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ROBIN-ROBIN LOOSE COUPLING FOR INCOMPRESSIBLE1

FLUID-STRUCTURE INTERACTION: NON-LINEAR SETTING AND2

NEARLY-OPTIMAL ERROR ANALYSIS˚3

ERIK BURMAN: , REBECCA DURST; , MIGUEL A. FERNÁNDEZ§ , JOHNNY GUZMÁN; ,4

AND OSCAR RUZ§5

Abstract. The numerical simulation of incompressible fluid-structure interaction systems with6
loosely coupled schemes is a delicate problem. Indeed, the splitting method must both be stable7
for the full nonlinear system and have sufficient accuracy to be of use in practice. In the case of8
the coupling of an incompressible fluid with thick-walled solids the error analyses reported in the9

literature are limited to Opτ
1
2 q accuracy in time, where τ denotes the time step. The objective of the10

present work is to show two important extensions of the analysis of the Robin-Robin loosely coupled11
scheme recently reported in [Numer. Math., 151(4):807–840, 2022]. First, we give a formulation of12
the scheme in a general non-linear setting and prove its unconditional energy stability. Then we show13
that nearly-optimal O

`

τ
a

1 ` log τ´1
˘

accuracy can be achieved in the linear case. These theoretical14
findings are illustrated in a series of numerical examples.15

Key words. Fluid-structure interaction, loosely coupled scheme, moving domains, Robin con-16
ditions, optimal accuracy17

MSC codes. 74F10, 65M12, 76M1018

1. Introduction. The numerical approximation of the interaction of an elastic19

solid with an incompressible viscous fluid over a moving interface (FSI) remains a20

challenging problem in scientific computing. For a global overview of the framework21

and different approaches with special focus on cardiovascular flow which is a relevant22

application for the discussion herein, we refer to [17, 18]. Typically the problem23

is nonlinear both through the separate subproblems and the moving interface. The24

coupling is very stiff due to the different time scales of the subproblems. In particular,25

the incompressibility and the related compatibility conditions present difficulties. For26

computational efficiency it is appealing to use a loosely coupled scheme to advance27

the coupled problem in time. In such an approach one solve is performed in each28

subdomain and the coupling data is tranferred across the interface in a staggered29

manner. Although this is feasible in elasto-acoustic, where the fluid is compressible30

(see, e.g., [14]), it is much more delicate in the incompressible regime due to the added-31

mass effect (see [11, 19]) unless special care is taken in the design of the coupling32

conditions.33

The first stable loosely coupled scheme for FSI in the presence of incompress-34

ibility was proposed in [8], using Nitsche’s method for FSI (see [21]) in combination35

with a pressure stabilization that relaxes the incompressibility on the interface. For36

this type of method, however, the stiffness of the Nitsche penalty term introduces the37

parabolic condition τ ≲ h2 for accuracy (but not for stability). It was then noted in38

[9] that the Nitsche coupling method could be transformed into Robin type coupling39
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2 E. BURMAN, R. DURST, M.A. FERNÁNDEZ, J. GUZMÁN AND O. RUZ

scheme without loss of stability (see also [2]). Robin conditions had been shown to40

perform well as a preconditioner already in [1]. In [9], the Robin coefficient inher-41

ited the Oph´1q scaling from Nitsche’s method, but it was noted numerically that42

this scaling appeared not to be necessary for the stability of the algorithm. In a re-43

cent development [7], it was shown for a semi-discretization in time that the coupling44

scheme indeed is stable independent of the added mass effect and an error estimate of45

order Opτ
1
2 q, where τ denotes the time step, was shown. Another result in this spirit46

was reported in [24], for a fully discrete Robin-Robin method and under a CFL-like47

condition on the discretization parameters. A stability estimate for the time semi-48

discretized problem with moving fluid domain is also provided, but the treatment49

of the convective term involves an artificial modification of the fluid velocity on the50

interface. An alternative fully discrete formulation is introduced in [5], where the51

stresses are represented in terms of Lagrange multipliers or variational residuals, and52

the exponential growth of the stability factor was moderated to sub-linear growth53

without conditions on the discretization parameters. Finally, both for the cases of54

parabolic-parabolic and parabolic-hyperbolic couplings, it was shown in [6] that in55

most situations one can expect the nearly-optimal order O
`

τ
a

1 ` log τ´1
˘

. Depend-56

ing on the physical parameters however it was noted that this may not be attained,57

except for very small time steps unless the parameter in the Robin condition is chosen58

carefully.59

The objective of the present paper is to build on the results of [5, 6] and extend60

them to more realistic settings, showing that the Robin-Robin loose coupling is indeed61

expected to result in a first order time discretization scheme also in physically relevant62

situations. The scientific contributions of this work are three fold. First, in a fully63

non-linear setting (coupling viscous incompressible flow in moving domains with the64

dynamics of an hyper-elastic solid), we provide a rigorous fully discrete formulation65

with suitable stabilization terms which guarantee unconditional energy stability. Sec-66

ond, in the linear case, we present the extension of the nearly-optimal error analysis67

from [6] to the case of the Stokes-elasticity system. To the best of our knowledge,68

this is the first time that such accuracy is proved for a loosely coupled scheme in69

incompressible fluid-structure interaction involving thick-walled solids. The latter re-70

sults were first reported in [12, Chapter 5] and, therefore, the proofs are only sketched71

herein. Finally, the accuracy properties of the proposed method are illustrated in a72

series of well-known numerical examples. We in particular investigate the dependence73

of the accuracy on the physical parameters and the choice of parameter in the Robin74

coupling.75

The rest of the paper is organized as follows. In Section 2, we introduce the76

considered physically realistic setting. We show how to extend the fully discrete77

formulation of [5] to this nonlinear case and prove the fundamental stability estimate78

in Section 3. Section 4 is devoted to the derivation of the nearly-optimal error estimate79

in a simplified linear setting. Finally, the paper is ended with some numerical examples80

which are reported in Section 5.81

2. Problem setting. We consider a fluid-structure interaction system in which82

the fluid is modeled by the incompressible Navier-Stokes equations, in arbitrary83

Lagrangian-Eulerian (ALE) formalism, and the solid by the non-linear elastody-84

namics equations. The reference configuration of system is given by the domain85

Ω
def
“ Ωf Y Ωs Ă Rd, with d “ 2, 3. For all time t ą 0, the current solid configuration86

is denoted by Ωsptq Ă Rd, whereas Ωfptq Ă Rd stands for the moving fluid control87

volume. We denote by Σptq
def
“ BΩfptq X BΩsptq the current configuration of the fluid-88
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ROBIN-ROBIN LOOSE COUPLING FOR FSI 3

structure interface, whose reference configurations corresponds to Σ
def
“ BΩf X BΩs.89

The remaining parts of the fluid and solid boundaries are supposed to be time inde-90

pendent and partitioned as BΩf “ Γf Y Σ and BΩs “ Γs Y Σ.91

The moving fluid domain Ωfptq can be parametrized in terms of the so-called ALE
map, A : Ωf ˆR` Ñ Rd, in such a way that Ωfptq “ ApΩf , tq. The ALE deformation
map A is often written in terms of fluid domain displacement df : Ωf ˆ R` Ñ Rd via
the relation A “ IΩf ` df , where IΩf stands for the identity operator in Ωf . We can

hence introduce the notation At
def
“ Ap¨, tq, the fluid domain velocity w

def
“ BtA “

Btd
f , the fluid gradient of deformation F

def
“ ∇A (spatial gradient) and its Jacobian

J
def
“ detF . For a given field f defined in the current configuration Ωfptq, we shall

use the notation pf to defined its corresponding ALE description in Ωf , by composing
with the ALE map, namely,

pfpx, tq
def
“ fpApx, tq, tq @x P Ωf .

