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1. Introduction. The numerical approximation of the interaction of an elastic solid with an incompressible viscous fluid over a moving interface (FSI) remains a challenging problem in scientific computing. For a global overview of the framework and different approaches with special focus on cardiovascular flow which is a relevant application for the discussion herein, we refer to [START_REF] Fernández | Algorithms for fluid-structure interaction problems[END_REF][START_REF]Cardiovascular Mathematics. Modeling and simulation of the circulatory system[END_REF]. Typically the problem is nonlinear both through the separate subproblems and the moving interface. The coupling is very stiff due to the different time scales of the subproblems. In particular, the incompressibility and the related compatibility conditions present difficulties. For computational efficiency it is appealing to use a loosely coupled scheme to advance the coupled problem in time. In such an approach one solve is performed in each subdomain and the coupling data is tranferred across the interface in a staggered manner. Although this is feasible in elasto-acoustic, where the fluid is compressible (see, e.g., [START_REF] Farhat | Load and motion transfer algorithms for fluid/structure interaction problems with non-matching discrete interfaces: momentum and energy conservation, optimal discretization and application to aeroelasticity[END_REF]), it is much more delicate in the incompressible regime due to the addedmass effect (see [START_REF] Causin | Added-mass effect in the design of partitioned algorithms for fluid-structure problems[END_REF][START_REF] Förster | Artificial added mass instabilities in sequential staggered coupling of nonlinear structures and incompressible viscous flows[END_REF]) unless special care is taken in the design of the coupling conditions.

The first stable loosely coupled scheme for FSI in the presence of incompressibility was proposed in [START_REF] Burman | Stabilization of explicit coupling in fluid-structure interaction involving fluid incompressibility[END_REF], using Nitsche's method for FSI (see [START_REF] Hansbo | Nitsche's method combined with space-time finite elements for ALE fluid-structure interaction problems[END_REF]) in combination with a pressure stabilization that relaxes the incompressibility on the interface. For this type of method, however, the stiffness of the Nitsche penalty term introduces the parabolic condition τ ≲ h 2 for overall first-order accuracy (but not for stability), where τ stands for the time-step length and h for the spatial grid parameter. It was then noted in [START_REF] Burman | Explicit strategies for incompressible fluid-structure interaction problems: Nitsche type mortaring versus Robin-Robin coupling[END_REF] that the Nitsche coupling method could be transformed into Robin type coupling scheme without loss of stability. Robin conditions had been shown to perform well as a preconditioner already in [START_REF] Badia | Robin-Robin preconditioned Krylov methods for fluid-structure interaction problems[END_REF]. A number of studies have since then been reported in the literature on Robin-like loose coupling for incompressible FSI involving thickwalled solids (see, e.g., [START_REF] Banks | An analysis of a new stable partitioned algorithm for FSI problems. Part I: Incompressible flow and elastic solids[END_REF][START_REF] Fernández | Generalized Robin-Neumann explicit coupling schemes for incompressible fluid-structure interaction: stability analysis and numerics[END_REF][START_REF] Bukač | A modular, operator-splitting scheme for fluid-structure interaction problems with thick structures[END_REF][START_REF] Gigante | On the stability of a loosely-coupled scheme based on a Robin interface condition for fluid-structure interaction[END_REF][START_REF] Gigante | On the stability of a loosely-coupled scheme based on a Robin interface condition for fluid-structure interaction[END_REF]), but without rigorous error analysis nor convergence rates. In [START_REF] Fernández | Convergence and error analysis for a class of splitting schemes in incompressible fluid-structure interaction[END_REF], it is shown that the generalized Robin-Neumann scheme of [START_REF] Fernández | Generalized Robin-Neumann explicit coupling schemes for incompressible fluid-structure interaction: stability analysis and numerics[END_REF] introduces a splitting error scaling as Opτ {h 1 2 q, which requires a τ ≲ h 3 2 condition for accuracy (not for stability).

In [START_REF] Burman | Explicit strategies for incompressible fluid-structure interaction problems: Nitsche type mortaring versus Robin-Robin coupling[END_REF], the Robin coefficient inherited the Oph ´1q scaling from Nitsche's method, but it was noted numerically that this scaling appeared not to be necessary for the stability of the algorithm. In a recent development [START_REF] Burman | Stability and error analysis of a splitting method using Robin-Robin coupling applied to a fluid-structure interaction problem[END_REF], it was shown for a semidiscretization in time that the coupling scheme indeed is stable independent of the added mass effect and an error estimate of order Opτ 1 2 q, where τ denotes the time step, was shown. Another result in this spirit was reported in [START_REF] Seboldt | A non-iterative domain decomposition method for the interaction between a fluid and a thick structure[END_REF], for a fully discrete Robin-Robin method and under a CFL-like condition on the discretization parameters.

A stability estimate for the time semi-discretized problem with moving fluid domain is also provided, but the treatment of the convective term involves an artificial modification of the fluid velocity on the interface. An alternative fully discrete formulation is introduced in [START_REF] Burman | Fully discrete loosely coupled Robin-Robin scheme for incompressible fluid-structure interaction: stability and error analysis[END_REF], where the stresses are represented in terms of Lagrange multipliers or variational residuals, and the exponential growth of the stability factor was moderated to sub-linear growth without conditions on the discretization parameters.

Finally, both for the cases of parabolic-parabolic and parabolic-hyperbolic couplings, it was shown in [START_REF] Burman | Loosely coupled, non-iterative timesplitting scheme based on Robin-Robin coupling: unified analysis for parabolic/parabolic and parabolic/hyperbolic problems[END_REF] that in most situations one can expect the nearly-optimal order O `τ a 1 `log τ ´1˘.

Depending on the physical parameters however it was noted that this may not be attained, except for very small time steps unless the parameter in the Robin condition is chosen carefully.

The objective of the present paper is to build on the results of [START_REF] Burman | Fully discrete loosely coupled Robin-Robin scheme for incompressible fluid-structure interaction: stability and error analysis[END_REF][START_REF] Burman | Loosely coupled, non-iterative timesplitting scheme based on Robin-Robin coupling: unified analysis for parabolic/parabolic and parabolic/hyperbolic problems[END_REF] and extend them to more realistic settings, showing that the Robin-Robin loose coupling is indeed expected to result in a first order time discretization scheme also in physically relevant situations. The scientific contributions of this work are three fold. First, in a fully non-linear setting (coupling viscous incompressible flow in moving domains with the dynamics of an hyper-elastic solid), we provide a rigorous fully discrete formulation with suitable stabilization terms which guarantee unconditional energy stability. Second, in the linear case, we present the extension of the nearly-optimal error analysis from [START_REF] Burman | Loosely coupled, non-iterative timesplitting scheme based on Robin-Robin coupling: unified analysis for parabolic/parabolic and parabolic/hyperbolic problems[END_REF] to the case of the Stokes-elasticity system. To the best of our knowledge, this is the first time that such accuracy is proved for a loosely coupled scheme in incompressible fluid-structure interaction involving thick-walled solids. The latter results were first reported in [13, Chapter 5] and, therefore, the proofs are only sketched herein. Finally, the accuracy properties of the proposed method are illustrated in a series of well-known numerical examples. We in particular investigate the dependence of the accuracy on the physical parameters and the choice of the free parameter in the Robin coupling.

