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ROBIN-ROBIN LOOSE COUPLING FOR INCOMPRESSIBLE
FLUID-STRUCTURE INTERACTION: NON-LINEAR SETTING AND
NEARLY-OPTIMAL ERROR ANALYSIS*

ERIK BURMAN', REBECCA DURST!, MIGUEL A. FERNANDEZ$, JOHNNY GUZMAN}¥,
AND OSCAR RUZS

Abstract. The numerical simulation of incompressible fluid-structure interaction systems with
loosely coupled schemes is a delicate problem. Indeed, the splitting method must both be stable
for the full nonlinear system and have sufficient accuracy to be of use in practice. In the case of
the coupling of an incompressible fluid with thick-walled solids the error analyses reported in the

literature are limited to O(’T%) accuracy in time, where 7 denotes the time step. The objective of the
present work is to show two important extensions of the analysis of the Robin-Robin loosely coupled
scheme recently reported in [Numer. Math., 151(4):807-840, 2022]. First, we give a formulation of
the scheme in a general non-linear setting and prove its unconditional energy stability. Then we show
that nearly-optimal O(’T\/ 1+ log 7*1) accuracy can be achieved in the linear case. These theoretical
findings are illustrated in a series of numerical examples.

Key words. Fluid-structure interaction, loosely coupled scheme, moving domains, Robin con-
ditions, optimal accuracy

MSC codes. 74F10, 65M12, 76M10

1. Introduction. The numerical approximation of the interaction of an elastic
solid with an incompressible viscous fluid over a moving interface (FSI) remains a
challenging problem in scientific computing. For a global overview of the framework
and different approaches with special focus on cardiovascular flow which is a relevant
application for the discussion herein, we refer to [17, 18]. Typically the problem
is nonlinear both through the separate subproblems and the moving interface. The
coupling is very stiff due to the different time scales of the subproblems. In particular,
the incompressibility and the related compatibility conditions present difficulties. For
computational efficiency it is appealing to use a loosely coupled scheme to advance
the coupled problem in time. In such an approach one solve is performed in each
subdomain and the coupling data is tranferred across the interface in a staggered
manner. Although this is feasible in elasto-acoustic, where the fluid is compressible
(see, e.g., [14]), it is much more delicate in the incompressible regime due to the added-
mass effect (see [11, 19]) unless special care is taken in the design of the coupling
conditions.

The first stable loosely coupled scheme for FSI in the presence of incompress-
ibility was proposed in [8], using Nitsche’s method for FSI (see [21]) in combination
with a pressure stabilization that relaxes the incompressibility on the interface. For
this type of method, however, the stiffness of the Nitsche penalty term introduces the
parabolic condition 7 < h? for accuracy (but not for stability). It was then noted in
[9] that the Nitsche coupling method could be transformed into Robin type coupling

*Submitted to the editors DATE.

Funding: Supported by the French National Research Agency (ANR) through the SIMR project

(ANR-19-CE45-0020), and by Inria through the IMFIBIO associated team.

fDepartment of Mathematics, University College London, London, United Kingdom
(e.burman@ucl.ac.uk).

IDivision of Applied Mathematics, Brown  University, Providence, USA  (re-
becca_durst@alumni.brown.edu,johnny_guzman@brown.edu).

§Sorbonne Université, Inria & CNRS, UMR 7598, Laboratoire Jacques-Louis Lions, Paris, France
(miguel.fernandez@inria.fr,oscar.ruz@inria.fr).

This manuscript is for review purposes only.


mailto:e.burman@ucl.ac.uk
mailto:rebecca\protect _durst@alumni.brown.edu
mailto:rebecca\protect _durst@alumni.brown.edu
mailto:johnny\protect _guzman@brown.edu
mailto:miguel.fernandez@inria.fr
mailto:oscar.ruz@inria.fr

11
42
43
44
15
16
47
48
49
50

[ N> NG, B, G, G IS ) B, B, G
= O © 00 3 O Uk W N

62
63
64
65
66

S|

R = T TS BT B B BN
J O O = W N o«

0 =~

3 =

>
©

80

oo

82
83
84
85
86
87

88

2 E. BURMAN, R. DURST, M.A. FERNANDEZ, J. GUZMAN AND O. RUZ

scheme without loss of stability (see also [2]). Robin conditions had been shown to
perform well as a preconditioner already in [1]. In [9], the Robin coefficient inher-
ited the O(h™!) scaling from Nitsche’s method, but it was noted numerically that
this scaling appeared not to be necessary for the stability of the algorithm. In a re-
cent development [7], it was shown for a semi-discretization in time that the coupling
scheme indeed is stable independent of the added mass effect and an error estimate of
order O(T%), where 7 denotes the time step, was shown. Another result in this spirit
was reported in [24], for a fully discrete Robin-Robin method and under a CFL-like
condition on the discretization parameters. A stability estimate for the time semi-
discretized problem with moving fluid domain is also provided, but the treatment
of the convective term involves an artificial modification of the fluid velocity on the
interface. An alternative fully discrete formulation is introduced in [5], where the
stresses are represented in terms of Lagrange multipliers or variational residuals, and
the exponential growth of the stability factor was moderated to sub-linear growth
without conditions on the discretization parameters. Finally, both for the cases of
parabolic-parabolic and parabolic-hyperbolic couplings, it was shown in [6] that in
most situations one can expect the nearly-optimal order (9(7’«/ 1+ log 7——1). Depend-
ing on the physical parameters however it was noted that this may not be attained,
except for very small time steps unless the parameter in the Robin condition is chosen
carefully.

The objective of the present paper is to build on the results of [5, 6] and extend
them to more realistic settings, showing that the Robin-Robin loose coupling is indeed
expected to result in a first order time discretization scheme also in physically relevant
situations. The scientific contributions of this work are three fold. First, in a fully
non-linear setting (coupling viscous incompressible flow in moving domains with the
dynamics of an hyper-elastic solid), we provide a rigorous fully discrete formulation
with suitable stabilization terms which guarantee unconditional energy stability. Sec-
ond, in the linear case, we present the extension of the nearly-optimal error analysis
from [6] to the case of the Stokes-elasticity system. To the best of our knowledge,
this is the first time that such accuracy is proved for a loosely coupled scheme in
incompressible fluid-structure interaction involving thick-walled solids. The latter re-
sults were first reported in [12, Chapter 5] and, therefore, the proofs are only sketched
herein. Finally, the accuracy properties of the proposed method are illustrated in a
series of well-known numerical examples. We in particular investigate the dependence
of the accuracy on the physical parameters and the choice of parameter in the Robin
coupling.