Conversely, a given field defined in the reference configuration Ωf can also be trans-92

ported into the current configuration by composition with A´1
t . For the sake of93

simplicity, this composition is omitted. For instance, w in (2.1)1 below has to be read94

as w ˝ A´1
t .95

Coupled problem in strong form. The considered fluid-structure interaction96

model reads as follows: find the fluid domain displacement df : Ωf ˆ R` Ñ Rd, the97

fluid velocity pu : Ωf ˆ R` Ñ Rd, the fluid pressure pp : Ωf ˆ R` Ñ R, the solid98

displacement d : Ωs ˆ R` Ñ Rd, and the structure velocity 9d : Ωs ˆ R` Ñ Rd such99

that, for all t ą 0,100

$

’

&

’

%

ρfBtu|A ` ρfpu ´ wq ¨ ∇u ´ divσpu, pq “ 0 in Ωfptq,

divu “ 0 in Ωfptq,

u “ 0 on Γf ,

(2.1)101

$

’

&

’

%

ρsBt 9d ´ div
`

F sΣpdq
˘

“ 0 in Ωs,

9d “ Btd in Ωs,

d “ 0 on Γs,

(2.2)102

$

’

’

&

’

’

%

df
“ L pd|Σq , w “ Btd

f , A “ IΩf ` df , Ωfptq “ApΩf , tq,

pu “ 9d on Σ,

F sΣpdqns “ ´J pσpu, pqF´T
pn on Σ.

(2.3)103

The constants ρf , ρs ą 0 stand, respectively, for the fluid and solid densities, Bt|A
def
“

Bt ` w ¨ ∇ for the ALE time derivative and σpu, pq
def
“ 2µϵpuq ´ pI for the fluid

Cauchy stress tensor, with µ ą 0 the fluid dynamic viscosity (supposed constant) and

ϵpuq “ 1
2 p∇u`p∇uqTq the strain rate tensor. The symbol F s def

“ I`∇d corresponds
to the gradient of deformation of the solid and Σpdq denotes its second Piola-Kirchoff
stress tensor which, for an hyper-elastic material, is given in terms of the internal
energy functional W : Rdˆd

sym Ñ R` as

Σ “
BW

BE
pEq,

This manuscript is for review purposes only.



4 E. BURMAN, R. DURST, M.A. FERNÁNDEZ, J. GUZMÁN AND O. RUZ

where the symbol E denotes the Green-Lagrange strain tensor given by the relation104

E
def
“ 1

2

`

pF s
qTF s

´ I
˘

.105

Finally, the coupled system (2.1)-(2.3) is complemented with the following initial106

conditions pup0q “ pu0 and dp0q “ d0, 9dp0q “ 9d0 in Ωf and Ωs, respectively.107

The relation (2.3)1 enforces the geometrical compatibility between the fluid and108

solid domains. Here, the symbol L represents a smooth lifting operator (possibly109

non-linear) from Σ over Ωf , which vanishes on Γf . The remaining interface conditions110

(2.3)2,3 enforce, respectively, the so-called interface kinematic and dynamic coupling.111

Weak form and energy identity. We consider the following functional spaces:

V f
Ă
␣

v P H1
pΩfq : v|Γf “ 0

(

, M f def
“ L2pΩfq, V s

Ă
␣

v P H1
pΩsq : v|sΓ “ 0

(

.

Let
`

pu, pp,d, 9d
˘

be solution of the coupled system (2.1)–(2.3), one can show that the112

following monolithic variational formulation holds (see, e.g., [15]), for t ą 0,113

(2.4)

ρf
d

dt

ż

Ωf ptq

u ¨v´ρf
ż

Ωf ptq

pdivwqu ¨v`ρf
ż

Ωf ptq

pu´wq¨∇u ¨v`2µ

ż

Ωf ptq

ϵpuq : ϵpvq114

´

ż

Ωf ptq

p div v `

ż

Ωf ptq

q divu ` ρs
ż

Ωs

Bt 9d ¨ ξ `

ż

Ωs

Σ : BdpEqξ “ 0115

for all ppv, pq, ξq P V f
ˆM f ˆV s with pv|Σ “ ξ|Σ, and where we have used the notation116

(2.5) BdpEqξ
def
“

1

2

”

`

F s
˘T∇ξ `

`

∇ξ
˘T

F s
ı

,117

for the differential of E applied to ξ.118

By testing (2.4) with ppv, pq, ξq “ ppu, pp, 9dq and using standard arguments, we can119

obtain the following classical energy identity (see, e.g., [15]):120

(2.6)
ρf

2
}u}20,Ωf ptq `

ρs

2
} 9d}20,Ωs `

ż

Ωs

W
`

Epdq
˘

` 2µ

ż t

0

}ϵpupsqq}20,Ωf psqds121

“
ρf

2
}u0}20,Ωf p0q `

ρs

2
} 9d0}20,Ωs `

1

2

ż

Ωs

W
`

Epd0q
˘

.122

Here, the first two terms represent the kinetic energy of the fluid and solid, respec-123

tively. The third term takes into account the hyperelastic energy of the solid, and the124

fourth term corresponds to the viscous dissipation of the fluid.125

3. Robin-Robin explicit coupling scheme. The purpose of this section is to126

formulate the Robin-Robin loosely coupled scheme of [5, 7] in the framework of the127

non-linear coupled problem (2.1)-(2.3).128

Time semi-discretization. In what follows, the scalar τ ą 0 denotes the time-

step length and ttn
def
“ nτunPN represents the temporal grid. We shall also make use

of the following notations:

Bτx
n def

“
1

τ
pxn ´ xn´1q, xn´ 1

2
def
“

1

2
pxn ` xn´1q,

This manuscript is for review purposes only.



ROBIN-ROBIN LOOSE COUPLING FOR FSI 5

for the first-order backward difference and the mid-point value, respectively. More-129

over, for a given time-dependent quantity xptq, we will use the notation xn def
“ xptnq.130

The bulk terms of the fluid sub-system (2.1) will be discretized in time with131

a backward-Euler semi-implicit scheme, whereas for the solid sub-system (2.2) we132

consider a mid-point scheme with the so-called Gonzalez correction (see [20]). Finally,133

for the time discretization of the interface conditions (2.3), we combine an explicit134

treatment of the geometrical compatibility with a Robin-Robin type splitting of the135

kinematic and dynamic interface conditions, originally proposed in [7] for the linear136

case. By introducing the following notation for the interfacial fluid stresses on the137

reference configuration,138

(3.1) λn def
“ Jn

pσpun, pnq
`

F n
˘´T

pn on Σ,139

the resulting time-stepping procedure can formally be written as follows:140

‚ Solve solid:141

(3.2)

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

ρsBτ 9d
n

´ div
´

F s,n´ 1
2 sΣ

n´ 1
2

¯

“ 0 in Ωs,

9d
n´ 1

2
“ Bτd

n in Ωs,

dn
“ 0 on Γs,

F s,n´ 1
2 sΣ

n´ 1
2ns ` α

`

9d
n´ 1

2
´ pun´1˘

“ ´λn´1 on Σ.

