for all formulas A. If & and $ are clear
from the context, we simply write x ~ y. For structurally
saturated sequents & and ), we can generalize this to clusters:
6C1 ~ 5Oy iff there is a bijection f: C1 — Ca, such that
fr ~ax forall z € Cy.

Definition 7.4 (Having no past). A label x in a sequent &
has no past iff y<gs2x implies y = z for all y.

Definition 7.5 (Saturation). We define a binary relation ~~¢
on sequents as follows: & ~» &' iff there is a label y and
a formula A, such that &,y:>A® is unhappy, and all labels
u # y with uRgy but not y Rsu are almost happy, and either

1) Option 1: there is a label = # y such that zRsy
and z ~y, and &,2:OA® is happy, and every label u
with 2R u has no past in &. Then &’ is obtained from &
by first substituting  for each occurrence of y and then
closing the resulting Re under transitivity; or

2) Option 2: There is no such label 2. Then & is obtained
from & by first adding 2<z, yRz, z:A® for some fresh
label z, and then closing the resulting R¢ under transi-
tivity and reflexivity.

For sets & and &' of sequents, we write & »3, &' iff & is
semi-saturated, & ~~ &’ for some & € & and &’ is a semi-



saturation of (&\{&})U{®’ } B We write 2% for the transitive
and reflexive closure of x4 If & 3% 6’ and &’ is in normal
form w.r.t. 3¢, then &’ is called a saturation of &.

As before, this term is justified because, a saturation of a
semi-saturated set of sequents is saturated.

Lemma 7.6. All the following statements hold:

a) If a set & is semi-saturated and & ~3o &', then &' is
semi-saturated.

b) The rewrite relation ~3 is terminating.

c) A set 6 is saturated iff it is semi-saturated and in normal
form w.rt. ~3o.

C. Lifting saturation

After having discussed how to saturate sets of sequents, we
are now going to show how to deal with unhappy A O B°
and JA°. For this, we have to create new layers. The naive
way would be to just copy the R-structure of the layer that
contains the unhappy z:A O B° or z:[0JA°. However, due to
the presence of clusters, we sometimes need to create two
copies of the cluster that contains the unhappy formula.

Definition 7.7 (Sequent sum). Let & and &' be sequents
R, T = A and R',T" = A’ respectively. We define their
sum & + &' to be the sequent R, R', I\ TV = A, A’.

Construction 7.8 (Layer Lifting I). Let & be a saturated
sequent, L be one of its topmost layers, and let x € L. Then
2 belongs to a cluster C;, = {x1,...,2,} with b > 1 and
T = x,, for some 1 < m < h, which we often abbreviate
as m = 1..h. In particular, z; Rgx;» for any 7,7’ = 1..h. Let

{y1,...,y1} = L\ C, where [ > 0. Then, if h = 1, let L be
the set of fresh labels {91,...,91,2}. Otherwise, if h > 1, let
L= {p,....0,&,2,,...,2,,27,..., &)} where again all

labels are fresh. We define &1 to consist of:

1) relational atoms v<v and vRwv for all v € ﬁ;
2) for each i = 1..1, each j = 1..h, and each w € {(&):

a) relational atom w<¢; whenever w<gy;,
b) relational atom w<Z whenever w<gz,
c) only for h > 1: relational atoms wgi; and w<z
whenever w<gs;;
3) forall 4, = 1. and j,j’ = 1..h,
a) relational atom ¢; Ry;; whenever y; Re v/,
b) only for A > 1: relational atoms g; Ri’ and g; Ri
whenever y; Rs 2,
¢) relational atom ¢; Rz whenever y; Re,
d) only for h > 1: relational atoms & Ry; and 2 Ry
whenever z; Re v,
e) relational atom 2 Rgy; whenever xRgy;,
f) only for A > 1: relational atoms :Z; R:Z*;-,, :Z; Rz, :Z*Ri*}’ ,
and 2/ R:Z*;-’,.
4) For each ¢ = 1..[, each j = 1..h, and each C, add:
a) labelled formulas ;:C'* whenever &,y;:C'*,

3Strictly speaking, in the first case @’ is already semi-saturated, but to
simplify the presentation, we semi-saturate in both cases.

Fig. 5. Layer lifting as defined in Constructions [Z.§] and

b) only for A > 1: labelled formulas 7/:C'* and 27:C'*
whenever &,z,:C*,
c¢) labelled formulas z:C'® whenever &, z:C*.

This construction lifts a layer L of & w.r.t. a label x € L.
If x is a singleton cluster, this is a simple lifting as one might
expect. Otherwise, if  is in a non-singleton cluster, this cluster
is duplicated and the lifting of = is put in between the two
copies, as indicated in Fig. [5] (ignore label z for the moment).

In Construction [Z.8] Points 1)-2) ensure that in & + &1,
the new layer is indeed above L as intended and (<tr), (<rf),
and (Rrf) are satisfied; Point 3) ensures (Rtr), (F1), and (F»);
Point 4) ensures (mon®). Thus, & + &1* is tree-clustered,
tree-layered, and structurally saturated. However, it may not
be stable because L is now an inner layer. It is almost happy
due to the saturation of & but may contain unhappy A O B°
and JB° formulas.

Construction 7.9 (Layer Lifting II). Let & be a saturated
sequent with &,2:F° being unhappy for some label x and
some formula /" of shape A O B or (1 B. We reuse the notation
from Construction (note that L must be a topmost layer
of & due to it being saturated). We define &1%/" as follows:
o If ' = AD B, then &1%°F is $1” to which we add
labelled formulas z:A® and z:B° and call & a suricata
label of x
o If A =0B, then &1%0F is ®17 to which we add zRz,
2<z, and z:B° for a fresh label z, and additionally add
relational atoms vRz whenever v € L and vRZ is in B,
Here z is called a suricata label of .

Informally speaking, sequent & + &%/ contains precisely
the relational atoms and labeled formulas that need to be added
to & + &1* so that (i) the unhappy &,z:/'° becomes happy
(the suricata label contains the white formula responsible for
this happiness) and (ii) the result is still structurally saturated
(and tree-layered and cluster-layered). Figure 3l shows the case
of x:[0B° with the additional fresh label z (that has no past). In
order to also preserve the property of being stable, we need to
add such a layer for all unhappy &,z:F'° in the same layer L.

Construction 7.10 (Layer Lifting III). Let L be a topmost
layer in a saturated non-axiomatic sequent & where z:F7,
.oy T2 (of the form A D B or (1B) are all the unhappy

m
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Fig. 6. Left: Structure of an unhappy R-triangle loop defined in Def.[Z16] Middle and Right: Structure of an unhappy U-triangle loop defined in Def. [Z.17]

formulas in L. Then &1L :=&1#1/1 ... 4 &1l where
we assume the sets of fresh labels introduced in each of
Gl &1 1o be pairwise disjoint.

If we do this addition of layers naively, we will not
terminate. Therefore, we need a loop-check, which could be
viewed as a generalized version of a loop-check in sequent
calculi for intuitionistic logic.

Definition 7.11 (Simulation of layers). Let L’ and L be layers

in a layered sequent &. A layer simulation between L' and L

is a non-empty binary relation S C (L’ x L) N ~ such that

forall 2’ € L', z,y € L,

(S1) whenever 2'Sx and zRgy, there exists 3y’ € L’ such that
7' Rsy’ and y'Sy, and

(S2) whenever 2'Sx and yRgx, there exists 4’ € L’ such that
y'Rea’ and y'Sy.

We say L' simulates L iff there is a layer simulation be-

tween L' and L.

Proposition 7.12. Let L' and L be layers in a layered
sequent &. If S is a layer simulation between L' and L then,
for all x € L, there is a ' € L’ such that x'Szx.

Definition 7.13. Let L be a topmost layer in a layered
sequent &. We say L is simulated iff there is a layer L’ in &,
such that L' < L and L’ simulates L.

Definition 7.14 (Lifting Saturation). Let & be a saturated non-
axiomatic sequent and L, ..., L, be all topmost layers in &
that are not simulated. We define the lifting saturation of & as
&1 = &+ &P ... 4 &1L where the sets of fresh labels
introduced in each of &1L, ... &1Ln are pairwise disjoint.

Lemma 7.15. If & is saturated, then &1 is stable.

D. Loop saturation

We have presented all the steps that make the sequent
grow, by adding new labelled formulas or relational atoms.
As a result, unhappy formulas become happy, or the sequent
becomes structurally saturated. Definition exhibits a
condition under which we stop applying the growing steps:
namely, when a topmost layer is simulated by a layer below.

However, observe that, in general, new layers are larger than
previous ones and there are two sources for the growth. First,
in the case of an unhappy x:053°, a fresh label z is added,
and second, if label x is in a non-singleton cluster, this cluster
is duplicated. Both effects can be seen in Fig.

For this reason, we need to find a way to shrink a layer.
This will be done by creating clusters similar to how Def.
does for <°. The difference is that this time the potential
repetition will involve several layers rather than being local
to a single layer. The difficulty is that some part of a layer L,
will be repeated in a layer Lo occurring above it, but in order to
keep the sequent tree-layered, we cannot create clusters across
several layers. The solution we implement here is to create a
cluster inside layer Lo for a part that would be repeated in
a future layer, provided that we can repeat in layer Lo what
happened in layer L;. We call such loops triangle loops. There
are two kinds of such loops. The first kind occurs if the cluster
to be created in Lo is in a part of Lo that has no past in L;.
This could be caused for example by repetitions of 0°. We call
these loops R-triange loops. The second kind occurs when the
repetition is caused by a repeated duplication of clusters in the
layer lifting (see Fig.[B). We call these loops U-friangle loops.

Before we give the formal definitions, observe that all new
layers that are created in our algorithm are of the shape &1/,
as defined in Construction and each such layer contains
exactly one suricata label. This can, therefore, be called the
suricata label of the layer, and it is (immediately after the
lifting) the only label that contains a white formula[d

Definition 7.16 (R-triangle loop). Let & be a saturated
sequent with two layers L; < Lo. We say that clusters
C1 C Ly and Cy C Ly form an R-triangle loop iff
1) Cy ~ Cy;
2) there is a label p; € C; such that there is a layer L'
with L1 < L' < Lo that contains a suricata label of p1;
3) there is a cluster C,. such that C1<gC,., and C.RgCs,
and no label v € Lo \ C, with C, Rg v Rs C2 has a
past in L1, i.e., u€gv for any u € L;.
This R-triangle loop is unhappy iff additionally
4) Lo is a topmost layer;
5) there are labels s,¢ € Lo\ Cs such that s ~ ¢, and s # ¢,
and Cr R@ S R@ ths Cg;
6) there is no suricata label u with C, Rg u Rg t;
7) we do not have C5 Rg t.

(Note that s and ¢t may be in a common cluster.)

Figure [6] (Left) illustrates this definition.

4On the other hand, observe that a label z can have several suricata labels
in other layers if there is more than one D°- or O°-formula in z.



1) For set 6;, calculate a full saturation &;.

4) If &;1 = &;, then terminate.

5) Otherwise, set &/, = (6; \ {&;}) U {&;1}.
6) Go to Step 1).

0) Given a formula F, define &((F") to be the sequent r<r,rRr = r:I' and let &( := {&y(F)}.
2) If all sequents in &; are axiomatic, then terminate.
The formula F' is provable and we can give a proof of = 7:F" in lablS4< (see Sect. [9).

3) Otherwise, pick a non-axiomatic sequent &; € &, and compute its lifting saturation ;71 (see Def. [7.14).

The formula ' is not provable, and sequent &; defines a countermodel (see Sect. [§).

Fig. 7. Proof search algorithm

Definition 7.17 (U-triangle loop). Let & be a saturated sequent
with two layers L1 < Lo. We say that clusters Cy C L; and
Cy C Lo form a U-triangle loop iff

1) Cp ~ Co;

2) there is a label p; € C; such that there is a layer L’ with
Ly, < L' < Lo that contains a suricata label of py;

3) C1<eCs.

The U-triangle loop is unhappy iff additionally

4) Lo is a topmost layer;

5) there are labels s,t € Lo \ Co such that C1<gs, and
C1<g@t, and s ~ t, and s # t, and either Cy Re s R t
or s R@ t R@ CQ;

6) there is no suricata label u with s Rg u Re t;

7) we do not have s Rg C R t.

(Again, s and ¢t may be in the same cluster.)

The two possibilities envisioned by this definition, depend-
ing on whether Cs R s R t or s Rg t R Cs, are illustrated
in Fig. [6] (Middle and Right).

Informally, we speak of a triangle loop when we can
reproduce the steps that started with the creation of L’ and led
to L. The loop is unhappy if we can observe some repetition
in the new part of Lo. If this is the case, we can collapse
this repetition by creating a cluster, or shrinking an existing
cluster, as follows:

Definition 7.18 (Loop saturation). Let & and &’ be saturated
sequents. We write &~ &'’ iff there is an unhappy R-triangle
or U-triangle loop in & where the labels s and ¢ are as in
Def. or Def. [ 17 respectively and &’ is obtained from &
by substituting s for all occurrences of ¢ and closing the
resulting R under transitivity. For sets & and & of sequents,
we write 6 »3,, &' iff & is saturated, & ~~¢, &’ for some
6 c6, and & = (6 )\ {6}) U{&'}. We write »3, for the
transitive and reflexive closure of s,. If 67,6’ and &' is
in normal form w.r.t. ~3.,, then &’ is a loop saturation of &.

As before, this term is justified because a loop saturation of
a saturated set of sequents is saturated.

