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March 1, 2023

Abstract

We study the geometry of Riemannian manifolds of finite dimension which are isometric to a quotient of
a compact Lie group endowed with the quotient of a bi-invariant metric. Then, we apply the results obtained
to enlight the geometry of flag manifolds.

1 Introduction

In this paper, we study the geometry of Riemannian manifolds of finite dimension which are isometric to a
quotient of a compact Lie group endowed with the quotient of a bi-invariant metric [5], [7]. Such a manifold is
thus a Riemannian submersion from the compact Lie group, over which the latter is a principal bundle [6]. The
initial motivation for our work was to enlight the geometry of flag manifolds.

Flags are properly nested sequences of linear subspaces [1], [9]. They can equivalently be described as
sequences of mutually orthogonal incremental subspaces whose partial sums generates the nested sequence.
Flag manifolds have recently been a rising subject of interest in statistical machine learning for generalizing
Grassmanians and handling multiple subspaces at the same time, as in [11]. It was also recently shown that
Principal Component Analysis (PCA) can be rephrased as an optimization on the Flag. One of the novelty of
[14] is to realize that the nested sequence of linear subspaces actually optimizes a criterion on the flag manifold:
the accumulated unexplained variance (AUV). On this basis, new robust variants like the minimal accumulated
unexplained p-variance have been proposed, even for manifold-valued data [13].

The ubiquitous appearance of flags in other domains such as numerical analysis exemplified in [15] led these
authors to develop the mathematical tools for Riemannian optimization algorithms on the flag manifold. This
landmark paper describes flag spaces in multiple ways with different geometric structures. However, it is not
always easy to disentangle what is due to each structure. In this paper, we clarify the structure of flag manifolds
as Riemannian submersions from the orthogonal group. In that purpose, we develop the general setting described
at the beginning of this introduction and prove that flag manifolds fall within this framework.

For an arbitrary compact Lie group G endowed with a bi-invariant metric ¢g©, the key point is the decomposi-
tion of smooth vector fields as linear combination of left-invariant vector fields with coefficients which are smooth
functions on G. Now, the manifold (B, g®) which we study is a Riemannian submersion from (G, g®). Applying
O'Neill’s formula [12], we derive notably the Levi-Civita connection and the curvature tensors of (B,¢®). In
particular, we obtain closed-forms of these Riemannian objects in the case of flag manifolds.

In Section 2, we describe the general framework and the basic geometry of (B, ¢g®). Then, in Section 3, we
prove that flag manifolds can be placed inside this setting. Finally, in Section 4, we establish the formulas for
the Levi-Civita connection and the curcurvature tensors of (B, g®).

2 The general framework

Theorem 1. Let B be a subset of a manifold M. Let G be a compact lie group, endowed with a bi-invariant
metric g®, which acts smoothly from the left on M. For p € M, let K(p) be its isotropy group. Assume that

(i) B is the orbit of some po € M.

(73) The action of K(po) on G by right-multiplication is isometric.
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Let v : G — G/K(po) be the canonical map and 7 the map defined by m: G — B and 7(Q) = Q - po. Then,
(1) B is an embedded submanifold of M and m induces a diffeomorphism 7 : G/K(po) ~ B such that T o = .
(2) The quotient metric g© on G/K(po) is well-defined and 7 is a Riemannian submersion from (G, g®) onto
(B, %) ,where g® := 7,g°.

(3) (G, m,B,K(po)) is a principal fiber bundle, i.e. with typical fiber the Lie group K(po).

This is represented by the following diagram.

| e

G/K(po) —=>B = M

Proof. (1) is standard: See Proposition A.2. in [3]. For (2), by section 29.21 in [8], (ii) implies that g° is

well-defined and that 1) is a Riemannian submersion from (G, ¢%) onto (G/K(po),g%). Finally, (3) is a direct

consequence of Lemma 18.3 in [8]. Indeed, K(pg) acts freely on G by right-multiplication and the orbits of this
action are the fibers of 7. O

Remark 1. It is not necessary in the proof of Theorem 1 to assume that ¢© is bi-invariant. However we use
this condition later, so we suppose it from the beginning.