142

‚ Fluid domain update:143

(3.3) df,n
“ L pdn

|Σq , wn “ Bτd
f,n, An

“ IΩf `df,n, Ωf,n “ An
pΩfq.144

‚ Solve fluid:145

(3.4)

$

’

’

’

’

’

&

’

’

’

’

’

%

ρfBτu
n|A ` ρfpun´1 ´ wnq ¨ ∇un ´ divσpun, pnq “ 0 in Ωf,n,

divun “ 0 in Ωf,n,

un “ 0 on Γf ,

λn
` α

`

pun
´ 9d

n´ 1
2
˘

“ λn´1 on Σ.

146

Here, the symbol sΣ
n´ 1

2 denotes the mid-point correction of the solid stress given by147

(see [20]):148

(3.5) sΣ
n´ 1

2 def
“ Σn´ 1

2 `

BτW pEn
q ´

BW

BE

`

En´ 1
2
˘

: BτE
n

|BτE
n

|
2 BτE

n,149

which guarantees energy stability in the solid, and the scalar α ą 0 stands for the user-150

defined Robin parameter of the fluid-solid splitting. Note that the above interfacial151

Robin-Robin splitting, viz.,152

(3.6)

$

&

%

F s,n´ 1
2 sΣ

n´ 1
2ns ` α

`

9d
n´ 1

2
´ pun´1˘

“ ´λn´1 on Σ,

λn
` α

`

pun
´ 9d

n´ 1
2
˘

“ λn´1 on Σ,

153

is written in the reference configuration of the interface.154

This manuscript is for review purposes only.



6 E. BURMAN, R. DURST, M.A. FERNÁNDEZ, J. GUZMÁN AND O. RUZ

Space discretization, fully discrete scheme. For the spatial discretization of155

(3.2)–(3.4), we adopt a finite element approximation. Let T f
h and T s

h be, respectively,156

simplicial triangulations of Ωf and Ωs. We assume that T f
h and T s

h match on the157

interface Σ. We then define the following finite element spaces:158

V s
h

def
“
␣

v P V s : v|K P P1pKq,@K P T s
h

(

, V f
h

def
“

␣

v P V f : v|K P P1pKq,@K P T f
h

(

,159

M f
h

def
“
␣

v P M f : v|K P P1pKq,@K P T f
h

(

,160

Since the fluid and solid meshes are assumed to match at the interface, we can define161

the discrete traces space162

(3.7) V g
h

def
“ TrΣV

f
h “ TrΣV

s
h.163

The fluid bi-linear form is given by164

(3.8)

aΩf,n

`

un´1
h ,wn

h; pun
h, p

n
hq, pvh, qhq

˘ def
“ ρf

ż

Ωf,n

pun´1
h ´ wn

hq ¨ ∇un
h ¨ vh

`
ρf

2

ż

Ωf,n

pdivun´1
h qun

h ¨ vh

´
ρf

2

ż

Σn

pun´1
h ´ 9d

n´ 1
2

h q ¨ nun
h ¨ vh

` 2µ

ż

Ωf,n

ϵhpun
hq : ϵhpvhq ´

ż

Ωf,n

pnh div vh

`

ż

Ωf,n

qh divu
n
h

` sfh
`

un´1
h ,wn

h; pun
h, p

n
hq, pvh, qhq

˘

.

165

The second term in (3.8) corresponds to the so-called Temam’s trick, which copes with
the fact that the discrete fluid velocities are not divergence free. The third term is a
weakly consistent stabilization term which allows to control the energy contribuitons
of the convective term (first term of (3.8)) induced by the fact that

pun´1
h |Σ ‰ wn

h|Σ “ 9d
n´ 1

2

h |Σ.

Following [25, Chapter 5], we introduce a second weakly consistent stabilization term,166

namely,167

(3.9)

sΩf,npun
h,vhq

def
“ ´

ρf

2τ

ˆ
ż

Ωf,n

un
h ¨ vh ´

ż

Ωf,n´1

un
h ¨ vh

˙

`
ρf

2

ż

Ωf,n

pdivwn
hqun

h ¨ vh,168

whose purpose is to cope with the issues related to the so-called discrete geomet-
ric conservation law (see, e.g., [13]). Note that the weak consistency of (3.9) is a
consequence of the Reynolds transport formula:

d

dt

ż

Ωf ptq

q “

ż

Ωf ptq

q divw

for any smooth enough field pq : Ωf Ñ R`. Finally, the non-negative bi-linear term,

sfh
`

un´1
h ,wn

h; pun
h, p

n
hq, pvh, qhq

˘

,

This manuscript is for review purposes only.



ROBIN-ROBIN LOOSE COUPLING FOR FSI 7

Algorithm 3.1 Explicit Robin-Robin scheme (fully discrete)

Assume u0
h, d

0
h and df,0

h , λ0
h to be given and, for n ě 1, perform:

‚ Solve solid: find pdn
h,

9d
n

hq P V s
h ˆ V s

h, with
9d
n´ 1

2

h “ Bτd
n
h such that

(3.10) ρs
ż

Ωs

Bτ 9d
n

h ¨ ξh `

ż

Ωs

sΣ
n´ 1

2

h : BdpE
n´ 1

2

h qξh ` α

ż

Σ

p 9d
n´ 1

2

h ´ pun´1
h q ¨ ξh

“ ´

ż

Σ

λn´1
h ¨ ξh

for all ξh P V s
h.

‚ Update fluid domain:

df,n
h “ Lhpdn

h|Σq, wn
h “ Bτd

f,n
h , An

h “ IΩf ` df,n
h , Ωf,n “ An

hpΩfq.

‚ Solve fluid: find ppun, ppnq P V f
h ˆ Qh such that

(3.11)
ρf

τ

ˆ
ż

Ωf,n

un
h ¨ vh ´

ż

Ωf,n´1

un´1
h ¨ vh

˙

´ ρf
ż

Ωf,n

pdivwn
hqun

h ¨ vh

` sΩf,npun
h,vhq ` aΩf,n

`

un´1
h ,wn

h; pun
h, p

n
hq, pvh, qhq

˘

` α

ż

Σ

ppun
h ´ 9d

n´ 1
2

h q ¨ pvh “

ż

Σ

λn´1
h ¨ pvh

for all ppvh, pqhq P V f
h ˆ Qh.

‚ Fluid-stress update: set λn
h P V g

h as

(3.12) λn
h “ λn´1

h ` α
`

9d
n´ 1

2

h ´ pun
h

˘

on Σ.

stands for any given velocity and pressure stabilization operator (see, e.g., [26, 10]),169

whose purpose is to circumvent the issues related to the lack of robustness for both170

high local Reynolds numbers and the lack of inf-sup stability for the pair V f
h{M f .171

With all the above ingredients, the proposed fully discrete counterpart of (3.2)–172

(3.4) is detailed in Algorithm 3.1.173

Some remarks are now in order. The relation (3.12) in Algorithm 3.1 is essentially174

a rewriting of (3.6)2, in which the intermediate variable λn
h represents the discrete175

counterpart of the interfacial fluid stress on the reference configuration λn, given by176

(3.1). Indeed, by combining (3.11) and (3.12), the update of the fluid-stress in the177

fourth step of Algorithm 3.1 can be formulated, in a more standard form as a fluid178

variational residual (see, e.g., [14]):179

(3.13)

ż

Σ

λn
h ¨ µh “

ρf

τ

ˆ
ż

Ωf,n

un
h ¨ Lf

hµh ´

ż

Ωf,n´1

un´1
h ¨ Lf

hµh

˙

180

´ ρf
ż

Ωf,n

pdivwn
hqun

h ¨ Lf
hµh ` aΩf,n

`

un´1
h ,wn

h; pun
h, p

n
hq, pLf

hµh, 0q
˘

181

for all µh P V g
h and where Lf

h : V g
h Ñ V f

h represents a linear fluid-sided lifting

operator, such that, the nodal values of Lf
hµh vanish out of Σ and pLf

hµhq|Σ “ µh,

This manuscript is for review purposes only.