The rest of the paper is organized as follows. In Section 2, we introduce the considered physically realistic setting. We show how to extend the fully discrete formulation of [START_REF] Burman | Fully discrete loosely coupled Robin-Robin scheme for incompressible fluid-structure interaction: stability and error analysis[END_REF] to this nonlinear case and prove the fundamental stability estimate in Section 3. Section 4 is devoted to the derivation of the nearly-optimal error estimate in a simplified linear setting. Finally, the paper is ended with some numerical examples which are reported in Section 5.
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2. Problem setting. We consider a fluid-structure interaction system in which the fluid is modeled by the incompressible Navier-Stokes equations, in arbitrary Lagrangian-Eulerian (ALE) formalism, and the solid by the non-linear elastodynamics equations. The reference configuration of system is given by the domain The remaining parts of the fluid and solid boundaries are supposed to be time independent and partitioned as

Ω def " Ω f Y Ω s Ă R d ,
BΩ f " Γ f Y Σ and BΩ s " Γ s Y Σ.
The moving fluid domain Ω f ptq can be parametrized in terms of the so-called ALE map, A : Ω f ˆR`Ñ R d , in such a way that Ω f ptq " ApΩ f , tq. The ALE deformation map A is often written in terms of fluid domain displacement d f : Ω f ˆR`Ñ R d via the relation A " I Ω f `df , where I Ω f stands for the identity operator in Ω f . We can hence introduce the notation A t def " Ap¨, tq, the fluid domain velocity w def " B t A " B t d f , the fluid gradient of deformation F def " ∇A (spatial gradient) and its Jacobian J def " det F . For a given field f defined in the current configuration Ω f ptq, we shall use the notation p f to defined its corresponding ALE description in Ω f , by composing with the ALE map, namely,

p f px, tq def " f pApx, tq, tq @x P Ω f .
Conversely, a given field defined in the reference configuration Ω f can also be transported into the current configuration by composition with A ´1 t . For the sake of simplicity, this composition is omitted. For instance, w in (2.1) 1 below has to be read as w ˝A´1

t . that, for all t ą 0,

Coupled

$ ' & ' % ρ f B t u| A `ρf pu ´wq ¨∇u ´div σpu, pq " 0 in Ω f ptq, div u " 0 in Ω f ptq, u " 0 on Γ f , (2.1) 
$ ' & ' % ρ s B t 9 d ´div `F s Σpdq ˘" 0 in Ω s , 9 d " B t d in Ω s , d " 0 on Γ s , (2.2) 
$ ' ' & ' ' % d f " L pd| Σ q , w " B t d f , A " I Ω f `df , Ω f ptq "ApΩ f , tq, p u " 9 d on Σ, F s Σpdqn s " ´J p σpu, pqF ´T p n on Σ.
(2.

3)

The constants ρ f , ρ s ą 0 stand, respectively, for the fluid and solid densities, B t | A def " B t `w ¨∇ for the ALE time derivative and σpu, pq def " 2µϵpuq ´pI for the fluid This manuscript is for review purposes only.

Cauchy stress tensor, with µ ą 0 the fluid dynamic viscosity (supposed constant) and ϵpuq " 1 2 p∇u`p∇uq T q the strain rate tensor. The symbol F s def " I `∇d corresponds to the gradient of deformation of the solid and Σpdq denotes its second Piola-Kirchoff stress tensor which, for an hyper-elastic material, is given in terms of the internal energy functional W : R dˆd sym Ñ R `as

Σ " BW BE pEq,
where the symbol E denotes the Green-Lagrange strain tensor given by the relation

E def " 1 2 `pF s q T F s ´I˘.
Finally, the coupled system (2.1)-(2.3) is complemented with the following initial conditions p up0q " p u 0 and dp0q " d 0 , 9 dp0q " 9 d 0 in Ω f and Ω s , respectively.

The relation (2.3) 1 enforces the geometrical compatibility between the fluid and solid domains. Here, the symbol L represents a smooth lifting operator (possibly non-linear) from Σ over Ω f , which vanishes on Γ f . The remaining interface conditions (2.3) 2,3 enforce, respectively, the so-called interface kinematic and dynamic coupling.

Weak form and energy identity. We consider the following functional spaces:

V f Ă ␣ v P H 1 pΩ f q : v| Γ f " 0 ( , M f def " L 2 pΩ f q, V s Ă ␣ v P H 1 pΩ s q : v| s Γ " 0 ( . Let `p u, p p, d, 9
d ˘be solution of the coupled system (2.1)-( 2.3), one can show that the following monolithic variational formulation holds (see, e.g., [START_REF] Fernández | Algorithms for fluid-structure interaction problems[END_REF]), for t ą 0, (

ρ f d dt ż Ω f ptq u¨v ´ρf ż Ω f ptq pdiv wqu¨v `ρf ż Ω f ptq pu´wq¨∇u¨v `2µ ż Ω f ptq ϵpuq : ϵpvq ´żΩ f ptq p div v `żΩ f ptq q div u `ρs ż Ω s B t 9 d ¨ξ `żΩ s Σ : B d pEqξ " 0 2.4) 
for all pp v, p q, ξq P V f ˆM f ˆV s with p v| Σ " ξ| Σ , and where we have used the notation (2.5)

B d pEqξ def " 1 2 " `F s ˘T∇ξ ``∇ξ ˘TF s ı ,
for the differential of E applied to ξ.

By testing (2.4) with pp v, p q, ξq " pp u, p p, 9 dq and using standard arguments, we can obtain the following classical energy identity (see, e.g., [START_REF] Fernández | Algorithms for fluid-structure interaction problems[END_REF]):

(2.6)

ρ f 2 }u} 2 0,Ω f ptq `ρs 2 } 9 d} 2 0,Ω s `żΩ s W `Epdq ˘`2µ ż t 0 }ϵpupsqq} 2 0,Ω f psq ds " ρ f 2 }u 0 } 2 0,Ω f p0q `ρs 2 } 9 d 0 } 2 0,Ω s `1 2 ż Ω s W `Epd 0 q ˘.
Here, the first two terms represent the kinetic energy of the fluid and solid, respectively. The third term takes into account the hyperelastic energy of the solid, and the fourth term corresponds to the viscous dissipation of the fluid.

3. Robin-Robin explicit coupling scheme. The purpose of this section is to formulate the Robin-Robin loosely coupled scheme of [START_REF] Burman | Fully discrete loosely coupled Robin-Robin scheme for incompressible fluid-structure interaction: stability and error analysis[END_REF][START_REF] Burman | Stability and error analysis of a splitting method using Robin-Robin coupling applied to a fluid-structure interaction problem[END_REF] in the framework of the non-linear coupled problem (2.1)-(2.3).
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Time semi-discretization. In what follows, the scalar τ ą 0 denotes the timestep length and tt n def " nτ u nPN represents the temporal grid. We shall also make use of the following notations:

B τ x n def " 1 τ px n ´xn´1 q, x n´1 2 def " 1 2 px n `xn´1 q,
for the first-order backward difference and the mid-point value, respectively. Moreover, for a given time-dependent quantity xptq, we will use the notation x n def " xpt n q.