The rest of the paper is organized as follows. In Section 2, we introduce the
considered physically realistic setting. We show how to extend the fully discrete
formulation of [5] to this nonlinear case and prove the fundamental stability estimate
in Section 3. Section 4 is devoted to the derivation of the nearly-optimal error estimate
in a simplified linear setting. Finally, the paper is ended with some numerical examples
which are reported in Section 5.

2. Problem setting. We consider a fluid-structure interaction system in which
the fluid is modeled by the incompressible Navier-Stokes equations, in arbitrary
Lagrangian-Eulerian (ALE) formalism, and the solid by the non-linear elastody-
namics equations. The reference configuration of system is given by the domain

QL of Los R?, with d = 2,3. For all time ¢ > 0, the current solid configuration
is denoted by Q%(t) = R?, whereas Qf(t) = R stands for the moving fluid control

volume. We denote by 3(t) def 0Qf (t) N 003 (t) the current configuration of the fluid-
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ROBIN-ROBIN LOOSE COUPLING FOR FSI 3

89 structure interface, whose reference configurations corresponds to X & 50f A 00

90 The remaining parts of the fluid and solid boundaries are supposed to be time inde-
91 pendent and partitioned as 0Qf =TT U ¥ and 0Q°* =T5 U X.

The moving fluid domain Qf(¢) can be parametrized in terms of the so-called ALE

map, A : Qf x R — R?, in such a way that Qf(t) = A(Qf,¢). The ALE deformation

map A is often written in terms of fluid domain displacement d : Qf x Rt — R? via

the relation A = Iqr + df7 where I stands for the identity operator in Qf. We can

hence introduce the notation Ay def A(-,t), the fluid domain velocity w ef 0t A =

o,d", the fluid gradient of deformation F “'va (spatial gradient) and its Jacobian

J % det F. For a given field f defined in the current configuration Qf(t), we shall

use the notation f to defined its corresponding ALE description in Qf, by composing
with the ALE map, namely,

Flat) Y f(A, 1)) Ve

92 Conversely, a given field defined in the reference configuration Qf can also be trans-
93 ported into the current configuration by composition with .At_l. For the sake of

94 simplicity, this composition is omitted. For instance, w in (2.1); below has to be read
95 aswo Ayl

96 Coupled problem in strong form. The considered fluid-structure interaction
97 model reads as follows: find the fluid domain displacement d' : Qf x Rt — R<, the
98 fluid velocity 4 : Qf x RT — R?, the fluid pressure p : Qf x Rt — R, the solid
99 displacement d : Q° x Rt — R?, and the structure velocity d : Q% x Rt — R? such
100 that, for all ¢ > 0,

povula+ pl(u —w) Vu —dive(u,p) =0 in Qf(1),
01 (2.1) divu =0 in Qf(t),
u=0 on Ff,

poord — div (F*S(d)) =0 in O,

102 (2.2) d=0,d in
d=0 on I®

d=c(ds), w=aod, A=Iy+d, Qi) =AQ"1),

103 (2.3) a=d on X,

)
O
=
M ™M

FY(d)n® = —J&o(u,p)F~*

The constants pf, p* > 0 stand, respectively, for the fluid and solid densities, |4 def
0¢ + w - V for the ALE time derivative and o(u,p) def 2ue(u) — pI for the fluid
Cauchy stress tensor, with g > 0 the fluid dynamic viscosity (supposed constant) and

e(u) = 1(Vu+(Vu)T) the strain rate tensor. The symbol F* 4 I+ Vd corresponds
to the gradient of deformation of the solid and 3(d) denotes its second Piola-Kirchoff
stress tensor which, for an hyper-elastic material, is given in terms of the internal

energy functional W : REX? — R* as

5 W

- E(E)7
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4 E. BURMAN, R. DURST, M.A. FERNANDEZ, J. GUZMAN AND O. RUZ

where the symbol E denotes the Green-Lagrange strain tensor given by the relation

CL(F)TF® - 1).

Finally, the coupled system (2.1)-(2.3) is complemented with the following initial
conditions %(0) = @o and d(0) = do, d(0) = do in QF and Q5 respectively.

The relation (2.3); enforces the geometrical compatibility between the fluid and
solid domains. Here, the symbol £ represents a smooth lifting operator (possibly
non-linear) from ¥ over Qf, which vanishes on I'f. The remaining interface conditions

(2.3)2,3 enforce, respectively, the so-called interface kinematic and dynamic coupling.

Weak form and energy identity. We consider the following functional spaces:
Vic{ve HY(Q) : vjr =0}, M €120, Vic{ve H(D) : v} =0}

Let (@,p,d, d) be solution of the coupled system (2.1)—(2.3), one can show that the
following monolithic variational formulation holds (see, e.g., [15]), for ¢ > 0,

(2.4)
pfi u~v—pff (divw)u'v—kpfj (u—w)~Vu~'v+2uJ e(u) : €(v)
dt Jare Qf(¢) Qf () Qf (1)

ff pdiverJ gdivu + p° 5td-£+f Y:04(E)E=0
Qf(t) Qf (t) Qs s

for all (9,,€) € VI x M' x V*® with 8|z = £|5, and where we have used the notation

def 1 T T o
(2.5) Ga(B)E ™ 3 [(F) ve+ (VE)'F ]
for the differential of E applied to &. .
By testing (2.4) with (v,q,&) = (u,p,d) and using standard arguments, we can
obtain the following classical energy identity (see, e.g., [15]):

f S t
p o
20) Gl + 1B+ [ WB@) + 20 | e(wls) g1y

= piHUO
2

P 1
5.0t + EHdoHaQs + §f W(E(dyo)).
Qb

Here, the first two terms represent the kinetic energy of the fluid and solid, respec-
tively. The third term takes into account the hyperelastic energy of the solid, and the
fourth term corresponds to the viscous dissipation of the fluid.

3. Robin-Robin explicit coupling scheme. The purpose of this section is to
formulate the Robin-Robin loosely coupled scheme of [5, 7] in the framework of the
non-linear coupled problem (2.1)-(2.3).