2.1 Vertical and horizontal parts
Denote by e the neutral element of G and, for @ € G, by Eg the left-translation by @ in G: for all Q € G,
Eg(Q) = QQ. Let g be its Lie algebra. Set N := dim(g) = dim(G). For all 2,9 € g, set
[Q,Q7] := ge (2, Q).
When G is a matrix Lie group, i.e. G C GL,(R) for n > 1, g = M,(R) and
[2,Q7 := Q0 — Q'Q.

For all @ € G, the vertical and horizontal subspaces in TG are respectively VJ := ker(dr)q and Hf) := (Vé’ )L.
We also introduce the linear projections very, : ToG — V{7 and horg, : ToG — H{. The next lemma states
that the vertical and horizontal parts are invariant wrt left-translations in G.

Lemma 1. For Q,Q € G and A € ToG, set @*(A) = (dﬁg)Q (A). Then, for all Q € g,

ver’éQ ((@Q)* Q) = @*Verg (Q+Q) (2.1)
and

horgQ ((@Q) . Q) = @*horg (Q.0). (2.2)
Proof. G acts from the left on B C M, so that for all Q,Q € G, Q - (Q - po) = (@Q) - po, Le. Q- m(Q) = W(@Q)

This means that E% om=Tmo E%, where, for any p € B, E% (p) == @ - p. This implies that for any Q.Q € TG,

(423). ,, ((@m)q Q) = (dm) g g <(dcg)Q (Q*Q)) — ()0 (- (Q.0)).

Since (dﬁ%) is an isomorphism, we deduce that: Q.Q € VJ <= Q. (Q.02) € VSQ. Since ¢® is a

(

left-invariant metric, this latter equivalence implies the following one: Q.2 € Hf) <= Q. Q) € Hg o Now,

Q.9 = ver}y (Q.Q) + horly (Q.0) —> (@Q)* 0= (@) verly (Qu9) + (@) hor) (Q.9) . (2.3)

By the preceding equivalences, (2.3) yields the decomposition of (@Q) Q) into its vertical and horizontal parts
in T@QG, which concludes the proof. O



2.2 Basic geometry of the base

Recall that for p € B and Q € 7 1(p), the restriction of (dﬂ')Q to H7 is an isomorphism between H(, and T},B.

For A € T,,B, the horizontal lift wrt = of A at () is denoted by Ag. It is the unique vector in H¢) whose image
by (dr)q is A. Then, ¢® is defined by
gE(A,A) = g&(Af), AY). (24)

Proposition 1. (B, ¢®) is a complete Riemannian manifold and the geodesic in B through p in the direction A

is of the form
t—m (Eg (eng (t (@), AﬁQ))) ’

where Q € 7~ 1(p) and expg : § — G is the Lie group exponential map of G.

Proof. Since G is compact, B is complete and by the Hopf-Rinow theorem, (B, ¢®) is complete. Since ¢© is
bi-invariant, the geodesics of (G, g®) are left-translates of one-parameter subgroups of G. Now, by Lemma 1,

(@71, AﬁQ € HI. So, the curve t — LG (expg (t (@71, Ag)) is the horizontal geodesic in G through @, in
the direction AuQ. Thus, its image by 7 is indeed the geodesic in B through p in the direction A. [l

3 A new representation of flag manifolds

3.1 Some usual representations of flag manifolds

A flag of vector spaces in R™ is a filtration V of subspaces Vy = {0} C V4,... C V., =R™ Forall 1 <i <7, let
W; be the orthogonal complement of V;_; in V;. Then, (W;)1<i<, is a sequence of mutually orthogonal linear
subspaces of R", called the incremental subspaces representation of the flag V. The sequence I = (g;)1<i<r, where
¢; := dim(W?), is called the type of V. The set of all flags of type I is denoted by ®'.