The bulk terms of the fluid sub-system (2.1) will be discretized in time with a backward-Euler semi-implicit scheme, whereas for the solid sub-system (2.2) we consider a mid-point scheme with the so-called Gonzalez correction (see [START_REF] Gonzalez | Exact energy and momentum conserving algorithms for general models in nonlinear elasticity[END_REF]). Finally, for the time discretization of the interface conditions (2.3), we combine an explicit treatment of the geometrical compatibility with a Robin-Robin type splitting of the kinematic and dynamic interface conditions, originally proposed in [START_REF] Burman | Stability and error analysis of a splitting method using Robin-Robin coupling applied to a fluid-structure interaction problem[END_REF] for the linear case. By introducing the following notation for the interfacial fluid stresses on the reference configuration,

(3.1) λ n def " J n p σpu n , p n q `F n ˘´T p n on Σ,
the resulting time-stepping procedure can formally be written as follows:

' Solve solid:

(3.2) $ ' ' ' ' ' ' & ' ' ' ' ' ' % ρ s B τ 9 d n ´div ´F s,n´1 2 s Σ n´1 2 ¯" 0 in Ω s , 9 d n´1 2 " B τ d n in Ω s , d n " 0 on Γ s , F s,n´1 2 s Σ n´1 2 n s `α`9 d n´1 2 ´p u n´1 ˘" ´λn´1 on Σ.
' Fluid domain update:

(3.3) d f,n " L pd n | Σ q , w n " B τ d f,n , A n " I Ω f `df,n , Ω f,n " A n pΩ f q.
' Solve fluid:

(3.4) $ ' ' ' ' ' & ' ' ' ' ' % ρ f B τ u n | A `ρf pu n´1 ´wn q ¨∇u n ´div σpu n , p n q " 0 in Ω f,n , div u n " 0 in Ω f,n , u n " 0 on Γ f , λ n `α`p u n ´9 d n´1 2 ˘" λ n´1 on Σ.
Here, the symbol s Σ n´1 2 denotes the mid-point correction of the solid stress given by (see [START_REF] Gonzalez | Exact energy and momentum conserving algorithms for general models in nonlinear elasticity[END_REF]):

(3.5) s Σ n´1 2 def " Σ n´1 2 `Bτ W pE n q ´BW BE `En´1 2 ˘: B τ E n |B τ E n | 2 B τ E n ,
which guarantees energy stability in the solid, and the scalar α ą 0 stands for the userdefined Robin parameter of the fluid-solid splitting. Note that the above interfacial This manuscript is for review purposes only.

Robin-Robin splitting, viz.,

(3.6) $ & % F s,n´1 2 s Σ n´1 2 n s `α`9 d n´1 2 ´p u n´1 ˘" ´λn´1 on Σ, λ n `α`p u n ´9 d n´1 2 ˘" λ n´1 on Σ,
is written in the reference configuration of the interface.

Space discretization, fully discrete scheme. For the spatial discretization of (3.2)-(3.4), we adopt a finite element approximation. Let T f h and T s h be, respectively, simplicial triangulations of Ω f and Ω s . We assume that T f h and T s h match on the interface Σ. We then define the following finite element spaces:

V s h def " ␣ v P V s : v| K P P 1 pKq, @K P T s h ( , V f h def " ␣ v P V f : v| K P P 1 pKq, @K P T f h ( , M f h def " ␣ v P M f : v| K P P 1 pKq, @K P T f h ( ,
Since the fluid and solid meshes are assumed to match at the interface, we can define the discrete traces space

(3.7) V g h def " Tr Σ V f h " Tr Σ V s h .
The fluid bi-linear form is given by

(3.8) a Ω f,n `un´1 h , w n h ; pu n h , p n h q, pv h , q h q ˘def " ρ f ż Ω f,n pu n´1 h ´wn h q ¨∇u n h ¨vh `ρf 2 ż Ω f,n pdiv u n´1 h qu n h ¨vh ´ρf 2 ż Σ n pu n´1 h ´9 d n´1 2 h q ¨nu n h ¨vh `2µ ż Ω f,n ϵ h pu n h q : ϵ h pv h q ´żΩ f,n p n h div v h `żΩ f,n q h div u n h `sf h `un´1 h , w n h ; pu n h , p n h q, pv h , q h q ˘.
The second term in (3.8) corresponds to the so-called Temam's trick, which copes with the fact that the discrete fluid velocities are not divergence free. The third term is a weakly consistent stabilization term which allows to control the energy contribuitons of the convective term (first term of (3.8)) induced by the fact that

p u n´1 h | Σ ‰ w n h | Σ " 9 d n´1 2 h | Σ .
Following [28, Chapter 5], we introduce a second weakly consistent stabilization term, namely, (3.9)

s Ω f,n pu n h , v h q def " ´ρf 2τ ˆżΩ f,n u n h ¨vh ´żΩ f,n´1 u n h ¨vh ˙`ρ f 2 ż Ω f,n pdiv w n h qu n h ¨vh ,
whose purpose is to cope with the issues related to the so-called discrete geometric conservation law (see, e.g., [START_REF] Farhat | The discrete geometric conservation law and the nonlinear stability of ale schemes for the solution of flow problems on moving grids[END_REF]). Note that the weak consistency of (3.9) is a
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consequence of the Reynolds transport formula:

d dt ż Ω f ptq q " ż Ω f ptq q div w
for any smooth enough field p q : Ω f Ñ R `. Finally, the non-negative bi-linear term,

s f h `un´1 h , w n h ; pu n h , p n h q, pv h , q h q ˘,
stands for any given velocity and pressure stabilization operator (see, e.g., [START_REF] Tezduyar | Stabilized finite element formulations for incompressible flow computations[END_REF][START_REF] Burman | Continuous interior penalty finite element method for Oseen's equations[END_REF]), whose purpose is to circumvent the issues related to the lack of robustness for both high local Reynolds numbers and the lack of inf-sup stability for the pair V f h {M f . Algorithm 3.1 Explicit Robin-Robin scheme (fully discrete) Assume u 0 h , d 0 h and d f,0 h , λ 0 h to be given and, for n ě 1, perform: ' Solve solid: find pd n h , 9

d n h q P V s h ˆV s h , with 9 d n´1 2 h " B τ d n h such that (3.10) ρ s ż Ω s B τ 9 d n h ¨ξh `żΩ s s Σ n´1 2 h : B d pE n´1 2 h qξ h `α ż Σ p 9 d n´1 2 h ´p u n´1 h q ¨ξh " ´żΣ λ n´1 h ¨ξh for all ξ h P V s h . ' Update fluid domain: d f,n h " L h pd n h | Σ q, w n h " B τ d f,n h , A n h " I Ω f `df,n h , Ω f,n " A n h pΩ f q.
' Solve fluid: find pp u n , p p n q P V f h ˆQh such that

(3.11) ρ f τ ˆżΩ f,n u n h ¨vh ´żΩ f,n´1 u n´1 h ¨vh ˙´ρ f ż Ω f,n pdiv w n h qu n h ¨vh `sΩ f,n pu n h , v h q `aΩ f,n `un´1 h , w n h ; pu n h , p n h q, pv h , q h q α ż Σ pp u n h ´9 d n´1 2 h q ¨p v h " ż Σ λ n´1 h ¨p v h for all pp v h , p q h q P V f h ˆQh . ' Fluid-stress update: set λ n h P V g h as (3.12) λ n h " λ n´1 h `α`9 d n´1 2 h ´p u n h ˘on Σ.
With all the above ingredients, the proposed fully discrete counterpart of (3. This manuscript is for review purposes only.

variational residual (see, e.g., [START_REF] Farhat | Load and motion transfer algorithms for fluid/structure interaction problems with non-matching discrete interfaces: momentum and energy conservation, optimal discretization and application to aeroelasticity[END_REF]):

(3.13) ż Σ λ n h ¨µh " ρ f τ ˆżΩ f,n u n h ¨Lf h µ h ´żΩ f,n´1 u n´1 h ¨Lf h µ h ´ρf ż Ω f,n pdiv w n h qu n h ¨Lf h µ h `aΩ f,n `un´1 h , w n h ; pu n h , p n h q, pL f h µ h , 0q
for all µ h P V g h and where L f h : V g h Ñ V f h represents a linear fluid-sided lifting operator, such that, the nodal values of L f h µ h vanish out of Σ and pL f h µ h q| Σ " µ h , for all µ h P V g h . We can hence see that, as indicated above, λ n h is nothing but the discrete counterpart of the interfacial fluid stress on the reference configuration. It is worth noting that the interfacial stabilization term in (3.8) introduces a weakly consistent perturbation of the fluid stresses approximation provided by (3.13). Indeed, this relation formally writes

ż Σ λ n h ¨µh " ż Σ n σpu n h , p n h qn h ¨µh ´ρf 2 ż Σ n `un´1 h ´9 d n´1 2 h
˝pA n h q ´1˘¨n h pu n h ¨µh q for all µ P V g h , or point-wise

λ n " J n p σpu n , p n qpF n q ´T p n ´ρf J n 2 pp u n´1 ´9 d n´1 2 q ¨`pF n q ´T p n ˘p u n on Σ.
It should also be noted that these last two expressions are merely formal and, therefore, can not be used in the energy stability analysis of Algorithm 3.1, presented in Section 3.1 below.

