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SOLUTION OF MISMATCHED MONOTONE+LIPSCHITZ INCLUSION
PROBLEMS

EMILIE CHOUZENOUX', JEAN-CHRISTOPHE PESQUET?, AND FERNANDO ROLDANT

ABSTRACT. In this article, we study the convergence of algorithms for solving monotone in-
clusions in the presence of adjoint mismatch. The adjoint mismatch arises when the adjoint
of a linear operator is replaced by an approximation, due to computational or physical issues.
This occurs in inverse problems, particularly in computed tomography. In real Hilbert spaces,
monotone inclusion problems involving a maximally p-monotone operator, a cocoercive op-
erator, and a Lipschitzian operator can be solved by the Forward-Backward-Half-Forward,
the Forward-Douglas-Rachford-Forward, and the Forward-Half-Reflected-Backward meth-
ods. We investigate the case of a mismatched Lipschitzian operator. We propose variants of
the three aforementioned methods to cope with the mismatch, and establish conditions under
which the weak convergence to a solution is guaranteed for these variants. The proposed al-
gorithms hence enable each iteration to be implemented with a possibly iteration-dependent
approximation to the mismatch operator, thus allowing this operator to be modified at each
iteration. Finally, we present numerical experiments on a computed tomography example in
material science, showing the applicability of our theoretical findings.

Keywords. Splitting algorithms, convergence analysis, fized point theory, convexr optimiza-
tion, adjoint mismatch

2020 Mathematics Subject Classification. 47TH05, 47H10, 65K05, 90C25.

1. INTRODUCTION

A rich literature exists on monotone inclusion problems formulated on a Hilbert space H and
their deep relations with optimization, game theory, and data science (see [3, 12, 14] and the
references therein). In particular, splitting approaches have turned out to play a crucial role for
solving complex formulations combining monotone and linear operators. A typical monotone
inclusion problem involving the sum of several operators is the following one:

Problem 1.1. Let A: H — 2™ be a mazimally p-monotone operator for some p € R, let
C:H — H be a B-cocoercive operator for some € ]0,4+00[, let B: G — G be a monotone and
¢-Lipschitzian operator for some ¢ € |0,4+o00[, let L : H — G be a linear bounded operator, let
ce g, and let a € [0, +00[. We want to

find x €M suchthat 0€ Ax+ Cx+ aL*(Lx —c¢)+ L*BLx, (1.1)
under the assumption that the set of solutions is nonempty.
A particular case of this problem is the following optimization one:

Problem 1.2. Let f: H —]—00, +o0] be a proper lower-semicontinuous p-strongly (resp. (—p)-
weakly) convex function for some p € [0,4o00[ (resp p < 0), let g: H — R be a differentiable
convex function with a 1/B-Lischitzian gradient for some 8 € 0,400, let h: H — R be a
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differentiable convex function with a (-Lipschitzian gradient for some ¢ € 10, +oo], let L : H —
G be a linear bounded operator, let ¢ € G, and let o € [0, +o00[. Let

| L2 — cff?

F:zw f(z)+g(z)+a 5

+ h(Lw). (1.2)

We want to

inimi F 1.3
mlggﬁlze (x) (1.3)

under the assumption that the set of solutions is nonempty.

Let Opf denotes the Fréchet subdifferential of f. The equivalence with Problem 1.1 is
obtained by setting A = dpf, C = Vg, B = Vh, provided that every local minimizer of F' is
a global minimizer. The latter condition is satisfied when F' is convex (which obviously arises
when p > 0).

Another example is the following Nash equilibrium problem [1] involving 2 players:

Problem 1.3. Let Hi, Hz, G1, and G be real Hilbert spaces. For everyi € {1,2}, let f;: H; —
] — 00, 4+00] be a proper lower-semicontinuous p;-strongly (resp. (—p;)-weakly) convex function
for some p; € [0,400[ (resp p; < 0) and let g;: H; — R be a differentiable convexr function
with a 1/8;-Lischitzian gradient for some §; € |0,+o0[. Let R be a bounded linear operator
from Ga to G1 and, for everyi € {1,2}, let L; be a linear bounded operators from H; to G;. Let
a €0, 400 and, for every i € {1,2}, let Q; be a self-adjoint linear operator from G; to G; such
that Q; — aldg, is positive. Let

1
Fy: (21, 22) = fi(21) + g1(z1) + <L1I1 | §Q1L1$1 + RL2£E2> (1.4)
1
Fy: (w1,22) = fo(w2) + g2(22) + <L2$2 \ §Q2L2x2 - R*L1x1>. (1.5)
We want to find T1 € Hy and Tz € Ho such that
T = arg min F (z1,T2) (1.6)
1 EH1
Ty = argmin F5(T1, x2), (1.7)
r2EH2

under the assumption that such a pair (T1,Ts) exists.

Assume that, for every solution (T1,T2) to Problem 1.3, every local minimizer of z; +—
Fy(x1,T2) (resp. zo — F5(T1,22)) is a global minimizer. For example, this condition is sat-
isfied if, for every i € {1,2}, z; — fi(z:) + gi(x;) + %(Lzmz | Q;L;x;) is convex. Then, the
above game theory problem is an instance of Problem 1.1, where H = H; X Ho, G = G1 X Go,
p = min{pl,pz}, A= A1 X A27 (VZ S {1,2}) Az = BFfZ, C: (1‘1,32‘2) — (Vgl(xl),Vgg(xQ)),
B: (y1,y2) = (Qiy1 + Sy2 — ay1, —S*y1 + Qa2y2 — ayz), L: (x1,72) — (L1721, Lax2), and ¢ = 0.

In this article, we will be interested in the following relaxation of Problem 1.1:

Problem 1.4. Let A : H — 2" be a mazimally p-monotone operator for some p € R, let
C :H — H be a B-cocoercive operator for some B € ]0,+oc], let B : G — G be a monotone and
¢-Lipschitzian operator for some ¢ € 10, +o0[, let L: H — G and K : G — H be linear bounded
operators, let ¢ € G, and let o € [0, +00[. We want to

find x €M suchthat 0€ Ax+ Cx+ aK(Lz —c) + KBLx, (1.8)

under the assumption that the set of solutions is nonempty.
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This formulation arises when L* in Problem 1.1 is replaced by some approximation K,
introducing a so-called adjoint mismatch. Such a mismatch is typically encountered in vari-
ational approaches for solving inverse problems, where L models a degradation process and
its adjoint often needs to be approximated due to computational or physical issues. Adjoint
mismatch problems have been the topic of a number of recent works where simpler scenarios
than Problem 1.4 have been considered. The importance of adjoint mismatch in computer
tomography has been early recognized in [45]. Then, various methods for solving mismatched
forms of Problem 1.2 have been investigated in the literature. The analysis of the quadratic case
(f =9g=h=0)in [19, 16] is grounded on algebraic tools. In the context of the randomized
Kaczmarz method, affine admissibility problems, i.e., f = ¢ =0, a = 0, and h is the indicator
function of a singleton, have been addressed in [26]. The case when p > 0, g = 1| - [|?, and
h = 0 is investigated in [10] by focusing on the proximal gradient algorithm. As an extension
of [10], a new preconditioning strategy for the proximal gradient algorithm is proposed in [36].
The case when p > 0, g = 0, a = 0, and the conjuguate of h is strongly convex is analyzed in
[27] by using Chambolle-Pock algorithm with fixed and varying step sizes. A similar scenario
where p > 0, h =0, and g = £o M, where { is a convex function and M is a bounded linear op-
erator, has been studied in [8] by considering the Condat-V1 [15, 39], Loris-Verhoeven [29], and
Combettes-Pesquet [13] primal-dual methods. Note that the convergence proofs in [8, 10, 36]
rely on cocoercivity properties of the underlying operators, while this paper puts emphasis on
weaker Lipschitz properties.

Since the operator L*(aldg + B)L is monotone and Lipschitzian, the methods proposed
in [6, 30, 35] can be used to solve Problem 1.1. In particular, the authors in [6] proposed a
method called forward-backward-half-forward (FBHF), which generalizes the forward-backward
(FB) splitting [21, 25, 33] and the forward-backward-forward (FBF), also called Tseng’s splitting
[38]. FBHF involves two activations of the Lipschitzian operator, one activation of C, and one
application of the resolvent of A (up to some scale factor), at each iteration. In turn, the
authors in [30] proposed the forward-half-reflected-backward (FHRB). By storing the previous
iterate, this method requires one activation of the Lipschitzian operator, one activation of C,
and one computation of the resolvent of A, at each iteration. FHRB reduces to FB when the
Lipschitzian operator is absent. On the other hand, the Forward-Douglas—Rachford-Forward
(FDRF) splitting proposed in [35] involves two activations of the Lipschitzian operator and
one computation of the resolvent of A and of the resolvent of B, at each iteration. FDRF
reduces to the Douglas—Rachford splitting [18, 25] when C' = 0 and it reduces to FBF when
the Lipschitzian operator is absent. When dealing with Problem 1.4, the monotonicity of the
operator K(aldg + B)L is not guaranteed, and the existing convergence guarantees for the
previously mentioned methods collapse.

In our work, we revisit FBHF, FHRB, and FDRF by proposing variants allowing to tackle
Problem 1.4 and by studying conditions guaranteeing their convergence in this context. Addi-
tionally, our analysis will be carried out in the case when, at each iteration, K is not necessarily
available, but an approximation K, of it is available. Our results are therefore of potential in-
terest in scenarios where K, corresponds to a learned operator, for example in neural network
architectures based on the unrolling of optimization algorithms [5, 7, 37]. In our analysis, we
will also provide evaluations of the error incurred by the adjoint mismatch.