Lemma 7.19. Ir holds that:

a) If & is saturated and & ~zr, &', then &' is saturated.
b) The rewrite relation ~3., is terminating.
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Fig. 8. Formula O(CA A ©b) D L, with A = (¢ D ©b) D L. The set I'®
{O(CANOL)®, OANOL®, OA®, Ob®} is in all nodes, except 1.

Definition 7.20 (Full saturation). Let & be a set of stable
sequents. Let &’ be a semi-saturation of &, and 6" be a
saturation of &’, and &" be a loop saturation of &”. Then
6" is a full saturation of &.

Corollary 7.21. If a set & of sequents is stable and & is
its full saturation, then &' is saturated.

E. Search algorithm

We have now all the ingredients for our proof/countermodel
search algorithm, which is presented in Fig. [/l It produces a
sequence &g, 61,62, ... of sets of saturated sequents using
the transformations discussed in this section. We terminate at
step ¢ if either all sequents in &; are axiomatic (in that case
we can produce a proof in lablS4<, see Sect. @) or there is
a sequent ®; € &, that does not grow anymore (in that case
we can construct a countermodel, see Sect. [§).

Example 7.22. Figure [§] contains a (partial) diagrammatic
representation of one sequent generated by the algorithm,
when run on the valid 1S4 formula from Example {21 At
layer L; clusters {3,4} and {6, 7} are generated by saturation
(Option[T] of Def.[Z.3). Layer Lo is created by lifting saturation
(Def. [1.14), where 14 is a suricata label and both clusters



{12,13} and {15,16} come from {6,7}. The sequent is
axiomatic because of 15.

8. COUNTERMODEL CONSTRUCTION

Assume we initiate the algorithm with a formula F'. If we
terminate at Step 4, we have found a saturated sequent &;
such that &;,r:F° and &1; = &,. This means that each
topmost layer of &; is either happy or simulated. Thus, for
each unhappy layer L there is some happy inner layer L’ that
simulates L via a simulation S;. We now define & to be
obtained from &; by adding a relational atom x<z’ whenever
2'Spx for some unhappy layer L, and by closing the result
under transitivity of <. This makes all unhappy A O B° and
[JA° in the topmost layers happy and preserves structural
saturation. Hence, & is a happy sequent, which allows to
apply Theorem [5.8] to obtain a finite countermodel for F.

Theorem 8.1. If the algorithm shown in Fig. [ terminates in
Step 4, then formula F' is not a theorem of 154.

Example 8.2. Figure O] represents (a <-branch of) a sequent,
generated by the algorithm when run on formula (@) from
Sect. [l thatis on O(A A B) D | with A=0a > | and B =
(a D> L) D L. If we include label 12 (but remove atom 9 <
14), the figure depicts the moment when the algorithm finds
an unhappy R-triangle loop: employing the terminology from
Def. we take C1 = {3}, p1 = 3, Cy = {13}, s = 14,
C, = {s}, and t = 12. Then 12 is replaced with 14, and after
the loop saturation is no longer present in the sequent. Then
the search on the depicted <-branch stops because the topmost
layer Lg can be simulated by layer L4. By adding relational
atoms 15<8, 14<6, and 13<7 to the sequent (Theorem [8.1)),
we obtain (a part of) the countermodel for our formula.

9. SEQUENT PROOF UNFOLDING

Let us now turn to the case when the algorithm terminates
in Step 2. Then all sequents in &; are axiomatic, and we want
to construct a proof of = 7:/" in lablS4<. For this we are
going to simulate the steps of the algorithm by applying the
inference rules of Iab|S4'<, starting with rules Rrf and <rf
to obtain the sequent r<r,rRr = r:F that is the input of
the algorithm. On the one hand, this unfolding seems easy
because our search algorithm was designed as organized proof
search in lablS4 and most steps can indeed be executed by
applying the rules of lablS4” . However, the difficulties come
from the fact that sequents produced by lablS4” do not have
non-singleton clusters. We call such sequents proper.

Definition 9.1 (Vertical sequent). A layered sequent & is
vertical iff for all labels u, v/, v, and v’ in &, (a) if u<gv,
and u<gv', and vRE v, then v = ¢/, and (b) if u<gv, and
uw'<gv, and uRg u', then u = v/, i.e., for each label there is
at most one future per layer and at most one past per layer.

Definition 9.2 (Proper layer/sequent). A layer L in a tree-
clustered sequent & is called proper iff all clusters C' C L
are singletons. A tree-clustered sequent & is proper iff it is
tree-layered and vertical and all its layers are proper.
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Lg @ @ - Lﬁz 13) a°
AN AN '
L @ —©—0-
| a®
L2 @—'@a"
L1 @L"
Ly @D(A/\B)DLO

Fig. 9. Formula J(AAB)D LwithA=0aD Land B=(aD L) D L.
I ={0(AAB)*, AN B®,A* B®, 0a°,a > L°} is in all nodes but 0.

The basic idea of constructing our proof is to mimic the
algorithm with a derivation that works “layer by layer.” The
key observation is that whenever we create a cluster in the
algorithm, we can unfold it, i.e., repeat this cluster arbitrarily
often in an actual proof with only proper sequents. And this
property is preserved when we lift the cluster to the next layer.

Definition 9.3 (Unfolding). For n € N, a proper sequent & is
called an n-unfolding of a stable sequent & iff there is a binary
n-unfolding relation U C ((®) x {(®) that has the following
properties, where we assume xUz and yUy and write L, to

denote the layer of wu:

(U1) formula invariance: © ~ Z;

(U2) R-invariance: if x and y are not in the same cluster
in &, then xRy iff TRGY;

(U3) layer invariance: L, <¢ L, iff L; <& Lyg;

(U4) “no-past” invariance: x has no past in & iff £ has no
past in &;

(U5) singleton-cluster invariance: if C' = {z} is a singleton
cluster in @, then there is a unique 2 € /(&) with zU2;

(U6) non-singleton-cluster unfolding: if C' is a cluster in &
with |C] = k > 2, then for all i = 1..k and j = 1..n
there are z; € /(&) and 2,; € ((®) such that we
have z;UZ;; and C = {z,...,2;} and additionally
Z1nR-- RZy1R21 2R RZpoR-- - RZ1 pyR-- - R2i
in éﬁ;

(U7) injectivity: if £ = ¢, then © = y.

Note that every (n + 1)-unfolding U is also an n-unfolding
and that any proper stable sequent & is an n-unfolding of itself
for any n, via the diagonal relation {(z,x) | x € £(®)}.

To ensure that unfolding only operates with proper sequents,
we will now introduce lablS4%, a proof system whose rules



correspond to applications of several lablS4” steps, thus
forcing the rules of lablS4~ to be applied in a certain way.

Let & be a sequent R,I' = A with z:/" occurring in A.
Then we write (R, I’ = A%/ for & + &1%%", This allows
us to define the following inference rules:

C(RT = A,z A D B)pmAob
’ R,T = A,z:ADDB

(R, T = Ao A)pmed
TR T = A xz0A

For a label x in a sequent &, we define < to be the set of
labels ' with 2’ Rsx. For a set X of labels, we write X Ry
for the set {xRy | © € X} of relational atoms. With this

notation, we can define the rule:

R, YRy, yRy, y<y, I, 2:CA, y:A = A
o
) R,T,2:0A = A

y fresh

Now define system lablS4Z to be

inference rules id, 1* and <° as in Fig. 2}

rule O obtained by setting # = y in O° from Fig. &}
rules Ay, A, VS, V5, and DJ that are variants of A°,
A°, V®, V°, and D° from Fig. [2| respectively, where
the principal formula is not deleted in the premises, the
premises are closed under monotonicity, and, additionally,
x =y for DY;

rules 4* and 4° from Fig. 3

rules DY, 0OF, and <3 as shown above.

Note that there are no structural rules in lablS4%.

Proposition 9.4. Every rule r in IabIS4; is derivable
in |ab|S4’S, and if & is the conclusion of an instance of r,
then each premise has the form & + ) for some ).

When writing a premise &+ 5), we assume that & and §) are
disjoint, i.e., all labelled formulas and relational atoms of $)
are absent from the conclusion.

Definition 9.5 (Touch). Let r be an instance of a rule
in lablS4% with a sequent & in its conclusion. We say that
r touches a label = € ((®) iff for some premise & + §) of r,
either we have u<gx or uRgx for some label u or we have
$,2:B® or H,x:B° for some formula B. We say that r fouches
a set X of labels iff r touches some = € X.

Definition 9.6 (Restricted sequent/forbidden label). A se-
quent & is called restricted iff it is equipped with a set
f(®) C £(B) of forbidden labels satisfying two conditions:

(a) if y € f/(®) and zRsy, then = € f(&), i.e., all parents
of a forbidden label are forbidden;

(b) if L, < L, for some y € £(®B), then = € /(®B), i.e., all
labels from the inner layers are forbidden.

All labels in ¢(®) that are not forbidden are allowed.

In the following, we assume that all sequents are restricted,
in particular, all sequents occurring in derivations.

Definition 9.7 (Tidy rule/derivation). Let & be the conclusion
of an instance of a rule r in Iab|S4;. We say that r is tidy iff
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(1) r does not touch any forbidden label in &, and (ii) the
forbidden labels for each premise £ of r are

1R = {f(@)

A derivation @ is tidy iff it consists of tidy rule instances.

if re {D7,0%,0%},
otherwise.

“)

In other words, rules in tidy derivations do not touch
forbidden labels and either keep all labels and forbidden labels
unchanged or introduce new allowed labels turning all old
labels into forbidden. This is sufficient, in particular, to ensure
that all sequents in a tidy derivation are proper.

Proposition 9.8. Let D be a tidy derivation. If the conclusion
of D is proper, then every sequent in D is also proper.

Definition 9.9 (Unfoldable). A derivation @,, is called an n-
unfolding of a stable set & iff each premise of @, is an
n-unfolding of some sequent from &. For a formula F, a
stable set & is F-unfoldable iff for every n € N there is
a tidy derivation @,, of &,(F) (as defined in Step O of the
algorithm in Fig. [7) such that @,, is an n-unfolding of &.

Clearly, 6 = {®¢(F)} is F-unfoldable. It now has to
be shown that all operations performed in the algorithm, in
particular, the rewrite relations 3¢, 3¢, and ~3(,, preserve
this propery. For a3, this is straightforward, as we simply
apply the inference rules of lablS4% to match the semi-
saturation steps. For ~2¢ and %3 ,, we need to unfold the newly
created clusters. The basic idea is to simply repeat all proof
steps that lead to the first occurrence of the cluster n-times.

Lemma 9.10 (Unfolding Lemma). All sets &; of sequents
generated by the algorithm from Fig. [Ql are F-unfoldable.

Hence, when we terminate in Step 2, we can construct a 1-
unfolding of &;, which constitutes a proof in lablS4% because
an unfolding of an axiomatic sequent is always axiomatic.

Theorem 9.11. If the algorithm shown in Fig. [/l terminates in
Step 2, then the formula F' is a theorem of 15S4.

10. TERMINATION

We have already established in Sect. [7] that every step in our
algorithm (shown in Fig.[7) terminates. It remains to show that
we cannot run through the main loop forever, i.e., sequence
6y,61,...,6,,... eventually terminates either in Step 2 (we
find a proof) or in Step 4 (we find a countermodel). The basic
idea is to restrict the size of a layer in the sequents of &;.
Then the number of distinct possible layers is finite, hence,
we will eventually find a simulation (Defs. [7.13).

For the remainder of this section, we assume that a for-
mula ' in Step 0 has n subformula occurrences.

We define the size |x| of a label z in a sequent & to be the
number of distinct formula occurrences 2:A® or x:A° in &.

Lemma 10.1. The size of a label occurring in a sequent of
some &; is at most n. And there are 2" many equivalence
classes of labels with respect to ~.



The size |C| of a cluster C' is the number of labels in C.

Lemma 10.2. The size of a cluster occurring in a sequent of
some &, is at most 2". And there are 22" —1 many equivalence
classes of (non-empty) clusters with respect to ~.

The algorithm visits only stable sequents. A layer L in such
a sequent is a tree of clusters. Let M be a branch in L, i.e.,
a sequence C7,CYy, ..., C of clusters from the root to a leaf.
The length |M| of M is the sum |Cy| + |Ce| + - +|Ci].

Lemma 10.3. The length of a branch in a layer in a sequent
in a set &; is bounded, and the bound is determined by F.

Theorem 10.4 (Termination). The proof search algorithm
given in Fig.[Ais terminating.

11. CONCLUSION

In this paper we have solved a problem open for almost 30
years. Our solution has two key ingredients.

First, the use of the fully labelled system with relational
atoms for both binary relations enabled us to give a proof
system that has only invertible rules and also gives a closer
correspondence between sequents and models.

Second, although the identification of labels during during
proof search to realize loops is a priori unsound, however,
under the right circumstances, we can preserve soundness if
we organize the proof search in a certain systematic way.

We conjecture that the same method can also be applied to
IK4, which is IS4 without the t-axiom and which is the other
logic in the intuitionistic version of the S5-cube for which
decidability is an open problem. In fact, the overall argument
is the same, but in many definitions and proof arguments, there
would be subtle differences due to the absence of reflexivity.
For this reason a full treatment of 1K4 would go beyond the
scope of this paper.

The implementation of the algorithm is object of current
work. In a future work we would like to investigate the
complexity of provability in 1S4.
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APPENDIX
A. Examples

This section contains some examples illustrating how the
search algorithm (Fig. [7) works. Refer to Example for an
explanation of the diagrammatic notation.