Algorithm 3.1 shares some similarities with the time-semidiscrete Robin-Robin scheme proposed in [START_REF] Seboldt | A non-iterative domain decomposition method for the interaction between a fluid and a thick structure[END_REF], but with several fundamental differences. First, the method is here formulated in a fully discrete setting, with a rigorous definition of the interfacial fluid-stresses. Second, a suitable interfacial stabilization is added to control the energy contributions of the convective term. This avoids the artificial modifications of the fluid velocity on the interface advocated in [27, Section 3]. Third, the stability of the method reported in the next paragraph also holds in 3D, irrespectively of the discrete geometric conservation law, via the stabilization term (3.9). Finally, the stability analysis (Section 3.1) and the numerical examples (of Section 5) cover the case of the coupling with a general non-linear solid model.

Energy stability analysis.

For n ě 1, let the discrete energy and dissipation be respectively defined as

E n h def " ρ f 2 }u n h } 2 0,Ω f,n `ρs 2 } 9 d n h } 2 0,Ω s `żΩ s W pE n h q `τ 2 ˆα}p u n h } 2 0,Σ `1 α }λ h } 2 0,Σ ˙, G n h def " n ÿ m"1 τ ˆ2µ}ϵpu m h q} 2 0,Ω f,m `α} 9 d m´1 2 h ´p u m´1 h } 2 0,Σ ˙. Theorem 1. Let ␣ pp u n , p p n , d n , 9 d n ,
λ n ( ně1 be given by Algorithm 3.1. The following energy estimate holds for n ě 1

(3.14) E n h `Gn h ď E 0 h .
As a result, Algorithm 3.1 is unconditionally stable in the energy norm.
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Proof. We proceed by testing (3.10) with ξ h " 9 d n´1 2 h and (3.11) with pp v h , p q h q " pp u n h , p p n h q. For the solid, we get

(3.15) ρ s 2 B τ } 9 d n h } 2 0,Ω s `żΩ s s Σ n´1 2 h : B d pE n´1 2 h q 9 d n´1 2 h `α ż Σ p 9 d n´1 2 h ´p u n´1 h q ¨9 d n´1 2 h " ´żΣ λ n´1 h ¨9 d n´1 2 h
.

From (2.5), we have

B d pE n´1 2 h q 9 d n´1 2 h " 1 2 ´pF s,n´1 2 h q T B τ F s,n h `pB τ F s,n h q T F s,n´1 2 h " 1 2τ ´pF s,n h q T F s,n h ´pF s,n´1 h q T F s,n´1 h "B τ E n h .
So that, by inserting the previous relation into (3.15) and using the definition of the stress correction (3.5), we have

(3.16) ż Ω s s Σ n´1 2 h : B τ E n h " ż Ω s B τ W pE n h q.
By inserting (3.16) into (3.15), we ultimately arrive at:

(3.17) | Σ and the positiveness of s f h , we have

ρ s 2 B τ } 9 d n h } 2 0,Ω s `Bτ ż Ω s W pE n h q`α ż Σ p 9 d n´1 2 h ´p u n´1 h q¨9 d n´1 2 h " ´żΣ λ n´1 h ¨9 d
(3.18) a Ω f,n `un´1 h , w n h ; pu n h , p n h q, pu n h , p n h q ˘ě 2µ}ϵpu n h q} 2 0,Ω f,n `ρf 2 ż Ω f,n pu n´1 h ´wn h q ¨∇|u n h | 2 `ρf 2 ż Ω f,n pdiv u n´1 h q|u n h | 2 ´ρf 2 ż Σ n pu n´1 h ´9 d n´1 2 h q ¨n|u n h | 2 " 2µ}ϵpu n h q} 2 0,Ω f,n `ρf 2 ż Ω f,n pdiv w n h q|u n h | 2 .
Using (3.12) and the arguments reported in [START_REF] Fernández | Algorithms for fluid-structure interaction problems[END_REF]Proposition 9.4] and [28, Chapter 5],

we finally obtain

(3.19) ρ f 2 B τ }u n h } 2 0,Ω f,n `2µ}ϵpu n h q} 2 0,Ω f,n ď ż Σ λ n´1 h ¨p u n h ´α ż Σ pp u n h ´9 d n´1 2 h q ¨p u n h " ż Σ λ n h ¨p u n h .
Next, we proceed to add the energy contributions of the solid, as given by (3.17), and the fluid, as expressed in (3.19). This results in the following energy expression:

(3.20) ρ f 2 B τ }u n h } 2 0,Ω f,n `ρs 2 B τ } 9 d n h } 2 0,Ω s `Bτ ż Ω s W pE n h q `2µ}ϵpu n h q} 2 0,Ω f,n ď R n h , where R n h def " α ż Σ pp u n´1 h ´9 d n´1 2 h q ¨9 d n´1 2 h ´żΣ λ n´1 h ¨9 d n´1 2 h `żΣ λ n h ¨p u n h .
We can now proceed as in the case with a fixed domain [START_REF] Burman | Fully discrete loosely coupled Robin-Robin scheme for incompressible fluid-structure interaction: stability and error analysis[END_REF], which yields

(3.21) R n h " α 2 p}p u n´1 h } 2 0,Σ ´}p u n h } 2 0,Σ q`1 2α p}λ n´1 h } 2 0,Σ ´}λ n h } 2 0,Σ q´α} 9 d n´1 2 h ´p u n´1 h } 2 0,Σ ,
Finally, by inserting (3.21) into (3.20), we obtain

ρ f 2 B τ }u n h } 2 0,Ω f,n `ρs 2 B τ } 9 d n h } 2 0,Ω s `Bτ ż Ω s W pE n h q `2µ}ϵpu n h q} 2 0,Ω f,n `α 2 }p u n h } 2 0,Σ `τ 2α }λ n h } 2 0,Σ `α} 9 d n´1 2 h ´p u n´1 h } 2 0,Σ ď α 2 }p u n´1 h } 2 0,Σ `1 2α }λ n´1 h } 2 0,Σ .
The energy estimate (3.14) then follows my multiplying the previous expression by τ and then summing over m " 1, . . . , n, which completes the proof. 

$ ' & ' % ρ f B t u ´div σpu, pq " 0 in Ω f ˆp0, T q, div u " 0 in Ω f ˆp0, T q, u " 0 on Γ f ˆp0, T q, (4.2) 
$ ' & ' % ρ s B t 9 d ´div σpdq " 0 in Ω s ˆp0, T q, 9 d " B t d in Ω s ˆp0, T q, d " 0 on Γ s ˆp0, T q, (4.3) 
# u " 9 d on Σ ˆp0, T q, σpu, pqn " σpdqn on Σ ˆp0, T q, complemented with the initial conditions: dp0, ¨q " d 0 , 9 dp0, ¨q " 9 d 0 in Ω s , and up0, ¨q " u 0 in Ω f and where T ą 0 denotes the final time. The symbol σpdq stands for the linearized solid stress tensor, which is assumed to be given in terms of the solid displacement d by the following relation:

σpdq def " 2L 1 ϵpdq `L2 pdiv dqI,
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where L 1 , L 2 ą 0 denote the so called Lamé coefficients of the solid.