On one hand, ®' is represented as follows: see [15]. For 1 < ¢ < n, we denote by G¢ the Grassmannian of all

linear subspaces of dimension g of R™ and we identify G¢ with orthogonal projectors. Then, we define the product
ks

G" of Grassmanians associated to the type I by G! := [] G%. In this projector perspective, ®' is identified with
i=1
the submanifold F! of G' defined by

Fl={P=P)i<i<, €G': PP=P, =P, PP;j=0, i#j}. (3.1)

On the other hand, in [10], the following representation of ®! is considered. Let (\;)1<i<, be distinct real
numbers. Consider the diagonal matrix Dy = Diag [A11y, , ..., Arly, ], where Iy, is the identity matrix of order g;,
and the left-action of the orthogonal group O(n) on Sym,, defined by @ - S := QSQ”. Then, ®' is identified with
O(n) - Dy C Symy, i.e. the orbit of Dy. Set

T

o(1) == [T o(a).

i=1
Then, through this representation, ®! is an embedded submanifold of Sym,, which is diffeomorphic to O(n)/O(1).

A similar formalism is developed in [3] to study the geometry of GZ. Namely, consider the projector Py :=
Diag[l;,0,—¢] € Sym,. Then, G% is the orbit of Py under the same action of O(n) on Sym, and the map
w1 O(n) — G% defined by 77 : Q — @ - Py is a Riemannian submersion. Therefore, the geometry of G is
described in terms of that of O(n).

In this paper, we prove that F! is the orbit a fixed flag Py under a suitable action of O(n) on G'. Analogously
to the case of GZ, the combination of the projector perspective and the Riemannian submersion setting allows
to derive results on the geometry of the flag manifold F?.



3.2 Flag manifolds in the general framework

The compact Lie group O(n) is endowed with the bi-invariant metric g defined by
~ 1 ~ ~
99 (A,A) = str (ATA) . QeG, AAeTo0m).

The group O(n) acts smoothly on G by (Q,P) — Q- P := (QPlQT, vy QPTQT). Introduce the standard flag

Pl = (P(Ji)1§igr € F', where |
Py :=Diag[0g,,...; Lg; s 0q.], 1<i<r.

Clearly, the isotropy group of P§ is isomorphic to O(I). Now, this action stabilizes F!, so that we may consider
the map 7! : O(n) — F' defined by

Q) =Q-Py=(QP'QT) ..,

Proposition 2. F! satisfies the conditions of Theorem 1 with M = G', G = O(n), ¢ = ¢°, po = Py and
K(po) = O(I). So, the map 7' is a Riemannian submersion and induces a principal bundle structure over F.

Proof. We need to prove that (i) and (ii) of Theorem 1 hold. For any P = (Pi)1<i<, € F', let Q € O(n) such
that for all 1 < i < r, its i-th block Q® of columns is an orthonormal basis of Im(P?). Then, for all 1 < i < r,
Q7 'P,Q = P} and (QP(}QT, ...,QPOTQT) = P. This proves that the orbit of Py is F', i.e. (i) holds. Since the
metric g© is right-invariant, (i7) holds. O
3.3 Basic geometry of flag manifolds

3.3.1 Tangent spaces

For any P = (), € FI. the tangent space TpF! is a linear subspace of TpG! = @2:1 Tp.G*. By differentiating
the relation P;P; = 0 in (3.1), we obtain that

TpF' = {A = (A)1<i<y € TpG" Vi # j, A'PI + PIAT =0} . (3.2)
Lemma 2. For all Q € O(n) and Q2 € ToO(d) with 2 € so(n),
(dr') o (QQ) = (Q [ Fi] Q) -
Proof. Let 7 : [0,1] — O(n) be a smooth curve with v(0) = @ and 7/(0) = Q€. Then,

d

(dr) (@) = =

w6 = (5

LA

t=0 t=0

Now Q7 = —Q. So, forall 1 <i <r,

d

2l AOR T = Q) BT+ QB Q) =Q[2, K] Q7.
t=0

O

By Lemma 2, for any @ € O(n), Vérl = {QQ € ToO(d) : [Q,Pg] =0,1<:< r}. The computation of [Q,Pg]
implies that
I
Vér = {QDiag [Q”] : Qii (S Sﬂ(qi), 1< < T‘} .
Therefore,
HE = {QQ:Qeso(n), Qi =0, 19’9}.