The outline of the paper is as follows. In section 2, we briefly introduce the necessary
notation and mathematical background. Section 3 provides preliminary results concerning
Problem 1.4. We also establish two lemmas which will be useful to prove convergence results
for the considered algorithms. Sections 4, 5, and 6 are dedicated to the convergence analaysis
of splitting methods based on FBHF, FDRF, and FHRB, respectively, for solving Problem 1.4.
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In section 7, we present a numerical comparisons of the three algorithms in an image recovery
problem arising in computer tomography. Some concluding remarks are drawn in section 8.

2. NOTATION AND BACKGROUND

Throughout this paper H and G are real Hilbert spaces with scalar product (- | -) and associ-
ated norm || - ||. The symbols — and — denote the weak and strong convergence, respectively.
The identity operator on H is denoted by Idy. We denote the set of bounded linear opera-
tor from H to G by B(H,G). Given a linear operator M € B(H,G) we denote its adjoint by
M* € B(G,H). Let D C H be non-empty set and let T: D — H. The set of fixed points of T'
is FixT = {$ eD | T = T;U}. Let 8 €]0,4+00[. The operator T is S—cocoercive if

(Vz € D)(vy € D) (z—y|Tx—Ty) > p|Tx - Ty|? (2.1)
and it is f—Lipschitzian if
(Ve € D)(Vy € D) [Tz —Ty| < Bllx—yll. (2.2)

When the above inequality holds, the smallest constant 8 € [0, +oo] allowing it to be satisfied
is called the Lipschitz constant of 7" and denoted by LipT. Let A: H — 2" be a set-valued
operator. The domain, range, zeros, and graph of A are dom A = {x eEH ‘ Ax #+ @}, ran A =
{ueH|BreH)uec Az}, zerA={x e H|0€ Az}, andgrad = {(z,u) € H x H | u € Az},
respectively. Moreover, the inverse of A is given by A~!: u — {x € % | u € Az}. Let p € R,
the operator A is p-monotone if, for every (z,u) € gra A and (y,v) € gra A we have

(@ —ylu—v)>ple -yl (2.3)

Additionally, A is maximally p-monotone if it is p-monotone and its graph is maximal in the
sense of inclusions among the graphs of p-monotone operators. In the case when p = 0, A is
(maximally) monotone, and when p > 0 A is strongly (maximally) monotone. The resolvent
of a maximally p-monotone operator A is defined by J4 := (Id + A)~! and, if p > —1, Ja is
single valued and (14 p)-cocoercive [4, Table 1]. Note that, if A is p-monotone, then, for every
v €10, 4+00[, vA4 is yp-monotone.

We denote by I'o(H) the class of proper lower semicontinuous convex functions f: H —
| =00, +00]. Let f € To(H). The Fenchel conjugate of f is defined by f*: u +— sup,cqy (( | u) —
f(z)) and we have f* € To(H). The Moreau subdifferential of f is the maximally monotone
operator Of :  — {u € H ‘ (VyeH) f(z)+ (y—=z|u) < f(y)}, we have that (9f)~' = df*
and that zer Jf is the set of minimizers of f, which is denoted by argmin,cy f.

For further properties of monotone operators, nonexpansive mappings, and convex analysis,
the reader is referred to [3].

3. PRELIMINARY RESULTS

By simple calculation, we can show that, for every M € B(G, H), the operator M (aldg+ B)L
is Lipschitzian. Indeed,
(V(z,y) € H*) |[M(addg + B)Lx — M(aldg + B)Ly| < (af|M o L|| + ¢[IM ||| L]) ]|z — y|-

This applies, in particular, to M BL. Henceforth, we introduce the following notation.

Notation 3.1. In the context of Problem 1.4, for every M € B(G,H), define Dy: x —
aM(Lz — ¢) + MBLz, k) = Lip(M(aldg + B)L), and Cyy = Lip(MBL). Let Apin € R be
defined by

Amin = inf {(z | KLz) | € H, [lz|| = 1}. (3.1)

In order to guarantee the convergence of methods for solving Problem 1.4, we introduce the
following assumptions:
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Assumption 3.2. In the context of Problem 1./ suppose that
(1) DK 7é 0; _
(11) ﬁ = p + a)\rnin - CL*—K Z O;
(iil) (Kn)nen is a sequence of B(G,H) such that, for every n € N, || K, — K|| < w,, where
{wWn}nen C [0, +o00] and ), cywn < +00.

Remark 3.3. In the case when o > 0, B =0, and A is maximally monotone (p =0), Assump-
tion 3.2 reduces to the monotonicity of KL, that is Amin > 0, which is a necessary condition
for KL to be cocoercive [10, Lemma 3.3], thus, for ensuring the convergence of cocoercive linear
mismatch methods proposed in [8, 10]. In general, monotone linear operators are not necessarily
cocoercive, for instance, consider the operator M : R? — R?: (z,y) — (—y, z).

Proposition 3.4. In the context of Problem 1./ and Assumption 3.2, the following assertions
hold:
(i) A+ Dg is mazimally monotone.
(i) A+ C + Dk is maximally monotone.
(iii) Suppose that p > 0. Then A+ Dy is p-strongly monotone and zer(A+ C + Dg) is a
singleton.

Proof.
(i) In view of the p-monotonicity of A, the definition of Ay, in (3.1), the Lipschitzianity
of (L* — K)BL, the monotonicity of L*BL ([3, Proposition 20.10]), and Assump-
tion 3.2(ii), we have, for every ((z,u), (y,v)) € (gra A)?,
(x—y|u+ Dgx— (v+ Dgy))
={x—y|lu—v)+alzx—y| KLz — KLy)
+(z—y|L*BLy — L*BLy) + (x —y | (L* — K)(BLx — BLy))

> (2 —y | u—0) + adminllz — y[|* = (ke ||lz — y]?
> pllz —yl* >0, (3.2)

which shows the monotonicity of A + Dg. Now, by [4, Lemma 2.8] A — pldy is
maximally monotone, by Assumption 3.2(ii) and [3, Example 20.34] pIdy is maximally
monotone, by (3.1) and [3, Example 20.34] (KL — A\pinldy) is maximally monotone,
by [20, Lemma 2.12] (K — L*)BL + Cp-_gIdy is (1/(2(1-_k))-cocoercive with full
domain, and, by [3, Corollary 25.6] and the full domain of B, L*BL is maximally
monotone. Since

A+ Dy :(A — pIdH) + pldy + (OéKL — aAminId';.O
+ ((K = L*)BL + (1+_xIdy) + L* BL — aKe, (3.3)

the maximality of A + D follows from [3, Corollary 25.5].

(ii) By (i), A + Dk is maximally monotone. Since C' is cocoercive with full domain, the
operator A 4+ Dy + C is maximally monotone according to [3, Corollary 25.5].

(iii) The strong monotonicity of A+ D follows directly from (3.2). In view of the cocoer-
civity of C and [3, Corollary 23.37], we conclude that zer(A + C + D) is a singleton.

Remark 3.5.
Proposition 3./(i) remains valid if Assumption 3.2(ii) is replaced by

P+ aAmin — Cx > 0. (3.4)
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Indeed, for every ((z,u), (y,v)) € (gra 4)?,

(@—y|u+Dga— (v+Dky)) > (p+ @Amin — Cx)llz — 1.
which shows the monotonicity of A+ Dy . The mazimal monotonicity is deduced in the same
way as at the end of the proof of Proposition 3.4(i). However, since K is a surrogate for
operator L*, it is expected that (g > (k.

The following proposition provides an estimate of the distance between a solution to Prob-
lem 1.1 and a solution to Problem 1.4.

Proposition 3.6. In the context of Problem 1.4, assume that p + aApin > 0. Then, there
exists a unique solution z* to Problem 1.1. Furthermore, every solution z to Problem 1.4 is
such that

[z —2"| £ ————IIL" — K[| [|a(Lz — ¢) + BLz]. (3.5)

Proof. Since p + aAmin > 0, it follows from Proposition 3.4(iii) when K = L* and the coco-
ercivity of C' that A+ C + Dp+ is (p + @Amin)-strongly monotone and zer(A + C + D) is a
singleton {z*}. Let z € zer(A + C + Dg). Then

z = JA+C+DL* (Z + DL*,KZ) (36)
and

Z* = JA+C+DL* (Z*) (37)

Since Jatc+p,. is Lipschitzian with constant 1/(1 + p + aAmin) [3, Proposition 23.13], we
deduce that

1
1
< m(\|z—2*|\+||L*—K|| |a(Lz —c) + BLz|)). (3.8)
The result follows from the last inequality. |

The following lemmas will play a prominent role to prove convergence properties of two of
our proposed methods for solving Problem 1.4.