Assuming that λ P L 2 pΣq, the solution of (4.1)-(4.3) satisfies the weak formulation (4.4)

ρ s ż Ω s B t 9
d ¨ξ `as pd, ξq `żΣ λ ¨ξ " 0,

ż Ω s 9 d ¨ϕ ´żΩ s B t d ¨ϕ " 0, ρ f ż Ω f B τ u ¨v `af `pu, pq, pv, qq ˘´ż Σ λ ¨v " 0, ż Σ pu ´9 dq ¨µ " 0
for all pξ, ϕ, v, qq P V s ˆV s ˆV f ˆM f . Here, the bilinear forms of the fluid, denoted as a f , and of the solid, denoted as a s , are respectively given by

a f `pu, pq, pv, qq ˘def " 2µ ż Ω f ϵpuq : ϵpvq ´żΩ f p div v `żΩ f q div u, a s `d, ξ ˘def " 2L 1 ż Ω s ϵpdq : ϵpξq `L2 ż Ω s
pdiv dqpdiv ξq.

We also introduce the elastic energy norm of the solid given by the relation

}ξ} s def " b a s `ξ, ξ for 
all ξ P V s .
For the numerical approximation of (4.4) we consider the Robin-Robin loosely coupled scheme introduced in [START_REF] Burman | Fully discrete loosely coupled Robin-Robin scheme for incompressible fluid-structure interaction: stability and error analysis[END_REF] and detailed in Algorithm 4.1. As in Section 3, we employ a backward Euler method for the fluid and a mid-point scheme for the solid.

In addition, for the spatial discretization, we consider a piecewise affine continuous finite elements, where we assume that the fluid and solid meshes are fitted. In other words, Algorithm 4.1 is essentially the linear counterpart of Algorithm 3.1. Here, we accommodate for the lack of inf-sup stability by using a pressure stabilized bilinear form for the fluid (see [START_REF] Brezzi | On the stabilization of finite element approximations of the Stokes equations[END_REF]), (4.5) a f h `pu h , p h q, pv h , q h q ˘def " a f `pu h , p h q, pv h , q h q ˘`γ p h 2 µ ż

Ω f ∇p h ¨∇q h ,
with γ p ą 0 a user-defined parameter.

4.1. Relation to previous results. In [START_REF] Burman | Fully discrete loosely coupled Robin-Robin scheme for incompressible fluid-structure interaction: stability and error analysis[END_REF], we proved that Algorithm 4.1 was optimal in space and sub-optimal in time, specifically Oph `τ 1 2 q. However, following new numerical experiments and the results of [START_REF] Burman | Loosely coupled, non-iterative timesplitting scheme based on Robin-Robin coupling: unified analysis for parabolic/parabolic and parabolic/hyperbolic problems[END_REF], it has become clear that the result in [START_REF] Burman | Fully discrete loosely coupled Robin-Robin scheme for incompressible fluid-structure interaction: stability and error analysis[END_REF] is not a strict bound. Following the techniques developed in [START_REF] Burman | Loosely coupled, non-iterative timesplitting scheme based on Robin-Robin coupling: unified analysis for parabolic/parabolic and parabolic/hyperbolic problems[END_REF], we are able to prove that the Robin-Robin scheme for the linear case is, in fact, nearly-optimal in time. This result is presented below, along with the main features of the analysis.

The full analysis is covered in detail in [13, Chapter 5].

Nearly-optimal error estimate.

In what follows, N P N is such that 

N τ ď T and let ␣ pu n h , p n h , λ n h , d n h , 9 d n h q ( 1ďnďN Ă V f h ˆM f h ˆV g h ˆV s h ˆV s h be
q P V f h ˆM f h such that (4.7) ρ f ż Ω f B τ u n h ¨vh `af h `pu n h , p n h q, pv h , q h q ˘`α ż Σ pu n h ´9 d n´1 2 h q ¨vh " ż Σ λ n´1 h ¨vh for all pv h , q h q P V f h ˆM f h . 3. Fluid-stress update: set λ n h P V g h as (4.8) λ n h " λ n´1 h `αp 9 d n´1 2 h ´un h q on Σ. e n u,h def " u n h ´Rf h u n , e n p,h def " p n h ´Sh p n , e n λ,h def " λ n h ´πh λ n ,
where λ n " σpu n , p n qn on the interface Σ and where R f h , R s h respectively denote the Scott-Zhang interpolants (see, e.g., [START_REF] Scott | Finite element interpolation of nonsmooth functions satisfying boundary conditions[END_REF]) projecting onto the finite element spaces V s h and V f h , and S h is the Scott-Zhang interpolant into M f h modified by a global constant so the average on Ω f is zero. For projecting into V g h , we use the notation π h , the L 2 orthogonal projection from V g to V g h . We employ the Scott-Zhang interpolant for this analysis because it allows significant flexibility when selecting the degrees of freedom.

Indeed, we may choose the degrees of freedom so that we will have R s h v " R f h w on Σ if v P rH 1 pΩ s qs 2 and w P rH 1 pΩ f qs 2 and v " w on Σ.

We may then define the following quantities to construct our error estimate:

S n h def " }e n d,h } 2 s `ρs › › e n 9 d,h › › 2 0,Ω s `ρf }e n u,h } 2 0,Ω f , E n h def " τ α}e n u,h } 2 0,Σ `τ α }e n λ,h } 2 0,Σ , W n h def " ρ f }e n u,h ´en´1 u,h } 2 0,Ω f `4µτ }εpe n u,h q} 2 0,Ω f `2τ h 2 }∇e n p,h } 2 0,Ω s , Z n h def " τ α › › e n´1 2 9 d,h ´en´1 u,h › › 2 0,Σ
for 1 ď n ď N . Finally, as described in [13, Chapter 5], the quasi-optimal error result requires two key assumptions, which we state here. The motivation behind these assumptions will be explained further below. First, we assume that the normal n s can be extended from Σ into Ω s in such a way that its gradient is bounded.

Assumption 1. There exists r n s P rW 1,8 pΩ s qs 2 such that r

n s | Σ " n s .
The second assumption is the existence of a function r ϕ : Ω s Ñ R that serves as a pseudo-lifting operator from the interface Σ into the interior of the solid domain Ω s .

Assumption 2. Assume that τ ă 1 2 . There exists a function r ϕ : Ω s Ñ R satisfying:
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(i) 0 ď r ϕ ď 1;

(ii) r ϕ P V s ;

(iii) |tx P Σ : r ϕpxq ‰ 1u| ď Cτ ;

(iv)

› › ∇ r ϕ › › 2 0,Ω s ď C `1 `log 1 τ ˘;
where each C ą 0 represents a general constant independent of τ and of the physical parameters.

With these assumptions established, the quasi-optimal error results proceeds as follows.