Time semi-discretization. In what follows, the scalar 7 > 0 denotes the time-
step length and {t, def NT }nen represents the temporal grid. We shall also make use

of the following notations:

— 1 def 1 —
Zn—3 7(1,71

1
o, am —(z™ — 2" +2"h),

T ’ 2

This manuscript is for review purposes only.
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ROBIN-ROBIN LOOSE COUPLING FOR FSI 5

for the first-order backward difference and the mid-point value, respectively. More-

over, for a given time-dependent quantity x(t), we will use the notation z" ef x(tn).

The bulk terms of the fluid sub-system (2.1) will be discretized in time with
a backward-Euler semi-implicit scheme, whereas for the solid sub-system (2.2) we
consider a mid-point scheme with the so-called Gonzalez correction (see [20]). Finally,
for the time discretization of the interface conditions (2.3), we combine an explicit
treatment of the geometrical compatibility with a Robin-Robin type splitting of the
kinematic and dynamic interface conditions, originally proposed in [7] for the linear
case. By introducing the following notation for the interfacial fluid stresses on the
reference configuration,

(3.1) A G (w p) (FY) TR on 3,
the resulting time-stepping procedure can formally be written as follows:
e Solve solid:
- n —n—1 3
po-d" — div (F&"—%z ) —0 in O

N

7% mn . S
(3.2) d = aTd mn Q ,
d"=0 on I®

)

on—1

s,n— % Sn—3% s 2 ~n—1 n—1
F>"723 2qp +a(d —u )=f)\ on X.
e Fluid domain update:
(3.3) d"" = L(d"]x), w"=0.d", A" =Ig+d"", Q" =A4"Q.
e Solve fluid:
ploua+ plu !t —w)  Vu" —dive(u,p") =0 in QY7
divu® =0 in Q"

u*=0 on If

(3.4) ’

)
1

)\”+a(ﬁ"—dn_§):)\n_l on X.

L
Here, the symbol 3" 2 denotes the mid-point correction of the solid stress given by
(see [20]):

o OW 1 n
oy st TVE g oE
: =Y+
0. E"|

0. E",

which guarantees energy stability in the solid, and the scalar o > 0 stands for the user-
defined Robin parameter of the fluid-solid splitting. Note that the above interfacial
Robin-Robin splitting, viz.,

1=on—21 n—j
Fords s o (@ o) - ox on 3w
(3.6) ( -n_)l
Na@ —d ) =a" on %,

is written in the reference configuration of the interface.

This manuscript is for review purposes only.
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6 E. BURMAN, R. DURST, M.A. FERNANDEZ, J. GUZMAN AND O. RUZ

Space discretization, fully discrete scheme. For the spatial discretization of
(3.2)-(3.4), we adopt a finite element approximation. Let 7,% and T;° be, respectively,
simplicial triangulations of Qf and Q. We assume that 7;f and 7, match on the
interface . We then define the following finite element spaces:

Vi Yve Vool e PUK), YK e TP}, VY {ve Vvl e PYK),VK € T/},
M} ve M|k e PK), VK € T/},

Since the fluid and solid meshes are assumed to match at the interface, we can define
the discrete traces space

(3.7) Ve LoV - TV
The fluid bi-linear form is given by
(3.8)
agfn (uz_l,w2§ (up,ph), (Vnsan)) é p J ) (up ™t —wi) - Vull vy
Qfin
pf
— j (divu) Hup vy,
2 Qf;
£ _1
?.[En 2).nuz'vh
—I—QMJ ) : €n(vp) — J pp div oy,
£, Qf.n

—|—J qn, div uj
s)f n
+ sp, (wp ™ wis (uy, pp), (Vs an)).

The second term in (3.8) corresponds to the so-called Temam’s trick, which copes with
the fact that the discrete fluid velocities are not divergence free. The third term is a
weakly consistent stabilization term which allows to control the energy contribuitons
of the convective term (first term of (3.8)) induced by the fact that

_ 1
ap s £ wils = d, s

Following [25, Chapter 5], we introduce a second weakly consistent stabilization term,
namely,

(3.9)

f f
def 1% P .
Satn (Up,vp) = —5- (J ) up - vp — J L up - vh> t3 f ) (divw})uj - vp,
Qf.n Qf.n— Qf.n

whose purpose is to cope with the issues related to the so-called discrete geomet-
ric conservation law (see, e.g., [13]). Note that the weak consistency of (3.9) is a
consequence of the Reynolds transport formula:

d j .
— q= qdivw
dt Jor Qf (1)

for any smooth enough field ¢ : Qf — R*. Finally, the non-negative bi-linear term,

sh (up =t s (ufl, o), (vh, an)),

This manuscript is for review purposes only.



ROBIN-ROBIN LOOSE COUPLING FOR FSI 7

Algorithm 3.1 Explicit Robin-Robin scheme (fully discrete)

Assume 19, d) and d},°, A} to be given and, for n > 1, perform:
. cp— L
o Solve solid: find (d,d;) e V5, x V3, with d), > = 0,d!" such that

(310) ps 0 aTdZ : €h + J EZ_E : ad(Ezii)gh + afz(d27§ - azil) : gh

-1
:_J Z 'fh
=

for all &, € V3.
e Update fluid domain:

dy" = Lu(dpls), wi = d-dy", n=Igc+dy", QY = AR(Q).

e Solve fluid: find (@W",p") € VI x Qp, such that

£
(3.11) L <J up - vp — J up ! ~vh) - pff (divwy)uy - vy,
T Qf.n Qfin—1 Qfn

+ Sva”(uZ7 'Uh) + agfn ('U/Zil, wZa (UZ,pZ), (vha Qh))

~ n—1 -
)-’Uh:J)\h - Vp
b

=1
n—3

+ozf @ —d
b

for all (B, qn) € V1, x Qn.
e Fluid-stress update: set Aj € V% as

(3.12) n=XT ra(d, P -4a)) on .

169 stands for any given velocity and pressure stabilization operator (see, e.g., [26, 10]),
170 whose purpose is to circumvent the issues related to the lack of robustness for both
171 high local Reynolds numbers and the lack of inf-sup stability for the pair Vg /M.