Lemma 3.7. Let I C |0,4o00[ and let S be a nonempty subset of H. Suppose that, for every
veI, QV:H — H is such that there exists a function ¢7: H — [0, +oo[ satisfying, for every
z€H and z* € 5,

1Q7z = 2|12 < ||z — *|12 — 67 (). (3.9)
For every z* € S, let {wn(z*)}nen C [0,400] and {n,(z*)}nen C [0,+00[ be such that
Y onen @n(2¥) < 400 and Y () < +00. For everyn € N and vy € I, let Q) : H — H be
such that

(VzeH) [[Qrz— Q72| S w@wn(z")]z = 27| + ma(z7). (3.10)
Let {vn}nen C I, let zg € H, and define the sequence (z,)nen recursively by
(Vn eN)  znt1 = Q)" zn. (3.11)

Then, the following assertions hold:

(i) (Jlzn — 2*||)nen is convergent.
(i) ZnEN lzn41 — Q25| < +o00.
(it) > ,en @7 (2n) < 4o0.
(iv) Suppose that every weak sequential cluster point of (zn)nen belongs to S. Then (zp)nen
converges weakly to a point in S.
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Proof. Let z* € S.
(i) By (3.9) applied to z = z, and v = ~,, we obtain
Q72 — 2 <llzn — 212 6% (2. (312)
In particular,
Q7 zn — 2% <[z — 27| (3.13)
Additionally, it follows from (3.10) that

QY 20 — Q7 zn |l < @n(27) |20 — 27| + 0 (27). (3.14)

Thus,
[2nt1 — 27| S Q"2 — 27| + [|Q) 20 — Q7 2| (3.15)
< A+ @n(2)llzn — 2" + 1 (27). (3.16)

Therefore, from [3, Lemma 5.31], we conclude that (||z, — 2*||)nen is convergent.
(ii) We deduce from (i) that § = sup,cy|2n — 2*|| < +o0o0. Since (wy(z*))nen and
(N (2*))neny  are summable sequences, we conclude from (3.14) that

ZneN Q% 20 — Q" 2, || < +o00.
(iii) By using Cauchy-Schwarz inequality, it follows from (3.12) that

lzn+1 — 2|

=@ zn — 2|1 + 2(Q" 20 — 2" | Q)20 — QT 2n) + Q7 20 — Q7" 20|

< lzn = 2°2 = @™ (20) + 201Q7 20 — 2| QY 20 — Q" 2| + Q7 20 — Q" 2

<lzn = 27|17 = @7 (2n) + 20]|Q% 20 — Q7 2| + Q%" 20 — Q" 201 (3.17)

In addition, according to (ii),
> 2001Q1 20 — Q" 2l + 1QY 20 — Q72| < o0 (3.18)
neN

Then, by invoking again [3, Lemma 5.31], we conclude that ) ¢ (2,) < +o0.
(iv) Eq. (3.17) shows that (z,)nen is a quasi-Fejer sequence with respect to S. The weak
convergence of (z,)nen thus follows [3, Theorem 5.33(iv)].

(|
Lemma 3.8. Let (9,7) €]0,1[%, let mo € [0,+00[, let {wn}nen C [0,4oc[ be such that
lim,, 4o @y, = 0, and let {a, }nen C [0, +00[ be such that
ant1 < (94 @p)an +non". (3.19)
Then, (an)nen converges linearly to 0.

Proof. Since (@, )nen C [0, +00[ converges to zero and ¥ < 1, there exist ng € N and 9 €9, 1|
such that, for every n > ng,
angr < Day +non™. (3.20)

We deduce that, for every n > ny,

n—1
a0 <0 Can, +0 Y 7O (3.21)

m=no
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Without loss of generality, it can be assumed that 9 # 7. We have then, for every n > nq,

—n—"ngo

—n—ng — ﬁnino
anp <9 Gny + NN —
]
—no B
< (an + 227 ) maxi ) (322
¥ =7
which shows the linear convergence of (a,)nen to 0. O

Lemma 3.9. Let I C ]0,+ool, let 2* € H, and let (9,7) €]0,1[%. Suppose that, for every v € I,
Q7: H — H is such that, for every z € H,

1Q7z — 2*||* < ]z — 2*|1*. (3.23)

Let {w,(2*) }nen C [0, +00[ be such that lim, oo @, (2*) = 0 and let no(z*) € [0, +oc[. For
everyn € N and vy € I, let Q) : H — H be such that (3.10) holds where n,(2*) = no(z*)7". Let
{Yntnen C I and let zg € H. Then the sequence (zp)nen defined by (3.11) converges linearly
to z*.

Proof. Tt follows from (3.15) that, for every n € N,
[zn41 = 27| < (9 + @n (%)) 20 = 27| 4+ 10 (27). (3.24)

The result then follows from Lemma 3.8. O

4. FORWARD-BACKWARD-HALF FORWARD SPLITTING
In this section, we will consider the following variant of the FBHF algorithm.

Algorithm 4.1. In the context of Problem 1./, let {vn}nen C 10, +00[ be such that (Vn € N)
Yop > —1, and let zg € H. Consider the iteration

Un = D, 2n

Yn = Zn — ’Vn(czn + Un)
Tn = Jy, a(Yn)

Zn-’rl = Tn + ’yn(u” - DKnxn)'

(Vn € N) (4.1)

Notation 4.2. In the context of Problem 1.4, for every v € ]0,+o0[ such that vp > —1, define
the operators

S =Jya(ldy —v(C + Dk)), T7 =(Idy —vDgk)oS? +~Dxk (4.2)
and, for everyn € N,
S% :J»YA(qu.Lf’)/(C#*DKn)), Tg: (Idﬂf’yDKn)OSgﬁ”)/DKn. (43)
Additionally, let x € 10, min{23,1/kxi}| be defined by
4
o if p>0
14 /1+1632k%

mi

} otherwise.

n ,——
{1%«/1%1652n%- p

Proposition 4.3. In the context of Problem 1.4 and Assumption 3.2, let v € [e,x — €], for
some e €10, x/2[. Then, the following assertions hold:

(i) zer(A+ C + Dg) = FixT7
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(ii) For every z € H and every z* € FixT7

2 2
IT72 = 2*||? <[l — 2*||* — ske?|2 — §72||* — ﬁHCZ - C2"|I%. (4.5)

(iii) Suppose that p = p + admin — (oo > 0. Then FixT" is a singleton {z*} and, for
every z € H,

IT7z — 2" < \/1 —emin{x%e/2,p} ||z — 2*|. (4.6)
Proof.

(i) The property directly follows from the Lipschitzian property of Dy and [6, Proposi-
tion 2.1.1].

(ii) Note that, if z* € zer(A + C 4 Dg), then —yCz* € v(A + Dg)z*. Additionally, by
defining y = 2—y(C+Dk)zand x = S7z = J, 4y, we have y—z+yDgx € v(A+Dg)z.
Therefore, the monotonicity of A + D established in Proposition 3.4(i) yields

0<{(z—2z2"|y—xz+~yDgax+~Cz")

(4.7
and we deduce that
(x—2"|x—y—vyDga)={(x —2" |yCz") —{(x — 2" |y — x + YDz + vCz")
<{x—2z"|~yCz"). (4.8)
By proceeding similarly to the proof of [6, Proposition 2.1.3],
1Tz — 2"
= llo = 2" +v(Dgz — Dxa)|
<o —2%|)2 +2y(x — 2% | C2*) + 2(x — 2* | z — & — yC2) +7*|| Dz — Dgzl?
= llz = 2"I* = 2 = 2l + 2y(z — 2" | C=* = C2) +¥*| Dxz — Dx|? (4.9)
By using the cocoercivity of C, for every n € )0, 4+o00],
2y(x — 2% | Cz* — C2) < 2y(x — 2 | Oz* — C2) — 29B||Cz* — Cz|?
<o = 2P+ (2 - 28) lox* - CP (4.10)
Combining (4.9), (4.10), and using the fact that Dy is kx-Lipschitz leads to
177z — 2*||?
<lz = 2*|* = (@ =0 =% )llz — ] —~ (25 - Z) IC2* — Cz||*. (4.11)

Let us choose n < 1 such that xo = V;}:" = 2n where xo = 48/(1 + /1 + 163°k%).
It follows from (4.11) that

177z — 2"

* g *
<z = 2*11? = #% (6 =)z — @l|” — 287 <1 - X0> |Cz" — Cz||. (4.12)

By observing that x < xo and taking into account the domain of variations of ~, (4.5)
is deduced.
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(iii) From (i) and Proposition 3.4(ii), we conclude that FixT7 is a singleton. The strong
monotonicity of A + Dy allows us to obtain the following inequality:

yollx —2*|]* < (x — 2% |y — & + yDgx +yCz*). (4.13)
Hence, by proceeding similarly to the proof of (ii), we obtain

22

1772 = 2|2 < |z = 2*||* = we®]|ze = S72||* — ICz = C2"|* = 2pylla = 2*|*. (4.14)

Therefore, since v > ¢,
177z = 2|7 S|z = "7 = wke?lls = $72|2 - 276157z — 2*|
< Iz = 2" = min{ike?, 200} (|2 — S22 + 157 = 2*||%)
< Iz = 27| = 5 min{res, 29} (I — =*|1%)
= (1 — emin{rke/2,p}) ||z — 2%

O

Proposition 4.4. Consider the operators defined in (4.2) and (4.3). Then, there exists
(01,602,05,05,04,0,,07) € 10, +c>o[7 such that, for every (z,2*) € H2, for every v €]0, x|, and
for every n € N, the following inequalities hold:

() [[Dk, 2z — Dzl < wa(f1]z — 2| + [[(aldg + B)Lz"|)

(i) ||S)z —S7z|| < |Dg, 2 — Dk z||

1
) +vp
) 1572 = 572*|| < 155 (allz — 2*|| + | Dk, 2 — Dic2l)
. % * 0! *
(iv) | Dk, S1z—DgS7z|| < wn (%Hz — %]l + [(aldg + B)LS7="|| + 12 |(aldg + B)Lz ||)
)

(V) 1Tz —TVz|| < <22 (042 — 2*|| + 04||(addg + B)LS7z*|| + 60| (aldg + B)Lz*||).

— 14+vp
Proof. First note that, in view of Assumption 3.2, & = sup,,cywn < +00. Let (z,2*) € H? and
let n € N.
(i) It follows from Assumption 3.2(iii) that

(iii

|IDk,z — Diz| = || Kn(aldg + B)Lz — K(aldg + B)Lz||
< [[Kn — Kll[[(eddg + B) Lz
< wpl|(aldg + B)Lz||
< wp(|l(addg + B)Lz — (aldg + B)Lz*|| + ||(aldg + B)Lz*||)
< wn((a+ QILlz = 27| + [[(aldg + B)Lz"]).