In particular, we recover that dim (F') = dim (Hg) > 45
i>j



3.3.2 Horizontal lifts

Lemma 3. For all Q) € so(n),

! 1 ¢ i i
hOI‘e (Q) = 52[[[[95P0]]7P0]]
1=1

Proof. This is a consequence of computations of block-matrices in so(n), partitioned wrt the type I. O
Proposition 3. For all P = (P;); € F', A = (A;); € TpF! and Q € (7TI)71 (P),
AL~ (S panp
i=1
Proof. This follows from the preceding Lemma and the description of the tangent spaces to F'. O

3.3.3 Metric, geodesics and Exponential map

For P = (P;), € F' and A, A € TpF',
97]3:1 (A,&) = %deo ([[A’L;P’L]]v [[Ejapjﬂ)
4,J

Remark 2. This metric should be compared with that of [15], which is the restriction of that of G'.

Proposition 4. For P = (P;), € ]—'I_cmd A = (A;), € TpF", the geodesic of F' starting at P in the direction A
is of the form t — ! (Q exXp,, (tQTQQ)), where exp,, s the matriz exponential and

1<
QZg;HAi,Pi]]-

Then,
Exps (A) = (exp,, (Q) P exp,, (—ﬁ))i. (3.3)
Proof. Since Q = QTQQ and QP?QT = P, the following computation implies that (3.3) holds:
Expf,I (A) =" (Qexp,, (RTQQ)) = 7" ((exp,, (?)) Q) = (exp,, (?) QPLQ" exp,, (Q)),-
(I

Remark 3. This should be compared with the Exponential map in [15].

Remark 4. There exist some algorithms for computing the Riemannian Logarithm of Riemannian submersions.

4 Levi-Civita connection and curvature

Throughout the sequel, in order to alleviate the notations, we assume that G is a matriz Lie group, that is
G C GL,(R), for n > 1. This means that E% and (dﬁg) are both replaced by left-multiplication by C,j The

results obtained under this assumption can easily be generalized to an arbitrary compact Lie group.

We shall make use, at times, of the following assumption.

Assumption 1. For all Q,Q € HT, [Q,Q'] € V.



4.1 Decomposition of vector fields

The idea is to decompose any smooth vector field on G into a linear combination of left-invariant vector fields
with coefficients which are smooth functions on G. This is possible thanks to the following tool.

Proposition 5. A 1-form w on a manifold M is smooth if and only if for every smooth vector field X on M,
the function w(X) is smooth on M.

Proof. We omit the proof. This is standard. O

Corollary 1. Let (ex)i<k<n be any basis of g. Let (Ey), be the left-invariant vector fields on G, defined by
Er(Q) = Quex, for Q € G. Then, for any U € X (G) and Q € G,

N N
Ug = u(Q)Er(Q) = Q. <Z uk(Q)€k> ,
k=1 k=1

where the uy’s are smooth functions on G. Let U : G — g be the map defined by

Then, U is a smooth map. Furthermore,

k=1
Proof. Apply Proposition 5.
O
4.2 Levi-Civita connection
Proposition 6. Let U,V € X(G). Then,
(VEV) o = Q (dV),, Ue) + SIT(Q). V(Q)] (4.1
Proof. First, for 1 <k < ¢ < N, E; and E, are livf’s. So, for any Q € G,
1 Q
(Vi) =5 By, Eelg = 2 lew, el (4.2)