For reasons of space, we represent only one sequent of those
generated by the algorithm, that is, either an axiomatic sequent
or a sequent from which a countermodel for the formula at
the root can be generated. Recall that even if an axiomatic
sequent is found the algorithm might continue running: for it
to stop (at step 2), all sequents in the set need to be axiomatic.
Conversely, the algorithm stops (at step 4) if it finds a sequent
containing enough information to build a countermodel.

Example A.1 (Valid formula). Let us consider formula
O(QCAACH) D L, with A (¢D><Cb) D L, which

is valid in 1S4. Figure represents one sequent
generated by the algorithm. Let I'®* be the set
{O(CANOD), CANCH, OA®, Ob*}. To each label

in the figure (except 1) we associate I'®, plus the formulas
explicitly displayed next to the node in the figure. The
following <-relations are not displayed but are present in the
sequent: 3<10, 4<11, 6<12, 6<15, 7<13 and 7<16.

At layer L, the search on both R-branches stops in virtue
of option [I] of Def. (saturation): there, 5 is replaced
with 3, and 8 with 6. This generates two non-singleton clusters:
Cy = {3,4} and Cy = {6,7}. Then, since all labels in L;
are almost happy, lifting saturation is applied: the rewrite
“lifts” one copy of the layer for each D°-formula present
in the sequent. We only represent one of such layers, Lo,
generated from formula 7:¢c D <b°. Since 7 belongs to the
cluster Cs, the cluster is duplicated in Lo, following Defs. [7.8-
Then, after a semi-saturation step, we have that both 15:0°
and 15:b°. Thus we stop the search along this branch. If all
the sequents manipulated by the algorithm eventually result in
axiomatic sequents, then the algorithm stops and, according
to Theorem the formula at the root is a theorem of 1S4.
Indeed, its derivation in lablS4< can be found in Fig. @] (Left).

Example A.2 (Non-valid formula, R-triangle loop). We now
consider formula 3] from Sect. 3] that is, O(A A B) D L with
A=m0a> 1l and B = (a> 1)> L. On the left of Fig. [1]
we represent one sequent generated by the algorithm. Let
re = {o(AAB)*, AANB®* A%, B*, 0a°,a D 1°}. To each
label in the figure (except 0), we associate ['®, plus the
formulas explicitly displayed next to the node. To be precise,
the figure displays only one <-branch of the sequent: formulas
Oa® and @ O L° are in all the labels, and every time they are
unhappy they are also lifted, generating a new layer (which is
not displayed).

At layer Lg an unhappy R-triangle loop is detected: em-
ploying the terminology from Def. we take C = {3},
p1 =3, Cy = {13}, s = 14, C, = {s} and t = 12. On
the right of Fig. [T is represented the sequent resulting from
the loop saturation, where 12 is replaced by 14. Observe that
the cluster {14} remains unchanged. After the loop saturation,

14

A% DO A% DO
be e, o0, b° Ob°, b°

A%, c DO 1 b, 00%,0°

@ O(CAAOb) D L°

Fig. 10. Formula O(CA A $b) D L, with A = (¢ D <$b) D L.

Ly

proof search along the <-branch depicted stops: this is because
layer Lg can be simulated by layer L,. By adding relational
atoms 15<8, 14<6 and 13<7 to the sequent (Theorem [8.1)),
which are the dashed arrows pointing downwards in the figure,
we obtain (a part of) the countermodel for our formula. To
complete the countermodel, we need to take into account the
layers generated from unhappy [1° and ©° formulas present in
the sequent. Specifically, 8:a O 1 ° and 8:a D L ° are unhappy.
These formulas give rise to more <-branches in the sequent
(but all branches are finite, and there is only a finite number
of them).

Example A.3 (Non-valid formula, U-triangle loop). Let us

consider formula O(CD A Cc) D L, with D = (aDb) D L.

Figure illustrates one sequent generated by the search

algorithm. Let IT'® = {T(OCD A Oc)®, OD A O, 0D, Oc®

To each label we associate the following sets, color-coded in

the figure:
1

r*u{o(eD A <e) D L°}
2 reu{Le}
10 ~ 19 ~ 29 re
J~8~6n~
18~ 15~ 12~ | T*U{D* a >0}
28 ~ 23~ 21
49T
17T~14~13~ | T*U{c*}
27 ~ 24 ~ 22 ~
16 ~ 26 ~ 25 r*u{D*,a® a>b°}
5~ 11 ~ 20 r*u{D®*,a*b°,a>0°}

As in the previous example, only one <-branch is represented.
Moreover, for reasons of space, we have not pictured a second
R-branch originating from 2 by saturation, to make formula
2:$c* happy. The labels originated by lifting this branch are
present in all layers.

As in Example [A1] in layer L, after saturation, a non-
singleton loop is created, {3,4}. Then, layer Lo is generated
by lifting saturation, which duplicates the cluster. The process
is repeated to generate L3. At L3, an unhappy U-triangle
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Fig. 11. Formula O(A A B) D L with A=0a> L and B = (a D L) D L. A loop saturation step is applied to the leftmost sequent, and the result of the

saturation is the rightmost sequent.

loop is found. Using the terminology from Def. [Z17] take
Cy = {3,4}, Co = {12,13}, s = 18 and t = 15. Thus,
we substitute 15 with 18. Moreover, a second unhappy U-
triangle loop is found, by taking s’ = 17 and ¢’ = 14 (refer
to the topmost sequent of Fig. [[2). Layer L3/ is the result
of the loop saturation: it contains a cluster {18,17,16}. The
algorithm produces a sequent consisting of layers Lo - Lo,
L3/, and continues (middle sequent in Fig. [[2).

Then, after a lifting saturation, layer L4 is generated. Here,
three unhappy U-triangle loops are present: take C; = {3, 4},
Cy = {21,22}, and then s = 28 and ¢ = 23, s’ = 27 and
t' =24 and s” = 26 and t”” = 25. After the loop saturation,
we obtain layer L4, which can be simulated by layer Ls
(lowermost sequent in Fig. [[2). By adding relational atoms
29<19, 28<18, 27<17, 26<16, 20<11, 21<12 and 22<13
we have a (partial) countermodel for the formula at the root.
To complete the countermodel, we need to include the layers
generated by lifting the layers of the sequent in correspondence
to each remaining unhappy formula (a D b)°.

B. Proofs from Section

Theorem 5.8 (Completeness). For a happy sequent &, its
model Mg = ({(B), <@, Re,V) is a transitive and reflexive
birelational model with the following two properties:

o if Bx:A°, then Mg, x - A;
o if &,x:A°, then Mg,z I A.

Proof. The worlds W of 11lg are the labels of the sequent.
Conditions F; and F, the transitivity and reflexivity of <g and
R, and the monotonicity of V' all follow by construction due
to structural saturation. Thus, 71 is a transitive and reflexive
birelational model. It only remains to show the two properties
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about forcing, that we prove by mutual induction on the size
of A, proceeding by case analysis on the main connective of A:

e &, x: 1 *: it is not possible for a happy sequent.

o &, 2:1° we have Mg,z |f L by definition.

®,2:a*: by Definition 3.7} Mg, x I a.

®,x:a°: it is not the case that &,z:a® by happiness of z,
hence, Mg, x I a by Definition 5.7

®,2:B A C*®: by happiness of x, both &,x:5° and
&, x:C*. Then Mg,z I+ B and Mg,z IF C by IH.
Therefore, Mg, x IF B A C.

®,x:8 A C°: by happiness of =z, either &,2:B° or
&,x:C°. Then either Mg,z I B or Mg,z I C by TH.
Therefore, Mg, x If B AC.

Cases for &,x:8 vV C'* and &,z:B \V C° are analogous.
B,x:B D C'*: consider any y with x<gy. By (mon®)-
structural saturation, &,y:58 O C'*. By happiness of y,
either &,y:B° or &,y:C*. By IH, either Mg,y If B or
Mg,y - C. Thus, Mg,y |- B implies Mg,y - C for
all y with z<gy. Therefore, Mg, x I B D C.

&,2:B O C°: by happiness of z, there is a world y such
that z<gy, &,y:B°, and &,y:C°. By IH, N,y - B
and Mg,y If C. Therefore, Mg, x If B D C.
®,x:OB*®: by happiness of z, there is a world y such
that zRsy and &,y:B°. By IH, we have Mg,y IF B
and, therefore, Mg, x IF OB.

®,2:>B°: by happiness of x, we have &,y:B° for all
worlds y such that xRgy. Thus, by IH, Mg,y If B
whenever zRgy. Therefore, Mg, x I ©B.

B,x:00B°%: consider arbitrary y and z with z<gy and
yRez. By (mon®)-structural saturation, &,y:005°. By
happiness of y, we have & z:B°®. Thus, by IH, Mg, z IF
B whenever t<gy and yRe z. Therefore, Mg, x IF OB.
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Fig. 12. Formula 0O(CD A <$c) D L, with D = (a D b) D L. A loop saturation step is applied to the topmost sequent, and the result of the saturation is
represented in the middle sequent. Then, a loop saturation is also applied to the middle sequent, and the result is the lowermost sequent.

e & 2:01B°: by happiness of z, there exist y and z such
that *<gy, yRez, and &,z:B°. By IH, Mg,z I B.
Therefore, Mg, x I OB. O

C. Proofs from Section

We start with a proposition that is not in the main text but
simplifies many arguments.

Proposition A.4. Structurally saturated sequents & are also
saturated w.r.t. Rg :
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(F) if tRGy and x<gz, then there is u such that y<eu
and zRG u.

Proof. There must be a sequence xg,...,x, of labels with
n > 0 such that xy = z, z,, =y, and foreach 0 < i < n —1,
either x; Rgx;+1 or ;11 Resx;. We use induction on n. If
n = 0, i.e.,, x = y, then u := z suffices. Otherwise, by IH,
there is v such that z,,_1 <ev and zRg v. If x,, Re x,,—1, there
is u by (Fy)-structural saturation such that 2, <eu and uRgv.
If 2,1 Rex,,, there is u by (F»)-structural saturation such that



Tn<eu and vReu. Either way, y<eu and 2Ry u. O

Proposition 6.3. For a layered structurally saturated se-
quent &, relation < is an order relation on its layers.

Proof. For reflexivity, consider any layer L. For any label x €
L, by (<rf)-structural saturation, z<gx. Hence, L < L by
Definition

For transitivity, let L; < Ly and Le < L3 for layers L,
Ly, and Lj3. By Definition z<gy and y<gz for some
labels © € L1, y',y € Lo, and z € Ls. Since y'R§ y, by
(F)-structural saturation (Proposition [A4), there is a label 2’
such that y’ <z’ and 2z’R§ 2. The latter means that 2’ € Ls.
By (<tr)-structural saturation, z<g2’. Hence, Ly < L3 by
Definition

For antisymmetry, let L; < Lo and Ly # L. By Defi-
nition there are labels * € L and ' € L, such that
2<gx’. For arbitrary labels y € L; and y' € Lo, we have
rRgy and 2’ Rgy'. Since Ly # Lo, we have = # x’. Hence,
y' £y by 2) of Definition Since y' £y for any y' € Lo
and y € Ly, it is not the case that Lo < L. O

Proposition 6.7. For a structurally saturated sequent ®,
relation Rg is an order and <g is a preorder on its clusters.
If & is layered, then <g is also an order.

Proof. For reflexivity of R, consider any cluster C. For any
label = € C, by (Rrf)-structural saturation, xRgx. Hence,
CRgC by Definition [6.6] For transitivity of Rg, let C; RgCo
and Co R Cs3 for clusters Cq, C, and C'3. By Definition [6.6]
rResy and uRgz for some labels x € C4, y,u € Cs,
and z € C5. Since yRgu, by (Rtr)-structural saturation
xR z. Thus, C1 ResCs by Definition For antisymmetry
of Rg, let C1RsCy and CyReCy. By Definition there
are labels z,y € Cy and 2/,y’ € C5 such that xRgx’
and y'Rey. For arbitrary labels v € Cy and v € Cy, we
have uRgx, and 2’ R v, hence, by (Rtr)-structural saturation,
uRgv. Similarly, vRgu because vRgy’ and yReu. Since
both uRgv and vRgu for all u € C7 and v € O, all labels in
these two clusters form one equivalence class w.r.t. Rg ﬂR;l,
i.e., Cl = CQ.

For reflexivity of <g, consider any cluster C. For every
label y € C, by (<rf)-structural saturation, y<gy. Hence,
C'<C by Definition[6.6l For transitivity of <g, let C1<gCo
and C3<gCj3 for clusters C'1, Cg, and C3. By Definition [6.6]
for every z € Cs, there is y € C5 such that y<gz. In its turn,
for this y, there is z € C; such that x<gy. By (<tr)-structural
saturation x<gz for this z. Thus, C; <gC3 by Definition [6.6]
Hence, <@ is a preorder.

Assume now additionally that & is layered. For antisymme-
try of <g, let C1<sC5 and C; # (s, ie., C1NCy = 2. To
show that Cy £ C1, we consider any label « € C; and show
that y£ e for all y € Cy. By Definition [6.6] for each y € Co,
there is some label 2’ € Cy such that 2’ <gy. We have 2/ Ry x
because they belong to the same cluster, yRey, and hence
yRgy, by (Rrf)-structural saturation, and 2’ # y because
they are from disjoint clusters. Hence, y % ¢ by Definition[6.2)
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Since y was chosen arbitrarily, it follows that Co £ C; and
<g 1s an order. O

D. Proofs from Section [l

For simplicity, when w < v, then we say that w is a past
of v and that v is a future of w.