The result follows by setting
01 = (a+ QL. (4.15)
(ii) It follows the (1 + yp)~'-Lipschitzianity of .J, 4 that

S0z = 87z|| = [|[Jya(ldy = ¥(C + Dk,))z — Jya(ldy —v(C' + Dk))=||
1

L+py
1

= Dyg 2z — Dgz|.
1erH Ko Kz

< [(Id# —~v(C' + Dk,))z — (Idy —7(C + Dk))z||
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(ili) Similarly, it follows from (ii) and the Lipschitzianity of J, 4 that
1552 = 872" < |87z = 572" + |92 = 572

1
< 5 (s = 2(C+ Di)z = (g = 2(C+ Dic)=" || + [ Dic, = = Dics)
< T3 (497 + )l = 2l + 1Dz = D).

The conclusion follows by defining 6 = 1 + x (87! + k).
(iv) Tt follows from (i), the Lipschitzian property of Dk, (iii), and (ii) that

|Dg, S}z — DSz

= ||Dk, S}z — DgS)z+ DkS]z— DS z||

<||Dk, S}z — DgS)z|+ |Dx S}z — DS ||

< wp( 91HS"’2 = S72|| + |(aldg + B)LSYz*||) + k|| Sz — SV Z||

<o
o

(0 KK + Orwn + 62
Y14

The result follows by defining (03, 0%) = (01 (kx + 610 + 62), kK + 61).
(v) It follows from (i), (ii), and (iv) that

1Tz =Tz
= ||(Idy —vDk,)Sn 2 + 7Dk, z — (Idy —yDk)S"z — yD 2|
<|Spz =872 + 7Dk, Shz — DrS"z|| + 7| Dk, 2 — Dk 2||

1
< + Dk, z—Dgkz
< (15 +7) IDx.z - Dice

03 0!
+ ywp — 2"+ ||(addg + B)LS72*|| + —=2 Idg + B)Lz*
Yw <1+ |z — 2% + [|(adldg + B) | +wll(a g +B)Lz II)

1 765
< Wn I B)LS7z*
= (<<1+w+v)01+1+ p>llz 2| +7||(aldg + B)LS2*||

1+ 40}
+( % +7)|(aIdg+B)Lz*||).

Iz = 2%l + |Dx, 2 = Dkz|) + [[(aldg + B)LS™ 2 *II) IIDK z— Drz||

1+
(ki + 61wn)
I+p

— 2" +[[(aldg + B)LS? 2" + (012 = 27 + [l(addg + B)Lz*||)>

. . ki + 01wy .
Iz = 2*|| + ||(aldg + B)LS"z"|| +K1+7'017||(a1dg+B)Lz |)>.

I+p
We conclude by defining
01 = (14 x + x*|p))01 + x0)
0y = x(1+xlpl)
0f =1+ x(1+63) + x°|p|-
|

Theorem 4.5. In the context of Problem 1./ and Assumption 3.2, let (v )nen be a sequence
in g, x — €|, for some e € ]0,x/2[, consider the sequence (z,)nen generated by Algorithm 4.1.
Then the following hold.

(i) (zn)nen converges weakly to some solution to Problem 1.J.
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(ii) If p > 0 and there exists 7j € [0, 1[ such that, for everyn € N, w, = wo 7", then (zn)nen

converges linearly to the unique solution to Problem 1.j.

Proof. Let z* € zer(A + C + D) and, for every v € [e, x — €], consider the operators S7, T
and (SY)nen, (T )nen, defined in (4.2) and (4.3), respectively. Then, (4.1) can be reexpressed

(VneN) z, =58z, and z,11 = T,)" 2. (4.16)

(i) In view of Proposition 4.3(ii), Proposition 4.4(v), and Lemma 3.7 applied to I =

[e,x —¢], S=zer(A+C + D), Q' =T7, ¢ : z = k%e?||z — S72||?, and

QY =17
(Vn € N) @ (2*) = wyvby (4.17)
nn(2%) = wpv(0)]|(aldg + B)LSY2*|| 4+ 07 ||(aldg + B)Lz*|)
with
v:{l X ifp=0 (4.18)
FE e if p <0,

([lzn—2*[])nen is convergent, Y-, o 117" 20 =T 25 || < +00, and Y-, o 20 =57 20 || <
+00. Moreover, by (4.16) and Proposition 4.4(i)&(ii) we obtain
(Vne€N)  |lzn —xnll = ll2n — 720 + 872y, — S 24 ||

< lzn = 87 zull + wn(Or]lzn — 2" + [[(ldg + B)Lz"|)

<[z = 87 zn || + wn (610 + ||(aldg + B)Lz*]),

where
0, = sup ||z, — 2" < +o0. (4.19)
neN

Therefore
Zp — Ty, — 0. (4.20)
Furthermore, by Proposition 4.4(i) and the Lipschitzianity of D, we have
||DKnZn - DK-rn” S ||DKnZn - DKZnH + ||DKZ7L - DKan
< wn(bhllzn — 27| + [[(eddg + B)Lz"[|) + kx|l zn — znll;

hence

DKnZn — DKxn — 0. (421)
Now, let Z be a weak cluster point of (z,)nen and let (zx, )nen be a subsequence
such that z;, — z. It follows from (4.20) that z,, — zr, — 0 and that z, — %
and from (4.21) that Dk, 2z, — Dk, — 0. Moreover, the cocoercivity of C' yields
Czy, — Cxy, — 0. In addition, for every n € N,

Tk, = Sz:" Zk

n

2k, — &

T . (C + DKkn )an S A{Ekn
Ven ’

2k

Tx’“ — (Czk, — Cay,) — (Diey 2, — Dicag,) € (A+C + D )wy,. (4.22)
Since {vn}nen C [g,x — €], the left-hand side converges strongly to 0 as n — +oc.
By the weak-strong closure of the maximally monotone operator A + C + Dk (see
Proposition 3.4(iii) & [3, Proposition 20.38]), we conclude that zZ € zer(A + C + D).
Finally, the weak convergence of (2, )nen to an element in zer(A + C' + D), follows
from Lemma 3.7(iv).



SOLUTION OF MISMATCHED MONOTONE+LIPSCHITZ INCLUSION PROBLEMS 13

(ii) The result follows from Proposition 4.3(iii) and Lemma 3.9 with I = [e,x —¢], S
zer(A+C+ Dg), Q" =T7, and

Y= \/1 —emin{xk%¢e/2,p}

(neN) Q=T

(Vn eN) w@,(2%) = w,vly

m0(2") = wov(0y]|(aldg + B)LS™ 2" + 64| (aldg + B)Lz"|)).

5. FORWARD-DOUGLAS-RACHFORD-FORWARD SPLITTING
We will now turn our attention to the following algorithm.
Algorithm 5.1. In the context of Problem 1./, let v € ]0,+00[ be such that vp > —1, let
zo € H, and consider the iteration
Tn = Jycn

Wnp = Dann

(Vn €N) (5.1)

Yn = Jya (22, — 2 — YWy)
Znt1 = Zn + Yn — Tn — V(DK Yn — Wnp).
Notation 5.2. In the context of Problem 1.4, for every~ € [0,+o0[ such that vp > —1, define
the operators

R = Jy4(2Jyc—1dy —yDgodyc), V7 = (Idy—vDk)oR"+1dy—(Idy—vDk)oJyc (5.2)
and, for everyn € N,
R) = Jy4(2Jyc —1dy — Dk, 0o Jyc), V) = (Idy —~Dk,)o R} +1dy — (Idy —vDxk,) o Jyc.
Additionally, define the set )

r= {7 €10, +o0[

K> <1 + ;ﬁ) < 1and py > —1} . (5.4)

Note that I' # & since the involved conditions are always satisfied for v small enough.

Proposition 5.3. In the context of Problem 1./ and Assumption 5.2, lety € T, letes € 10, +00]
be such that

5.5
€a < 1_ 5%72 ) ( )
and set e1 = 1 — k27%(1 +v/(28(1 — €2))). Then, the following assertions hold:
(i) zer(A+C+ Dg) = Jyc(Fix V7).
(ii) For every z € H and every z* € Fix V7
28e
V72 = 22 <z = 2P — 1l dyoz — R — 222 Loz — 2 4 2 — o |2 (5.6)
(iii) Suppose that p > 0. Then, for every z € H and every z* € FixT7, we have
1 2
V72— 2% g\/1—3min{i”,gl,zyp}nz—z*u. (5.7)

Proof.
(i) See [35, Lemma 4.1].
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(ii) Let z € H and set ¢ = Jy,cz, y = R"2. Then, 20 — 2 — vyDgx — y + 7yDky €
Y(A+ Dk)y. Let z* € FixV7 and set (z*,u) = (Jycz*,x — 2+ 2* — 2*). Since
x* € zer(A+ C + Dg), o* — z* € vy(A + Dg)z*. From the monotonicity of A + Dy
established in Proposition 3.4(i), we deduce that

0<(y—a" |22 —2—yDgx—y+yDgy—a" +27)
=(y—2" |z —yDrx —y+vDky) + (y — 2" | u).