N N

Now, in order to derive (4.1), decompose U and V as U = > upFEy and V = 3 vgEy. Then, apply the Leibniz
k=1 =1

rule and conclude by (4.2). O

Proposition 7. Let X,Y € X(B) and b € B. Then, for any Q € =~ 1(b),
(V) = (ar)g (@ (d77) | (X¥(@) ) + 5 (dm)q (QFEQ). TE(@)]). (1.3
Suppose that Assumption 1 holds. Then,
(V47), =t (@ (47%) | (*@)). (4.4
Proof. Since 7 is a Riemannian submersion, we have that (VY), = (dr),, ((v Y#),). So (4.3) follows from
(e

(4.1). For the second part, Assumption 1 implies that for all @ € G, [X%(Q),Y4Q)] € Ver™. Now, by Lemma
1, for all Q € G, Q[X*(Q),Y*(Q)] € Very,. O



4.3 Curvature

Throughout the sequel, we assume that {¢; : 1 < k < N} is an orthonormal basis of g such that {ek 1 <k< Nh}
is an orthonormal basis of HI and {ek NP4+ 1<Ek< N} is an orthonormal basis of V. Since gG is a left-
invariant metric, for all @ € G, {Ek (@Q):1<Ek< Nh} and {Ek (Q): N'"4+1<k< N} are respectively orthonor-
mal basis of Hg, and VQ”.

4.3.1 (0,4) curvature tensor

Lemma 4. For any X,Y,Z, W € X(B) and Q € G,
R (x%,v%, 26w = 168 (K@), VA(Q)L, [7(Q). TR (Q)])
Proof. O
Lemma 5. For any X,Y € X(B) and Q € G,
vergy ([x%,9] ) = Qvery (IX3(Q), Y(Q)]) -
Proof. For any U,V € X(G),

N N
=> [ur B, ve ] = > ur(Bx - v0)Ee +ue(Ep - vi) Br + ugvy 129
kyf=1 kyf=1

Since X? and Y* are horizontal vector fields, the choice of the basis {¢; : 1 <k < N} of g implies that

Nh

G
(X4 YE)" = 3" 2l (B - v)) Be + 2§ (Ee - y) Bx + 2y} [Br, Bo)®
k=1
So, for any @ € G,
o Nh
verf) ([Xu,yqu) = 3 HQQver ([Ek,Eg]g) .
k=1

Now, by Lemma 1,
vergy (1Ew, Eilgy) = verdy (QLew, eel) = Qver? ([ex, ).

Therefore,

Nh
verg ([X4Y95) = @ 3 2k Qi (@Qpver? ([ew, ee]) = Qver? ([XF(Q). YH(Q)T)
k,0=1
Proposition 8. For any X,Y,Z, W € X(B), set
RE(X,Y, 2,W) = g (ver™ ([X%,¥9]") ver™ ([25,W7]7)).

Then, for allb € B and any Q € 7~ 1(b),

RE (XY, 2,0) = 268 (IXF(Q), VH(QIL [ZH(@), WHQL) + 395 (X, Y, 2,W) = 198(Y, 2, X, W) — 195(2, X, Y, W),

where
RE(X,Y, 2,W) = gf (ver? (IXF(Q), V() ,ver? ([ZF(Q), WE(Q)]) ) -
Proof. By O’Neill’s formula,
R¥ (XY, Z,W)=R® (X" Y* Z} W¥) + ERB(X Y, Z,W) — —SRB(Y Z, X, W) — SRB(Z, X, Y,W).  (4.5)
The first term of (4.5) is provided by Lemma 4. By Lemma 5, the other terms of (4. ) are given by

R(X,Y, 2, W) = g (ver? ([X(Q). YAQ) ,ver? (IZ5(Q). WF(QIT) ) -



4.3.2 (1,3) curvature tensor

Recall that {Gk 1<k< Nh} is an orthonormal basis of HTG. Now, for any b € B and fixed Q € 7 1(b), set
wk(b) = (d?T)Q(QEk) € T;B.

