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On the Moreau—-Jean scheme with the Fremond impact law: energy
conservation and dissipation properties for elastodynamics with contact,
impact and friction

V. Acary” and N.A. Collins-Craft"

April 26, 2024

Highlights A time-stepping scheme with contact, impact and Coulomb friction with
1. the Frémond approach for the Newton impact law with friction; and

2. a discrete energy balance that has positive dissipation;

Keywords contact dynamics, impact, computational contact mechanics, numerical time integration, energy conservation,
dissipation properties

Abstract The objective of this paper is to propose a time integration scheme for nonsmooth mechanical systems involving
one-sided contact, impact and Coulomb friction, that respects the principles of discrete-time energy balance with positive
dissipation. To obtain energetic consistency in the continuous time model when an impact occurs, we work with an impact
law with friction inspired by the work of M. Frémond (Frémond, 1995, 2001, 2002, 2017) which ensures that dissipation is
positive, i.e. that the Clausius—Duhem inequality is satisfied for the impulses and the velocity jumps. On this basis, we propose
a time integration method based on the Moreau-Jean scheme (Jean and Moreau, 1987; Moreau, 1988) with a discrete version
of the Frémond impact law, and show that this method has correct dissipation properties.
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Notation The following notation is used throughout the paper. The Euclidean norm for a vector x € R" is denoted by ||z||.
For two vectors x,y € R", the Hadamard product is denoted by xoy. For a positive definite (respectively positive semi-definite)
matrix M € R™*", ||z||»s denotes the norm (respectively the semi-norm) in the metric defined by M. Let I denote a real time
interval of any sort. For a function f : I — R"™ of Bounded Variation (BV), we denote the right-limit function by f*(¢) =

lim f(s), and respectively the left-limit by f~(¢) = SHI&IQQf(S) Wedenoteby 0 =ty <t1 < ... <t <...<ty=T

s—t,s>t

a finite partition (or a subdivision) of the time interval [0, T|, where (T" > 0). The integer N is the number of time intervals
in the subdivision. The length of a time step is denoted by hj, = {51 — ti. For simplicity’s sake, the schemes are presented in
the following with a time step denoted by h for short. The value of a real function z(t) at the time ¢, is approximated by .
In the same way, the notation ;19 = (1 — 0)xy, + 0241 is used for 6 € [0, 1]. The notation dt defines the Lebesgue measure
on R.

1 Introduction and motivations

The objective of this paper is to propose a time integration scheme for nonsmooth mechanical systems involving one-sided
contact, impact and Coulomb friction, that respects the principles of discrete-time energy balance with positive dissipation.
For simplicity, we consider systems either discrete or spatially discretised (by the finite element method (FEM) for example),
and that have dynamics that are linear, but with possible nonlinear constraints that model contact. The question of developing
a consistent integration scheme with correct energy and dissipation properties implies that the continuous-time model also
has these properties. It is known that discrete systems with Coulomb friction and a kinematic impact law can generate energy,
in particular, when the direction of sliding velocity changes during impact (Brogliato, 2016; Glocker, 2013). In this work, we
therefore propose to work with an impact law inspired by the work of M. Frémond (Frémond, 1995, 2001, 2002, 2007, 2017)
which ensures that dissipation is positive, i.e. that the Clausius-Duhem inequality (and therefore the second law of thermo-
dynamics) is satisfied. The main ingredient is the use of the average of the pre- and post-impact velocities as the primary
kinematic variable conjugated with the impulse. This duality pairing is natural for discrete systems when an impact occurs.
The Coulomb law is written with this average velocity. In this way, the work of the contact impulses is always non positive.
When the velocity is continuous, the model reverts to the standard one-sided contact model with Coulomb friction. On this
basis, we propose a time integration method based on the Moreau—Jean scheme (Jean and Moreau, 1987; Moreau, 1988) and
show that this method has good dissipation properties.