172 With all the above ingredients, the proposed fully discrete counterpart of (3.2)—
173 (3.4) is detailed in Algorithm 3.1.
174 Some remarks are now in order. The relation (3.12) in Algorithm 3.1 is essentially

175 a rewriting of (3.6)2, in which the intermediate variable A} represents the discrete
176 counterpart of the interfacial fluid stress on the reference configuration A", given by
177 (3.1). Indeed, by combining (3.11) and (3.12), the update of the fluid-stress in the
178 fourth step of Algorithm 3.1 can be formulated, in a more standard form as a fluid
179 variational residual (see, e.g., [14]):

f
o @) [ =S ([t [ g
> T Qf.,n Qf.n—1
181 —pf Lf (divwp)uj - Ly + agen (uy ™ wits (ufl, i), (L, 0))

for all p;, € V§ and where LZ CVE - Vg represents a linear fluid-sided lifting
operator, such that, the nodal values of £f p1; vanish out of ¥ and (L} u,)s = pp,

This manuscript is for review purposes only.
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8 E. BURMAN, R. DURST, M.A. FERNANDEZ, J. GUZMAN AND O. RUZ

for all p;, € V5. We can hence see that, as indicated above, A} is nothing but
the discrete counterpart of the interfacial fluid stress on the reference configuration.
It is worth noting that the interfacial stabilization term in (3.8) introduces a weakly
consistent perturbation of the fluid stresses approximation provided by (3.13). Indeed,
this relation formally writes

f 1
n n ,n 14 n— ) — n
_L:Ah'uhzf U(uh»Ph)"h'#h—E . (“h L—d, "o(A}) 1)'"h(uh'ﬂh)
for all € V¥, or point-wise
prn 1 n—1
X' = J(u",p")(F") Th — (@"'—d *) (F")""n)a" on X.

It should also be noted that these last two expressions are merely formal and, there-
fore, can not be used in the energy stability analysis of Algorithm 3.1, presented in
Section 3.1 below.

Algorithm 3.1 shares some similarities with the time-semidiscrete Robin-Robin
scheme proposed in [24], but with several fundamental differences. First, the method
is here formulated in a fully discrete setting, with a rigorous definition of the interfacial
fluid-stresses. Second, a suitable interfacial stabilization is added to control the energy
contributions of the convective term. This avoids the artificial modifications of the
fluid velocity on the interface advocated in [24, Section 3]. Third, the stability of the
method reported in the next paragraph also holds in 3D, irrespectively of the discrete
geometric conservation law, via the stabilization term (3.9). Finally, the stability
analysis (Section 3.1) and the numerical examples (of Section 5) cover the case of the
coupling with a general non-linear solid model.

3.1. Energy stability analysis. For n > 1, let the discrete energy and dissi-
pation be respectively defined as

T ~ 1
7 (olailRs + 11Mi3s).

|%;,z>.

THEOREM 1. Let {(a",p",d", d", A"} be given by Algorithm 3.1. The follow-
ing energy estimate holds forn > 1

f s
def P Py qn
B R+ 1R + | WD) +

n

. _1
oy r(zmes(uz”namm radrt _ap

m=1

(3.14) E'+ G} < E).
As a result, Algorithm 3.1 is unconditionally stable in the energy norm.

on—1
Proof. We proceed by testing (3.10) with &, = d;, * and (3.11) with (0p,qn) =
(uy,py). For the solid, we get

“n—

e | @

b))
1
n—1 4" 72
2

Nl=

ps ‘n —n—1 n—
(3.15) GoliBe + | = o]

Qs

This manuscript is for review purposes only.
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From (2.5), we have

Cn— L
n—3

0u(E" " )d FS"N\To Fon 4 (o, FS™T Y3
a(E, *)d, (Fp," 2) 0 F)" + (0-F)") " F,

1
2

1 ‘
:E ((F;,n)TFZJL _ (Fz,n—l)TFz,n—l)
—0,E}.

So that, by inserting the previous relation into (3.15) and using the definition of the
stress correction (3.5), we have

1
(3.16) J ST 0B = | O, W(ED).
s Qs
By inserting (3.16) into (3.15), we ultimately arrive at:
ps -n n—1i 1, n—3% 1 n—1
(317) Zo- iy 13 0 - L W(EZ)JraL(dh g )dy - fL VR

For the fluid, the bulk terms are treated in a standard fashion (see [17, Proposi-
tion 9.4] and [25, Chapter 5]) with the sole differences in the control of the ALE time
derivative and of the convective terms, with the considered stabilizations. Using inte-

on_1
gration by parts, the fact that (by construction) w}|s, = dz *|s and the positiveness
of 52, we have

(318) agen (uf, ™" wfs uf ). (. ) = 23
P’ 1 2 P 1 2
ol MR AR I IC A T

pf n—1 'n7% n|2
Y (up™" —dy ) nfup|
En
£

p .
= ople(w) e + 5 | (v

Using (3.12) and the arguments reported in [17, Proposition 9.4] and [25, Chapter 5],
we finally obtain

f 1
P n n n—1 =~ -~ G2 -~
(3.19) 557\\"11 g,mn + ZNHG(Uh)HS,Qm < J An Loay - aJ (a, —d;, *)-uy
b b

n ~Nn
= f Ah . uh.
P

Next, we proceed to add the energy contributions of the solid, as given by (3.17),
and the fluid, as expressed in (3.19). This results in the following energy expression:

f S
820) Dol gu + 5 orlil e + 0 [ WERD + 2l o < i

where

1
n—3

n def ~n—1 '"_% n—1 '"_% n o An
Rh = (uh - dh ) . dh - Ah : dh + Ah . uh.
2 2 2

This manuscript is for review purposes only.
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10 E. BURMAN, R. DURST, M.A. FERNANDEZ, J. GUZMAN AND O. RUZ

We can now proceed as in the case with a fixed domain [5], which yields

~Nn

Qo an—1 1 1 cn—1 ~An—1
(3.21) Ry = S (Jah " 5z~ lan 3,2)+%(”)\Z 13— 1AL 5 ) —ald, * ;™ |5 s,

Finally, by inserting (3.21) into (3.20), we obtain

f s
5ar\luh\\3,m,n + 55r\|dh Hg,ﬂs + 07 L W(E}) + Qﬂ”E(“h)Hg,QM

SN T -n—1 1 Qa1 1 1
+ EHUZII(Z),E + %H)‘ZH%,E +ald, * —ap 5y < 5 Ik B+ 26 1A% 0.5