Lemma 7.2. All the following statements hold:

a) If a set © is stable and & ~3; &', then &' is stable.

b) On finite sets &, the rewrite relation ~34 is terminating.

c) A set & is semi-saturated iff it is stable and in normal
form w.rt. x3.

Proof. To prove[a) assume that set & is finite and all sequents
B € 6 are stable, i.e., tree-layered and tree-clustered (in
particular, layered and structurally saturated) with happy inner
layers. The size of &’ is larger than that of & by at most one
sequent, hence, &' is also finite. Since all labels in the inner
layers of sequents from & are happy, labels of all newly added
labelled formulas, be it label z itself or labels Rg-accessible
from z, must be in a topmost layer of some sequent from &.
Given that this sequent is layered, the labels of all new labelled
formulas have no non-reflexive futures, making (mon®) trivial
for them. Since rewrites neither introduce new labels nor add
relational atoms, all other conditions of structural saturation,
as well as being being tree-layered and tree-clustered, remain
true. Since no labelled formulas have been removed and all
inner layers of all sequents remain unchanged, the inner layers
remain happy (see Remark[6.10). Therefore, all sequents in &’
are stable, and so is &’ itself.

To prove [b)} observe that each rewrite adds a labelled
formula to a sequent & € & if and only if the formula is not
already in &. Moreover, the added formulas are subformulas
of formulas in the sequent, and no new labels are introduced.
Since each & contains finitely many formulas and finitely
many labels, only finitely many formulas can be added to
the sequent. Thus, if there are finitely many sequents in &,
relation x5 is terminating.

Finally, to prove[c), suppose first that & is semi-saturated.
Then, by definition, & is finite, all sequents in & are stable,
in particular, have happy inner layers, and have naively happy
topmost layers. Since all these finitely many sequents are
stable, & is stable. Since all their layers are (at least) naively
happy, no rewrite step is applicable to &, so & is in normal
form w.r.t. 3. Conversely, suppose that & is stable and
in normal form w.rt. »3;. Then & is a finite set of stable
sequents. Since no rewrite is applicable to any sequent from &,
all (topmost) layers of all these sequents are naively happy.
Hence, all finitely many sequents from & are semi-saturated,
and so is & itself. (]

The following two lemmas are not in the main text and are
needed to prove Lemma
Lemma A.5. The following statements hold:

i) If a sequent & is semi-saturated and & ~o &', then the
sequent &' is stable.



ii) If a sequent & is semi-saturated and & ~¢ &' according
to option[l] then the sequent &' is semi-saturated.

Proof. To prove [[)] assume that a sequent & is semi-saturated,
in particular, stable (i.e., structurally saturated, tree-layered,
and tree-clustered with happy inner layers). Let & ~¢ &’. For
either option from Def. the unhappy label y can only be
in a topmost layer of &. Both labels 2 from option [l or z
from option 2] belong to the same topmost layer. Hence, in
either case neither labels nor most labelled formulas from the
inner layers are affected and, therefore, they remain happy
by Remark For option 2l no formulas or labels are
removed so all white A D B° and 0A° formulas from the
inner layers remain happy. For option [Il formulas A D B°
from inner layers remain happy because y has no past. Finally,
it is possible that &,k:(1A° from some inner layer is happy
because of &,y:A°, k<sw, and wRgy. But since z ~ v,
also &’ 1:A°. Note that w # y since y has no past. Thus,
k<@ w and wRe x means that &’ k:0A° remains happy. For
option[d] there are no new labels and y has no past in &, hence,
the only change in <-relational atoms is that y<y turns into
x<z; for option [2| the only new label is z with z<z being
the only new <-relational atom. Either way, the (<rf)- and
(<tr)-structural saturation is ensured and the set of irreflexive
<-relational atoms remains unchanged. The latter implies that
the (mon®)-, (F1)-, and (F2)-structural saturation of &’ follows
from the same properties of &. The (Rtr)-structural saturation
is explicitly enforced. So is (Rrf)-structural saturation for
option 2l where it is necessary for the added label 2. This
completes the proof that &’ is structurally saturated. As the
rewrite does not affect the layer structure of the sequent,
&’ being tree-layered immediately follows from the same
property of &. To show that &’ is tree-clustered we consider
the two options separately. In option [Ll of Def. the rewrite
performs a substitution of label = for label y and applies the
transitive closure. By considering the shortest chains justifying
new R/ -links, and using the structural saturation of both &
and &' along with ©Rgy, it follows that:

uRgx =— uRsvy; %)
rzRsv = zxRgv; (6)
uRg /v but not uRsv =— uRey&xrRev. @)

Let C’, be the cluster in &' that contains z. For any cluster
C'in &, either y € C' and C'\ {y} C C, or y ¢ C and either
C C C! or C remains a cluster in ®’. The case of y € C
is easy. Suppose y ¢ C, which is not a cluster in &'. Since
all Rg-links unrelated to y are preserved in &’, cluster C'
can only grow. So there must be some labels v € C' and
v ¢ C such that uRg/v, vRe u, but either not uRgv or
not vRgu. By (@), in the former case, uRgy and xRgv,
hence, uRg > and x Rg v, while in the latter case, vRgy and
rRsu, hence, vRg'x and xR u. Either way, by structural
saturation of &', u € C’,, and C C C",. To show that &’ is tree-
clustered (in option [l of Def. [Z.3), we consider three clusters
C1, Cy, and C' from &’ such that C;Re/C’ and CoRes C'
and show that C; and Cy are Rg/-comparable. If any two
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of them are equal, this is trivial, so assume they are pairwise
distinct. If none of them is C?,, then they are also clusters in &
and it is sufficient to show that there is some cluster C* in &
such that C1RsC* and CoRsC*. Then C and C5 are Rg-
comparable because & is tree-clustered and the connection
remains in ®’, meaning that they are also Ry -comparable.
If both CiRsC’ and CyRsC’, then C* = C'. If neither
C1RgC' nor CoRe (', then it follows from () that C1 Re C,,
and Cy R C,, where C), is the cluster in & that contains y. So
C* = C,. Finally, if, w.lo.g. C1RsC’ but not CyReC’, then
C2RsCy and CyRsC’ by where C,, is the cluster in &
that contains x. Since & is tree-clustered, either C, R C or
C1RsC,. In the latter case, C1 RsCy, so C* = C,. In the
former case, we derive the Rg/-connection Cy R/ C directly
from CyReCy and Cp R C. It remains to consider the case
when exactly one of the three clusters is C!, and the other two
are clusters of &. If C' = (7, then C1RsC, and C2RsC),
by (@), so the above argument with C* = C,, suffices. Finally,
if wlo.g. C; = C., then C, RsC’ by (@). If CoRsC’, then
C, is Rg-comparable to Cy because & is tree-clustered, and
C! is Rg-comparable to Cs. If C5Re C’ but not CoReC,
then C5 R Cyy by (@), and Cy Res: C?,. The situation in option 2]
of Def. is much simpler: there a single new cluster {z}
is added to the clusters of & and CRe/{z} iff C = {z} or
CRgCy. The only non-trivial new case to consider is when
C" ={z}, C1 # {z}, and C5 # {z}, in which case C; R C,
and CoRsCy, and C; and Cy are Rg/-comparable because
they are Rg-comparable. This completes the proof that &’ is
tree-clustered and overall stable.

To prove since most of the conditions were just shown
in it is sufficient to additionally show that all topmost
layers of &’ are naively happy. Since option [l adds neither
new formulas nor new labels, for most types of formulas their
(naive) happiness is inherited from &. The only exceptions
are [1°- and O°-formulas. The argument is the same for both.
We show it for (J°®-formulas. Suppose uRg v and &' w:00C"°.
Since no formulas are added in option[d] also &,u:1C*®. There
are two possibilities: either uRg v already in & or it was added
to ensure the structural saturation of &’. In the former case,
&’ v:C*® and &' ,0:0C* by the naive happiness of this layer
in &. In the latter case, we have uRg v but not uRgv, hence,
by (@), both uRsy and xRgv. Therefore, &,:0C® naive
happiness of the layer in &, so &,z:01C'® because x ~ ¥ in
®, and B,v:C'* and &,v:00C'*, again due to naive happiness.
Both C'* and OC® remain at v in &’. O

Lemma A.6. Let & be a semi-saturated sequent, let &~ 6/,
and let &* be a semi-saturation of {®'}. Then all happy ©°-
formulas are preserved by the transition from & to &%, i.e., for
all sequents &* € &* and for all labels u occurring in &%,
if B,u:OC* is happy, then so is &* u:OC*e.

Proof. Note that semi-saturation does not remove formulas
or labels, nor does it add R-relational atoms. Hence, semi-
saturation in option 2] cannot spoil happiness of any <°-
formula, and it is sufficient to show that no happy <®-formula
of & becomes unhappy in &’. For option 2| this is trivial as,



again, nothing is removed. For option [1 the only problems
relate to the removal of y and could potentially occur if
B,u:>C'® was happy because of uRgy and &,y:C'®. However,
in this case, uRg -z and &', 2:C'® because x ~ y in &, thus,
happiness persists. |

Lemma 7.6. All the following statements hold:
a) If a set & is semi-saturated and & 3¢ &', then &' is
semi-saturated.
b) The rewrite relation ~3¢ is terminating.
c) A set 6 is saturated iff it is semi-saturated and in normal
form w.rt. 3.

Proof. To prove[a) assume that set & is finite and all sequents
in & are semi-saturated (in particular, stable). Observe that
6 = (6 \ {6}) U6" for some & >, & where 6* is as
in Lemma In Option [1l we replace one semi-saturated
sequent & with another one sequent &’, which is semi-
saturated by Lemma Hence, the resulting set is semi-
saturated. In option [2, sequent &’ is stable by Lemma [A.3]D)
By Lemma set &* is semi-saturated. Hence, so is &’.
To prove [b), consider a sequence of sets & 3o 61 3o
G223 . ... Let us divide all labels occurring in this sequence
into old, i.e., occurring in &, and new, i.e., introduced later.
We also call unhappy <°-formulas old or new based on their
label. The number of old unhappy <°-formulas can never
increase, and each x3. transition makes at least one <°-
formula (old or new) happy. Hence, it is sufficient to show
that it is impossible to continue creating new labels indef-
initely. Using tree-clusteredness, we define the new-cluster-
depth of a new label x (from a topmost layer of a sequent
from one of the sets) to be the length of the shortest chain
oRst1Rg ... Rsx, Rsx such that o is an old label while
labels x, . .., x, are new. In particular, the new-cluster-depth
of any old label o is 0. To prove termination we consider
a Derschowitz—Manna-style ordering on multisets of new-
cluster-depths of all new unhappy <°-formulas from &;. Let
us denote such a multiset of integers by unho(6;) and pair
it with the number of old unhappy <°-formulas from 6;.
Let the &; wo 6,41 be performed based on an unhappy
O A at label y with new-cluster-depth k. If £ = 0, i.e., y is
an old label, then the number of old unhappy <°-formulas
decreases. It is easy to show by induction on 7 that for new
y, i.e., for k > 0, label y forms a singleton cluster {y} any
non-trivial R-children of y must be R-leaves in the respective
topmost layer. Thus, since by part[A.6]all &®-formulas outside
of y preserve happiness, all formulas in y disappear, and
other clusters with unhappy <°-formulas preserve their new-
cluster-depth, multiset unho (&;41) C unho (6;), i.e., at least
one unhappy <°-formula, OA® at label y, disappeared, no
additional unhappy <°-formulas appeared, and no unhappy
&*-formulas decreased their new-cluster-depth. Alternatively,
if &’ is obtained via option[2] then, again by[A.6 no additional
unhappy <°-formulas appear in labels present in &; and
some unhappy ones may become happy. However, the semi-
saturation can create new unhappy <°®-formulas in the newly
created label z, which has cluster-depth k£ + 1 (it is easy to
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see that other labels are unaffected by the semi-saturation).
Thus, unh<>(6i+1) - unh<>(6i) \ {k} U {k +1,...,k+ 1}
where the multiplicity of added £ + 1 depends on how many
unhappy <*-formulas are in z after semi-saturation. To ensure
termination, it remains to note that there is a global upper
bound on new-cluster-depths of unhappy <*®-formulas. Indeed,
let M be the number of formulas that are subformulas of &.
We show that no unhappy <°-formula can have new-cluster-
depth exceeding 2™ + 1. This follows from the fact that, due
to the subformula property, there are at most 2 distinct sets
of formulas assigned to one label. All new labels z created in
option 2] have no past, and <&*-formulas in a child of such z
are not used for saturation until z is almost happy. Consider
two such new labels z; and z3 such that z; Rg 22. Suppose an
unhappy < A® in z, was chosen for the next saturation step.
Then {22} is a singleton cluster and all its non-trivial parents,
including z; are almost happy. If 25 ~ 21, then option [ would
dictate to identify z5 with 2. Thus, for z5 to remain a separate
cluster, it has to be different from all the labels in its strictly
preceding clusters of new labels. Thus, for any sequence of
distinct clusters C1 Rg . .. Res C). of new labels, there must be
labels 21 Re ... Rez, such that z; o4 2, for any j # [ It
means that after at most k& > 2™ clusters of new labels in
a row, the (semi-saturated) new label z would be equivalent
to some of the previously created labels and option Ll would
prevent extending the sequence further. Since all new unhappy
&¢-formulas are pushed in the direction of increasing their
new-cluster-depth, which cannot exceed the global bound of
2M 1 1 and the number of old unhappy <°®-formulas only
decreases, we conclude that ¥ terminates.