Much work in the literature has focused on conservative or energy-dissipating time integration schemes for frictionless one-
sided contact systems. These studies are mainly interested in this property because it confers stability properties to the schemes,
which are often difficult to obtain. A review of the literature can be found in Acary (2016). On the other hand, there is compar-
atively little work on contact with Coulomb friction. This may be due to the inherent difficulty of Coulomb friction for discrete
systems that exhibit impulses. Amongst the work that has been conducted in the context of variational discrete integrators,
we may note the article of Fetecau et al. (2003), who briefly consider the case of friction in the continuous-time case, but do not
consider it in their discrete algorithm (which in any case requires the precise location of impacts in time, rendering it infeasible
for applications with many impacts such as granular flows). The autonomous case for rigid body dynamics has been treated
by Johnson et al. (2014), who allow a frictional impulse over a time step to be sufficiently large to cause the contact to stick
(but no larger), thus avoiding any change of sliding direction. However, in the general case of nonautonomous mechanical
systems (those with externally imposed driving forces or displacements), and when there are interactions with elasticity and
damping, changes in the sliding direction may simply be imposed at the contact, regardless of any interaction with frictional
forces. Capobianco and Eugster (2018) consider such a system, and develop an integration scheme that preserves a principle
of virtual action, but this does not in itself imply no generation of energy during sliding, only that any energy that is created
will be compensated elsewhere in the action. In light of these previous works, there would seem to be considerable interest
in ensuring that numerical schemes that are event-capturing (that is to say that do not require the precise location in time of
each impact event) are able to remain dissipative, regardless of the nature (elastic, rigid etc) of the contacting bodies, and the
presence of any external forcing.

The structure of the article is as follows. We begin in Section 2 by presenting the equations of motion of a spatially dis-
crete system with one-sided constraints, Coulomb friction and impacts. After a discussion of the energy balance of the system,
we find that the system with Newton’s law of impact and Coulomb friction can be non-dissipative. Finally, we propose an
impact model inspired by the work of Frémond which guarantees that the system is dissipative. In Section 3, we propose a new
scheme that is dissipative in discrete time, with dissipative terms that are numerical approximations of frictional and impact
dissipation. In Section 4, we describe how the schemes are implemented in practice in the Siconos software framework. In
Section 5, the dissipation properties of the discrete time scheme are illustrated with various examples and compared to the
classical Moreau—Jean scheme. Section 6 concludes the article and outlines some perspectives.


http://siconos.org

2 Nonsmooth mechanical systems with unilateral contact, Coulomb’s friction
and impact

In this section we consider systems that are continuous in time but discrete in space, and outline the equations of motion and
energy balance with Coulomb friction and impact for the standard model and the Frémond impact model.

2.1 Smooth equations of motion for linear viscoelasticity and constitutive laws

The equations of motion of a discrete or discretised Lagrangian mechanical system in the linear visco-elastic case are

q(to) = qo, v(to) = vo, (1a)
q(t) = v(t), (1b)
Mi(t) + Kq(t) + Co(t) = F(t) + R(2), (10)

where ¢(t) € R" is the vector of generalised coordinates and v(¢) = ¢(t) is the corresponding vector of generalised velocities,
the initial conditions are gy € R"™ and vg € R"™, M € R™ " is the symmetric mass matrix that is assumed to be positive
definite, K € R™*" is the positive semi-definite stiffness matrix and C' € R"*" the positive semi-definite damping matrix,
F(t) is the vector of external applied forces and R(t) is the vector of generalised contact forces. The system is now subjected
to a finite set of m unilateral contacts that defines the admissible set for the configuration

C={qeR"|gd(q) 20,ac[l,m]} CR", ()

where g¢ : R” — R is assumed to be a smooth function with non-vanishing gradients. We denote by the function gy : R" —
R™ the function with gy as components. For the perfect unilateral constraints, the Signorini condition is written as

0 < gu(g(t)) LA®) =0, (3)

where the inequalities involving vectors are understood to hold component-wise and the | symbol means that g/ A\ = 0. The
Lagrange multiplier X is related to the generalised reaction force R by

R(t) = Vagu(q())A(). @)
The Signorini condition at the velocity level can be also be defined as
0 < uy(t) LA(t) 20, if gu(q(t) <0, (5)
where the local relative velocity uy(t) is defined by

un(t) = g(q(t)) =V, gulq(t)) v(t). (6)

Moreau’s viability lemma ensures that (5) implies (3) if the initial conditions are admissible.