Hence

29(y — 2" | Dxx — Dgy) < 2(y —a" [x —y) + 2(y — 2" | u)
=z —*|* = lly — "> = llz — ylI* + 2(y — =" | ). (5.8)
‘We have then
V72— 2*||?
= ||(Idy — Dk )y + z — (Idy — vDg)z — 2*|?
= |y — 2" +v(Dgax — Dgy) — ul?
< |z —2*|]* = ||z — y|I* + V?|Dxx — Dgyl|> — 2v(Dxa — Dy | u) + ||ul|’. (5.9)

As C'is f-cocoercive, it follows from [35, Lemma 3.2] that

nm—x|F—anz—J%w|Psz—z|2—(r+7)|mﬁ. (5.10)

We deduce from this inequality and (5.9) that
V72— 2|2
| 25
<llz = 2" = |z = ylI* + +*||Dxx — Dxyl|* = 29(Dxx — Dy | u) — THUH2

2562

<lz =2 = & — gl + 2(1+7> Dgx — Dicyl|? — 222 |ul|?. 5.11
=1 = llo = 1?9 (14 35— )| o= 2P Gy
By using the fact that Dg is kx-Lispchitzian, we get
V72 = 2|
2Be2
<|lz=z*>=(1- K2 2(1—&—7)) z —y||? = ==]ul?, 5.12
o= 1P = (1= e (14 gpry) ) b=l - 22l Ga2)
which yields (5.6). Condition (5.5) can be satisfied since v € I" and it guarantees that
g1 > 0.
(iii) By Proposition 3.4(ii), A 4+ Dy is strongly monotone. Hence, similarly to (ii), we can
show that

2vplly — x*||[+2v(y — 2™ | Dx — Dy)
<llw—a*|? = lly — =*|]> = |l — ylI” + 2(y — 2™ | ). (5.13)
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and

Ve — 2|

. 25 €2 R .
<llz—2*|? —erllz —yl* - a*|? = 2yplly — =*||?

— 2z —z4+ 2" —
* . 2552 ~ * * *
<oz ||2—mm{7,51,2w}<||z—y||2+||y—x I+ o= 2 + 27— o)
1 2
< ||z—z*||2—min{m,el,Zyﬁ}|z—z*||2. (5.14)
3 v
]
Proposition 5.4. Consider the operators defined by (5.2) and (5.3). Let v € T'. Then, there

exists (A1, A2, Az, A5, Ag, Ay) €10, +o0o[® such that, for every (z,2*) € H2, for every v € T, and
for every n € N, the following inequalities hold:

() IRz — R72]) < (Mz—z I+ 1 laldg + B)L 0= ||)

)
(i) [Ryz — R72"[| < Aol — 27| + ”ZW ||(aIdg +B)Ldycz’|
(1) (1D, 2= Dac =) < o~ ]+ (g4 B)L 2 |-+ (aldg + B)LR=*])
(iv) V72 = V72| < wn(Aallz = 27[| + Ayl (eddg + B)LJycz"[| +7ll(aldg + B)LRY2")).
Proof. Recall that, in view of Assumption 3.2, & = sup,,cywn < +00. Let (2,2*) € H2.
(i) It follows from the (1 4 ~p)~!-Lipschitzianity of J, 4, the nonexpansiveness of .J,¢,
and Proposition 4.4(i) that

||RZZ — R’YZH = HJ'yA(QJ'yC — IdH — ")/DK e} J,yc)Z — J’yA(2<]’yC — Id’;.[ — ’}/DK @) J,yc)ZH

< 1+ IIDK Jyoz = D Jyoz||
< Vw" 01| Jycz — 2*|| + ||(aldg + B)LJ,cz"||)
=~ 1+/)’Y 1||J~yC 'yC g ~C
YWn
< 0 — 2"+ Idg + B)LJ,cz"||). 5.15
< 1+p7( 1|z = 2| + [[(eddg + B)LJ,cz"|) (5.15)

The result follows by setting Ay = v61/(1 + p7), 61 being given by (4.15).
(ii) Using the nonexpansiveness of J, 4, the Lipschitzianity of Dy, and the nonexpansive-
ness of 2J,¢c — Idy [3, Corollary 23.11], we deduce from (i) that

Ry 2z — RY2"||
< ||R’Yz — RZ*||+ |R)z — Rz|| (5.16)

= 15510 — T = ADicTi) = (e = Tdw = Do)z | + | Rz = B

1+ vkK WnY

< (ZTORE nA)zfz* + aldg + B)LJ,c2"|. 5.17
_(HW wndi) = 21+ 77 (01dg + B) Lo (5.17)

We conclude by defining

1
Ne = @A+ LKL (5.18)

L4+yp
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(iii) Tt follows from (i), (ii), and Proposition 4.4(i) that
Dk, Ryz — D RYz||
< ”DKnRZZ - DKR?LZ” + ||DKRZ,Z — DKR’YZH
< wn(B1| Rz — B2 + |(aldg + B)LRY="|) + sicl| Rz — Rz

* ’y w’ﬂe + aZ *
< (000 + wrcr) o = 271+ L2 15 4 B) L7027
+ |[(aldg + B)Lmz*n). (5.19)

The result is obtained by defining A3 = (61 2+ rx A1) and N5 = y(@h1 +rx)/(1+7p).
(iv) It follows from (i), (iii), Proposition 4.4(i), and the nonexpansiveness of J,¢ that

IVi'z = V72| <|[Ryz — R72|| + 1| Dk, Rz = D R 2| + 7| Dk, Jycz = DrJyoz||

< wn ((Al +90a+ )z = 2l +7 (X + 1+ 1) (aldg + B) L=

1
L+p
+7[|(eddg + B)LRWz*||> : (5.20)

This yields the sought inequality by defining Ay = A; + v(A3 + 61) and

1

N,y =M+ 1+ )
Lo L+p

(5.21)
O

Theorem 5.5. In the context of Problem 1.4 and Assumption 3.2, let v € T, and consider the
sequences (zn)nen and (Tn)nen generated by Algorithm 5.1. Then the following hold.

(1) (2zn)nen converges weakly to some Z € Fix VY and (zy,)nen converges weakly to JycZz €
zer(A+ C + D).

(ii) If p > 0 and there exists 7 € [0, 1] such that, for everyn € N, w, = wo 7", then (2, )nen
converges linearly to Z € Fix V7 and (x,)nen converges linearly to J,cZ, which is the
unique solution to Problem 1./.

Proof. Let v € T'. Consider the operators R, V7 and (R))nen, (V;))nen defined in (5.2) and

(5.3), respectively. Let a* € zer(A + C + D). According to Proposition 5.3(i), there exists
z* € Fix V7 such that * = J,cz*. Note that (5.1) is equivalent to

(VneN) y, =Rz, and z,41 = V) z,. (5.22)

(i) In view of Proposition 5.3(ii) and Proposition 5.4(iv), Lemma 3.7 can be applied to I =
{7}, S =FixV7, Q" =V, ¢ : 2> &1|| Lyoz — R'z|*+ 222 | oz — 242" — Joo 2|2,
and

Qn =V
(Vn € N) @i (2%) = wp g (5.23)
1 (27) = wn(Ayll(aldg + B)LJyoz" || + 7 (eddg + B)LRYz*|)).

This allows us to deduce that (||z, — 2*||)nen is convergent, > [[V,V 2z, — V72| <
+00, D pen 1T — RV 2|l < +o0, and > oy l2n — 20 — 2% + 27|| < 400. Moreover,
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according to (5.22) and Proposition 5.4(i),

[Zn = ynll = [[2n — RV 2n + RV 25 — R) 20|

< |wn — Rz || + wn (/\1|zn -2+ i [[(aldg + B)LJWCZ*H)

I+p

< ll&n — Rzl + wn ()\162 +1 jwu(amg + B)LJWCZ*H) ,
where 4, is given by (4.19). Therefore,
Yn — Tn — 0 (5.24)
and, it follows from the cocoercivity of C' and the Lipschitzian property of D that
Cy, — Cz, — 0 and Dgy, — Dxx, — 0. (5.25)
Since z,, — z, = vCz,, we deduce that
- ; Ty — 0. (5.26)

Furthermore, by Proposition 4.4(i) and the nonexpansiveness of J,c we have
|wn = Drynll < [[Dr, @0 — Dranl| + [Dryn — Dol
<wn(Orlzn = 27| + [[(eddg + B)LJyoz"||) + kkllyn — 2al-
Thus
Wy — Dryn — 0. (5.27)

Now, let Z be a weak cluster point of (z,,)nen and let (zx, )nen be a subsequence such
that 2z, — Z. Since zy, — 2k, — ¢* — 2%,

Tp, ~T=Z+a" — 2" (5.28)
According to (5.24), xy, —yk, — 0, hence that y,, — Z. It follows from (5.25), (5.26),

and (5.27) that Dxg, — Dyg, — 0, (2, — 2k, ) /v — Cyr, — 0, and Dgyy, —wg, — 0.
Furthermore, from (5.1),

— Rkn T Yk

n

21'19

n

— Wy, € Aykn
Y

Thky — Yk,

y4 — X
- ( o 5 o Cykn) — (Dkk, — Dryr,) + (Drg, — wg,)

S (A +C + DK)ykn- (529)

Altogether, by the weak-strong closure of the maximally monotone operator A4+C+ Dy
(see Proposition 3.4(iii) & [3, Proposition 20.38]), we conclude that T € zer(A + C +
Dg). We can thus choose z* = 7 and (5.28) yields 7 = 2* = J,¢T € FixV7. The
weak convergence of (2, )nen to Z follows from Lemma 3.7(iv). Finally @, — 2, > T—2
=T, — T.

The linear convergence of (2, )nen to 2* follows from Proposition 5.3(ii) and Lemma 3.9
with I = {~}, S =FixV7, Q7" = V7, and

v

ﬁ:\/l—;min{wf,al,?yﬁ} (5.30)
(VneN) Q) =VY (5.31)
(VneN) w,(z") =wrls (5.32)

no(2") = wo(Ny||(aldg + B)LJ,cz*|| + 7v||(aldg + B)LRYz*||). (5.33)
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Since J,¢ is nonexpansive,
(vn €N) lzn — 2% < 20 — 27|

This shows that (z,),en converges linearly to x*, which is the unique solution to
Problem 1.4.