To prove observe that & being saturated by definition
means that it is semi-saturated and all topmost layers of its
sequents are almost happy. A layer is almost happy if and
only if it is naively happy and all & A®-formulas occurring in
it are happy. Saturation 3¢ can be applied to a semi-saturated
set iff it has an unhappy <& A°®-formula (in its topmost layer).
Hence, & is saturated iff it is semi-saturated and in normal
form w.r.t. 3. O

Lemma 7.15. If & is saturated, then &7 is stable.

Proof. Assume that & is saturated. Then it is stable, i.e., struc-
turally saturated, tree-layered, and tree-clustered with happy
inner layers, and, in addition, has almost happy topmost layers.
By definition, &1 consists of & to which we add one topmost
layer L for each unhappy formula x:F° with ' = A D B or
F' = 0OA occurring in some not simulated topmost layer L
of & (these formerly topmost layers become inner in &7). If
{x} is a singleton cluster, such a layer L is a copy of L (with
an additional label z if I = 0 A); as can be seen in Fig.[3 if
x belongs to a non-singleton cluster C,, layer L additionally
contains a copy of C, and a label & (and an additional label z
if F'= 0A). Since each of these added layers is topmost, all
conditions can be verified for each of them independently. As
mentioned earlier, Construction (and Construction for
the additional label z) explicitly ensures that &7 is layered,
that the new layers L of &1 enjoy the (Rrf)- and (Rtr)-



structural saturation, and that &1 satisfies the (<rf)-, (<tr)-,
(mon®)-, (F1)-, and (F2)-structural saturation. The fact that
&7 is tree-layered follows from the fact that & is tree-layered
and, for each added topmost layer L, we have L' < L iff
L’ < L. Showing that L is tree-clustered in case belongs to a
singleton cluster is immediate, as the R-structure of L is either
isomorphic to that of the tree-clustered L or is obtained from
it by adding one singleton cluster {2} that is a leaf w.r.t. R.
In case x belongs to a non-singleton cluster Cy, it is easy
to see from Construction [7.8] and Construction that L is
partitioned into the following clusters: C, = {2 | x5 € Cu},
cr {27 | x; € Cy}, {2}, which we call z-clusters, as well
as clusters C':= {jj; | y; € C'} for each cluster C' # C, of L,
which we call y-clusters and, in case F' = (A, additionally
cluster {z} (see Fig. ). It is equally easy to see for arbitrary
y-clusters C and C* that:

a) CRe1C* iff CRsC™,

b) CRe1C", iff CRerC! iff CRe1{i} iff CReC, (also
iff CRg1{z} in presence of z),

¢) C!Re1C iff C"RerC iff {2} RerC iff C,ReC (but
never {zA}R@IC'), K

d) C!Rs1CY, C! Rer{z}, {#}Rs1C. are the only non-
reflexive relations among z-clusters,

e) in presence of z: C.Rer{z}, {i}Rer{z}, and
{#z}Re+{z} are the only remaining relations involving
{z}.

Consider any three of these clusters C, Cs, and C5 from
L such that C1Rs+C3 and CoRe1C3. We need to show
that C; and C5 are comparable in &1. Omitting some trivial
cases, assume that the three clusters are pairwise distinct. We
distinguish cases depending on whether these clusters are z-
clusters, y-clusters, etc. The case of C5 = {z} reduces to
C3 = {&} because C;Re+{z} iff C;Rs+{Z} or C; = {z},
the latter case being trivial. All other cases involving {z} are
also trivial. The case when both C; and Cy are x-clusters is
trivial because they are all pairwise comparable in &1. Thus,
it is sufficient to consider the cases when none of the clusters
is {z} and, w.L.o.g., C} is a y-cluster. All non-{z} clusters in L
have origin clusters in L: C' for a y-cluster C or C,, for each of
the = clusters. Let us call the origins of Cy, Cs, and Cj clusters
CY7, €9, and Cf respectively. Considering all four possibilities
on whether C5 and C3 are z-clusters or y-clusters, one can
see that CYRsCY and CYReCY. Since & is tree-clustered,
CY? and C§ are comparable in ®. And this implies that C
and C'y are comparable in &7 in each of the four cases. This
concludes the proof that &1 is tree-clustered.

Finally, since & is saturated, all its topmost layers are almost
happy, that is, all formulas that are not of the shape A O B°
or [JA° are happy. By adding new topmost layers without
removing any formulas or any labels we make all of them
happy, without making any other formula of & unhappy (here
we rely on the local formulation of happiness for &,x:A > B*®
in Def. [3.3). Thus, all inner layers of &1 are happy, and &7
is stable. O

Lemma 7.19. It holds that:
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a) If & is saturated and & ~3., &', then &’ is saturated.

b) The rewrite relation ~3.y is terminating.

Proof. To prove[a) assume that & is saturated. Let us consider
a sequent & € & such that & ~-,, &’. Then, & contains
either an unhappy R-triangle loop or an unhappy U-triangle
loop. Sequent &’ is obtained from & by substituting label
s for all occurrences of label ¢ and then closing R under
transitivity (Definition [Z.18). By assumption, & is stable, i.e.,
it is structurally saturated, tree-layered, and tree clustered with
happy inner layers. Irrespective of which kind of triangle loop
occurs in &, labels s and ¢ belong to the same topmost layer of
the sequent. Hence, neither labels nor labelled formulas from
inner layers are affected by the rewrite and, by Remark
their happiness is preserved for most formulas. There are two
types of formulas that might be exceptions. We consider them
separately. For the first type, if &,k:A D B° from some inner
layer is happy because k<gt, &,t:A®, and &,t: 5°, then both
&’ s:A® and ®',s:B° because s ~ t. Thus, &' k:A D B°
remains happy because k<g:s. For the other type, consider
the situation where &,k:0A° from some inner layer is happy
because &,0:A°, k<gsw, and wRgsv where one or both of
labels w and v are t. If only v = t, then &' s:A° because
s ~ t, thus, k<@ w and wRg:s make &' k:00A° happy. If only
w = t, then k<g:s and sRg v make &' k:[1A° happy. Finally,
if both v = w = ¢, then &’,5:A° because s ~ t and k<gs
an sRg s make &’ k:0A° happy. In all cases, all formulas in
inner layers remain happy. The rewrite does not introduce new
labels, and the only changes in <-relational atoms are that t<t
turns into s<s and, for any k # t, if k<gt, then k<gss. The
(Rtr)-structural saturation of &' is explicitly enforced, while
the (<rf)- and (Rrf)-structural saturation are not affected by
the removal of label ¢. The only non-trivial case for (<tr)-
structural saturation is when w<g/k and k<g' s because k<gt
where k # s. Then k and w belong to unaffected layers, hence,
w<gk. Thus, w<gt by (<tr)-structural saturation of &,
and w<g:s by construction. The (mon®)-structural saturation
follows from s ~ t. Finally, for (F1)-, and (F3)-structural
saturation of &’, the most non-trivial case is when, for one
of the two, kRg/w and k<g:s because k<@t where k # s.
Again k£ and w belong to unaffected layers, hence, kRgw.
By the same structural saturation property of &, there exists
a label z such that w<gz and tRgz. If t # z, then sRg/ 2
and w<g:z, so the same label z fulfills the conditions. If
t = z, then w<gs, which together with sRg s means that s
fulfills the conditions. The remaining case is symmetric. This
concludes the proof that &’ is structurally saturated. Since the
rewrite does not affect the layer structure of the sequent, we
immediately conclude that &’ is tree-layered. The proof that
&’ is tree-clustered proceeds in the same way as the proof of
case[a) of LemmalZ.6] in the case of option[I]of Definition[7.3]
This concludes the proof that &’ is stable. By assumption,
® is saturated. This means that all topmost layers of & are
almost happy, that is, all formulas that are not of the shape
A D B° or OA® are happy. It remains to show that all topmost
layers of &’ are almost happy. Almost happiness of labelled



propositional formulas of & is local and, hence, is not affected
by the new R- and <-links. Happiness of [1°- and <>°-formulas
is shown as in the proof of case [a)] of Lemma [7.6]

To prove@], observe that, unlike in the case of 3¢ (Defini-
tion [Z3)), ~3., never introduces new labels in the sequents on
which it operates. Whenever ~~, is applied to a sequent &, the
number of labels occurring in one of the topmost layers of &
is reduced by one because s # t. Therefore, for any topmost
layer L in & containing n > 1 labels, transformation 3,
can be applied at most n — 1 times to the labels occurring
in L. Since saturated set & is finite, the rewrite x3., is
terminating. |

E. Proofs from Section

Theorem 8.1. If the algorithm shown in Fig. []l terminates in
Step 4, then formula I is not a theorem of 1S4.

Proof. If the algorithm terminates in Step 4, then &;T = &;
for some non-axiomatic sequent 8, € &;. It is easy to see
that label 7, the only label in &g, is never removed by the
algorithm because it always remains in the root cluster of
the root layer of every sequent in every set. Indeed: semi-
saturation does not remove labels; saturation does not remove
labels from root clusters; lifting saturation does not remove
labels; finally, looping saturation does not remove labels from
the root layer. Hence, &;,r:F/'°. For each unhappy topmost
layer L of &;, there is some inner layer L’ simulating L
(see Definition [Z.11) via a simulation S;,. Let & be obtained
by first adding to &; all relational atoms z<a’ such that
x'Spx for some unhappy topmost layer L and then closing
the result under transitivity of <. It is sufficient to show that
& is happy. Then by Theorem[3.8] Mg, I . Therefore, by
Theorem F' is not a theorem in 1S4.

We need to show that & is structurally saturated and all its
formulas are happy. Since no new labels were added, (<rf)-
and (Rrf)-structural saturation is preserved. (Rtr)-structural
saturation is preserved because no new R-links were added.
(<tr)-structural saturation is explicitly enforced. To show that
(mon®)-, (F1)-, and (Fy)-structural saturation are preserved,
it is sufficient to demonstrate them for each of the <-links
added before the transitive closure. For the (F1)-, and (F3)-
structural saturation these are exactly the simulation conditions
S1 and S2 from Definition For the (mon®)-simulation
this follows from the fact that S;, C~ for all L, which means
that whenever &,x:A® and x<gz’ because x’'Sy,x for some L,
we have x ~ 2’ and, hence, &,x’: A®. This completes the proof
that & is structurally saturated. Since no formulas or links
were removed, all formulas happy in &; remain happy in &
(here we again rely on the local formulation of happiness for
&,2:A D B® in Def.[3.3). All formulas from the inner layers
of saturated sequent &; were happy, as were all formulas apart
from possibly some /'° of one of the two shapes A D B° or
00A® in topmost layers. For any such unhappy &;,z:/° from
some topmost layer L of &;, there is an inner layer L’ and,
by Prop. there is a label 2’ € L’ such that 2’Sy,x, hence,
x<@x’. At the same time x ~ 2’ so &;,a’:F° is happy in its
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inner layer. If /'° = A O B°, we must have &;,2: A®, &;,2: B°,
and 2/ <g,z. Then 2<gz by (<tr)-structural saturation of &,
which makes &,x:F° happy. Finally, if F'° = (JA°, we must
have &;,2:4°, 2'<g,u, and uRg,z. Then z<gu by (<tr)-
structural saturation of & and uRe2 by construction, which
makes &,x:F'° happy. This completes the proof that & is a

happy sequent. O

F. Proofs from Section

Proposition 9.4. Every rule r in IabIS4; is derivable
in |ab|S4’S, and if & is the conclusion of an instance of r,
then each premise has the form & + ) for some ).

Proof. Whenever the rule of lablS4< that corresponds to r
removes the principal formula, we use first the contraction
rule to create a second copy. Then, rules of lablS4% adding
formulas to the antecedent are emulated by the respective rule
of lablS4< followed by mon® to propagate the antecedent
formula upward.

The reflexive relational atoms x<x in Dy and O° are present
in the conclusion by the assumption that the conclusion is a
proper sequent.

The composite rule & of lablS4% is emulated by using <*®
to create label &, followed by a sequence of F; rules to create
other labels from U (it is important to perform these rules in
the order compatible with the order on layers, i.e., without
skipping intermediate layers), followed by Rrf and <rf for
all these created labels, followed by instances of <tr to add
all requisite <-relational atoms (relying on the <tr-structural
saturation of the conclusion sequent), followed by instances
of Rtr to add all requisite R-relational atoms, followed by
instances of admissible mon® to propagate A upward.

The composite rule DY of lablS4% is emulated by using D°
to create label &, followed by a seauence of F; and F> rules
to create other labels from L (it is important to perform these
rules in the order of increasing distance from z in layer L,
i.e., without skipping intermediate labels), followed by Rrf
and <rf for all these created labels, followed by instances of
Rtr to add all requisite R-relational atoms (relying on the Rtr-
structural saturation in layer L), followed by instances of <tr
to add all requisite <-relational atoms, followed by instances
of admissible mon® to lift all succedent formulas of L into L.

The composite tule O of 1ablS4% is emulated in the same
way, only using 0° to create & and Z in place of O°. Note that
here instances of Rtr would additionally add @Rz whenever
uwRx was present in the conclusion sequent because tRZ is
created as in the case of D}, while £RZ is created by rule O°.

O

Proposition 9.8. Let D be a tidy derivation. If the conclusion
of D is proper; then every sequent in 1D is also proper.

Proof. We also prove that for every instance of a unary or
binary rule r ¢ {D2,03} in D, the label of the principal
formula is in a topmost layer (of both the conclusion and the
premise(s)).