Coulomb friction For Coulomb friction, the definition of the gradients of the constraints is not sufficient and an orthonormal
local basis (n®, t{', t5') at contact composed of the inward normal vector n® € R to set C and the tangential vectors t&, t3 € R?
is needed. For an individual contact «, the relative velocity and the reaction force r at contact are denoted in this local contact

frame as
o (e}
U r
o N o N
u* =%, =14, (7)
UT TT

€ Rand ry = (r, ro )T € R2. The local variables are related to the

.
where uf € R, uf = (uo‘ ua) € R?, r® S

T1? T2 N
generalised variables by
u® =H%(q)v, R*=H""(q)r" (8)
Coulomb friction together with the Signorini condition at the velocity level is given by

—U% € Nga(r®), ifgg(q) <0, elser® =0 9)

where @ is the modified De Saxcé velocity expressed as

p |
= u® + 0 , (10)
0
and % is the Coulomb cone
K = {r, |Ir:]] < p*ri}, (11)



with 4 > 0 the friction coeflicient. Let Z = [1,m] € N be the set of indices of constraints. Let us define now the index of
constraint at the velocity level by
T' ={a € T|gl(q(t)) <O} (12)

By collecting all the variables for each contact in the set Z', and implicitly introducing the notation dropping o (z = [xo"T, o c
Il]T), we get for the frictional contacts
—4 € Ng(r), (13)

considering that r® = 0 for o & Z" and K is the Cartesian product of the cone K®. Using the dual cone of K denoted by

K* = {u, pllua| < us}, (14)
the relation (13) can be written as
or as a complementarity condition
Ksalrek. (16)

To be self-contained, the equivalence with the standard form of the Coulomb friction is given in the following Lemma 1.

Lemma 1 (Acary et al. (2011)) For one contact point, the Coulomb friction law with the Signorini condition at the velocity level
fulfils one of the three following conditions:

either r=0anduy > 0, (take-off)
or u=0and|r]| < pry, (sticking) (17)
or lrz|| = pry and uy = 0 and ||u||rr = —||re||lug, (sliding)

and is equivalent to the complementarity problem

K*salrek, (18)
with
pl |
a=u+| 0 |. (19)
0

Proof (=) The conditions (17) imply that » € IC and uy > 0. Then @y > p||u;|| and we conclude that & € K£*. If u = 0,
then @ = 0 and the relation @' 7 = 0 holds trivially. The same applies for r = 0. In the sliding case, we have

a'r = (un+ plluel )+ uf e = o el + ul (20)
since uy = 0 and pry = ||r;||. Furthermore ||u.||7r = —||7¢||w, the vectors u, and 7y are collinear and have opposite directions,
we have u, 7, = —||u.||||r;]| and hence @' = 0.

(<= Conversely, if (18) holds, we have three separate cases:
1. = 0. The relation @ € K* holds. This implies uy > 0. We have the take-off case.
2. @ = 0. This implies that v = 0 and we have r € K. Hence, we have the sticking case.

3. @ # 0and r # 0. Using @ € K* and r € K, we get

pllta|[fIrell < pteg = 1y (21)
The relation @' 7 = 0 implies Uyry = —ﬂTT r1 SO wWe get

pllaallllre]| < —pia] 7. (22)
The Cauchy-Schwarz inequality gives

pllalllrll = —pia] 7, (23)
so we conclude that

gl el = —piiy 7. (24)

When p # 0, the vectors @, and 7 are collinear and have the opposite direction to each other, since the Cauchy-Schwarz
inequality holds as an equality. Let us assume that r € int(KC), then ||7;|| < pry. Since u € K*, we have

pllaclllrsl| < pryiig = —piay s, (25)
which contradicts (24). Hence, we conclude » € OK and hence ||r;|| = pry. Let us assume that @ € int(K*), then
w||ty]| < dy. Since r € I, p|@||||re]] < pry@y contradicts (24). Hence, we conclude @ € 9K*. From @ € OK*, we
conclude that u, = 0. ([l



Smooth dynamics with Coulomb friction For the sake of simplicity, we note by
- = ®(u) (26)

the De Saxcé change of variable defined in (10) for a given contact . The smooth dynamics with Coulomb friction is then
given by

q(to) = qo, v(to) = vo, (27a)
q(t) = v(t), (27b)
Mi(t) + Kq(t) + Cv(t) = Fex(t) + H (a())r(1), (27¢)
u(t) = H(q(t))v(t), (27d)