8 E. BURMAN, R. DURST, M.A. FERNÁNDEZ, J. GUZMÁN AND O. RUZ

for all µh P V g
h. We can hence see that, as indicated above, λn

h is nothing but
the discrete counterpart of the interfacial fluid stress on the reference configuration.
It is worth noting that the interfacial stabilization term in (3.8) introduces a weakly
consistent perturbation of the fluid stresses approximation provided by (3.13). Indeed,
this relation formally writes

ż

Σ

λn
h ¨ µh ”

ż

Σn

σpun
h, p

n
hqnh ¨ µh ´

ρf

2

ż

Σn

`

un´1
h ´ 9d

n´ 1
2

h ˝ pAn
hq´1

˘

¨ nhpun
h ¨ µhq

for all µ P V g
h, or point-wise

λn
” Jn

pσpun, pnqpF n
q´T

pn ´
ρfJn

2
ppun´1

´ 9d
n´ 1

2
q ¨

`

pF n
q´T

pn
˘

pun on Σ.

It should also be noted that these last two expressions are merely formal and, there-182

fore, can not be used in the energy stability analysis of Algorithm 3.1, presented in183

Section 3.1 below.184

Algorithm 3.1 shares some similarities with the time-semidiscrete Robin-Robin185

scheme proposed in [24], but with several fundamental differences. First, the method186

is here formulated in a fully discrete setting, with a rigorous definition of the interfacial187

fluid-stresses. Second, a suitable interfacial stabilization is added to control the energy188

contributions of the convective term. This avoids the artificial modifications of the189

fluid velocity on the interface advocated in [24, Section 3]. Third, the stability of the190

method reported in the next paragraph also holds in 3D, irrespectively of the discrete191

geometric conservation law, via the stabilization term (3.9). Finally, the stability192

analysis (Section 3.1) and the numerical examples (of Section 5) cover the case of the193

coupling with a general non-linear solid model.194

3.1. Energy stability analysis. For n ě 1, let the discrete energy and dissi-195

pation be respectively defined as196

En
h

def
“

ρf

2
}un

h}20,Ωf,n `
ρs

2
} 9d

n

h}20,Ωs `

ż

Ωs

W pEn
hq `

τ

2

ˆ

α}pun
h}20,Σ `

1

α
}λh}20,Σ

˙

,

Gn
h

def
“

n
ÿ

m“1

τ

ˆ

2µ}ϵpum
h q}20,Ωf,m ` α} 9d

m´ 1
2

h ´ pum´1
h }20,Σ

˙

.

Theorem 1. Let
␣

ppun, ppn,dn, 9d
n
,λn

(

ně1
be given by Algorithm 3.1. The follow-197

ing energy estimate holds for n ě 1198

(3.14) En
h ` Gn

h ď E0
h.199

As a result, Algorithm 3.1 is unconditionally stable in the energy norm.200

Proof. We proceed by testing (3.10) with ξh “ 9d
n´ 1

2

h and (3.11) with ppvh, pqhq “201

ppun
h, pp

n
hq. For the solid, we get202

(3.15)
ρs

2
Bτ } 9d

n

h}20,Ωs `

ż

Ωs

sΣ
n´ 1

2

h : BdpE
n´ 1

2

h q 9d
n´ 1

2

h ` α

ż

Σ

p 9d
n´ 1

2

h ´ pun´1
h q ¨ 9d

n´ 1
2

h203

“ ´

ż

Σ

λn´1
h ¨ 9d

n´ 1
2

h .204
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From (2.5), we have

BdpE
n´ 1

2

h q 9d
n´ 1

2

h “
1

2

´

pF
s,n´ 1

2

h qTBτF
s,n
h ` pBτF

s,n
h qTF

s,n´ 1
2

h

¯

“
1

2τ

´

pF s,n
h qTF s,n

h ´ pF s,n´1
h qTF s,n´1

h

¯

“BτE
n
h.

So that, by inserting the previous relation into (3.15) and using the definition of the205

stress correction (3.5), we have206

(3.16)

ż

Ωs

sΣ
n´ 1

2

h : BτE
n
h “

ż

Ωs

BτW pEn
hq.207

By inserting (3.16) into (3.15), we ultimately arrive at:208

(3.17)
ρs

2
Bτ } 9d

n

h}20,Ωs `Bτ

ż

Ωs

W pEn
hq`α

ż

Σ

p 9d
n´ 1

2

h ´pun´1
h q¨ 9d

n´ 1
2

h “ ´

ż

Σ

λn´1
h ¨ 9d

n´ 1
2

h .209

For the fluid, the bulk terms are treated in a standard fashion (see [17, Proposi-210

tion 9.4] and [25, Chapter 5]) with the sole differences in the control of the ALE time211

derivative and of the convective terms, with the considered stabilizations. Using inte-212

gration by parts, the fact that (by construction) wn
h|Σ “ 9d

n´ 1
2

h |Σ and the positiveness213

of sfh, we have214

(3.18) aΩf,n

`

un´1
h ,wn

h; pun
h, p

n
hq, pun

h, p
n
hq
˘

ě 2µ}ϵpun
hq}20,Ωf,n215

`
ρf

2

ż

Ωf,n

pun´1
h ´ wn

hq ¨ ∇|un
h|2 `

ρf

2

ż

Ωf,n

pdivun´1
h q|un

h|2216

´
ρf

2

ż

Σn

pun´1
h ´ 9d

n´ 1
2

h q ¨ n|un
h|2217

“ 2µ}ϵpun
hq}20,Ωf,n `

ρf

2

ż

Ωf,n

pdivwn
hq|un

h|2.218

Using (3.12) and the arguments reported in [17, Proposition 9.4] and [25, Chapter 5],219

we finally obtain220

(3.19)
ρf

2
Bτ }un

h}20,Ωf,n ` 2µ}ϵpun
hq}20,Ωf,n ď

ż

Σ

λn´1
h ¨ pun

h ´ α

ż

Σ

ppun
h ´ 9d

n´ 1
2

h q ¨ pun
h221

“

ż

Σ

λn
h ¨ pun

h.222

Next, we proceed to add the energy contributions of the solid, as given by (3.17),223

and the fluid, as expressed in (3.19). This results in the following energy expression:224

(3.20)
ρf

2
Bτ }un

h}20,Ωf,n `
ρs

2
Bτ } 9d

n

h}20,Ωs ` Bτ

ż

Ωs

W pEn
hq ` 2µ}ϵpun

hq}20,Ωf,n ď Rn
h ,225

where

Rn
h

def
“ α

ż

Σ

ppun´1
h ´ 9d

n´ 1
2

h q ¨ 9d
n´ 1

2

h ´

ż

Σ

λn´1
h ¨ 9d

n´ 1
2

h `

ż

Σ

λn
h ¨ pun

h.
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We can now proceed as in the case with a fixed domain [5], which yields226