The energy estimate (3.14) then follows my multiplying the previous expression by 7
and then summing over m = 1,...,n, which completes the proof. ]

4. Error estimate in a linearized setting. In this section, we provide an
error analysis of Algorithm 3.1 in a simplified setting. To this purpose, we assume
that the solid undergoes infinitesimal displacements and that convective effects are
negligible in the fluid. Under these assumptions, the non-linear coupled problem (2.1)-
(2.3) can be replaced by the following linear Stokes-elasticity system in the reference
configuration Qf U O

ployu —dive(u,p) =0 in QF x (0,7),
(4.1) divu =0 in Qf x (0,7),
u=0 on I!'x(0,7),

psﬁtd —dive(d)=0 in OQ°x(0,7),
(4.2) d=0d,d in QO x(0,7T),
d=0 on I®x(0,7),
(4.3) u=d on ¥ x(0,7),
o(u,p)n =o(d)n on X x (0,7),
complemented with the initial conditions: d(0,-) = do, d(0,-) = dy in Q°, and
u(0,-) = ug in Qf and where T > 0 denotes the final time. The symbol o (d) stands

for the linearized solid stress tensor, which is assumed to be given in terms of the
solid displacement d by the following relation:

o(d) ¥ 2Le(d) + Lo(divd)l,

where L1, L, > 0 denote the so called Lamé coefficients of the solid.
Assuming that A € L?(X), the solution of (4.1)—(4.3) satisfies the weak formula-
tion

” @ds+fwfwg[xf=m
Qs >
f d-o—[ ad-o-o
(4.4) ) @
o [ vt d (o) - [ Aw=o,
>

Of

|Lw=dyn=o
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for all (&, ¢,v,q) € VZx V®x V! x Mf. Here, the bilinear forms of the fluid, denoted

as al, and of the solid, denoted as a®, are respectively given by

afu v déf €E\u) €e\v) —
((w.0).(0.0) & 2 | elw) seto) = |

pdivo +J
Qf

q div u,
Qf

s

o*(d,€) < 21, f e(d) : €(€) + L f (div d)(div &).
We also introduce the elastic energy norm of the solid given by the relation

l€]s €y /as (€, )

for all £ € V°.

For the numerical approximation of (4.4) we consider the Robin-Robin loosely
coupled scheme introduced in [5] and detailed in Algorithm 4.1. As in Section 3, we
employ a backward Euler method for the fluid and a mid-point scheme for the solid.
In addition, for the spatial discretization, we consider a piecewise affine continuous
finite elements, where we assume that the fluid and solid meshes are fitted. In other
words, Algorithm 4.1 is essentially the linear counterpart of Algorithm 3.1. Here, we
accommodate for the lack of inf-sup stability by using a pressure stabilized bilinear
form for the fluid (see [4]),

2

e h
(4.5) afm((uhvph)v ('Uhth)) o af((uhaph)a ('Uhth)) + %L Vpn - Vap,
Qf

with v, > 0 a user-defined parameter.

Algorithm 4.1 Robin-based loosely coupled scheme (linear case).

Assume u(,)l, d% and di;l’o, )\2 to be given and, for n > 1, perform:

n in_1
1. Solid subproblem: Find d,,,d} € V7 such that d,, * = 0,d}, and

N

(4.6) p° . Ordy, &, +aS(d), ,sh>+af (dy *—up=t)g, = ff Anlg,
S 2

P

for all &, € V3.
2. Fluid subproblem: Find (u},p}) € Vi x Mf such that

(4.7)
Pff f Orup - vy +a2(<u23p2)3 (Uh,qh)) +af (uy 7('1:—5) vy = J )\Z_l o
Q . ]
for all (vn,qn) € sz x M{L
3. Fluid-stress update: set A} € V% as
in—1
(4.8) F=AT ald, T —up) on B

4.1. Relation to previous results. In [5], we proved that Algorithm 4.1 was
optimal in space and sub-optimal in time, specifically O(h + T%). However, following
new numerical experiments and the results of [6], it has become clear that the result
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in [5] is not a strict bound. Following the techniques developed in [6], we are able
to prove that the Robin-Robin scheme for the linear case is, in fact, nearly-optimal
in time. This result is presented below, along with the main features of the analysis.
The full analysis is covered in detail in [12, Chapter 5].

4.2. Nearly-optimal error estimate. In what follows, NV € N is such that
. n
N7 < T and let {(uj,pp, A, di, dy)}, ooy © Vi x Mf x Vi x V3, x V3, be given
by Algorithm 4.1. We 1ntroduce the discrete error terms

n def n s gn n def s

=d, — R;d", ean — dh R;, d
n def n f n n def n n n
€y n =u, — R u”, €ph = o — Spp", ekh = )\ TR,

where A" = o(u", p")n on the interface ¥ and where R, RS respectively denote the
Scott-Zhang interpolants (see, e.g., [23]) projecting onto the finite element spaces V7,
and Vﬁl, and S}, is the Scott-Zhang interpolant into M, ,‘; modified by a global constant
so the average on Qf is zero. For projecting into V#, we use the notation j,, the L?
orthogonal projection from V* to V%. We employ the Scott-Zhang interpolant for this
analysis because it allows significant flexibility when selecting the degrees of freedom.
Indeed, we may choose the degrees of freedom so that we will have Rj v = Rfl'w on X
if ve[HY(Q%)]? and w e [H'(QF)]? and v = w on X.
We may then define the following quantities to construct our error estimate:

Sn def

+pHe +p\|e

tho Qs Qf?

gn def

TaHe

def 2 2 2 2
Wi =p Heu b~ €y ||o ar +4puTlle(ey )60 +27h%[Vey 16,05
def -
Zn - OLHedﬁ - eu h HO =
for 1 < n < N. Finally, as described in [12, Chapter 5], the quasi-optimal error result
requires two key assumptions, which we state here. The motivation behind these
assumptions will be explained further below. First, we assume that the normal n®
can be extended from ¥ into 2° in such a way that its gradient is bounded.

ASSUMPTION 1. There exists 1" € [WH®(Q%)]? such that 7’|y, = n®.

The second assumption is the existence of a function QZ : 2° — R that serves as a
pseudo-lifting operator from the interface ¥ into the interior of the solid domain 5.