O

6. FORWARD-HALF-REFLECTED-BACKWARD SPLITTING
Finally, in this section, we will study the following algorithm.

Algorithm 6.1. In the context of Problem 1./, let v € 10,400 be such that vp > —1, let
(2-1,20) € H?, set y_1 = Dg,2_1, and consider the iteration
Yn = DK, 1 2n
(Vn €N)  |@n =2 —Y(2Un — Yn—1 + Czp) (6.1)
Zng1 = JyATn.

Notation 6.2. In the context of Problem 1.4, for every v € ]0,+00[ such that vp > —1, and
for every n € N, define the operator

MY H? = H: (z,w) = M) (z,w) = Jya(z —v(2Dk, ,,2 — Dk, w + Cz)). (6.2)
Additionally, let
203 )
e S—— if p=>0,
min W,p} pr<0

Proposition 6.3. In the context of Problem 1./ and Assumption 3.2, let v €]0,x’[. Then, the
following hold.

(i) There exists a sequence (€,)nen of Lipschitz constants of (YDk, )nen such that
(INo e N)(Vn > Ny) €, € [0,1 — 9] (6.4)

with § €]0,1/2].
(ii) There exists {Yp}nen C [0,+00[ such that ) YTy < 400 and, for every n > Ny,
for every (z,w) € H2, and for every z* € zer(A + C + D),

27|<DKn+1Z - DKnZ + DKn+1Z+ - DKZ+ | 2y = Z*>|
< Tn(ll€ (2, 0) = 27[° + €n(1 = €n) |2 — w]|* + [|(addg + B)L2"||*), (6.5)

where z1 = M) (z,w) and &) (z,w) = z + y(Dk,w — Dk, 2).
(iii) If there exists T € [0,1] such that, for every n € N, w,, = woT", then the sequence
(Th)nen in (ii) can be chosen such that, for everyn € N, T, = To7".

Proof.
(i) Let (z,2) € H? and let n € N. Then
|Dk, z — Dk, x|| = | Kn(aldg + B)Lz — K, (aId + B) Lz|| (6.6)
< |(Kp — K)((ald + B)Lz — (aId + B)Lz)|| + | Dk z — Drx||
< (wnla+ QUL + kx)llz — . (6.7)

This shows that
€n = Y(wn(a+ QIL| + ki) (6.8)
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is a Lipschitz constant of vDg . We conclude by noticing that
Y(wnla+ BHIL| + kK) = vex < 1/2.
(ii) Let n € N. It follows from Cauchy-Schwarz inequality that
2v|(Dk, .72 — Dk, z + Dk, 24 — Dr2y | 24 — 2%)|
< 2Y(IDksa2 — Dk, 2 + Dk, 24 — Diczg||)[ 24 — 27|
<2Y(IDk 112 = Di, 2l + 1Dk, 24 — Diczg|])[[24 — 271 (6.9)

Now, we proceed by bounding each of the terms ||z; — 2*||, ||Dnz — Dp—12]|, and
|Dyzy — Dzy||. First, since z* € zer(A+ C + D), we have z* = Ja(z* — vCz* —
vDgz*) and, by the (1 + yp)-Lipschitzianity of J, 4,

24 — 2"l
= Jya(§i(2,w) = 29Dk, 2 + VDK, 2 —7C2) — Jya(z" —yC2" — yDrz")||
1
<17 w)Ilé“l(z,w) — 2Dk, 2 + DK,z =70z — 2" + 702" + yDg 2" ||
1 * * *
<7 +7p(||§2(2‘»w) = 2*| + 9Dk, ., 2 — Dz*|| + v Dk, ., 2 — Dr, 2| +v[|Cz — Cz*))
1 * * * *
<7 +7p(||€7l(z,w) = 2*[| + 29| Dk, 2 — Dr2"|| + 7||Dk, 2 — D z"|| +7||Cz — Cz"|).

(6.10)
Additionally, since YDk, ., (resp vDf,, ) is Lipschitzian with modulus €, (resp. €,),
NPk 2 = Dr 2"
<Pk, 7 = Pr,is 2° | + 1Dk yy 27 = D7)
< énpallz = 27| + ywniall(eldg + B)L2"||
< en1 (€ (2,0) = 2| +v[|Dk, w — D, 2[1) + Ywnpa || (eddg + B)L2"||

< ent1ll&a(z w) = 2" +venpien]z — wl + ywnia || (addg + B)L2"|]. (6.11)
Similarly,
MPxk,z = Dicz*|| < enll&) (2, w) = 2"[| + v€qllz — wll + ywnll(eldg + B)Lz"||,  (6.12)

and the f-cocoercivity of C' yields

* 1 *
[Cz = C2"| < EIIZ*Z |

< 2l (2, w) = 2% + || Dk, 2 = Di, wll)

™| =

< Z 16z w) = 27 + enllz — wl]). (6.13)

Altogether (6.10)-(6.13) lead to

1 ¥ 1
-2 < 1 ) 2n n B ) -z n\ 5 2n n -
Iz z||1+w<(+ﬂ+e+l+e)||gn<zw> 4 en (5 + 260 + 60 ) = wl

+7(2wn41 + wn) || (aldg + B)LZ*||)> :

(6.14)
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Now, using Proposition 4.4(i) yields

Dk, ..z — Dk, 2|

< ||1Pk,z — Dzl + || Pk, 1, 2 — Dk 2|l

< (Wnt1 + wn) 01|z = 2%|| + ||(aIdg + B)Lz"|) (6.15)
< (Wt +wn)(01]1&] (2, w) — 27| + 017[| D, w — D, 2[| + [ (aldg + B)Lz"[])

< (Wntr +wn) (0116 (2, w) = 27| + Oren |z — w|| + [[(aldg + B)L2"|). (6.16)

By invoking again Proposition 4.4(i), we have
1Dk, 124+ — Drzg || < wnga (01|24 — 27| + [[(eldg + B)Lz"]). (6.17)

Hence, since (€,)nen is bounded and (wy,)nen converges to 0, we deduce from (6.14)
and (6.16) that there exists p; € |0, +o00[ such that

1Pk, 412 = Di, zllll 24 = 27|

< 1 (Wnt1 +wn) (167 (2,w) = 2[° + €]l — w]|* + [[(aldg + B)Lz*|*).  (6.18)

n+1

In addition, we deduce from (6.14) and (6.17) that there exists ps € |0, +o00[ such that

DK, 12+ = Dz |[ll24 — 27|
Swnp1(0i]lz — 27| + [[(aldg + B)Lz)) |24 — 27

Wn, * *
L (20, +1)|24 — 2% + [[(aldg + B)Lz*|?)
< pown i1 (16) (2, w) — 2% + €1 ||z — w|® + || (aldg + B)Lz*||?). (6.19)

<

The following inequality is thus obtained by combining (6.9), (6.18), and (6.19):
2v|(Dk, .2 — Dk, z + Dk, 24 — Drzy | 24 — 2%)|
< 29(p (a1 + wn) + pawn1) (1€] (2, w) = 2°|1 + €|z — w]|* + [|(aldg + B)L2"|]?).
Finally, according to (i), there exists Ny € N such that, for every n > Ny, €,/(1—¢€,) €
[0/(1—9),(1 —0)/d]. Since § < 1/2, we deduce that, for every n > Ny,
2v(Dk, % — Dk, 2+ Dk, ., 2+ — Dxzy | 24 — 27)|

2v(1 -6 )
< %(Nl(wnﬁ-l +wp) + pownt1) (I} (z,w) — 2 12
ten(l = en)llz = wl + [|(aldg + B)Lz" ). (6.20)

The result follows by setting Y, = 2y(1 — ) (1 (wWnt1 + wn) + pown11)/06.
(iii) Note that, with the previous choice of (Y, )nen, for every n € N,
al

Yo =5 (1= 0)(uT+1) + pamwor" = Tor". (6.21)

O

Theorem 6.4. In the context of Problem 1./ and Assumption 3.2, let v €]0, X'[, and consider
the sequence (zp)nen generated by Algorithm 6.1. Then the following hold.

(i) (zn)nen converges weakly to some solution to Problem 1.J.
(i1) If p > 0 and there exists 7 € [0, 1] such that, for everyn € N, w,, = wo 7", then (2, )nen
converges linearly to the unique solution to Problem 1.4.



SOLUTION OF MISMATCHED MONOTONE+LIPSCHITZ INCLUSION PROBLEMS 21

Proof. Let z* € zer(A+ C + D), and consider the operators (M,)),en defined by (6.2). Note
that (6.1) can be reexpressed as

(VTL € N) Zn+1 = M;{(Zn, Zn—l)~ (622)

For every n € N, set u,, = y(yn-1 — Dk, 2n) and &, = 2z, + Uy,
(i) Tt follows from (6.1) that

Zn — Zn+41 — 'Y(Qyn —Yn—1+ CZn) S 'YAZn—l-l

& & —&nt1 —Y(Czy+ Dk, 2n — Dk, 2n + Dk, #2nt1 — D 2ng1) € Y(A+ Dk )znga-
(6.23)

Note that —yCz* € v(A + Dk )z*. From the monotonicity of A + D, we derive the
following inequality:

0 < (én = &nt1 —(Czp + D,y 20 — Dk, 2n + D,y Zn1 — Diczngr — C2%) | 2nq1 — 2%)
< n —&nt1 | Znp1 — 27) + %Hznﬂ — zn?