—®(u) € N (r). (27¢)

2.2 Nonsmooth dynamics

If a contact « is closing at time ¢; with a negative relative velocity, that is g$'(¢(¢;)) = 0 and uJ(¢;) < 0, we have an impact
at t;. The velocity must jump to satisfy the unilateral constraint immediately after the impact g5 (¢(¢; + €)) = 0, > 0. The
velocity v is usually assumed to be a function of bounded variations. The same applies for the relative velocity at contact. With
finite dimensional systems, the smooth dynamics (27) are generally insufficient to characterise the solution (that is to say that
there are infinitely many solutions after impacts). To close the system at the impact time #; when v (¢;) # v~ (¢;), an impact
law must be added. In this work, we consider Newton’s impact law:

ug () = —e®ug ™ (1) if g7 (g(t:)) < O and ul™™ (t;) <0, (28)

where e € [0, 1] is the Newton coefficient of restitution. To address the case of multiple contacts, the Newton impact law is
extended in terms of complementarity by Moreau (1988) as

0 <ult(t;) +eud () Lp¥ >0, ifa et (29)
where p; is the reaction impulse at time ¢; and Z" is the index set defined by

T' = {a € T| g2(q(#)) < Oand ug~ (1) < O}, (30)
In the following, we will assume that the local variables at contact are collected for all indices belonging to Z*.

The nonsmooth equations of motion are written in terms of differential measure dv associated with v and the local impulse
measure di as follows

q(to) = qo, v (to) = vo, (31a)
qg=mv, (31Db)
Mdv+ Kqdt + Cvdt = Fdt + H' (q) di, (31¢)
u= H(q)v, (31d)
—W(ut) € Ni(di), (31e)

where we have made use of the following function that takes into account the impact law (29):

pllug || + e“ug™
() = u® + 0 . (32)
0

Interpretation of the contact law (31e) in terms of measures The equation (31e) requires some explanation based on the
definition of a normal cone inclusion with measures. Almost everywhere with respect to the Lebesgue measure dt, we have

—U(u") € Ni(r), (33)
where 7 is the density of di with respect to d¢. Since we have u~ = u™ = u almost everywhere, the relation (33) can be written
for a contact « as

1 [e3 [} e
% = (( +e )zjja+ ,U'HUT ”) € Nga (,ra)’ (34)
T

Three cases are possible following the proof of the Lemma 1:
1. The take-off case: r® = 0. In that case, we have ug > 0.

2. The sticking case: @® = 0. In that case, we have uy = 0 and (1 + e“)ug = 0 = ug and r* € K.



3. The sliding case: r* # 0 and @ # 0. Then we have r® € K and @ € 9K**. This implies (1 + e)uy = 0 = ug,
[[r2l| = pry and [ux[|rr = —||re|u.
To conclude, we retrieve almost everywhere the Coulomb friction with the Signorini condition at the velocity level. At any

time t;, we have
~W(u") € Ni(pi), (35)

where p; is the density of di with respect to the Dirac atom at ¢;, J;,. Once again, we have three possible cases for a contact a:

1. The take-off case: p* = 0. In this case, we have u>'™ + eu® ™ > 0.

1) = 0. In this case, we have u®" = 0 and u®'" + eu®~ = 0 and p{* € K*. The impact law is

2. The sticking case: ¥ (u
= —euy”

satisfied since ul" ™"
3. The sliding case: p* # 0and ¥ (u® ") # 0. Then we have p¢* € 9K and ¥ (u®™) € OK™*. This implies ul" T +eud ™ =
05 pﬁT” = Mp?N and ||U?’+||Pff7 = *HP%”U?’+-

To summarise, the impact law is satisfied in the sticking and sliding cases and the Coulomb friction is written in terms of
impulses and of the right limit of the relative velocity. We will see in the following that these choices have a consequence for
the dissipativity of the model.

2.3 Energy balance analysis

A detailed analysis of the energy balance for nonsmooth systems can be found in Lozano et al. (2013) and Leine and Wouw
(2008). The energy balance is usually obtained by multiplying the equation of motion by v + v~. After some algebraic
manipulations (see Acary (2016)), we obtain

2dE =dv " Mv)+2¢"Kdg=20"Fdt — 20" Cvdt + (vH +07) T H (q) di, (36)

where the standard definition of the total mechanical energy of the system is

1 1
E= ivTMU + EqTKq, (37)

and dg = v (t)dt = v~ (t) dt.