ASSUMPTION 2. Assume that T < % There exists a function (,ZNS: Q% — R satisfy-

ing:
(1) 0< ¢ <

(ii) ¢ V*;

(iii) {x e : (z) # 1} < Cr

(iv) [Vo]g o < C (1 +log);
where each C > 0 represents a general constant independent of T and of the physical
parameters.

With these assumptions established, the quasi-optimal error results proceeds as
follows.
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THEOREM 2. Under Assumptions 1 and 2, and assuming that the solution is
smooth enough so that'Y}, defined below and ||e(d) \|%2(0 T,L (95)) | div d\|2L2(0 T.L% (95))
are bounded, we have the following bound on the discrete error

(4.9)  max {Si'+ &+ Y (Z + W)
m=1
(14 T)(Ly + Ly)3 - :
<o = ((1 +log 7 Y) le(d)Z2 (0 1.1 (20
+ | div dHiz(o,T;LW(QS))) Y,
where Y}, def Z?zl Y1 is given by
def

Yy, S h? l(l +hH)p (1 +T) \|atd|\iz(07T;H2(m)) +(1+ hQ)prHatuHQLQ(O,T;HW))

+ A +T)(L1 + LQ)HdH%?(O,T;HQ(QS)) + #”“H%z(o,T;H?(m))
h2
+ ;HPH%Z(O,T;HQ(Qf)) + (L1 + LQ)”dH%Q(O,T;H?(QS)
2 2|, 2 s 3712
+ (L1 + L2)||de(O,T;H2(QS)] +7 [T P (L +T)|0dl| 720, 7. 12(00))
4

h
+ prHat2uH%2(0,T;L2(Qf)) + ;Hatpuiz(o,T;H%Qf))

+h3(Ly + L2)Hd\|2L2(o,T;H2(Qs)) + h2:u|atu|%2(0,T;H2(Slf))]’

def .
Yon =17 [(72)(1 +T) (L + Lo)| 07 d| 720 1,01 (o)) + W2 10wl 220 7,3 0

a2 1 +T MQ
+ (1 +a+ m ot (a)) |‘atu‘|i2(0,T;H2(E))

. 1+7T 1
+ (L+ @) 0720 r.n205) + (1 Tt M) 10ep 20,7222

+7%(1+a) Ha?dH%?(O,T;LQ(Z)) + TPSHathH%%o,T;L?(Qs))
T

+ (A +T)(L1 + L2) + ps)Hatd”2L2(0,T;H1(QS)) + THE((?tu)”%?(O,T;LOO(E))

T .
+ EHaﬁpH%Q(O,T;Lw(E)) + 0°10:d)1 3 (0 7.1 (20 + h2|atp|%2(O,T;H1(Qf))1
+ hQ(HUHZLZ(o,T;HS(Qf)) + HVpHiz(o,T;Lz(Qf)))

Tu? T
+ht (Oé”atu%Q(O,T;HQ(E)) + aatp%Q(mT;Hl(Z))) ’

def (1 + T)(Ll + LQ)S + pS(L2 + L2) .
Y3 n —T2l 2 \d| 72 0 712 (00

a2
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p*T(L3 +L3), . - p*(L3 + L3)
+ #”‘%d“%ﬂ(o,T;H?(QS)) + %Hduwmmm(ﬂs)) :

4.3. Sketch of the proof to Theorem 2. The proof of Theorem 2 is only
sketched below due to the page limit, we refer to [12, Theorem 5.2.9] for full details.
The argument consists of three parts. First, we begin with a preliminary bound.

LEMMA 4.1. For 1 <n < N, it holds

3 3 n 7 n 7_ i
2, (57 480} g 2 021 < 3L T et o0
where
def def — n def \n n—
g5 291h+7rh92’ gty = Rju™ — Rju"', gf © A" — A"}
and
def n—1 1
n de m m
D =7 Y | ple((Ry, — Du™)[§ o + ;H(Sh — Dp™|3 o
m=1
~m—1% 5 m m
+(1+T)|Ryd * —0.R;, H (1 + DR, — Dod™ |2 + h?[u™ | Fs g
+(1+T)|Ryd™ * o, demH 1+ T)|(B, — 1)ord™ |2 + h2|[u™[3
2 1
+ (a + a) (1 + -+ ) AT = X"THR
I
FTpor R — 0 d™ 7 R g + P T O R — G2

+ 1|V Shp™ g + (B}, — D" 2.

The proof of Lemma 4.1 requires some standard algebra along with Cauchy-Schwarz,
Young’s inequality, trace inequality, and Korn’s inequality. A detailed proof is in-
cluded in [12, Chapter 5]. The key takeaway, however, is that all of the terms in D’
are either the norms of splitting error terms such as g7 ;, or interpolation errors such
as Spp™ — p". In both cases, the terms may be optimally bounded in terms of h and
7 in the final step of the proof. However, the remaining unbounded term requires
special care.

Consequently, the second part of the proof involves deriving a bound for the term

n T

m—1 m
Z EJ €xn "93n
— ¢ Jx

If we attempt to bound this term by balancing eT;l with terms appearing on the

left-hand side of the estimate, we ultimately sacrifice a factor of T%, resulting in
suboptimal convergence, as done in [5]. Essentially, the challenge presented by this
term is that it resides on the interface ¥, but to avoid a loss in accuracy we must
somehow avoid the interface as much as possible.

To do this, we utilize the error equations of the solid to pull the term ey A ! from
the interface ¥ into the interior domain Q°. However, this requires us to construct
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an extension of g3, into ©° which is in V7. Critically, this means that the extension

needs to vanish on 0Q*\X, which is not guaranteed for gg”gl due to the presence of

AL A™). Therefore, we will utilize the extended normal 15 and the

the term 7y, (
function q~$ defined in Assumptions 1 and 2 to construct a cut-off function technique
to continuously lift the residual g5 4}:1 from V¥ into V7.

The result of this extension step yields a quasi-optimal bound stated in the fol-

lowing lemma.