Since the metric gG is left-invariant and 7 is a Riemannian submersion, {wk 0):1<k<N h} is an orthonormal
basis of T,B. So, for the (3,1) curvature tensor R® (X,Y) Z, for any b € B,

Nh
Ry (X,Y)Z =3 gi (B (X,Y) Z,wi(b)) wi(b)
k=1
Nh
=Y Ry (XY, Z, W) wi(b),

k=1
where W}, is any vector field such that (Wj), = wy(b). For any b € B and fixed @ € 7~ !(b), Proposition 8 provide
the value at b of the tensor R® in function of that of the vector fields:

RY (XY, Z,Wi) = po (Xb, Yo, Zo, (Wi )s) -

Therefore,
Nh
Ry (X,Y)Z = py (Xs,Ys, Zo, wi (b)) w (b).
k=1

4.3.3 Sectional curvature

Proposition 9. Let X,Y € X(B) be orthonormal vector fields. Then, for allb € B and Q € 7= 1(b),

2

I l—  — 12 3 -

KP(XY) = 7 [(XAQ. Y@ + 5 |[ver? (IXE(@). YHQI)|| (4.6)
Suppose that Assumption 1 holds. Then, for allb € B and Q € 7 1(b),
_ _ 2

KP(XY) = ||[X(Q). VA - (4.7)

Proof. By O’Neill’s formula,

3 - G\ |2
KE(X,Y) = KB(X,Y) + 2 HverQ Cagh HQ .
Then, Lemmas 5 and 4 combined to the left-invariance of the metric ¢¢ imply (4.6), and (4.7) follows readily. O
4.4 The case of Grassmannians and flag manifolds
First, notice that the Frobenius metric is bi-invariant, so that the metric considered on O(d) is.
Let X,Y € X(FY). For any P € F! and Q € (7!)~}(P),
[XF(Q), YF(Q)] = 1Q"9% 7 @,

where

QY = Z[{[[Xi@),Piﬂ,[WP),Pjﬂ]] € so(n).

Lemma 6. Assumption 1 holds for G4 but not for F'.

Proof. This follows from simple computations in so(n). O



4.4.1 Levi-Civita connection of Grassmannians and flag manifolds

Proposition 10. For any X,Y € X(GY) and P € G4, Q € (7™)(P),
(VEY) = (@), (Q (dW)Q (Xﬂ(Q))) ,
where X*(Q) = [X(7™(Q)), 7™ (@)]Q and YE(Q) = Q"[Y (™(Q)), 7™(Q)]Q € so(n).

Proof. Since Assumption 1 holds for GZ, the result follows readily from (4.4). O

We obtain an expression of the latter when X and Y are defined through charts of GY.

Proposition 11. For any X,Y € X(F') and P € F', Q € (71'1)71 (P),
1 — 1
(v§ y)P = (), (Q (dw)Q (Xﬁ(Q))> + 5 (Q;“YQ) .

where X(Q) = 4 ( £ IX(r'(Q). 7@ Q and ¥3(@) = 307 ( £ Wit (@), #'(Q)] ) @ € salo)
Proof. Apply Proposition 7. O

4.4.2 Curvature of Grassmannians and flag manifolds

This general framework allows us to recover the sectional curvature of Grassmannians, given in Proposition 4.1.
of [3].

Proposition 12. Let X,Y € X(G%) be orthonormal vector fields. Then, for all P € G4 and Q € n~1(P),
G? 2
Kp"(X,Y) = [[Xp, YP]lZ -

Proof. First, notice that the statement makes sense. Indeed, for all P € G4, [Xp,Yp] € so(n). Now, the result
follows from (4.7), since Assumption 1 holds for Grassmannians. O

2
)
e

Proposition 13. Let X,Y € X(F'). Then, for all P € F,

1 2
KE'(X,Y) = 1o (HQ%Y 43 Hverj (23)

where for any Q € so(n),

! 1 ¢ i pi
ver] (2) =Q- 2 > le, Rl Bl
i=1
Proof. This is a consequence of (4.6). O
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