The proposition and this statement are proved by mutual
induction on the given tidy derivation. It is sufficient to



consider each rule r of lablS4% separately. Let & be the

conclusion of an instance of r in @ and §) be (one of) its

premise(s).

re{Ag, AL Ve, Ve, Dp, 0%, 0%, 4%,4°} These rules create
neither new labels nor new relational atoms, and have
/() = /(&) by @). Hence, most aspects of properness
for $) are trivially inherited from &, including verticality,
lack of non-singleton clusters, tree-clusteredness and tree-
layeredness, as well as most aspects of structural com-
pleteness, with the exception of mon®, which potentially
could have been violated by adding formulas to inner
layers. However, the tidiness of 7 means that all added
formulas have been added to labels that are allowed,
which in restricted sequents can only be in topmost
layers. In other words, whenever rule r adds a labelled
formula x: A®, label x has no non-trivial futures, i.e., there
are no labels y # x such that x<gy. Thus, sequent §) is
mon®-saturated as well, and, hence, proper. Finally, since
the label of the principal formula for all these rules is in
the same layer as the label(s) to which formulas are added
(the same label for AR, Ay, VR, Vi, and D¢ or a parent
label for O°, <°, 4%, and 4°), the principal formula is
also in a topmost layer.

r=<% Let 2:OA® be the principal formula of the rule.
Although this rule creates a new label y forming a
singleton cluster, it is added to the existing layer L, and
has no past in $ (nor non-trivial futures). Thus, tree-
layeredness, verticality, and singleton-cluster conditions
are all preserved. Note that by @) the new label y must
be allowed in $, which by definition of restrictedness
implies that L, is topmost (in both & and $£)). The
relational atoms added by the rule clearly ensure tree-
clusteredness, Rtr-, Rrf-, and <rf-structural complete-
ness for the newly created label, whereas <tr-structural
completeness is trivial. mon®-structural completeness is
satisfied since no formulas have been added to labels
existing in &, whereas the only new <-relational atom is
y<gy for which mon®-structural completeness is trivial.
Fi- and Fj-structural completeness for this new atom
y<gy are similarly trivial. As for the new R-atoms, they
all are of the form zRgy where both z and y are in
the topmost layer L, of §). Since neither has non-trivial
futures, F;- and F,-structural completeness is fulfilled.

re {D2,0%} Let x:A° be the principal formula of the rule
and 7’ be one of the new labels created by the rule such
that z<ga’. All the labels created by this rule are in the
same layer L, as x’ so that L, <g L,/ and this layer
becomes a new topmost layer. All newly created labels
(save, in the case of O, for one label) have past. Clearly,
tree-layeredness, verticality, Fi-, Fp-, mon®-, <rf- and
<tr-structural completeness for the newly created labels
are all ensured. The tree-clusteredness for the new layer,
as well as, Rtr- and Rrf-structural completeness for the
new layer L, is inherited from those for L, (modulo an
additional label y created by O} in a way that ensures all
these properties). Note that, since the rule only touches
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newly created labels, which are created in a new, topmost
layer, it is not necessary that x is in a topmost layer. [

In order to proof Lemma we need another definition
and an auxiliary lemma.

Definition A.7. Let a derivation @,, be an n-unfolding of a
stable set &, with premises B1,..., 6, being n-unfoldings
of a specific sequent & € 6. Let U; C £(®) x £(&;) be n-
unfolding relations witnessing that &, is an n-unfolding of &
for each ¢ = 1..k. We say that @,, is allowed for a label x €
£(®) iff for every i = 1.k, every label € ¢(®;) such that

zU;Z is allowed in &;.

Lemma A.8. Assume that & 3, &/, that & € & is the
sequent replaced in the rewriting step, and that x:C' is the
unhappy formula that is expanded according to Def. [Z1] If
6 is F-unfoldable such that for every N € N there is an
N-unfolding Dy of © that is allowed for x, then &' is also
F-unfoldable.

Proof. We need to show that &’ is F-unfoldable, i.e., for
every n there is a tidy derivation @], of &(F") such that each
premise of @/ is an n-unfolding of some sequent from &’.

It is sufficient to consider each way that &’ can be obtained
from & by steps listed in Def. For each case of Def.
we pick some N > n and extend @D to D/,. The only sequent
from & that is not present in &’ is &, which is replaced
in &' either with sequent &’ or with two sequents &’ and &,
depending on the step. Hence, the only premises of @ that
have to be extended are the N-unfoldings of &. All the other
premises are N-unfoldings and, hence, n-unfoldings of some
(stable) sequent from & that is still present in &'.

Since Dy is allowed for x, for each premise & of D N that
is an N-unfolding of &, there is an N-unfolding relation U C
(&) x £(®) such that & ¢ /(&) whenever zUZ. We will break
up the steps of Def. into substeps that only add one or two
formulas to one particular label y with xR y.

The only unfolding condition from Def. [9.3] that prevents U
from making & an N-unfolding of &’ (and of &") is
and only with regard to labels ¢ such that yUy because y is
the only label of & with formulas added. Additionally, when
U is modified, need to checked. Every time we
extend the derivation Dy, the set of forbidden labels for the
premise of each added rule must be the same as for the rule’s
conclusion to preserve tidiness.

1) Suppose &,z:A A B® and the missing z:A® and x:58°
were added to obtain &’. We use N = n, set U’ := U,
which trivially ensures [(US)H(U6)l Using the fact that
xUz implies that Z is allowed and that &0 AN B
by for &, to obtain &' we extend premise & of @,,
by rules

R T2 AN B3 A:B = A
/\.
Y R BANB = A
for each label & such that zUzZ. It is easy to see that

U makes & and n-unfolding of &'’ because &L~ T
whenever zUZ.




2) The case when &,2:AV B° and x:A° and x:B° were
added is analogous, with V| used instead of A.

3) Suppose &,z:(1A®. We further break this step into sub-
steps consisting of adding the missing y: A® and y:0A®
for only one label y such that xR y. Note that ulZgu for
each label u € ¢ (QS) due to & being proper. The sequence
of rules depends on the position of z relative to y:

a)

b)

If x =y, use N = n and set U’ := U. Again, the only
problem to be fixed is Each & such that 2UZ is
allowed and, by for &, we have &,i:0A4°. To
obtain &', we extend premise & of D,, by rules
LR ERE, D 2:0A, A = A
R, 2Rz, T, 2:0A = A

]

for each 7 with xUz. Thus, éﬁ,:f: ~ g @ whenever xUzZ.
If x and y are not in the same cluster, again use
N =n and set U := U. By there exists &
such that zUz. Since Dy, is allowed for z, label & is
allowed in &. By @[, Ry for each 7 such that
yUyg. By Def. 0.6(a)] all these § are also allowed in &.
By [(UT)| for &, we have &,:0A%. Again [(UT) is the
only problem to be fixed. To obtain ®’, we extend
premise & of D, by rules

LRERY, T, 8:0A, §:0A, §: A = A
R, 2Ry, T, :0A = A

0*,4

for each label ¢ such that yUgy. This ensures that
&' U ~ &y whenever yUj.

If x # y are in the same cluster C, it is not a
singleton cluster. Let |C| = k > 2. Use N = n+1.
By @ for &, sequent & contains n+1 unfolded
copies C1, ... Cn+1 of all labels from cluster C' (the
unfoldings are not themselves clusters as &isa proper
sequent). In particular, there is &7 € C,C¢ (éﬁ) such
that zU#; and there are j; € C; C (&) for j
2..n+1 such that yUg; for j = 2..n+1. Since D41
is allowed for z, label @1 is allowed in &. By [(UT)
for &, we have &,7,:0A°. Since the proper sequent &
must be Rtr-saturated, it follows from [([U6)| for &
that &1 Rgy; for j = 2.n+1. Hence, by Def.
all g; for j = 2.n 4 1 are also allowed. Here, we

restore[(UT)| only for n labels g2, . . . , §,+1 unfolding y.
To obtain &', we extend premise & of @, 1 by rules

. (R, ilR.ﬁjy F, j?llDA, :ngDA, l}le = A

R, flRyAlj, T, I1:04A = A
for each j = 2..n+1. Since 1 R 71 need not generally
be the case, for label ¢, as well as for all other un-

foldings of v, cannot be guaranteed, necessitating
their removal from the unfolding relation, i.e.,

U= UN{ 0.0 [ ¢ {2, Gia} |-

For each singleton cluster of &', [U3) for this U’
follows from [(U3) for the same cluster of & for U.
All non-singleton clusters of &’ other than C' have

0°.4
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n+1 unfolded copies by [(U6)] for the (n+1)-unfolding
of &, and any n of them satisfy [(U6) requisite for an
n-unfolding of &’. Finally, for cluster C' of &’, label
sets C’Q, .. -7én+1 serve as the requisite n unfolded
copies, in particular, g, 9; ~ ¢y for j = 2.n+1.

4) The case when &,x:0A° and y:A° and y:OA° were
added for some label y such that xRgy is analogous,
with ¢° and 4° used instead of O° and 4° respectively.

5) Suppose &,x:AV B*® and 2:A°* was added to obtain &’
and 2:B* was added to obtain &”. The sequence of rules
depends on the size of the cluster that x belongs to in &:

a)

b)

If {z} is a singleton cluster, use N n and set
U’ :=U. By [(U3) for &, there is a unique & such
that zU% and 7 is allowed in &. By - [(UD)] for &, we
have &,#:AV B* for this &. Again is the only
problem to be fixed, which for this rule can be done in
two ways: by either adding A® towards an n-unfolding
of &' or adding B® towards an n-unfolding of &”.
We extend premise & of D, by one rule

RT,&:AVB,2:A=—= A R,T,2:AVB,2:B=— A
R,T,2:AVB = A

e

for the unique label . The resulting left premise &’
and right premise &” can easily be seen to be
n-unfoldings of &’ and &” respectively, in particular,

é,i‘ ~ 6/17 and @,,i ~ 6//55.

If € C for some cluster C' with |C| = k > 2, use
N = 2n—1. By [[U6) for &, sequent & contains 2n—1
unfolded copies Ci,..., C’gn_l of all labels from
cluster C. In particular, there are ; € C; C £(®) for
j = 1..2n—1 such that zUZ; for j = 1..2n—1. Since
Day—1 is allowed for z, all labels Z; for j = 1..2n—1
are allowed in &. By [(UT)for &, we have QAS,:%J»:A v B*
for j = 1..2n—1. We will not be able to fix [(UT)| for
all 2n—1 labels a:], but only for (at least) n of them
We set Ty := {G} to be the set of 20 =1 premises
of the current derivation. Note that & is the special
case (with | = 0) of sequents of the form

R,T,51:D1, ..., é1:D; = A (8)

where D; € {A,B} for each i 1.1 and
z;;Av B € T for all j 1..2n—1. Starting
with £ = 0 and repeating the process until k¥ = 2n—2,
we extend each of the 2 derivation premises of
form @) for [ = k in T}, as follows

R,T,,d1:D1, ..., EpiDp dpsiAd = A RT, d1:D1,..., 080Dy, dpp1:B = A
e
- R,T,81:Dy,..., 8D = A

thus, obtaining 2**! derivation premises of form (8)
for [ = k+1 that form the set ¥y41. In the end, one
premise & spawns the set €y, _1 of 227~ premises
of form (8) for [ = 2n—1. It remains to show how,
for each of the premises from %9, i, to restrict
relation U in a way that produces an n-unfolding of



either ®’ or &”. Consider any $ € 5,,_1. It has the
form

(R,F,i’llDl, o ,i‘anl:Dz,,,l = A

Since all 2n—1 formulas D, are repetitions of only two
distinct formulas A and B, by the pigeonhole principle,
one of these two formulas must be repeated at least
n times. In other words there is £ € {A, B} such
that there are n indices 1 < 1 < --- < i, < 2n—1
with D; = FE for all j = 1..n. In this case, for this
premise'jﬁ, we set

Ug = U\{(x,ﬁ) |4 ¢ {Ix}}

Let &% denote &' if ¥ = A or " if £ = B. For
each singleton cluster of &%, for Ug follows
from for the same cluster of & for U. All
non-singleton clusters of &% other than C' have 2n—1
unfolded copies by for the (2n—1)-unfolding
of &, and any n of them satisfy [(U6)] requisite for an
n-unfolding of &*. Finally, for cluster C' of &, label
sets C’il,...,@n serve as the requisite n unfolded
copies of C in &9 in particular, ﬁcf:ij ~ @z for
j = 1..n. Thus, all 22"~! premises spawned by & are
n-unfoldings of either &’ or &”.

6) The case when &,x:A A B° and x:A° was added
to obtain &’ and x:B° was added to obtain &” is
analogous, with A} used instead of V§.

7) The case when &.,2:A4 D B® and z:A° was added to
obtain &' and x:8° was added to obtain &” is also
analogous, with D¢ used instead of V}.

For each of the steps, we have extended the given tidy
derivation Dy to a derivation @] in such a way that no
labels, forbidden labels, or relational atoms were modified.
Since all added rules touch only allowed labels, the resulting
derivation is tidy. Thus, derivation @] of ®y(F) is an
n-unfolding of &’. Moreover, whenever @y was allowed
for some label z, so is @], because no label has changed its
forbidden/allowed status in the premises. |

Lemma A.9. (i) If 6<%, then T is F-unfoldable.
(ii) For each i, if &; is F-unfoldable and &, ~3f ¥ for

some semi-saturated X, then ¥ is F-unfoldable.

Proof.