(3.21) Rn
h “

α

2
p}pun´1

h }20,Σ´}pun
h}20,Σq`

1

2α
p}λn´1

h }20,Σ´}λn
h}20,Σq´α} 9d

n´ 1
2

h ´pun´1
h }20,Σ,227

Finally, by inserting (3.21) into (3.20), we obtain228

ρf

2
Bτ }un

h}20,Ωf,n `
ρs

2
Bτ } 9d

n

h}20,Ωs ` Bτ

ż

Ωs

W pEn
hq ` 2µ}ϵpun

hq}20,Ωf,n229

`
α

2
}pun

h}20,Σ `
τ

2α
}λn

h}20,Σ ` α} 9d
n´ 1

2

h ´ pun´1
h }20,Σ ď

α

2
}pun´1

h }20,Σ `
1

2α
}λn´1

h }20,Σ.230

The energy estimate (3.14) then follows my multiplying the previous expression by τ231

and then summing over m “ 1, . . . , n, which completes the proof.232

4. Error estimate in a linearized setting. In this section, we provide an233

error analysis of Algorithm 3.1 in a simplified setting. To this purpose, we assume234

that the solid undergoes infinitesimal displacements and that convective effects are235

negligible in the fluid. Under these assumptions, the non-linear coupled problem (2.1)-236

(2.3) can be replaced by the following linear Stokes-elasticity system in the reference237

configuration Ωf Y Ωs:238

(4.1)

$

’

&

’

%

ρfBtu ´ divσpu, pq “ 0 in Ωf ˆ p0, T q,

divu “ 0 in Ωf ˆ p0, T q,

u “ 0 on Γf ˆ p0, T q,

239

(4.2)

$

’

&

’

%

ρsBt 9d ´ divσpdq “ 0 in Ωs ˆ p0, T q,

9d “ Btd in Ωs ˆ p0, T q,

d “ 0 on Γs ˆ p0, T q,

240

(4.3)

#

u “ 9d on Σ ˆ p0, T q,

σpu, pqn “ σpdqn on Σ ˆ p0, T q,
241

complemented with the initial conditions: dp0, ¨q “ d0, 9dp0, ¨q “ 9d0 in Ωs, and
up0, ¨q “ u0 in Ωf and where T ą 0 denotes the final time. The symbol σpdq stands
for the linearized solid stress tensor, which is assumed to be given in terms of the
solid displacement d by the following relation:

σpdq
def
“ 2L1ϵpdq ` L2pdivdqI,

where L1, L2 ą 0 denote the so called Lamé coefficients of the solid.242

Assuming that λ P L2pΣq, the solution of (4.1)–(4.3) satisfies the weak formula-243

tion244

(4.4)

ρs
ż

Ωs

Bt 9d ¨ ξ ` aspd, ξq `

ż

Σ

λ ¨ ξ “ 0,

ż

Ωs

9d ¨ ϕ ´

ż

Ωs

Btd ¨ ϕ “ 0,

ρf
ż

Ωf

Bτu ¨ v ` af
`

pu, pq, pv, qq
˘

´

ż

Σ

λ ¨ v “ 0,

ż

Σ

pu ´ 9dq ¨ µ “ 0

245
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for all pξ,ϕ,v, qq P V s
ˆV s

ˆV f
ˆM f . Here, the bilinear forms of the fluid, denoted246

as af , and of the solid, denoted as as, are respectively given by247

af
`

pu, pq, pv, qq
˘ def

“ 2µ

ż

Ωf

ϵpuq : ϵpvq ´

ż

Ωf

p div v `

ż

Ωf

q divu,248

as
`

d, ξ
˘ def

“ 2L1

ż

Ωs

ϵpdq : ϵpξq ` L2

ż

Ωs

pdivdqpdiv ξq.249

We also introduce the elastic energy norm of the solid given by the relation

}ξ}s
def
“

b

as
`

ξ, ξ
˘

for all ξ P V s.250

For the numerical approximation of (4.4) we consider the Robin-Robin loosely251

coupled scheme introduced in [5] and detailed in Algorithm 4.1. As in Section 3, we252

employ a backward Euler method for the fluid and a mid-point scheme for the solid.253

In addition, for the spatial discretization, we consider a piecewise affine continuous254

finite elements, where we assume that the fluid and solid meshes are fitted. In other255

words, Algorithm 4.1 is essentially the linear counterpart of Algorithm 3.1. Here, we256

accommodate for the lack of inf-sup stability by using a pressure stabilized bilinear257

form for the fluid (see [4]),258

(4.5) afh
`

puh, phq, pvh, qhq
˘ def

“ af
`

puh, phq, pvh, qhq
˘

`
γph

2

µ

ż

Ωf

∇ph ¨ ∇qh,259

with γp ą 0 a user-defined parameter.260

Algorithm 4.1 Robin-based loosely coupled scheme (linear case).

Assume u0
h, d

0
h and df,0

h , λ0
h to be given and, for n ě 1, perform:

1. Solid subproblem: Find 9d
n

h,d
n
h P V s

h such that 9d
n´ 1

2

h “ Bτd
n
h and

(4.6) ρs
ż

Ωs

Bτ 9d
n

h ¨ξh`aspd
n´ 1

2

h , ξhq`α

ż

Σ

p 9d
n´ 1

2

h ´un´1
h q¨ξh “ ´

ż

Σ

λn´1
h ¨ξh

for all ξh P V s
h.

2. Fluid subproblem: Find pun
h, p

n
hq P V f

h ˆ M f
h such that

(4.7)

ρf
ż

Ωf

Bτu
n
h ¨vh `afh

`

pun
h, p

n
hq, pvh, qhq

˘

`α

ż

Σ

pun
h ´ 9d

n´ 1
2

h q ¨vh “

ż

Σ

λn´1
h ¨vh

for all pvh, qhq P V f
h ˆ M f

h.
3. Fluid-stress update: set λn

h P V g
h as

(4.8) λn
h “ λn´1

h ` αp 9d
n´ 1

2

h ´ un
hq on Σ.

4.1. Relation to previous results. In [5], we proved that Algorithm 4.1 was261

optimal in space and sub-optimal in time, specifically Oph ` τ
1
2 q. However, following262

new numerical experiments and the results of [6], it has become clear that the result263
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in [5] is not a strict bound. Following the techniques developed in [6], we are able264

to prove that the Robin-Robin scheme for the linear case is, in fact, nearly-optimal265

in time. This result is presented below, along with the main features of the analysis.266

The full analysis is covered in detail in [12, Chapter 5].267

4.2. Nearly-optimal error estimate. In what follows, N P N is such that268

Nτ ď T and let
␣

pun
h, p

n
h,λ

n
h,d

n
h,

9d
n

hq
(

1ďnďN
Ă V f

h ˆ M f
h ˆ V g

h ˆ V s
h ˆ V s

h be given269

by Algorithm 4.1. We introduce the discrete error terms270

end,h
def
“dn

h ´ Rs
hd

n, en9d,h
def
“ 9d

n

h ´ Rs
h

9d
n
,271

enu,h
def
“un

h ´ Rf
hu

n, enp,h
def
“ pnh ´ Shp

n, enλ,h
def
“ λn

h ´ πhλ
n,272

where λn
“ σpun, pnqn on the interface Σ and where Rf

h, R
s
h respectively denote the273

Scott-Zhang interpolants (see, e.g., [23]) projecting onto the finite element spaces V s
h274

and V f
h, and Sh is the Scott-Zhang interpolant into M f

h modified by a global constant275

so the average on Ωf is zero. For projecting into V g
h, we use the notation πh, the L2276

orthogonal projection from V g to V g
h. We employ the Scott-Zhang interpolant for this277

analysis because it allows significant flexibility when selecting the degrees of freedom.278