Theorem 2. Under Assumptions 1 and 2, and assuming that the solution is smooth enough so that Y h defined below and }εp 9 dq} 2 L 2 p0,T ;L 8 pΩ s qq , } div 9 d} 2 L 2 p0,T ;L 8 pΩ s qq are bounded, we have the following bound on the discrete error

(4.9) max 1ďmďn ␣ S m h `Em h ( `n ÿ m"1 `Zm h `Wm h ď Cτ 2 « p1 `T qpL 1 `L2 q 3 α 2 ´`1 `log τ ´1˘} εp 9 dq} 2 L 2 p0,T ;L 8 pΩ s qq `} div 9 d} 2 L 2 p0,T ;L 8 pΩ s qq ¯`Y h ff , where Y h def " ř 3 i"1 Y i,h is given by Y 1,h def " h 2 « p1 `h2 qρ s p1 `T q}B t 9 d} 2 L 2 p0,T ;H 2 pΩ s qq `p1 `h2 qρ f T }B t u} 2 L 2 p0,T ;H 2 pΩ f qq `p1 `T qpL 1 `L2 q} 9 d} 2 L 2 p0,T ;H 2 pΩ s qq `µ}u} 2 L 2 p0,T ;H 2 pΩ f qq `h2 µ }p} 2 L 2 p0,T ;H 2 pΩ f qq `pL 1 `L2 q}d} 2 L 2 p0,T ;H 2 pΩ s q `pL 1 `L2 q}d} 2 L 8 p0,T ;H 2 pΩ s q ff `τ 2 « τ 2 ρ s p1 `T q}B t 3 9 d} 2 L 2 p0,T ;L 2 pΩ s qq `ρf T }B t 2 u} 2 L 2 p0,T ;L 2 pΩ f qq `h4 µ }B t p} 2 L 2 p0,T ;H 2 pΩ f qq `h2 pL 1 `L2 q} 9 d} 2 L 2 p0,T ;H 2 pΩ s qq `h2 µ}B t u} 2 L 2 p0,T ;H 2 pΩ f qq ff , Y 2,h def " τ 2 « pτ 2 qp1 `T qpL 1 `L2 q}B 3 t 9 d} 2 L 2 p0,T ;H 1 pΩ s qq `h2 }B t u} 2 L 2 p0,T ;H 3 pΩ f qq `ˆ1 `α `α2 µ `µ `µ2 `p1 `T qµ 2 α ˙}B t u} 2 L 2 p0,T ;H 2 pΣqq `p1 `αq}B t 9 d} 2 L 2 p0,T ;L 2 pΣq `ˆ1 `1 `T α `1 µ ˙}B t p} 2 L 2 p0,T ;L 2 pΣqq `τ 2 p1 `αq}B 3 t 9 d} 2 L 2 p0,T ;L 2 pΣqq `T ρ s }B 2 t 9 d} 2 L 2 p0,T ;L 2 pΩ s qq `pp1 `T qpL 1 `L2 q `ρs q}B t 9 d} 2 L 2 p0,T ;H 1 pΩ s qq `µ2 T α }εpB t uq} 2 L 2 p0,T ;L 8 pΣqq
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`T α }B t p} 2 L 2 p0,T ;L 8 pΣqq `ρs }B t 9 d} 2 L 8 p0,T ;L 2 pΩ s qq `h2 }B t p} 2 L 2 p0,T ;H 1 pΩ f qq ff `h2 `}u} 2 L 2 p0,T ;H 3 pΩ f qq `}∇p} 2 L 2 p0,T ;L 2 pΩ f qq `h4 ˆT µ 2 α }B t u} 2 L 2 p0,T ;H 2 pΣqq `T α }B t p} 2 L 2 p0,T ;H 1 pΣqq ˙, Y 3,h def " τ 2 « p1 `T qpL 1 `L2 q 3 `ρs pL 2 1 `L2 2 q α 2 } 9 d} 2 L 2 p0,T ;H 2 pΩ s qq `ρs T pL 2 1 `L2 2 q α 2 }B t 9 d} 2 L 2 p0,T ;H 2 pΩ s qq `ρs pL 2 1 `L2 2 q α 2 } 9 d} 2 L 8 p0,T ;H 1 pΩ s qq ff .
4.3. Sketch of the proof to Theorem 2. The proof of Theorem 2 is only sketched below due to the page limit, we refer to [13, Theorem 5.2.9] for full details.

The argument consists of three parts. First, we begin with a preliminary bound.

Lemma 4.1. For 1 ď n ď N , it holds

3 8 max 1ďmďn ␣ S m h `Em h ( ` 3 
8 n ÿ m"1 `Wm h `Zm h ˘ď n ÿ m"1 τ α ż Σ e m´1 λ,h ¨gm 3,h `CD n h ,
where

g n 3,h def " α 2 g n 1,h `πh g n 2 , g n 1,h def " R f h u n ´Rf h u n´1 , g n 2 def
" λ n ´λn´1 and

D n h def " τ n´1 ÿ m"1 « µ}εppR f h ´Iqu m q} 2 0,Ω f `1 µ }pS h ´Iqp m } 2 0,Ω f `p1 `T q › › R s h 9 d m´1 2 ´Bτ R s h d n h › › 2 s `p1 `T q}pR s h ´IqB τ d m } 2 s `h2 }u m } 2 H 3 pΩ f q `p1 `T q › › R s h 9 d m´1 2 ´Bτ R s h d m h › › 2 s `p1 `T q}pR s h ´IqB τ d m } 2 s `h2 }u m } 2 3,Ω f `ˆα `α2 µ ˙}g m 1,h } 2 0,Σ `ˆ1 `1 α `1 µ ˙}λ m ´λm´1 } 2 0,Σ `T ρ s }B τ R s h 9 d m ´Bt 9 d m´1 2 } 2 0,Ω s `ρf T }B τ R f h u m ´Bt u m } 2 0,Ω f `h2 }∇S h p m } 2 0,Ω f `τ 2α }g m 3,h } 2 0,Σ ff `}pR s h ´Iqd n } 2 s .
The proof of Lemma 4.1 requires some standard algebra along with Cauchy-Schwarz, Young's inequality, trace inequality, and Korn's inequality. A detailed proof is included in [START_REF] Durst | Recent Advances in Splitting Methods Based on Robin-Robin Coupling Conditions[END_REF]Chapter 5]. The key takeaway, however, is that all of the terms in D n h are either the norms of splitting error terms such as g n 1,h or interpolation errors such as S h p n ´pn . In both cases, the terms may be optimally bounded in terms of h and τ in the final step of the proof. However, the remaining unbounded term requires special care.

Consequently, the second part of the proof involves deriving a bound for the term

n ÿ m"1 τ α ż Σ e m´1 λ,h ¨gm 3,h .
This manuscript is for review purposes only.

If we attempt to bound this term by balancing e m´1 λ,h with terms appearing on the left-hand side of the estimate, we ultimately sacrifice a factor of τ 1 2 , resulting in suboptimal convergence, as done in [START_REF] Burman | Fully discrete loosely coupled Robin-Robin scheme for incompressible fluid-structure interaction: stability and error analysis[END_REF]. Essentially, the challenge presented by this term is that it resides on the interface Σ, but to avoid a loss in accuracy we must somehow avoid the interface as much as possible.

To do this, we utilize the error equations of the solid to pull the term e n´1 λ,h from the interface Σ into the interior domain Ω s . However, this requires us to construct an extension of g n 3,h into Ω s which is in V s h . Critically, this means that the extension needs to vanish on BΩ s zΣ, which is not guaranteed for g n`1 3,h due to the presence of the term π h pλ n`1 ´λn q. Therefore, we will utilize the extended normal r n s and the function r ϕ defined in Assumptions 1 and 2 to construct a cut-off function technique to continuously lift the residual

g n`1 3,h from V g h into V s h .
The result of this extension step yields a quasi-optimal bound stated in the following lemma.