— YDk, , 20 — Dk, 20 + Dk, #nt1 — Dk Znt1 | 21 — 2%,
(6.24)

where we have used the thee point inequality for cocoercive operators [32, Equation (3)]

1
(Czpy — C2" | 2py1 — 2%) > —@Hzm_l -z (6.25)

Additionally, we have

2(6n = &nt | 2na1 — 27) = 160 = 2717 = €01 — 2717 = 1 — znsal* + 1€nt1 — 2|

= ||&n — Z*”2 — [[€ns1 — Z*HQ = lun — (2n1 — Zn)||2 + H“n+1H27

(6.26)
and we deduce from Proposition 6.3(i) that
[unll = Y|Pk, 2n = YDk, 2n-1ll < €nllzn — zn-al; (6.27)
and
[un = (zn41 = za)1* = lunll* = 2(un | 2041 = 20) + 2041 = 2a?
> il = —lanll = enllonsa = 20l + onss = 2
> = (= 1) unlP + (L= )lznia = 2P
> (1= en)(ll2ns1 = 2all? = enlln — 2n-1]). (6.28)
Define, for every n € N,
pn =1— % — €n — €nt1 (6.29)

an = [|€n — Z*H2 +en (1 —e€n)[l2n — Zn—1||2- (6.30)
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Altogether (6.24) and (6.26)-(6.28) yield
* * v
0 < [1n = 271 = éns1 = 2711 = lun = (2nt1 = 2)|I” + Junsa|* + ggllene1 — Znl|?

—29{Dk, 120 — Dk, 20 + Dy Zn41 — DrZnt1) | Zng1 — 2°)
< ap = [|€nt1 — Z*||2 - (Nn +ent1(l— En-&-l))Hzn—&-l - Zn||2
- 2'y<DKn+1zn — Dg, 2n + Dr,y 201 — D Zng1) | 2ng1 — z*>
(6.31)

Therefore, by Proposition 6.3(ii) (with z = 2, and w = z,_1), there exists Ng € N
such that, for every n > Ny
Ap+1 S Ap — ,Ufn”Zn+1 - ZnHz
—29(Dg 1 %0 — Di,2n + Dicy oy 2t — Diczng1) | Zng — 2°)
< (14 Y)an + Toll(0ldg + B)L= | — pinllznss — 2l (6.32)
According to (6.8),
~y
pn=1-15 = 2y = Y(e + QI L[[(wn + wnt1)- (6.33)
Since v < 2B/(4fk + 1) and w, + wpt1 — 0, there exists Ny > Ny such that
inf,,> N, ptn > 0. Then, by [3, Lemma 5.31], (@, )nen is convergent and >y [zn1 —
2n||? < +o00. Since 2,11 — 2z, — 0, we deduce from (6.27) that u,, — 0. From the
convergence (a,)neny we deduce the convergence of (]|, — 2*||)nen, which, from the
definition of (&, )nen, allows us to conclude that (||z, — z*||)nen is convergent.
Additionally, it follows from (6.23) that
Wy = Zp — Zpn4l — Upyl + Uy — ’Y(Czn - Ozn+1 + DKnJrlZn - DKT,,Zn + DKn+1Zn+1 - DKZn+1)
€ Y(A+ Dk + C)zpt1.

(6.34)
Let (z, )nen be a weakly convergent subsequence of (2,,)n>n,. Then
o | < (147820 — 21l + 11|+ s |
+ 71Dk, 12k — D, 20, |+ (1P s g2 241 — DicZh, 1)) (6.35)

The sequence (2x, )nen is bounded and, since zp, — 2k, +1 — 0, (2k,+1)nen is also
bounded. According to Proposition 4.4(i),

1Dry,y 12k +1 — Diczie, 1| < wipy+1(01] 28,41 — 27| + [[(eddg + B)L2")), (6.36)
and thus D, ., 2k, +1 — Dk 2zk,+1 — 0. In addition, as shown in (6.15),
| Drey, 12k, — Drcy,, 2k, | < (Whpt1 + Wi, ) (01|28, — 27 + [[(addg + B)Lz"|)). (6.37)

We deduce from the previous two inequalities that Dy, . 2k,+1 — Dr2g,+1 — 0
and Dg, ., 2k, — Dk, 2k, — 0, hence wg, — 0. By the weak-strong closure of
the maximally monotone operator A + C + Dy (Proposition 3.4(ii) & [3, Proposition
20.38]), we conclude that every weak cluster point of (z,)nen belongs to zer(A + C +
D). The result follows from Opial’s lemma ([3, Lemma 2.47]).

(ii) Proceeding similarly to (i) and using the definition of (ay)nen in (6.30), the p-strongly
monotonicity of A+ D allows us to refine (6.32). More precisely, there exist Ny € N,
such that, for every n > Ny,

(14 Tr)an + Yol (aldg + B)L2"|* > pnllzns1 = 2all? +v0l 2011 — 2% + ans. (6.38)
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Now, by Proposition 6.3(i), for every n > Ny, we have ¢, € [,1 — §] with 6 €]0,1/2],
and
(1+Tp)an 4+ Yol/(addg + B)Lz*||?
1 p X )
2 ?nHZn-H — zn|” + f“zn-&-l = znl* + 70l 2nt1 = 217 + ansa
/LnenJrl(l - 6n+1)
2(1—4)?

fin€n+1(1 — €nq1) Lo fHn o .
g s =zl gmin {5590} s = 217 + an

1. L Hno .
<2 min {(1—6)27 757 '}/p} + 1) Ap41- (639)
According to Proposition 6.3(iii), we can choose (Y,,),en such that (Vn € N) T, =
Ton". Now, set

Hn
2€n41

241 — ZnH2 + ”unJrl”2 + 0l znt1 — Z*||2 + ant1

%

1 Lo P
no = 9Yo||(aldg + B)Lz*||? (6.41)
(VneN) w, = 9T ,. (6.42)

By Lemma 3.8, (ay,)nen converges linearly to 0. We deduce the linear convergence of
(2n)nen to z* by noticing that, for every n > Np,

an = ||€n - Z*H2 + fn(l - Gn)”Zn - Zn—1||2
> 1€n — Z*HQ + einzn - Zn71||2

1€ = 21 + 7D, 20 = ¥Dic, 2011

%

\%

1 *
§||zn — 2% (6.43)

7. NUMERICAL EXPERIMENTS

This section is devoted to illustrate our theoretical results, through numerical experiments on
an image reconstruction problem arising in Computed Tomography (CT), in material science.

7.1. Problem formulation and settings. In CT [23], one aims at solving the inverse problem
of retrieving an estimate of a sought image z € R, with N > 1 pixels, from acquisitions

¢ =D(Lz), (7.1)

where L € RVXM s a forward linear operator acting as a discretized Radon projector, D :
RM — RM models some noise perturbing the acquisitions, and ¢ € RM is the noisy tomo-
graphic projection. We focus on the challenging situation when the back-projector matrix
LT:RM — RN is approximated by K: RM — RN. This is a current situation in practical
CT reconstruction, where operator L (and thus, its transpose) cannot be stored, for memory
reasons. It is instead implemented as a function, which computes on-the-fly projection and
back-projections operations, making use of fast operations involving advanced interpolation
strategies [42]. The adjoint mismatch is thus inherent to this application [22, 46] and, except
in special simplistic cases, cannot be avoided.

An efficient approach to retrieve an estimate Z from ¢, L, and K, consists of minimizing a
penalized cost function, in the form of Problem 1.2. However, as explained earlier, due to the
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adjoint mismatch, the formulation in Problem 1.2 is not well suited, and we propose instead to
solve the following mismatched monotone inclusion:

find x € RN such that 0 € 9p f(z) + Vg(2) + aK (L — ¢) + KVh(Lz), (7.2)

with f: RY — R and ¢g: RV — R playing the role of regularization terms favoring a priori
properties on the estimated image, and h o L the data fidelity term accounting for the noise
model. The latter inclusion problem reads as a particular instance of Problem 1.4, by setting
A = 0pf, B =Vh, and C = Vg under suitable assumptions on the involved functions. In
particular, we will choose f and ¢ so that p > 0 and the inclusion in (7.2) has a unique solution
(Proposition 3.4.(iii)).

Data fidelity term: We consider a general mixed multiplicative/additive noise model, as
discussed for instance in [9]. The vector ¢ is related to Z through

c=z+e, (7.3)

with 2|Z ~ P(Lz) (i.e., Poisson distribution with mean LZ) and e ~ N(0,0%1d) (i.e., i.i.d.
Gaussian distribution with zero-mean and variance ¢2). Such a noise model allows to both
account for multiplicative noise typical from emission tomography scenarios, and additive noise
coming from the sensors. As shown in [43, 31], a suitable choice for the data fidelity term
in such case is the Generalized Anscombe function, which is a smoothed approximation of
the neg-log-likelihood associated to a Gauss-Poisson noise model. Under the assumption that
¢ = (cm)1<m<m € [-3 — 02, +oo[™ (which can be satisfied by basic cropping), function h reads

M
(Vg = (ym)1<menr €RM) A(y) = Y o(ym;cm), (7.4)
m=1
where, for every a € R, and every b € [-2 — 02, +o0],
2
3 2 _ 3 2 i
o(asb) = 2<\/b+8+a \/a+8+<7) if a>0, (7.5)
©(0;b) + ¢(0;b)a + Lv(b)a? otherwise,

with

(\ﬂ;z-é-&) v(b) = (:—FJQ)g\/Z—i—b—i-a?. (7.6)

Basic calculus shows that, for every b > —% — 02, the derivative of p(-;b) at a > 0 reads

21/8b + 802 + 3
V8a+852+3

Under this definition, we can readily show that, for every b > —% — 02, ¢(-;b) is Lipschitzian
on R, with constant v(b). Assuming that the observed data satisfies ¢ € [—% — 02, +ooM, we
deduce that h is (-Lipschitz differentiable on RY with

(= me?f,aX,M} z/(cm). (7.8)

P(a;0) =2 — (7.7)

Regularization terms: Function f imposes the range of the restored image and controls
the image energy, and is defined as

(Vo €RY)  f(@) = tp,ap (@) + Sz (7.9)

with p €]0,+oo[. Function f is p-strongly convex on R¥. Its proximity operator has the
following closed form expression:

(Vy €10,4+00[) prox.s(x) = min{max{(yp + 1) 2,0}, Tmax }- (7.10)
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Function g promotes sparsity of the image in a transformed domain defined by a linear operator
W € RNXN.