Energy balance almost everywhere Almost everywhere with respect to the Lebesgue measure dt, the energy balance (36)
is

d
dt
which is the classical energy balance for a smooth dynamical system subjected to some constraints. The term v ' F'is the power

of the external forces and —v ' C'v is the power of the viscous forces. The last term corresponds to the power of the reaction
forces. For a contact «, it can be decomposed as

E(t) =v (OF(t) —v " ()Cv(t) +v " ()H  (a(t)r(t), (38)

'UTHO"T(q)rO‘ =u®Tr® = ugrd + u?’TrTO‘. (39)

As we assumed that the constitutive law (33) is satisfied almost everywhere, an examination of the three possibles cases for

the contact law yields
vTH T (q)r® = —pr||uf], (40)

which is the standard dissipated power by a sliding contact with Coulomb friction. Note that the dissipated power is always
non-positive, which is consistent with the laws of thermodynamics.

Energy balance at any time At any time ¢;, the energy balance (36) is

E¥ (1) ~ £ (1) = 5 (" () + v~ (6) T (alte))ps. (41)
For a contact «, it can be evaluated as
S (1) o (1) THT at)pg = 5 6) + ™ (0)) T 2

With the constitutive law given by (33), the dissipated power in (42) vanishes in the take-off case. In the sticking case, the
sliding velocity vanishes and we get

§(U+(ti) +v (ti))TH WT(q(ti))pi = i(uN’-‘—(ti) + Uy (ti))pN,i + §uf7 (ti)p'r,ia
1 o, — (03 1 o, — (03
= 5(1 - B)UN’ (ti)pN,i + 5”1‘7 (ti)pT,i' (43)



Since ug"~ (t;) < 0 and e € [0, 1], the first term of the dissipated power by an impact is non-positive, but we cannot conclude
a priori on the sign of the second term. In the sliding case, we get

1 _ o « ]- o, — [e% ]‘ « a,— (o3
S + o7 (@) THT (q(t:)p? = 51— e~ (0)ps, + 5 (e (1) + u ™ (1) o

«@ 1 o, — «
Uy ’Jr(ti)” + i(uT’ (ti))TpT,i' (44)

1 1
= 5(1 —eug (t)pg; — SH PR

The first two terms in (44) are non-positive. For the last terms, we cannot conclude a priori on its sign. For instance, if there is
a reversal of the sliding direction during the impact, u" ™ (t;) = —u"~ (¢;), the power of the frictional impulse may generate
energy. In other words, the Coulomb law in terms of impulses together with the Newton impact law is not dissipative and does
not respect the second law of thermodynamics.

This fact is not new. The famous Kane (1984) example (see also Brogliato (2016) and Glocker (2013)) shows that some amount
of energy can be generated using this type of constitutive law. For our purpose, it would appear to be difficult to propose a
consistent numerical scheme that dissipates energy when the underlying law does not possess this property.

2.4 Frémond’s model of frictional impact
To obtain a constitutive law that is consistent with the laws of thermodynamics and the Newton impact law, we propose to use

—= @(u+ + u)) € Ny (di) (45)

with
—« 1 « —O,— Q|| 7
”O‘(ﬂa) _|[uy + 5(6 - 1)U’N, +u ||uT ”

Ur

1
and % = g(ua’+ +uT). (46)

This law is inspired by the energy balance (42) and the work of Frémond (Frémond, 1995, 2001, 2002, 2017). We will refer to this
constitutive law as the Frémond model in the following. We will now demonstrate that the Frémond model always dissipates
energy.

Lemma 2 The Frémond model of contact, impact and friction given by (45) and (46) satisfies the dissipation inequality, that is

1
§(UJr +07)TH (¢)di 0. (47)
Proof Almost everywhere with respect to the Lebesgue measure d¢, we have u™ = u~ = u, and the constitutive law (45)
reduces to
1 1 « [e% « «
5( +e )uN T ”U‘T H c NK(T). (48)

[e3

Uy

The three possible cases of (48) coincide with those of (33). In other words, for the smooth dynamics, there is no difference
between the law in (45) and the standard Coulomb law with the Signorini condition at the velocity level given by (33). At any
time ¢;, we obtain

—= (; [’U,+(ti) + ’U,_(tl)}> S NIC(pi)~ (49)

To be explicit, let us examine the three possible cases for a contact a:

1 1
1. The take-off case: p{ = 0. In this case, we have i(u;“’* +ul )+ i(eo‘ —1)u2~ > 0, that is to say u®+ 4+ eu®™ > 0.