(i) f &)»rF, then 6 =TTy 335 3, F, = ¥ for
stable sets ¥, ..., ¥ for some k > 0. Note all sequents
& appearing in these sets are proper with (&) = {r}
because semi-saturation steps neither add labels to the
only sequent &g (F') of ¥y with the single label r nor
create clusters.
To show the base of induction, i.e., that Ty = {G((F)}
is F-unfoldable, it is sufficient to consider a tidy deriva-
tion DY of the restricted version of & (/') where label r
is allowed and no rules are applied (note that the only
label r in each of the sequents forms the only layer,
which is, therefore, topmost and not inner). As discussed

earlier, this one derivation is an n-unfolding of ¥, for
each n € N via the binary relation U := {(r,r)} that is
an n-unfolding relation for each n € N. Note that DY is
clearly allowed for 7.
Step of induction. Let derivations D}, of & (') forn € N
be n-unfoldings of ¥; that are allowed for r. For the semi-
saturation step ¥; »3,%;,1 we can apply Lemmal[A.§] for
x = r to obtain derivations D! of &y(F) forn € N
that are n-unfoldings of ¥, and are allowed for B
(ii) Recall that according to step 5) of the algorithm,
Def. and Constr. 6., = (6;\{6})u{sr}
for some fully saturated non-axiomatic & € &;, where

QﬁT =& + 61\11:171 R QﬁTmh:F;,

and z1:F7,...,xp:F} are all the unhappy formulas in
some of the topmost layers of & and each F? is either
a D- or a O-formula. Also note that since &; is semi-
saturated, we only need to semi-saturate subset {&71} C
&), to obtain T.

It might seem natural to split[(ii)]into several finer-grained
statements stating that unfolding can be preserved by
smaller steps, including many of the steps already covered
by Lemmal[A_.8l and adding to them new steps correspond-
ing to Construction that create one new layer based
on one of z;: /7. Unfortunately, these intermediate stages
cannot be formulated as unfoldings due to the sequent
ceasing to be stable because as soon as the first of x;: /7
in a layer is made happy, this layer turns into an inner
one, so the sequent does not become stable again until
all remaining z;:F7 in this layer are happy.

At the same time, applying all requisite instances of D3
and O to obtain an n-unfolding of &;, ; and then pro-
ceeding as in Case repeatedly applying Lemma
is met with another technical problem. It would violate
the tidiness conditions (see Def. [0.7): each D$- and O0%-
instance creates a new layer and renders the layers created
by the previous D$- or OS-instances forbidden, so that
the rules needed to unfold the semi-saturation steps for
those layers cannot be applied anymore. For this reason,
we have to apply the necessary rules for unfolding the
semi-saturation after each DJ- or Oj-instance.

Thus, we will still follow individual smaller steps in a
specific order maintaining conditions for all
n € N after each, but are forced to lump them together
into at the end of which the result can once again be
called an unfolding.

Let Ly,..., Ly be the layers of &7 that are introduced
by &rfi @il respectively. Since ¥ is semi-
saturated and each rewriting step of a3 is local to a
layer, we can therefore without loss of generality assume
that the rewrite sequence &;, ; ~3} ¥ is adding formulas
layerwise, i.e., all formulas that are added to layer L;

3Since all sequents involved in sets ¥; are proper, a closer observation of
Lemma [A.8] shows that one derivation can serve as n-unfoldings of ¥; for
alln € N.



are added before adding formulas to layer L/, whenever
Jj<jJ.

For each step semi-saturating the next layer L; we
preserve for all n € N the same way as in
Case using the fact that L; is created of allowed
labels that are not made forbidden while unfolding semi-
saturation steps. However, formally we cannot rely on
Lemma [A 8] because of the lack of stability mentioned
before. Instead, we simply repeat the arguments from the
proof of Lemma [A.§] noting that the only part of stability
used in its proof was Rtr-structural completeness, which
does hold upon creating layer L;.

The only remaining steps to cover are the creation of
layers L;. This is done by simply applying the D3- or
Og-rule to 2;: /7. However, in order to preserve the [(U5)]
and conditions, we have to start with an (2n + 1)-
unfolding of &; in order to obtain an n-unfolding of
% For every lifted cluster that does not contain x; the
additional n+1 copies in the unfolding are discarded. But
when z; is in a cluster, then L; contains 2 copies of that
cluster (see Figure[3), whose n repetitions are given to us
by the copies 1..n and n+1..2n+ 1 of our lifting. In the
nth copy, only the lifting of x; is part of the unfolding
relation.

It is easy to check that at the end of this process all the
conditions of F'-unfoldability are restored. O

The next step is to show that ~3¢ preserves the property
of being unfoldable. For this, we need to repeat parts of the
proof. To simplify the process of repeating, we use the notion
of embedding.

Definition A.10 (Embedding). Let & and $) be restricted
proper sequents. An embedding e: & — §) is an injective
function e: (&) — (($) obeying the following conditions
for all z,y € £(&):

(el) o ~ e(2);

(e2) xRwy iff e(x)Rpe(y);

(€3) L; <e Ly iff Le(m) <5 Le(y)~

(e4) z has no past in & iff e(x) has no past in 9;

(e5) = € f(®) iff e(x) € f(9H);

Proposition A.11. Embeddings are closed under composition
and preserve unfoldings.

Proof. First, we prove that a composition of two embeddings
is an embedding. Let &, §), and JJ be restricted proper sequents.
Lete: & — § and €': $ — J be embeddings from & to $
and from $) to J respectively. We need to show that €’e is an
embedding from & to J, where (€'e)(z) := €’(e(z)) for any
x € £(®B). Since e: {(&) — £(9) and €&': £(H) — L(JT) are
injective functions, it is immediate that e’e: £(8) — ((J) is
an injective function. We have for all z,y € ¢(®):
ox ~ ge(x) ~ 3¢/ (e(z)).
(€2) zRsy iff e(x)Rge(y) iff &' (e(z))Ryze (e(y)).
[(€3)] Lo <o Ly if Le(r) <5 Le(y) Iff Ler(e()) <3 Lertetw)-
x has no past in & iff e(z) has no pastin $ iff
¢’(e(x)) has no past in J.

(D) z € /(&) iff e(x)ef(H) iff €&(e(z)) € ().

Secondly, let U C /(&) x £(&) be an n-unfolding relation
witnessing that & is an n-unfolding of &. We show that binary
relation eU C (&) x £($)) witnesses that £ is an n-unfolding
of &, where

o(eV)) = (3:?3)(36U§c and § = e(i*)).

Let « (eU) e(Z) because Uz and 2’ (eU) e(&") because ' Uz’.
o ~ @& by [[UT) for U and 32 ~ ¢e(d) by [(eD) for e.
Let 2 and 2’ be from different clusters. Then xRz’ iff
TRy’ by for U and the latter iff e(%) Rge(2') by
for e.

[(U3)] L, < L iff Ly <g Lz by [(U3) for U, and the latter
iff Le(i) Sfj Le(i’) by I@ for e.

[(U4)] z has no past in & iff 7 has no past in & by [[U%)] for U,
and the latter iff e(2) has no past in § by for e.

If = forms a singleton cluster in &, then Z is the only
label in & such that zU# by [(U3)] for U. Hence, e(i) is
the only label in § such that  (eU) e().

[(T6) If C is a non-singleton cluster in & with |C] = k > 2,
then by [(UG)] for U there are z; € /(&) and i;; € £(B)
for i = 1.k and j = 1..n such that C' = {z1,..., 24},
and z;UZ; ; fori=1..k, j = 1..n, and in &

1R REp 1 RE o R--- R 2R RE1 R REp -

In this case, x; (eU)e(#; ;) for i = 1.k, j = 1..n and

in $ by [(€2) for e

e(:Z*Ll) R--- Re(i’k,l) Re(i’lg) R-- 'Re(@kg) R---
Re(i1n) R+ Re(Zpn)-

Thus, e(#; ;) € £($) for i = 1..k, j = 1..n provide the
requisite n unfoldings for the labels of C' in 9.

If (%) = e(2’), then & = 2’ by the injectivity of e, and
x =z’ by [(UT7)| for U. O

Lemma A.12 (Embedding Lemma). Assume we have a tidy
derivation @D with a restricted proper endsequent & and
premises &1,...,8,. If there is an embedding e: & — $H
into a restricted proper sequent §), then there is a tidy
derivation @' with conclusion $) and premises $1,...,9,
such that there are embeddings e;: &; — §; for 1 = 1..n.

Proof. Let us first consider the case where & consists of only
one tidy inference rule instance r. Let &; be a premise of r.
Then, by Proposition we have &;, = & + Qﬁg for some
&;. If r does not add new labels, then ¢(&;) = ¢(®), and
we have (($);) = {($) and e; = e. This gives us a correct
rule application satisfying the lemma. Otherwise, if r adds
new labels, then r is one of <3, DY, or O3, there is only one
premise, and the new labels only occur in &.

o ris ©3: The rule applies to 2:OA® in &, creating a new
label y, and we can apply the same rule to e(x):>A®
in $), creating a new label y’. We can define e;(y) = ¢/,
and for all other u € ¢(®;) we define e;(u) = e(u).
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e ris DY or O%: The rule applies to z:F° in &, creating a

new layer L’ whose labels all occur only in &} = &%,

We can apply the same rule to e(x):F'° in §), creating a

new layer L and adding )} = $1e®) 7 t0 §. In general,

L"” can contain more labels than L’. But e defines an

embedding of L, into Le(,), which canonically defines

a mapping ¢': L’ — L as follows: for y/ € L/, we

define €'(y') = y” € L" iff either there is a v € L, with

v<g,y" and e(v)<g,y”, or 3y has no past in ®; and

"' has no past in ;. We can then define our embedding

e1: 1 — 91 as eg(u) = €' (u) if u € L' and e1(u) =
e(u) otherwise.

We can now prove the lemma for arbitrary 0 with a straight-

forward induction on the height of @. (|

Lemma A.13. Whenever for a semi-saturated sequent ®,
the algorithm in step 1) applies Option [I) of Def. [Z3 by
substituting label x for label y in & and applying the transitive
closure of R to obtain &' such that ® ~~¢ &', label y forms
a singleton cluster in ®.

Proof. Since the application of Option [I) means that y has
no past in &, it follows that the algorithm created y as a
singleton cluster (unless y = 7, in which case it was present
from the very beginning, but was a singleton cluster at first).
It is not hard to check that every time the algorithm creates
a new nonsingleton cluster,either z have a past for all label z
in the cluster or all labelled formulas z:$>B® become happy
for all label z in the cluster. Since y:>A® has to be unhappy
and have no past to apply Option [I), label y is not part of a
nontrivial cluster. O

Definition A.14. For a label x of a sequent & we define
7 :={z|zRez}.

Lemma A.1S. If 6 » S and & is semi-saturated and
F-unfoldable, then & is F'-unfoldable.

Proof. Recall that according to Def. S here is a semi-
saturation of a set (&\{®})U{®’} for some & € & such that
&~ &'. Note that &’ is a stable sequent by Lemma [A.5([D).
The semi-saturation is handled as in Lemmal[A.9lusing the fact
that & was semi-saturated and, hence, the only label that semi-
saturation is going to touch is a new label, which is created
as allowed. Thus, what remains is to explain how to turn V-
unfoldings of & into n-unfoldings of &’ for appropriate N >
n. According to Definition there are two options:

1) In Option 1, we have 8,y:> A® where y forms a singleton
cluster by Lemma and we have some z from a
topmost layer with x ~ y, xRgy, and © # y such
that all v € 2’ have no past. Then &’ is obtained
by substituting = for y and closing under R-transitivity.
Note that the resulting &’ is semi-saturated, hence, 6=
(6\{®})U{®'}. Consider any premise & of D that is
an N-unfolding of & via U;. By there is a unique
9 such that yU;,y. The choice of N and the extension
of D depend on the size of the cluster that = belongs
to in &:
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a) If {«} is a singleton cluster, set N := n. By[(U5)] there
is a unique # such that zU;2. By £Rgy. Since
x has no past by assumption, by neither has 2. It
follows from tree-layeredness of & that all labels in 2,
including g, have no past. Hence, all labels in z, with
the possible exception of Z itself, are created by rule
O3, Let £ be the premise of the first (i.e., lowermost)
instance of rule &¢ on the branch of @,, leading to
& that creates a non-trivial child of z, let us call this
child ;. Since @, is tidy, label u; is the only allowed
label in 8&;. Let 2:OC'® be the principal formula of this
instance of <$. Then R;,u1:C* is the only labelled
formula in u;. Since K;,2:OC'®, also éﬁ,i::OC‘ higher
up the branch, hence, &,2:0C*® by Therefore,
®,y:0C* because = ~ y and &,7:OC* by [[UT)} Since
9 is in a topmost layer of G, a tidy rule &3 can be
applied to & with §:0C* as its principal formula. Let
the premise of this rule be K2 and uy be the new
label created by this rule, the only allowed label in 8.
Consider the following function e;: £(£;) — {(Rs):

e1 = {(2,9), (u1, u2) }U{(w, w) [ w € L(K)\{&, w1 }}.

It is easy to see that e; is an embedding. The tidy
derivation subtree rooted at &; can be applied to 8o
via this embedding resulting in a tidy derivation by
Lemma with all the premises of the extension
being n-unfoldings of the same sequents from & as the
respective premises of @,, by Prop.[A.I1l In particular,
for premise ® of the subtree, embedding e; will be
extended to en embedding into some premise &y of
the extended derivation with e;(3§) = ¢2 such that
6,02 ~ gy (note that g, 9 ~ 7). By Prop. [A.11l we
can construct an n-unfolding Us of & into 652 such that
wUq iff wUqw for all labels w € £(8) \ {Z,u1} =
¢(&) \ {&}, including for all non-trivial parents of Z.
Further, zU5y and, whenever x Rgv and vU50 we have
g}R@f;. In particular, yUsy2 for some g2 such that
l}Rézl}Q and 62,@2:0()'.