(Vo € RY)  g(x) = (®5 0 W)(x). (7.11)

Hereabove, ®; is the Huber function defined, for 6 > 0, as

N
(Vz = (z)1<icn ERY) D5(z) =Y ¢s(a:), (7.12)
i=1

with
— S if|n| >4,
(Vi €R) s(n) = { = i

25

) (7.13)
otherwise.

Function ®5 can be viewed as a smoothed approximation of the ¢; penalty, promoting the
sparsity of its argument. Function g belongs to I'o(R™). Moreover, the derivative of ¢5 reads

bl it ) > o,

(Vn € R)  ¢s(n) = { J (7.14)
4

,  otherwise,

which shows that ®s has (1/6)-Lipschitizian gradient. We set W € RV*Y as an orthonormal
wavelet transform [34], that leads to efficient penalties in tomography [24, 28]. Then ||[W]| =1
and ¢ also has (1/6)-Lipschitizian gradient. Additionally, by orthogonality of W, [3, Corol-
lary 23.27] yields

(Vy €10, +00[) prox., = W' oprox.q, o W, (7.15)
with W T = W~1 and, by [2, Proposition 24.11],
(Vy €10, +00[)(Va = (z;)1<i<n € RY) Prox g, (x) = (proxw,é (xi))lgigN’ (7.16)
with
n—2 i n| > 6+,

Wy €10, +00])(Vn € R)  prox = -
(Vy €] D(¥n ) ProX.e,(n) {7615’ if In| <0+ 7.

(7.17)

Algorithms implementation: We are now ready to apply Algorithm 4.1 (MMFBHF),
Algorithm 5.1 (MMFDRF), and Algorithm 6.1 (MMFHRB) to solve Problem 1.2 (MM stands
for MisMatched). In the considered setting, the algorithms read as follows.

Algorithm 7.1 (MMFBHF). Let vy > 0, let zo € RN, and consider the iteration
un, = K(ald 4+ Vh)(Lz,) — aKc
Yn = Zn — ’V(Vg(ZTJ + un)

(Vn € N) (7.18)
Tp = ProX o (yn)
Zn+1 = Tn + y(un, — K(ald + Vh)(Lz,) + aKc).
Algorithm 7.2 (MMFDRF). Let vy > 0, let 2o € RY, and consider the iteration
Ty, = PIOX yg2n
wy, = K(ald + Vh)(Lz,) — aKc
(Vn € N) " ! (7.19)

Yn = PIOX ~f(22, — 2 — YWy)
Znt1 = Zn + Yn — Tn — V(K (ald + Vh)(Ly,) — aKc — w,).



26 SOLUTION OF MISMATCHED MONOTONE+LIPSCHITZ INCLUSION PROBLEMS

Algorithm 7.3 (MMFHRB). Let v > 0, let 29,2_1 € RY, let y_1 = Ko(ald + Vh)(Lz_1),
and consider the iteration

yn = K(aId + Vh)(Lz,) — aKc
(Vn €N)  |Tn =20 —Y(2Yn — Yn—1 + Vg(2n)) (7.20)
Znt1 = ProX~¢(zn).

The projector L is given by the line length ray-driven projector [44] and implemented in
MATLAB using the line fan-beam projector provided by the ASTRA toolbox [40, 41]. Moreover,
a constant mismatch, i.e., for every n € N, K,, = K, is considered, where the mismatched
backprojector K is the adjoint of the strip fan-beam projector from the ASTRA toolbox.

In order to set up the stepsize parameters guaranteeing the convergence of our algorithms,
we need to evaluate Apin, defined in (3.1). To do so, we compute the eigenvalues of the
operator (K L+ LT K T)/2 by using the function eigs from MATLAB, yielding Apmin, ~ —6.0082.
Note that, it would also be possible to estimate Anin avoiding an explicit implementation of
LT and KT by the strategy proposed in [17]. In order to guarantee that Assumption 3.2(ii)
holds, we set p = —aApin + ZLT_K + 1073, where ZLT_K is estimated as ||LT — K||||L||C.
The spectral norms |[LT — K|| and ||L|| are computed using the power iterative method. We
implement MMFBHF with constant step-size v = (3.998)/(1 + /1 + 163?x%), MMFDRF
with v = (4.538)/(1 4+ /1 + 168%k%) , and MMFHRB with v = 0.9994, where % is the largest
solution to the equation k%42(1 +4/(28))) = 1, computed numerically. These choices allow
satisfying our technical assumptions, so that the convergence theorems hold.

7.2. Experimental results. We now present our experimental results. In the observation
model (7.1), the ground truth image T represents a part of a high resolution scan of a phase-
separated barium borosilicate glass imaged at the ESRF synchrotron [11]'. The image size is
N = 128 x 128 pixels. The projector L describes a fan-beam geometry over 180° using 90
regularly spaced angular steps. The source-to-object distance is 800 mm, and the source-to-
image distance is 1200 mm. The bin grid is twice upsampled with respect to the pixel grid,
the detector has 249 bins of size 1.6 mm, so that M = 90 x 249. The pixel values of T outside
a circle of diameter 128 pixels are set to 0, to guarantee that the object of interest lies within
the field of view.

The image intensity range lies in [0, Zmax], With Zmax = 900. The Gaussian noise level is
set to 0 = 200. The input signal-to-noise-ratio (SNR) in decibels (dB), between the clean
projection LZ and ¢ (both displayed on Figure 1), defined as

ILal
SNRinput = 201log;, (||La: — CH) , (7.21)
is here equal to 42.18 dB. Problem (1.3) is solved using an orthonormal Symmlet basis with 4
vanishing moments, and 2 resolution levels for W operator. The following penalty parameter
values are chosen: A = 150, 6 = 5, and o = 0.1. The reconstructed images using MMFBHF,
MMFDRF, and MMFHRB with 10* iterations are presented in Figure 2. We also present the
results within a zoomed region-of-interest (ROI), with size 80 x 80 pixels and circular shape,
in Figure 2 (bottom). We evaluate, for each algorithm, the quantitative error between the
original image T and its recovered version Z, through the normalized mean squared error NMSE
= ||z — 2|?/||Z||?, the mean absolute error MAE = ||Z — Z||» and the SNR = 10log;, NMSE.
Similar formula are used to determine SNR, MAE and NMSE scores inside the ROI. The
obtained values are provided in the caption of Figure 2.

Ihttps://www.esrf.fr/ - The dataset is a courtesy of David Bouttes.
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(A) Tomographic projection LT (B) Noisy projection c.

FIGURE 1. Clean projection and its noisy version, with SNRiypue = 42.18 dB

(B) MMFBHF result, (C) MMFDRF result, (D) MMFHRB result,
SNR=23.29 dB, NMSE SNR=23.20 dB, NMSE SNR=23.28 dB, NMSE
= 4.71 x 1073, MAE = = 4.72 x 1072, MAE = = 4.72 x 1072, MAE =
120.58. 119.76. 121.22.

(E) Zoomed original im- (F) Zoomed MMFBHF (G) Zoomed MMFDRF (H) Zoomed MMFHRB

age T result, SNR=23.20 dB, result, SNR=23.11 dB, result, SNR=23.18 dB,
NMSE = 4.80 x 1072, NMSE = 4.81 x 1073, NMSE = 4.83 x 1073,
MAE = 120.58. MAE = 116.90. MAE = 121.22.

FIGURE 2. Original and reconstructed images (full view, and zoom) after 103
iterations of MMFBHF, MMFDRF, and MMFHRB algorithms, respectively.

In Figure 3, we display the evolution of the SNR, along iterations and times, for codes running
in MATLAB R2023a, on a laptop with AMD Ryzen 5 3550Hz, Radeon Vega Mobile Gfx, and
32 Gb RAM. One can notice that MMFBHF and MMFDRF behave similarly, while MMFHRB
is slightly behind, in terms of convergence speed. Still, all algorithms reach convergence in
about 2000 iterations, and 200 seconds, confirming the validity of our theoretical results.
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FIGURE 3. Evolution along iterations (left) and computational time (right) in
seconds, of the SNR (in dB) between the true image and its reconstruction,
for MMFBHF, MMFDRF, and MMFHRB algorithms.

8. CONCLUSION

In this paper, we introduced three iterative algorithms for numerically solving monotone
inclusions involving the sum of a maximally p-monotone operator, a cocoercive operator, and
a mismatched Lipschitzian operator. The proposed schemes can be viewed as extensions of the
Forward-Backward-Half-Forward, the Forward-Douglas-Rachford-Forward, and the Forward-
Half-Reflected- Backward splitting methods, that use an approximation to an adjoint operator
at each iteration. We provided conditions under which the sequence generated by these variants
weakly converges to a solution to the mismatched inclusion. We also showed that, under some
strong monotonicity assumptions, a linear convergence rate is obtained for the three algorithms.
The applicability of our study is illustrated by numerical experiments in the context of imaging
of materials. When appplied to variational problems, the main advantage of our work with
respect to [19, 16, 8, 10] is to allow to deal with mistmatches on more sophisticated functions
than quadratic ones.
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