Lemma 4.2. Under Assumptions 1 and 2 we have

τ α n ÿ m"1 ż Σ e m´1 λ,h ¨gm 3,h ď 1 8 max 1ďmďn ␣ S m h `Em h ( ` 1 
8 n ÿ m"1 Z m h `CΨ n h , where Ψ n h def " Ψ n 1,h
`Ψn 2,h given by

Ψ n 1 def " T τ 3 ρ s n ÿ m"1 }B τ 2 R s h 9 d n } 2 0,Ω s `ρs }g n 1,h } 2 0,Ω s `τ m ÿ m´1 « p1 `T q}g m 1,h } 2 s ``1 `α˘} g m 1,h } 2 0,Σ `}λ m ´λm´1 } 2 0,Σ `ρs › › B τ R s h 9 d m ´Bt 9 d m´1 2 › › 2 0,Ω s `ρs }g n`1 1,h } 2 0,Ω s `}pR s h ´Iqd m´1 2 } 2 s `α}R f h u m ´Bτ R s h d m } 2 0,Σ `α› › R s h 9 d m´1 2 ´Bτ R s h d m h › › 2 0,Σ ff , Ψ n 2 def " T τ 3 ρ s α 2 n ÿ m"1 › › B 2 τ R s h `r ϕσpd m´1 qr n s ˘› › 2 0,Ω s `ρs α 2 }r g n 2,h } 2 0,Ω s `T h 2 α n ÿ m"1 }g m 2 } 2 1,Σ `τ n ÿ m"1 « 1 `T α 2 }r g m 2,h } 2 s ``1 `1 α ˘}λ n`1 ´λn } 2 0,Σ `}g m 1,h } 2 0,Σ `ρs }B τ R s h 9 d m ´Bt 9 d m´1 2 } 2 0,Ω s `ρs α 2 }r g m 2,h } 2 0,Ω s `}pR s h ´Iqd m´1 2 } 2 s `}R f h u m ´Bτ R s h d m } 2 0,Σ `› › R s h 9 d m´1 2 ´Bτ R s h d m h › › 2 0,Σ `T α }g m 2 } 2 L 8 pΣq ff .
Finally, in the third step of the proof, it remains to bound the terms D n h and Ψ n h , which is the purpose of the next lemma. The fluid and solid physical parameters are ρ f " 1, µ " 0.035, ρ s " 1.1, L 1 "

1.15 ¨10 6 , L 2 " 1.7 ¨10 6 and c 0 " 4 ¨10 6 . The pressure stabilization parameter in (4.5) is set to γ p " 10 ´3. All the computations have been carried out with the FreeFem++ software (see [START_REF] Hecht | New development in FreeFem++[END_REF]).

In order to illustrate the accuracy of Algorithm 4.1, we evaluate the relative displacement error

› › d N h ´dpT q › › e L› › dpT q
› › e at the final time T " 0.015 for different values of the discretization parameters under τ " Ophq, namely, τ P t5 ¨10 ´4{2 i u 4 i"0 , h P t0.1{2 i u 4 i"0 .

The relative errors are calculated with a reference solution obtained with an implicit coupling scheme and a fine space-time grid (h " 0.003125 and τ " 10 ´6). we consider the classical shear-driven cavity problem with a flexible bottom (see, e.g., [START_REF] Förster | Artificial added mass instabilities in sequential staggered coupling of nonlinear structures and incompressible viscous flows[END_REF]). The fluid domain is the unit square Ω f " r0, 1s ˆr0, 1s with the fluid-solid interface on the lower boundary Σ " r0, 1s ˆt0u. All the units are given in the SI system.

The system is described by the non-linear coupled problem (2.1)-(2.3) in which the solid model (2.2) is replaced by a non-linear Timoshenko beam (see, e.g., [START_REF] Bathe | Finite Element Procedures[END_REF]). The overall system is initially at rest and an oscillating shear velocity profile is imposed on the upper boundary uptq " p1 ´cosp0.4πtq, 0q T on r0, 1s ˆt1u. A no-slip condition is

This manuscript is for review purposes only. enforced on the portions t0, 1u ˆr0, 0.9s of the lateral cavity walls, and zero traction is prescribed on theremaining parts t0, 1u ˆr0.9, 1s. The fluid physical parameters are given by ρ f " 1.0 and µ " 0.01, and for the solid ρ s " 250, ϵ " 0.002, E " 250 and ν " 0.

The spatial fluid approximation in (3.11) is made of Q 1 {Q 1 finite elements with a SUPG/PSPG stabilized formulation. Linear MITC beam elements are used for the approximation of the Timoshenko beam in (3.10). In this numerical example, the computational meshes for the fluid and the solid meshes are, respectively, made of 400 quadrilaterals and of 20 segments and a time-step length of τ " 0.1 is considered.

This manuscript is for review purposes only. All the numerical computations have been performed with the FELiScE library 1 .

For illustration purposes, we have reported in Figure 5 some snapshots of the fluid velocity magnitude in the current configuration at different time-instants, obtained with Algorithm 3.1 and α " 1. We now focus on the accuracy of this loosely coupled scheme. To this purpose, we have first reported in Figure 6 the magnitude of the interfacial mid-point displacement obtained with Algorithm 3.1, for different values of α, and with a strongly coupled scheme. The impact of α on the accuracy is clearly visible. As in the previous numerical example (Section 5.1), the accuracy of Algorithm 3.1 degrades when α is both smaller and larger than the optimal value (here, around α " 1). It is also worth noting the very good accuracy of the results obtained with Algorithm 3.1 and α " 1. Indeed, without any correction iteration the proposed loosely coupled scheme delivers practically the same accuracy as the strongly coupled scheme. This observation is in line with the results of the previous section (Figures 123) and the error estimate of Theorem 2, which indicate that small values of the solid elastic parameters yield a low splitting error.

Finally, Figure 7 compares the results obtained with Algorithm 3.1 for α " 1 and different correction iterations. We recall that one correction iteration corresponds to performing once more steps (3.10), (3.11) This manuscript is for review purposes only.

performed with the FELiScE library.

To highlight the fluid-structure interaction in this numerical example, Figure 8 shows snapshots of the fluid pressure in the deformed configuration at different timeinstants, obtained using Algorithm 3.1 with α " 500. We will now assess the influence of the parameter α. In Figure 9, we display the magnitude of the interfacial mid-point displacement calculated using Algorithm 3.1 for various α values. These results are then compared to those obtained using a strongly coupled scheme. As observed in the previous numerical examples, the performance of Algorithm 3.1 is closely linked to the choice of α. Specifically, Algorithm 3.1 shows good accuracy when α is approximately 500. However, as we deviate from this range, both smaller and larger values of α tend to degrade the accuracy.

Figure 10 illustrates the impact of some correction iterations in Algorithm 3.1 with α " 500. We observe an improvement in the accuracy of Algorithm 3.1 as we increase the number of corrections. It is worth noting that a single iteration significantly improves the accuracy. Large values of the solid physical parameters can negatively impact the solution, necessitating correction iterations to achieve accurate results.

Conclusion.

We have extended the stability results of the loosely coupled Robin-Robin coupling from [START_REF] Burman | Fully discrete loosely coupled Robin-Robin scheme for incompressible fluid-structure interaction: stability and error analysis[END_REF] to the fully nonlinear case. A nearly-optimal error estimate was also reported for the linear case. The numerical section validated the theoretical results, but also pointed to the importance of making a judicious choice of the Robin parameter α in order to observe optimal convergence in the range of discretization parameters used.

with d " 2 , 3 .