We can apply <3 to obtain K3 with a new label us,
take an embedding

ez := {(0,92), (ua, u3)}U{(w, w) [ w € L(R)\{7, u2}}-

from K, into K3 and repeat the process.

After n — 1 such repetitions, we will get a
premise én+1 and an n-unfolding U, 4; of & into
®,41 such that wUid iff wU, @ for all labels
W € £(&)\ {2}, including for all non-trivial parents
of z. Further, zU,419, and, whenever xRgv and
vUp 410 we have yAnRénHﬁ. In particular, yU,, 419,41
for some y,,+1 such that gnR@nHynH.

Once again, all other premises of this derivation ex-
panded n times are n-unfoldings of sequents from &.
It remains to turn éﬁnH into an n-unfolding of &’.
We do this by modifying U, 4; for the newly created
cluster C,, = {u #y | tRguRsy} in & and keeping



unfoldings of all other labels of & as in U,,;. For each
label v € C, and each j = 1..n there is at least one
label #; such that uU;%; and ;Qj,lRénHﬁjRénHyj.
These labels 1, ..., u, for each u € C, can, thus, be
taken as the requisite n unfolding copies of C,. Indeed,
whenever wRgx and wU, 11w for some w # z, as
discussed, we have wRén+1i’Ré§n+lﬁj. On the other
hand, whenever 2Rgv and vU, 19 for some v ¢
Cz U{y}, as discussed, we have i;Rg  inRg 0.
Note that children of z that are not in C, 1n &’ must be
unfolded into labels that are children of all %, which
is why we needed to create n+ 1 successful unfoldings
rather than n: the first n unfoldings are used to create
n unfolded copies of C, whereas the last (n+1)th
provides unfoldings for children of x that are not in
its cluster.

b) If x belongs to a non-singleton cluster C,, we use

a similar expansion to the case of singleton clusters
just discussed. Hence, we will only outline the differ-
ences. Firstly, instead of @, we start with Dy for
N = max(n,2). The fact that N > n guarantees
n-unfoldings for all premises other than & and for
all clusters of & other than the newly created C,
that contains C,. and all labels in between C, and y
excluding y.
Among the N > 2 unfolding copies of x in & existing
by use the penultimate, (N —1)th unfolding copy
as & and the unique unfolding of y as y. For these
2 and y perform the expansion as in the case for a
singleton cluster. The only difference to that case is
how the final unfolding U,; is to be modified to
account for the newly created cluster C?,. For all labels
outside of C,, the construction remains the same.
For each label u € C, its last, Nth unfolding copy
from U, is among labels repeated in the segment (note
that the same need not be true about the (N—1)th
unfolding copy, which is why we had to start one
unfolding copy earlier). Hence, this Nth copy is now
repeated n+1 times, and the first n of these are taken
as new unfoldings of u.

2) In Option 2, we have &,y:CA® and create a child z
of y such that &’ z:A®. This case is similar to the steps
taken for the semi-saturation in Lemma[A.8] which is also
used to perform the semi-saturation after & is replaced
by &', as discussed earlier. We provide an abbreviated
description how to expand ® that is an N -unfolding
of & into an n-unfolding of &’. Once again, the exact
procedure depends on the size of the cluster that y
belongs to in &:

a) If {y} is a singleton cluster, use N = n. By[([U5)} there
is a unique ¢ such that yUg. By ®,5:0 A* for
this y. It is sufficient to apply a tidy instance of O$ to
this §:OA® creating a fresh label Z, the only allowed
label in the premise and set U’ := U U {(z, 2)}. Tt is
easy to check that all unfolding conditions are satisfied
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for the resulting premise to be an n-unfolding of &’.

b) If y € C for some cluster C' with [C| = k > 2, use

N = n+1. By [[U6)} sequent & contains n+1 unfolded

coples y; for j = 1. n—i—l in & such that y = U(g;) for

= 1.n+1. By [UT)] &,j,,1:CA®. Here we apply

a tidy instance of <>; to this g,+1:CA® creating a

fresh label Z, the only allowed label in the premise
and modify U as follows:

o % is made the unique unfolding of z;

« unfoldings of all labels from ¢(&)\ C' remain intact;

« for the unfoldings of C' we only keep the first n
unfoldings guaranteed by [([U6)| for U removing all
others.

The removal of the extra unfoldings in the last item is
necessary to make sure that 2 is a child of all unfoldings
of cluster C'. Once again, it is easy to check that all un-
folding conditions are satisfied for the resulting premise
to be an n-unfolding of &'. O

Lemma A.16. If 6 =3, 6 and © is saturated and F-
unfoldable, then & is F-unfoldable.

Proof. Assume that & ~~¢, &’ and & € & saturated and & is
F-unfoldable, and 6’ = &\ {&}U{®'}. We want to construct
an n-unfolding for &’. &’ is obtained from & by closing
an unhappy triangle loop. Let Ly, Lo, L', C1,Co,p1, s,t as in
Definitions and We also have a py with p; € Cs
and p2 ~ p1, that we will use in the proof.

If s and ¢ are in the same cluster, then every n-unfolding
of & is also an n-unfolding of &’. Now, assume that s and ¢
are not in the same cluster.

As in case 1b) of the previous lemma, we start from an
N-unfolding Dy of &, where N = max(n,2) and let &
be a premise of @Dy that is an unfolding of &. Let U be
the corresponding unfolding relation and let ﬁl, f)g, L’ be the
unfoldings of L, Lo, L', respectively.

We now let 7 be the subtree of @y rooted at the sequent
where L/ first occurs. Let & be that sequent, let r be the
instance of the inference rule (an O0F or DY) that introduced
I , let $ be the conclusion of that rule instance, and let p; be
the label in $) containing the formula to which that rule was
applied. Then p;Up;. Let p2 be a label in ® with p2Ups. If
p2 is a singleton, then po is uniquely defined. Otherwise, we
pick for po the kth repetition of the cluster C'y, where k is the
repetion of Cy in which p; occurred. We can apply the same
rule r to P to obtam the layer L”. Let the new sequent be &.

We also let p) be the future of py in L', and let pf, be the
future of py in L” This allows us to define an embeddmg
e: By — 6, acting like the identity on all layers, except L
which is embedded into L” mapping each label to its unique
future, except for p; which is embedded into p,. We are now
going to apply the Embedding Lemmal[A.12]to repeat the proof
tree I . More precisely, let 1, ..., $,, be the leaves of 7 and
let $1,...,9; for some [ < m be the leaves of J that are N-
unfoldings of & (and & is among them). Each of $; has a
topmost layer j;27i that is an N-unfolding of Lo, and that has



the labels &, ;, and D2,i, corresponding to s, ¢, and p in the
unfolding (if s is in a cluster, we pick for §; the first repetition;
if ¢ is in a cluster, we pick for #; the last repetition).

We proceed now similarly to the proof of Lemma by
plugging in a copy of the subtree J at each leaf $;,...,9;.
Note that whenever a new layer is created and the previous
one is lifted using the DF and OF-rules, also the gap between
the old an the new triangle is lifted (see Fig. [13). We call
j;gyi the new topmost layer (which is a copy of ﬁgz with and
additional part f)gl that is a copy of labels in ZALQJ- but that
have no counterpart in Ly. If a rule instance in 7 is adding a
formula to one of the labels u with s Ry, u Ry, ¢ then we need
do the same to the corresponding label in ﬁgl Formally, this
can be achieved via a second embdding for each 7, applying
again Lemma

As in the previous Lemma we now repeat this
construction n times, so that we obtain our desired n-unfolding
of &'. O

Lemma 9.10 (Unfolding Lemma). All sets &; of sequents
generated by the algorithm from Fig. [Ql are F-unfoldable.

Proof. The set 6, = {&((F")} is trivially F'-unfoldable. By
the previous lemmas, this property is preserved by all the steps
that are used to construct the sequence &, 61, .. .. O

Theorem 9.11. If the algorithm shown in Fig. [/l terminates in
Step 2, then the formula F' is a theorem of 1S4.

Proof. By the previous lemma, it follows that the axiomatic
set &, that caused the algorithm to terminate is /'-unfoldable.
In particular, we have a derivation in lablS4% with conclusion
®o(F) where all premises are 1-unfoldings of elements of &,
which are all axiomatic. Therefore we can use instances of the
id and | ® rules to give a complete proof of & (/') in lablS4%.
By Proposition[0:4] there is also a proof of &(F') in lablS4~ .
This we can append with rules Rrf and <rf at the bottom to
get the proof of = 7:F" in lablS4~.. By Corollary and
Theorem we have that F is a theorem of 1S4. O

G. Proofs from Section

Lemma 10.1. The size of a label occurring in a sequent of
some &; is at most n. And there are 2" many equivalence
classes of labels with respect to ~.

Proof. Only subformulas of F' can occur in a sequent. Fur-
thermore, the position of each subformula occurrence in F
determines if such a subformula can occur on the left or on
the right of the =. Moreover, the algorithm introduces in a
sequent only labelled formulas which do not already occur in
the sequent (Def. [ZI). Hence, we can have at most n formula
occurrences at a given label. Also note that x ~ y iff z and y
contain the same set of subformulas of /. Hence, there are 2™
different equivalence classes for ~ on labels which can occur
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Lemma 10.2. The size of a cluster occurring in a sequent of
some &, is at most 2". And there are 22" —1 many equivalence
classes of (non-empty) clusters with respect to ~.

Proof. We shall show that, by construction, all labels in a
cluster are different with respect to ~. There are two ways
of introducing non-singleton clusters: (i) via unhappy <°-
formulas (Option [1 of Definition [Z.3): if there are equivalent
labels in such a cluster, the cluster would have been created
at an earlier step of the algorithm. (ii) via unhappy R-triangle
or U-triangle loops (Definitions and [Z13): if at
creation the chain from s to ¢ contains duplicates, then they
are collapsed immediately afterwards, as they are also valid
choices of s and ¢, fulfilling the same unhappy triangle
conditions. Hence, when ~3., terminates, in all new clusters
all labels are different with respect to ~. This limits the size
of clusters to 2™, and we have at most 22" _ 1 different
equivalence classes of non-empty clusters which can occur
in 6;. O

Lemma 10.3. The length of a branch in a layer in a sequent
in a set &; is bounded, and the bound is determined by F.

Proof. A branch M’ is a past of a branch M in a sequent
&, if for all 2/ € M’ there is a x € M with 2/’ <gx. In this
case we write M’ <g M. For a branch M we write M for the
labels in M that have a past, and M for the ones that do not
have a past. Then M = M U M and M N M = @&. We now
consider a branch M in a topmost layer L and all its pasts,
i.e., branches M’ with M’ <g M.

Let My, M,..., My be all the pasts of M for which
M; # @&, and such that M; <s M; whenever 0 <3 < j <k
(see Fig. [[4). We have ‘Ml‘ < 2" 4+ 1 for all 7 because
every label in M; is created by Option [2] of Definition
in correspondence to an unhappy <*-formula (except for the
first label in M;, which could be created by layer lifting in
correspondence to an unhappy 0° formula (Construction [7.9),
or could be the initial label created in Step O of the algorithm).
But in any case, after at most 2" such steps, we encounter a
label which is equivalent to a previous one (see also the proof
of Lemma [Z.6b)).

Now let M! = {y € M; | 3z € M;.z<gy} be the
set of futures of M, in M; for some j < i (see Fig. [14).
Because of the duplication of clusters in the layer lifting
(Construction[Z.8)), we can have |M ﬂ > ‘M j‘. We can restrict
the size of M because there is only a limited amount of
times a cluster can be duplicated before a U-triangle loops
is encountered. Then, the length of the branch from s and ¢
before and after the repetition of the cluster is again bound
by 2- (2" + 1), because otherwise the U-triangle loop would
be unhappy. (We have to take 2™ + 1 twice because the
suricata label is not allowed to occur between s and ¢.) Since
the size of a cluster is bound by 2", and the number of
clusters in ]\7[j is bound by 2", the size of M; is bound by
2.2-2m.2n .27 = 237+2 (This is a very naive argument,
and the number could be restricted to a much smaller one.
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Fig. 13. Left: Unfolding of an unhappy R-triangle loop
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Fig. 14. A branch and its pasts

However, this paper is already technical enough, and we are
here only interested in the fact that such a bound exists.)

Let us now put a bound to k. Very naively, we see an R-
triangle loop after kmax = 22 (as we need to repeat the
cluster C1, see Definition and Lemma [10.2). Let M; be
the branch that sees a repetition of M;. Define M, /4 (for j <4)
to be the set of labels in M; that do not have a past in M;
(see Fig.[T4). Then the R-triangle loop is unhappy if |M; ;| >
2.2" = 2"*1 (same argument as above). Since 237+2 > 27+1
we have that [M| < kmax- | M| = 2722723012 = 92" +an+2,

Note that as soon we observe an unhappy triangle loop, the
size of the newly created cluster is |C| < 2. O

Theorem 10.4 (Termination). The proof search algorithm
given in Fig.[Ais terminating.

Proof. By the previous lemma, the size of a branch in a layer
is bounded by the formula 7' in the end sequent. Hence the

Right: Unfolding of an unhappy U-triangle loop

number of possible layers that can occur in a sequent in a set
6, that is visited by the algorithm is also bounded. This puts
a limit to the height of the tree of layers in the sequents, as
eventually there will be a simulation by a previous layer. [
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