Indeed, we may choose the degrees of freedom so that we will have Rs
hv “ Rf

hw on Σ279

if v P rH1pΩsqs2 and w P rH1pΩfqs2 and v “ w on Σ.280

We may then define the following quantities to construct our error estimate:281

Sn
h

def
“ }end,h}2s ` ρs

›

›en9d,h

›

›

2

0,Ωs ` ρf}enu,h}20,Ωf ,282

En
h

def
“ τα}enu,h}20,Σ `

τ

α
}enλ,h}20,Σ,283

Wn
h

def
“ ρf}enu,h ´ en´1

u,h }20,Ωf ` 4µτ}εpenu,hq}20,Ωf ` 2τh2}∇enp,h}20,Ωs ,284

Zn
h

def
“ τα

›

›e
n´ 1

2

9d,h
´ en´1

u,h

›

›

2

0,Σ
285

for 1 ď n ď N . Finally, as described in [12, Chapter 5], the quasi-optimal error result286

requires two key assumptions, which we state here. The motivation behind these287

assumptions will be explained further below. First, we assume that the normal ns288

can be extended from Σ into Ωs in such a way that its gradient is bounded.289

Assumption 1. There exists rns
P rW1,8pΩsqs2 such that rns

|Σ “ ns.290

The second assumption is the existence of a function rϕ : Ωs Ñ R that serves as a291

pseudo-lifting operator from the interface Σ into the interior of the solid domain Ωs.292

Assumption 2. Assume that τ ă 1
2 . There exists a function rϕ : Ωs Ñ R satisfy-293

ing:294

(i) 0 ď rϕ ď 1;295

(ii) rϕ P V s;296

(iii) |tx P Σ : rϕpxq ‰ 1u| ď Cτ ;297

(iv)
›

›∇rϕ
›

›

2

0,Ωs ď C
`

1 ` log 1
τ

˘

;298

where each C ą 0 represents a general constant independent of τ and of the physical299

parameters.300

With these assumptions established, the quasi-optimal error results proceeds as301

follows.302
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Theorem 2. Under Assumptions 1 and 2, and assuming that the solution is303

smooth enough so that Yh defined below and }εp 9dq}2L2p0,T ;L8pΩsqq
, } div 9d}2L2p0,T ;L8pΩsqq

304

are bounded, we have the following bound on the discrete error305

(4.9) max
1ďmďn

␣

Sm
h ` Em

h

(

`

n
ÿ

m“1

`

Zm
h ` Wm

h

˘

306

ď Cτ2

«

p1 ` T qpL1 ` L2q3

α2

´

`

1 ` log τ´1
˘

}εp 9dq}2L2p0,T ;L8pΩsqq307

` } div 9d}2L2p0,T ;L8pΩsqq

¯

` Yh

ff

,308

where Yh
def
“

ř3
i“1 Yi,h is given by309

Y1,h
def
“h2

«

p1 ` h2qρsp1 ` T q}Bt 9d}2L2p0,T ;H2pΩsqq ` p1 ` h2qρfT }Btu}2L2p0,T ;H2pΩf qq310

` p1 ` T qpL1 ` L2q} 9d}2L2p0,T ;H2pΩsqq ` µ}u}2L2p0,T ;H2pΩf qq311

`
h2

µ
}p}2L2p0,T ;H2pΩf qq ` pL1 ` L2q}d}2L2p0,T ;H2pΩsq312

` pL1 ` L2q}d}2L8p0,T ;H2pΩsq

ff

` τ2

«

τ2ρsp1 ` T q}Bt
3 9d}2L2p0,T ;L2pΩsqq313

` ρfT }Bt
2u}2L2p0,T ;L2pΩf qq `

h4

µ
}Btp}2L2p0,T ;H2pΩf qq314

` h2pL1 ` L2q} 9d}2L2p0,T ;H2pΩsqq ` h2µ}Btu}2L2p0,T ;H2pΩf qq

ff

,315

316

Y2,h
def
“ τ2

«

pτ2qp1 ` T qpL1 ` L2q}B3
t

9d}2L2p0,T ;H1pΩsqq ` h2}Btu}2L2p0,T ;H3pΩf qq317

`

ˆ

1 ` α `
α2

µ
` µ ` µ2 `

p1 ` T qµ2

α

˙

}Btu}2L2p0,T ;H2pΣqq318

` p1 ` αq}Bt 9d}2L2p0,T ;L2pΣq `

ˆ

1 `
1 ` T

α
`

1

µ

˙

}Btp}2L2p0,T ;L2pΣqq319

` τ2p1 ` αq}B3
t

9d}2L2p0,T ;L2pΣqq ` Tρs}B2
t

9d}2L2p0,T ;L2pΩsqq320

` pp1 ` T qpL1 ` L2q ` ρsq}Bt 9d}2L2p0,T ;H1pΩsqq `
µ2T

α
}εpBtuq}2L2p0,T ;L8pΣqq321

`
T

α
}Btp}2L2p0,T ;L8pΣqq ` ρs}Bt 9d}2L8p0,T ;L2pΩsqq ` h2}Btp}2L2p0,T ;H1pΩf qq

ff

322

` h2
`

}u}2L2p0,T ;H3pΩf qq ` }∇p}2L2p0,T ;L2pΩf qq

˘

323

` h4

ˆ

Tµ2

α
}Btu}2L2p0,T ;H2pΣqq `

T

α
}Btp}2L2p0,T ;H1pΣqq

˙

,324

325

Y3,h
def
“ τ2

«

p1 ` T qpL1 ` L2q3 ` ρspL2
1 ` L2

2q

α2
} 9d}2L2p0,T ;H2pΩsqq326
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`
ρsT pL2

1 ` L2
2q

α2
}Bt 9d}2L2p0,T ;H2pΩsqq `

ρspL2
1 ` L2

2q

α2
} 9d}2L8p0,T ;H1pΩsqq

ff

.327

4.3. Sketch of the proof to Theorem 2. The proof of Theorem 2 is only328

sketched below due to the page limit, we refer to [12, Theorem 5.2.9] for full details.329

The argument consists of three parts. First, we begin with a preliminary bound.330

Lemma 4.1. For 1 ď n ď N , it holds

3

8
max

1ďmďn

␣

Sm
h ` Em

h

(

`
3

8

n
ÿ

m“1

`

Wm
h ` Zm

h

˘

ď

n
ÿ

m“1

τ

α

ż

Σ

em´1
λ,h ¨ gm

3,h ` CDn
h ,

where

gn
3,h

def
“

α

2
gn
1,h ` πhg

n
2 , gn

1,h
def
“ Rf

hu
n ´ Rf

hu
n´1, gn

2
def
“ λn

´ λn´1

and331

Dn
h

def
“ τ

n´1
ÿ

m“1

«

µ}εppRf
h ´ Iqumq}20,Ωf `

1

µ
}pSh ´ Iqpm}20,Ωf332

` p1 ` T q
›

›Rs
h

9d
m´ 1

2
´ BτR

s
hd

n
h

›

›

2

s
` p1 ` T q}pRs

h ´ IqBτd
m

}2s ` h2}um}2H3pΩf q333

` p1 ` T q
›

›Rs
h

9d
m´ 1

2
´ BτR

s
hd

m
h

›

›

2

s
` p1 ` T q}pRs

h ´ IqBτd
m

}2s ` h2}um}23,Ωf334

`

ˆ

α `
α2

µ

˙

}gm
1,h}20,Σ `

ˆ

1 `
1

α
`

1

µ

˙

}λm
´ λm´1

}20,Σ335

` Tρs}BτR
s
h

9d
m

´ Bt 9d
m´ 1

2
}20,Ωs ` ρfT }BτR

f
hu

m ´ Btu
m}20,Ωf336

` h2}∇Shp
m}20,Ωf `

τ

2α
}gm

3,h}20,Σ

ff

` }pRs
h ´ Iqdn

}2s .337

The proof of Lemma 4.1 requires some standard algebra along with Cauchy-Schwarz,338

Young’s inequality, trace inequality, and Korn’s inequality. A detailed proof is in-339

cluded in [12, Chapter 5]. The key takeaway, however, is that all of the terms in Dn
h340

are either the norms of splitting error terms such as gn
1,h or interpolation errors such341

as Shp
n ´ pn. In both cases, the terms may be optimally bounded in terms of h and342

τ in the final step of the proof. However, the remaining unbounded term requires343

special care.344

Consequently, the second part of the proof involves deriving a bound for the term

n
ÿ

m“1

τ

α

ż

Σ

em´1
λ,h ¨ gm

3,h.