 23 For all time t ą 0, the current solid configuration is denoted by Ω s ptq Ă R d , whereas Ω f ptq Ă R d stands for the moving fluid control volume. We denote by Σptq def " BΩ f ptq X BΩ s ptq the current configuration of the fluidstructure interface, whose reference configurations corresponds to Σ def " BΩ f X BΩ s .

  problem in strong form. The considered fluid-structure interaction model reads as follows: find the fluid domain displacement d f : Ω f ˆR`Ñ R d , the fluid velocity p u : Ω f ˆR`Ñ R d , the fluid pressure p p : Ω f ˆR`Ñ R, the solid displacement d : Ω s ˆR`Ñ R d , and the structure velocity 9 d : Ω s ˆR`Ñ R d such

  2)-(3.4) is detailed in Algorithm 3.1. Some remarks are now in order. The relation (3.12) in Algorithm 3.1 is essentially a rewriting of (3.6) 2 , in which the intermediate variable λ n h represents the discrete counterpart of the interfacial fluid stress on the reference configuration λ n , given by (3.1). Indeed, by combining (3.11) and (3.12), the update of the fluid-stress in the fourth step of Algorithm 3.1 can be formulated, in a more standard form as a fluid

.

  For the fluid, the bulk terms are treated in a standard fashion (see[START_REF] Fernández | Algorithms for fluid-structure interaction problems[END_REF]] and[START_REF] Smaldone | Numerical analysis and simulations of coupled problems for the cardiovascular system[END_REF] Chapter 5]) with the sole differences in the control of the ALE time derivative and of the convective terms, with the considered stabilizations. Using integration by parts, the fact that (by construction) w n h | Σ " 9 dn´1 2 h

4 .

 4 Error estimate in a linearized setting. In this section, we provide an error analysis of Algorithm 3.1 in a simplified setting. To this purpose, we assume that the solid undergoes infinitesimal displacements and that convective effects are negligible in the fluid. Under these assumptions, the non-linear coupled problem (2.1)-(2.3) can be replaced by the following linear Stokes-elasticity system in the reference configuration Ω f Y Ω s : (4.1)

Fig. 4 .Fig. 5 .

 45 Fig. 4. Geometric description.

10 Fig. 6 .

 106 Fig. 6. Time history of the mid-point displacement magnitude obtained with Algorithm 3.1, for three different values of α, and a strongly coupled scheme.

Fig. 7 .

 7 Fig. 7. Time history of the interface mid-point displacement magnitude obtained with Algorithm 3.1, for α " 1 and different correction iterations, and a strongly coupled scheme.
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 53 and (3.12) of Algorithm 3.1 with updated Robin conditions, that is, by initializing λ n´1 and p u n´1 | Σ with the last values of λ n and p u n | Σ . Since the accuracy is already very good without any correction, it only slight improves as we increase the number of corrections. Pressure wave in an elastic tube. We consider the 3D non-linear counterpart of the numerical example considered in Section 5.1, viz., the propagation of a pressure wave within an elastic tube (see, e.g., [19, Chapter 12]). The fluid domain is a straight tube of radius 0.5 and length 5. The vessel wall has a thickness of 0.1. All the units are given in the CGS system. The fluid-structure system is modeled by the non-linear coupled problem (2.1)-(2.3). The overall system is initially at rest and an over pressure of 1.3332 ¨10 4 is imposed on the inlet boundary during the time interval r0, 0.005s. The solid wall is clamped at its extremities. The physical parameters for the fluid are ρ f " 1 and µ " 0.035, and for the solid ρ s " 1.2, E " 3 ¨10 6 and ν " 0.3. In (3.10) and (3.11) continuous P 1 finite elements are used (a SUPG/PSPG stabilized formulation is considered in the fluid). All the numerical computations have been 1 https://gitlab.inria.fr/felisce/felisce
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 389 Fig. 8. Snapshots of the fluid pressure in the deformed configuration at three different time instants with α " 500.
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 10 Fig.[START_REF] Burman | Explicit strategies for incompressible fluid-structure interaction problems: Nitsche type mortaring versus Robin-Robin coupling[END_REF]. Time history of the interface mid-point displacement magnitudes with implicit coupling and RR algorithm with α " 500 and different corrections.

  Robin-based loosely coupled scheme (linear case).

	Assume u 0 h , d 0 h and d f,0 h , λ 0 h to be given and, for n ě 1, perform:
	1. Solid subproblem: Find 9 d n h , d n h P V s h such that 9 d n´1 2 h	" B τ d n h and
	(4.6) ρ s	ż Ω s	B τ 9 d	n h ¨ξh	`as pd	n´1 2 h	, ξ h q`α	ż Σ	p 9 d n´1 2 h	´un´1 h	q¨ξ h "	´żΣ	λ n´1 h	¨ξh
	for all ξ h P V s h . 2. Fluid subproblem: Find pu n h , p n h					
	e n d,h	def " d n h	´Rs h d n , e n 9 d,h	def " 9 d n h	´Rs h	9 d	

given by Algorithm 4.1. We introduce the discrete error terms n , This manuscript is for review purposes only.

Algorithm 4.1

  Lemma 4.3. Under Assumptions 1 and 2, we have, for 1 ď n ď N , This manuscript is for review purposes only. Convergence study in a simplified framework. The objective of this first example is to provide numerical evidence of the nearly-optimal convergence result of Theorem 2. We will in particular investigate the effect on the accuracy of the solid parameters L 1 , L 2 involved in the error estimate (4.9). To this purpose, we consider the pressure wave propagation benchmark of [18, Section 6.1.1] with the simplified coupled problem (4.1)-(4.3). We hence take Ω f " r0, Lsˆr0, Rs, Ω s " r0, LsˆrR, R`ϵs, with L " 6, R " 0.5 and ϵ " 0.1. All the units are in the CGS system. At the fluid inlet boundary x " 0 a sinusoidal pressure of maximal amplitude 2 ¨10 4 is enforced during 5 ¨10 ´3 second. Zero traction is prescribed at the oulet x " 6 and a symmetry condition is enforced on the lower wall. Transverse membrane effects are included in the solid equation (4.2) 1 through the additional zeroth-order term c 0 d. The solid is clamped at its extremities and zero traction is enforced on its top boundary. Convergence histories for E " 1.58 ¨10 6 .

	D n h	`Ψn h ď Cτ 2	«	p1 `T qpL 1 `L2 q 3 α 2	´`1 `log τ	´1˘} εp 9 dq} 2 L 2 p0,T ;L 8 pΩ s qq
							ff
						} div 9 d} 2 L 2 p0,T ;L 8 pΩ s qq ¯`CY h	.
	The error estimate (4.9) then follows by combining the results of Lemmas 4.1-4.3.
	5. Numerical examples. In this section, we illustrate the accuracy properties
	of Algorithms 3.1 in a series of well-known numerical examples.
	0.01 0.1 1 5.1. 0.01 displacement energy norm error		0.1	strongly coupled slope 1 RR α=62.5 RR α=125 RR α=250 RR α=500 RR α=1000 RR α=2000 RR α=4000 RR α=8000
					mesh-size (h)	
				Fig. 1.		

  The resulting convergence histories are reported in Figures1-3for three decreasing valuesThis manuscript is for review purposes only. Fig. 2. Convergence histories for E " 3.16 ¨10 5 .Fig. 3. Convergence histories for E " 1.58 ¨10 5 .of the Young modulus E. For comparison purposes, the results obtained with the implicit coupling scheme are also provided.Several remarks are in order. The results indicate that there exists an optimal value of the Robin parameter α in terms of accuracy, and that accuracy tends to degrade for large or small values of α. Figures 1-3 also show that overall first-order accuracy Ophq is obtained for some values of α. This is more noticeable in Figures2 and 3. The results show that accuracy tends to degrade when increasing the elastic parameters L 1 and L 2 . All these observations are in agreement with the error estimate provided by Theorem 2. The results of Figures1-3indicate also that the optimal
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	value of the Robin parameter α is proportional to	?	E. Such scaling equilibrates the
	contributions of the error bound provided by Theorem 2, which suggests the choice α " γ ? ρ s E, with γ a user-defined dimensionless parameter.
	5.2. Lid-driven cavity with flexible bottom. As second numerical example,
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