LEMMA 4.2. Under Assumptions 1 and 2 we have

8 1<m<n

%2 J\Eeigl'ggjhgl max {Sh +€h}+ 2 Zh +C\I/
m=1

f

where W7 L Uy, + U5, gven by

n
def n
vy =T Z [ A

L+ D)]g7u]3 + (1 + )

m
+TZ
m—

1

S s M . ) m—L
+p HaTth - at Ho Qs TP HgnH”o o + (R, — D™ 2|2

. _ 1
+a| Riu™ — 0, Rd™ |3 5 + o Ryd™ 7 — o, Rydy s |,

eT S m— ~ m
gy Lm0 2||a2R (Gor(d™ i) 5 o + +—Z lg513 5
“ 1+T 1\, n "
+7 )] (1+E)H>‘ AR S
m=1

m m—1 P
vd —od Pfos +

s -1 m S

+ (R, = DA™ 7% |2 + [ Rju™ = 0, Ryd™ | s
'7”_% s gm T m

B - o Ry + 08 s

Finally, in the third step of the proof, it remains to bound the terms D} and V7,
which is the purpose of the next lemma.

LEMMA 4.3. Under Assumptions 1 and 2, we have, for 1 <n < N,

(1+T)(Ly + L)3

n n 2
h+q/h<CT a2

(141087 )e(@) 132 0,rip0 )+

| div d||%2(o,T;Loo(Qs))) +CY |

The error estimate (4.9) then follows by combining the results of Lemmas 4.1-4.3.
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5. Numerical examples. In this section, we illustrate the accuracy properties
of Algorithms 3.1 in a series of well-known numerical examples.

5.1. Convergence study in a simplified framework. The objective of this
first example is to provide numerical evidence of the nearly-optimal convergence result
of Theorem 2. We will in particular investigate the effect on the accuracy of the solid
parameters Lj, Ly involved in the error estimate (4.9). To this purpose, we consider
the pressure wave propagation benchmark of [16, Section 6.1.1] with the simplified
coupled problem (4.1)-(4.3). We hence take Qf = [0, L] x[0, R], Q2% = [0, L] x[R, R+€],
with L = 6, R = 0.5 and € = 0.1. All the units are in the CGS system. At the fluid
inlet boundary = = 0 a sinusoidal pressure of maximal amplitude 2 - 10* is enforced
during 5- 1073 second. Zero traction is prescribed at the oulet 2 = 6 and a symmetry
condition is enforced on the lower wall. Transverse membrane effects are included in
the solid equation (4.2); through the additional zeroth-order term cod. The solid is
clamped at its extremities and zero traction is enforced on its top boundary.

——O— strongly coupled
slope 1
RRa=62.5

01
RR a=125
RR =250
——-@—- RRa=500
——-@-—- RRa=1000
——-@-—- RRa=2000
——-@-—- RRa=4000
——-@—- RRa=8000

displacement energy norm error

001 01
mesh-size (h)

F1G. 1. Convergence histories for E = 1.58 - 106.

- RRa=7.8
RRa=156
RRa=31.2
RR a=62.5
RRa=125
RR a=250

- RRa=500

- RRa=1000

o1

displacement energy norm error

- RRa=2000
-~ RRa=4000

-~ RR a=8000
——O— strongly coupled
slope 1

001 01
mesh-size (h)

F1G. 2. Convergence histories for E = 3.16 - 10°.

The fluid and solid physical parameters are p' = 1, u = 0.035, p° = 1.1, L; =
1.15-105, Ly = 1.7-10° and ¢o = 4-10°. The pressure stabilization parameter in (4.5)
is set to 7, = 1073, All the computations have been carried out with the FreeFem++
software (see [22]).

In order to illustrate the accuracy of Algorithm 4.1, we evaluate the relative
displacement error Hth —d(T) He/Hd(T)He at the final time 7" = 0.015 for different
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- RRa=7.8
RRa=15.6
RRa=31.2
RR a=62.5
RRa=125
RR =250

——-@—- RRa=500

——-@-—- RRa=1000

0.1

displacement energy norm error

——-@-—- RRa=2000
——-@-—- RRa=4000
——-@—- RRa=8000
——— strongly coupled
slope 1

mesh-size (h)

F1G. 3. Convergence histories for E = 1.58 - 105.

values of the discretization parameters under 7 = O(h), namely,
re{5-107%/2} ), he{0.1/2},.

The relative errors are calculated with a reference solution obtained with an implicit
coupling scheme and a fine space-time grid (h = 0.003125 and 7 = 107%). The
resulting convergence histories are reported in Figures 1-3 for three decreasing values
of the Young modulus E. For comparison purposes, the results obtained with the
implicit coupling scheme are also provided.

Several remarks are in order. The results indicate that there exists an optimal
value of the Robin parameter « in terms of accuracy, and that accuracy tends to
degrade for large or small values of a. Figures 1-3 also show that overall first-order
accuracy O(h) is obtained for some values of a. This is more noticeable in Figures 2
and 3. The results show that accuracy tends to degrade when increasing the elastic
parameters L1 and Ly. All these observations are in agreement with the error estimate
provided by Theorem 2. The results of Figures 1-3 indicate also that the optimal
value of the Robin parameter « is proportional to v/E. Such scaling equilibrates the
contributions of the error bound provided by Theorem 2, which suggests the choice
a = v4/pSE, with v a user-defined dimensionless parameter.

5.2. Lid-driven cavity with flexible bottom. As second numerical example,
we consider the classical shear-driven cavity problem with a flexible bottom (see, e.g.,
[19]). The fluid domain is the unit square Qf = [0,1] x [0,1] with the fluid-solid
interface on the lower boundary ¥ = [0,1] x {0}. All the units are given in the SI
system.

w(t) = (1- <:os(27rt/5),0)T

\a(

/

u,p)n =0

u=0

N Qf =0,1] x [0,1]

Fic. 4. Geometric description.
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el

(a) t =2.8-102 (b) t =2.9-10"2 ) t=3.0-10"2

Fic. 5. Snapshots of the fluid velocity in the deformed configuration at three different time
instants obtained with Algorithm 3.1 and o = 1.

displacement

Strongly coupled
—— RRa=0.1
RRa=1
RRa=10

0.05|

. . . .
0 20 40 60 80
time

F1G. 6. Time history of the mid-point displacement magnitude obtained with Algorithm 3.1, for
three different values of a, and a strongly coupled scheme.