If we attempt to bound this term by balancing em´1
λ,h with terms appearing on the345

left-hand side of the estimate, we ultimately sacrifice a factor of τ
1
2 , resulting in346

suboptimal convergence, as done in [5]. Essentially, the challenge presented by this347

term is that it resides on the interface Σ, but to avoid a loss in accuracy we must348

somehow avoid the interface as much as possible.349

To do this, we utilize the error equations of the solid to pull the term en´1
λ,h from350

the interface Σ into the interior domain Ωs. However, this requires us to construct351
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an extension of gn
3,h into Ωs which is in V s

h. Critically, this means that the extension352

needs to vanish on BΩszΣ, which is not guaranteed for gn`1
3,h due to the presence of353

the term πhpλn`1
´ λn

q. Therefore, we will utilize the extended normal rns and the354

function rϕ defined in Assumptions 1 and 2 to construct a cut-off function technique355

to continuously lift the residual gn`1
3,h from V g

h into V s
h.356

The result of this extension step yields a quasi-optimal bound stated in the fol-357

lowing lemma.358

Lemma 4.2. Under Assumptions 1 and 2 we have

τ

α

n
ÿ

m“1

ż

Σ

em´1
λ,h ¨ gm

3,h ď
1

8
max

1ďmďn

␣

Sm
h ` Em

h

(

`
1

8

n
ÿ

m“1

Zm
h ` CΨn

h,

where Ψn
h

def
“ Ψn

1,h ` Ψn
2,h given by359

Ψn
1

def
“Tτ3ρs

n
ÿ

m“1

}Bτ
2Rs

h
9d
n

}20,Ωs ` ρs}gn
1,h}20,Ωs360

` τ
m
ÿ

m´1

«

p1 ` T q}gm
1,h}2s `

`

1 ` α
˘

}gm
1,h}20,Σ ` }λm

´ λm´1
}20,Σ361

` ρs
›

›BτR
s
h

9d
m

´ Bt 9d
m´ 1

2
›

›

2

0,Ωs ` ρs}gn`1
1,h }20,Ωs ` }pRs

h ´ Iqdm´ 1
2 }2s362

` α}Rf
hu

m ´ BτR
s
hd

m
}20,Σ ` α

›

›Rs
h

9d
m´ 1

2
´ BτR

s
hd

m
h

›

›

2

0,Σ

ff

,363

364

Ψn
2

def
“

Tτ3ρs

α2

n
ÿ

m“1

›

›B2
τR

s
h

`

rϕσpdm´1
qrns˘

›

›

2

0,Ωs `
ρs

α2
}rgn

2,h}20,Ωs `
Th2

α

n
ÿ

m“1

}gm
2 }21,Σ365

` τ
n
ÿ

m“1

«

1 ` T

α2
}rgm

2,h}2s `
`

1 `
1

α

˘

}λn`1
´ λn

}20,Σ366

` }gm
1,h}20,Σ ` ρs}BτR

s
h

9d
m

´ Bt 9d
m´ 1

2
}20,Ωs `

ρs

α2
}rgm

2,h}20,Ωs367

` }pRs
h ´ Iqdm´ 1

2 }2s ` }Rf
hu

m ´ BτR
s
hd

m
}20,Σ368

`
›

›Rs
h

9d
m´ 1

2
´ BτR

s
hd

m
h

›

›

2

0,Σ
`

T

α
}gm

2 }2L8pΣq

ff

.369

Finally, in the third step of the proof, it remains to bound the terms Dn
h and Ψn

h,370

which is the purpose of the next lemma.371

Lemma 4.3. Under Assumptions 1 and 2, we have, for 1 ď n ď N ,372

Dn
h ` Ψn

h ď Cτ2

«

p1 ` T qpL1 ` L2q3

α2

´

`

1 ` log τ´1
˘

}εp 9dq}2L2p0,T ;L8pΩsqq`373

}div 9d}2L2p0,T ;L8pΩsqq

¯

` CYh

ff

.374

The error estimate (4.9) then follows by combining the results of Lemmas 4.1–4.3.375
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5. Numerical examples. In this section, we illustrate the accuracy properties376

of Algorithms 3.1 in a series of well-known numerical examples.377

5.1. Convergence study in a simplified framework. The objective of this378

first example is to provide numerical evidence of the nearly-optimal convergence result379

of Theorem 2. We will in particular investigate the effect on the accuracy of the solid380

parameters L1, L2 involved in the error estimate (4.9). To this purpose, we consider381

the pressure wave propagation benchmark of [16, Section 6.1.1] with the simplified382

coupled problem (4.1)-(4.3). We hence take Ωf “ r0, Lsˆr0, Rs, Ωs “ r0, LsˆrR,R`ϵs,383

with L “ 6, R “ 0.5 and ϵ “ 0.1. All the units are in the CGS system. At the fluid384

inlet boundary x “ 0 a sinusoidal pressure of maximal amplitude 2 ¨ 104 is enforced385

during 5 ¨ 10´3 second. Zero traction is prescribed at the oulet x “ 6 and a symmetry386

condition is enforced on the lower wall. Transverse membrane effects are included in387

the solid equation (4.2)1 through the additional zeroth-order term c0d. The solid is388

clamped at its extremities and zero traction is enforced on its top boundary.389
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RR α=4000
RR α=8000

Fig. 1. Convergence histories for E “ 1.58 ¨ 106.
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RR α=4000
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strongly coupled
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Fig. 2. Convergence histories for E “ 3.16 ¨ 105.

The fluid and solid physical parameters are ρf “ 1, µ “ 0.035, ρs “ 1.1, L1 “390

1.15 ¨106, L2 “ 1.7 ¨106 and c0 “ 4 ¨106. The pressure stabilization parameter in (4.5)391

is set to γp “ 10´3. All the computations have been carried out with the FreeFem++392

software (see [22]).393

In order to illustrate the accuracy of Algorithm 4.1, we evaluate the relative
displacement error

›

›dN
h ´ dpT q

›

›

e

L
›

›dpT q
›

›

e
at the final time T “ 0.015 for different
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Fig. 3. Convergence histories for E “ 1.58 ¨ 105.

values of the discretization parameters under τ “ Ophq, namely,

τ P t5 ¨ 10´4{2iu4i“0, h P t0.1{2iu4i“0.