1 1
2. The sticking case: E(i[u“’+(ti) + u®7(t;)]) = 0. In this case, we have i(u‘T"Jr +u®7) =0, ud" +eul” =0and
ot at _

p € K% The impact law is satisfied since uy'"™ = —eug’ ™. Note that in the sticking case, we have u;
which may take non-zero values. Only the velocity average over the time of impact vanishes.

a,—

— Uy ,

1 1
3. The sliding case: p$ # 0 and E(§(u°"+(ti) +u®7(t;))) # 0. Then we have p{ € K* and E(i [u® ™t (t;) +u® (t)]) €

OK**, This implies ul" ™ + eud~ = 0,

(63 (63 1 - (e} (6% 1 -
Pl = mpf and [|5 (w (8) +u” (E) 15 = = lpfll5 (@ (8) +u™ (8:).



In the take-off case, the impulse p; vanishes and hence the dissipated power vanishes.

In the sticking case, we obtain

St (1) o (1) THT () = 3 (8 (1) 0 (1)
= (1= ey ()pg <O, (50

1
since §(u§1+(tl) + u~ (t;)) vanishes. Since u$" ™ (¢;) < 0 and e € [0, 1], the dissipated power by an impact is non-positive.

In the sliding case, we get

S () o () THST (g = (1 — epu (a5 (s (1) + (1) TS

1 a,— (e 1 a,a 1 @ a,—
= 5 (L= eJug (ta)pl; — 5 plill5 (™ () + u™ ()] < 0. (51)

]

We conclude that the dissipated power related to the reaction forces is always non-negative. In other words, the model satisfies

1
the laws of thermodynamics at the time of impact. The average of the pre-impact and post-impact velocities §(U+ +ov7)is

the natural dual variable of the impulse in the energy balance, or in the principle of virtual power. Choosing a constitutive law
that relates this velocity to the impulse though a pseudo-potential of dissipation

—p € XK+ (E (;[zﬁ + v])> (52)

is a way to define a dissipative law (Moreau, 1971, 1973). x¢ is the indicator function of a convex set C, defined by

ifreC
xo(z) = { 20 ifz ; c (53)

Remark 1 The model proposed by Frémond is not only consistent with the laws of thermodynamics, but has also been validated by
experimental tests. In Cholet (1998) and Frémond (2001, 2002, 2017), we find experimental results showing that percussions belong
to the Coulomb cone. Even more interestingly, these experimental tests also show that the Coulomb relationship between impact

and velocity is valid for the averaged velocity §(u+ (t;) +u™ (t;), but not for the velocity after impact u™ (t;).

3 Moreau—Jean scheme with discrete Frémond’s impact law

3.1 Flaws in the standard Moreau-Jean scheme with Newton’s impact law and Coulomb’s fric-
tion

In this section we consider systems that are discrete in both space and time, demonstrate the problems with the Moreau—Jean

scheme and the standard law, and demonstrate that the Moreau-Jean scheme with the Frémond law avoids these problems.

Formulation of the Moreau-Jean scheme The Moreau—Jean scheme (Jean, 1999; Jean and Moreau, 1987; Moreau, 1988)
on an interval (¢x, t;41] of length h is as follows

M (vis1 — vk) + hEKgiro + hCoryg — hFro = H ' (qr)prs, (54a)
Qe+1 = Gk + hvgyo, (54b)
upt1 = H(qr) vry1, (54c)
—I'(uk+1) € Nic(pr+1) (54d)

with 6 € [0, 1] and where

eug y, + p|[u |l
D*(upyq) = upyq + 0 . (55)
0

The following approximations are considered:

Upa1 R 0(tks1); Ukpr R Ut (teg1); Prer & di((fe, trga]) (56)



The index set Z' is approximated at each time step by
I ={aeT|g%(q) < 0and ug) < 0}. (57)

The discrete variables at each contact are collected in the unknown variables w1 and py1 for the indices such that o € f,%.