02

o
o
T

°
T

displacement

Strongly coupled
———— RRa=1-0 coor

RR a=1 -1 coor
RR a=1 - 2 coor
RR a=1 - 3 coor

0.05

L L L L L
0 20 40 60 80
time

Fi1G. 7. Time history of the interface mid-point displacement magnitude obtained with Algo-
rithm 3.1, for a« = 1 and different correction iterations, and a strongly coupled scheme.

The system is described by the non-linear coupled problem (2.1)-(2.3) in which
the solid model (2.2) is replaced by a non-linear Timoshenko beam (see, e.g., [3]). The
overall system is initially at rest and an oscillating shear velocity profile is imposed on
the upper boundary u(t) = (1 — cos(0.47t),0)T on [0,1] x {1}. A no-slip condition is
enforced on the portions {0,1} x [0, 0.9] of the lateral cavity walls, and zero traction
is prescribed on theremaining parts {0, 1} x [0.9, 1]. The fluid physical parameters are
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given by pf = 1.0 and g = 0.01, and for the solid p* = 250, € = 0.002, E = 250 and
v=0.

The spatial fluid approximation in (3.11) is made of Q1/Q; finite elements with
a SUPG/PSPG stabilized formulation. Linear MITC beam elements are used for the
approximation of the Timoshenko beam in (3.10). In this numerical example, the
computational meshes for the fluid and the solid meshes are, respectively, made of
400 quadrilaterals and of 20 segments and a time-step length of 7 = 0.1 is considered.
All the numerical computations have been performed with the FELiScE library!.

For illustration purposes, we have reported in Figure 5 some snapshots of the fluid
velocity magnitude in the current configuration at different time-instants, obtained
with Algorithm 3.1 and o = 1. We now focus on the accuracy of this loosely coupled
scheme. To this purpose, we have first reported in Figure 6 the magnitude of the
interfacial mid-point displacement obtained with Algorithm 3.1, for different values
of o, and with a strongly coupled scheme. The impact of o on the accuracy is
clearly visible. As in the previous numerical example (Section 5.1), the accuracy of
Algorithm 3.1 degrades when « is both smaller and larger than the optimal value
(here, around « = 1). It is also worth noting the very good accuracy of the results
obtained with Algorithm 3.1 and o = 1. Indeed, without any correction iteration
the proposed loosely coupled scheme delivers practically the same accuracy as the
strongly coupled scheme. This observation is in line with the results of the previous
section (Figures 1-3) and the error estimate of Theorem 2, which indicate that small
values of the solid elastic parameters yield a low splitting error.

Finally, Figure 7 compares the results obtained with Algorithm 3.1 for &« = 1 and
different correction iterations. We recall that one correction iteration corresponds to
performing once more steps (3.10), (3.11) and (3.12) of Algorithm 3.1 with updated
Robin conditions, that is, by initializing A" ™! and ﬁ"_l\g with the last values of A"
and u"|x. Since the accuracy is already very good without any correction, it only
slight improves as we increase the number of corrections.

5.3. Pressure wave in an elastic tube. We consider the 3D non-linear coun-
terpart of the numerical example considered in Section 5.1, viz., the propagation of a
pressure wave within an elastic tube (see, e.g., [18, Chapter 12]). The fluid domain is
a straight tube of radius 0.5 and length 5. The vessel wall has a thickness of 0.1. All
the units are given in the CGS system. The fluid-structure system is modeled by the
non-linear coupled problem (2.1)-(2.3). The overall system is initially at rest and an
over pressure of 1.3332-10% is imposed on the inlet boundary during the time interval
[0,0.005]. The solid wall is clamped at its extremities. The physical parameters for
the fluid are pf = 1 and p = 0.035, and for the solid p* = 1.2, E = 3-10% and v = 0.3.
In (3.10) and (3.11) continuous P finite elements are used (a SUPG/PSPG stabilized
formulation is considered in the fluid). All the numerical computations have been
performed with the FELiScE library.

To highlight the fluid-structure interaction in this numerical example, Figure 8
shows snapshots of the fluid pressure in the deformed configuration at different time-
instants, obtained using Algorithm 3.1 with & = 500. We will now assess the influence
of the parameter a. In Figure 9, we display the magnitude of the interfacial mid-point
displacement calculated using Algorithm 3.1 for various « values. These results are
then compared to those obtained using a strongly coupled scheme. As observed in the
previous numerical examples, the performance of Algorithm 3.1 is closely linked to the

Lhttps://gitlab.inria.fr/felisce/felisce
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(a)t=3-10"3 (b) t=7-10"3 () t=1.2-10"2

Fic. 8. Snapshots of the fluid pressure in the deformed configuration at three different time
instants with a = 500.

0.018 F

0.016 -

00141

0012

0.008 [~

displacement

0.006 - Strongly coupled
RRa=125

RR a =250

RR a = 500

RR a = 1000
RR a = 2000

0.004 -

0.002 |-

0 0.002 0.004 0,006 0,008 0.01 0.012 0.014
time

F1G. 9. Time history of the interface mid-point displacement magnitudes with implicit coupling
and RR algorithm with different o.

0.018

0.016 -

0014

0012

0.008 [~

displacement

0.006 -

Strongly coupled
RR a =500 - 0 coor
RRa=500-1coor
RR a =500 - 2 coor
RR a =500 - 3 coor

0.004 [~

0.002 -

0 0.002 0.004 0.006 0.008 0.01 0012 0014
time

F1G. 10. Time history of the interface mid-point displacement magnitudes with implicit coupling
and RR algorithm with o = 500 and different corrections.

choice of a. Specifically, Algorithm 3.1 shows good accuracy when « is approximately
500. However, as we deviate from this range, both smaller and larger values of o tend
to degrade the accuracy.

Figure 10 illustrates the impact of some correction iterations in Algorithm 3.1
with @ = 500. We observe an improvement in the accuracy of Algorithm 3.1 as
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we increase the number of corrections. It is worth noting that a single iteration
significantly improves the accuracy. Large values of the solid physical parameters can
negatively impact the solution, necessitating correction iterations to achieve accurate
results.

6. Conclusion. We have extended the stability results of the loosely coupled
Robin-Robin coupling from [5] to the fully nonlinear case. A nearly-optimal error
estimate was also reported for the linear case. The numerical section validated the
theoretical results, but also pointed to the importance of making a judicious choice
of the Robin parameter « in order to observe optimal convergence in the range of
discretization parameters used.
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