The relative errors are calculated with a reference solution obtained with an implicit394

coupling scheme and a fine space-time grid (h “ 0.003125 and τ “ 10´6). The395

resulting convergence histories are reported in Figures 1–3 for three decreasing values396

of the Young modulus E. For comparison purposes, the results obtained with the397

implicit coupling scheme are also provided.398

Several remarks are in order. The results indicate that there exists an optimal399

value of the Robin parameter α in terms of accuracy, and that accuracy tends to400

degrade for large or small values of α. Figures 1–3 also show that overall first-order401

accuracy Ophq is obtained for some values of α. This is more noticeable in Figures 2402

and 3. The results show that accuracy tends to degrade when increasing the elastic403

parameters L1 and L2. All these observations are in agreement with the error estimate404

provided by Theorem 2. The results of Figures 1–3 indicate also that the optimal405

value of the Robin parameter α is proportional to
?
E. Such scaling equilibrates the406

contributions of the error bound provided by Theorem 2, which suggests the choice407

α “ γ
?
ρsE, with γ a user-defined dimensionless parameter.408

5.2. Lid-driven cavity with flexible bottom. As second numerical example,409

we consider the classical shear-driven cavity problem with a flexible bottom (see, e.g.,410

[19]). The fluid domain is the unit square Ωf “ r0, 1s ˆ r0, 1s with the fluid-solid411

interface on the lower boundary Σ “ r0, 1s ˆ t0u. All the units are given in the SI412

system.413

Fig. 4. Geometric description.
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(a) t “ 2.8 ¨ 10´2 (b) t “ 2.9 ¨ 10´2 (c) t “ 3.0 ¨ 10´2

Fig. 5. Snapshots of the fluid velocity in the deformed configuration at three different time
instants obtained with Algorithm 3.1 and α “ 1.
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Fig. 6. Time history of the mid-point displacement magnitude obtained with Algorithm 3.1, for
three different values of α, and a strongly coupled scheme.
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Fig. 7. Time history of the interface mid-point displacement magnitude obtained with Algo-
rithm 3.1, for α “ 1 and different correction iterations, and a strongly coupled scheme.

The system is described by the non-linear coupled problem (2.1)-(2.3) in which414

the solid model (2.2) is replaced by a non-linear Timoshenko beam (see, e.g., [3]). The415

overall system is initially at rest and an oscillating shear velocity profile is imposed on416

the upper boundary uptq “ p1 ´ cosp0.4πtq, 0qT on r0, 1s ˆ t1u. A no-slip condition is417

enforced on the portions t0, 1u ˆ r0, 0.9s of the lateral cavity walls, and zero traction418

is prescribed on theremaining parts t0, 1uˆr0.9, 1s. The fluid physical parameters are419
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given by ρf “ 1.0 and µ “ 0.01, and for the solid ρs “ 250, ϵ “ 0.002, E “ 250 and420

ν “ 0.421

The spatial fluid approximation in (3.11) is made of Q1{Q1 finite elements with422

a SUPG/PSPG stabilized formulation. Linear MITC beam elements are used for the423

approximation of the Timoshenko beam in (3.10). In this numerical example, the424

computational meshes for the fluid and the solid meshes are, respectively, made of425

400 quadrilaterals and of 20 segments and a time-step length of τ “ 0.1 is considered.426

All the numerical computations have been performed with the FELiScE library1.427

For illustration purposes, we have reported in Figure 5 some snapshots of the fluid428

velocity magnitude in the current configuration at different time-instants, obtained429

with Algorithm 3.1 and α “ 1. We now focus on the accuracy of this loosely coupled430

scheme. To this purpose, we have first reported in Figure 6 the magnitude of the431

interfacial mid-point displacement obtained with Algorithm 3.1, for different values432

of α, and with a strongly coupled scheme. The impact of α on the accuracy is433

clearly visible. As in the previous numerical example (Section 5.1), the accuracy of434

Algorithm 3.1 degrades when α is both smaller and larger than the optimal value435

(here, around α “ 1). It is also worth noting the very good accuracy of the results436

obtained with Algorithm 3.1 and α “ 1. Indeed, without any correction iteration437

the proposed loosely coupled scheme delivers practically the same accuracy as the438

strongly coupled scheme. This observation is in line with the results of the previous439

section (Figures 1–3) and the error estimate of Theorem 2, which indicate that small440

values of the solid elastic parameters yield a low splitting error.441

Finally, Figure 7 compares the results obtained with Algorithm 3.1 for α “ 1 and442

different correction iterations. We recall that one correction iteration corresponds to443

performing once more steps (3.10), (3.11) and (3.12) of Algorithm 3.1 with updated444

Robin conditions, that is, by initializing λn´1 and pun´1
|Σ with the last values of λn

445

and pun
|Σ. Since the accuracy is already very good without any correction, it only446

slight improves as we increase the number of corrections.447

5.3. Pressure wave in an elastic tube. We consider the 3D non-linear coun-448

terpart of the numerical example considered in Section 5.1, viz., the propagation of a449

pressure wave within an elastic tube (see, e.g., [18, Chapter 12]). The fluid domain is450

a straight tube of radius 0.5 and length 5. The vessel wall has a thickness of 0.1. All451

the units are given in the CGS system. The fluid-structure system is modeled by the452

non-linear coupled problem (2.1)-(2.3). The overall system is initially at rest and an453

over pressure of 1.3332 ¨104 is imposed on the inlet boundary during the time interval454

r0, 0.005s. The solid wall is clamped at its extremities. The physical parameters for455

the fluid are ρf “ 1 and µ “ 0.035, and for the solid ρs “ 1.2, E “ 3 ¨106 and ν “ 0.3.456

In (3.10) and (3.11) continuous P1 finite elements are used (a SUPG/PSPG stabilized457

formulation is considered in the fluid). All the numerical computations have been458

performed with the FELiScE library.459

To highlight the fluid-structure interaction in this numerical example, Figure 8460

shows snapshots of the fluid pressure in the deformed configuration at different time-461

instants, obtained using Algorithm 3.1 with α “ 500. We will now assess the influence462

of the parameter α. In Figure 9, we display the magnitude of the interfacial mid-point463

displacement calculated using Algorithm 3.1 for various α values. These results are464

then compared to those obtained using a strongly coupled scheme. As observed in the465

previous numerical examples, the performance of Algorithm 3.1 is closely linked to the466

1https://gitlab.inria.fr/felisce/felisce

This manuscript is for review purposes only.

https://gitlab.inria.fr/felisce/felisce


20 E. BURMAN, R. DURST, M.A. FERNÁNDEZ, J. GUZMÁN AND O. RUZ

(a) t “ 3 ¨ 10´3 (b) t “ 7 ¨ 10´3 (c) t “ 1.2 ¨ 10´2

Fig. 8. Snapshots of the fluid pressure in the deformed configuration at three different time
instants with α “ 500.
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Fig. 9. Time history of the interface mid-point displacement magnitudes with implicit coupling
and RR algorithm with different α.
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Fig. 10. Time history of the interface mid-point displacement magnitudes with implicit coupling
and RR algorithm with α “ 500 and different corrections.

choice of α. Specifically, Algorithm 3.1 shows good accuracy when α is approximately467

500. However, as we deviate from this range, both smaller and larger values of α tend468

to degrade the accuracy.469

Figure 10 illustrates the impact of some correction iterations in Algorithm 3.1470

with α “ 500. We observe an improvement in the accuracy of Algorithm 3.1 as471
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we increase the number of corrections. It is worth noting that a single iteration472

significantly improves the accuracy. Large values of the solid physical parameters can473

negatively impact the solution, necessitating correction iterations to achieve accurate474

results.475

6. Conclusion. We have extended the stability results of the loosely coupled476

Robin-Robin coupling from [5] to the fully nonlinear case. A nearly-optimal error477

estimate was also reported for the linear case. The numerical section validated the478

theoretical results, but also pointed to the importance of making a judicious choice479

of the Robin parameter α in order to observe optimal convergence in the range of480

discretization parameters used.481
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