Discrete dissipation analysis Following Lemma 5.1 in Acary (2016), the discrete-time dissipation equality of the Moreau—
Jean scheme (54) over a time-step [tx, tx+1] is given by

i 1
d
Ag = et = Wi = (5 -0) [lovss = lBy + oo - ali] + ufiomin, )
and the discrete approximation of the work done by the external forces within the step by

tet1
Wt = hoy g Fito ~ / Fuvdt, (59)

ty

and the discrete approximation of the work done by the damping term by

. tht1
WP = —hol, g Cugye ~ — / v Cudt. (60)
tk

1
To ensure that the scheme dissipates energy, the first condition is § > 3 The second condition is related to the sign of the

discrete work of the reaction impulse given by
UkT+9pk+1 = qu+9pN,k+1 + qu+9pT,k+1' (61)
For a contact o, the normal term uf; ’k,T_‘_Qpﬁ k41 vanishes in the take-off case, and is given by
“S,’l;gpﬁkﬂ = [1 —-0(1+ ea)] U kPu k10 (62)

in the sliding and sticking cases. With the condition

0 < 1
1+ex

<1, foralla € 7. (63)
we conclude that u;: kt0Pxk+1 < 0. For the frictional term, u‘f "k—;ep?’ ka1, We get

(X,T « . a,T « CK,T «
Up o oPrps1 = 0Us Pl + (1= O)ugy plg- (64)

The first term is non-positive but we cannot draw any conclusions about the sign of the second term. We will demonstrate that
on a simple example this term can be positive and that the scheme will generate energy.

This fact is not particularly surprising. If we accept that the scheme is consistent and converges towards the continuous-
time model, then we must converge towards a model that can generate energy. In practice, energy can be generated even in
the case where we have reduced the time steps to obtain a more accurate solution.

Remark 2 A possible way to dissipate energy it to cancel the second term in (64) using @ = 1. In this case, the condition (63) will
imply that e® = 0 for all . This result coincides with the result obtained by Glocker (2013), who demonstrated that e = 0 is the
only value of the restitution coefficient that can maintain energetic consistency in the case of unilateral kinematic and geometric
constraints with coupling between the impact elements (as is the case when Coulomb friction is added to the system).

3.2 Principles of the proposed scheme

The following proposal for a new time-stepping scheme differs in the way the contact law is discretised to obtain contact
dissipation that is always positive. The Moreau-Jean based scheme with the Frémond impact law is defined as follows:

M (vpp1 — k) + hEK iy + hCvpyg — hFirg = H ' (qr)prs1, (65a)
Qi1 = Qk + hrgo, Upr1 = H(qr) ki1, (65b)
—O(uk1g) € Nc(pra1) (65c¢)

with the function © as
(6(1+ ) — 1) uly + |
0%(u®) =u* + 0 . (66)
0

Let us enumerate what is solved in each of the three possible cases of the contact law:



1. The take-off case: py, ; = 0. In this case, we have
ud o+ (0 (L+€®) — 1) udy 4+ pufrpoll = nudy ol (67)

which simplifies to
Uff,k+1 + eo‘uf,jk > 0. (68)

2. The sticking case: ©“(ug ) = 0. In this case, we have u'; 4 = 0 and
u]\(ik+9+(0(1+€a)_1)uﬁk:0, (69)

which simplifies to
Ug g1 = —eug . (70)

3. The sliding case: p}, 4 # 0 and ©%(uj, 4) # 0. Then we have pj, , € 0K and ©% (uy,) € OK™ ™. This implies

ug o+ (0 (14 e*) = 1) udy 4+ plugiyoll = nlugy ol (71)
which simplifies to
ud o+ (0 (L+e%) —1)ug) =0, (72)
and then
ug‘,kﬂ = —eo‘uﬁk. (73)

For the frictional part, we have
P51l = 1pg g1 and [Jug oD k11 = —IPF g1 1Us - (74)

To summarise, the Newton impact law is defined in the same way as in the Moreau—Jean time-stepping scheme. For the normal
part of the law, the pre-impact velocity is the velocity at the beginning of the time-step uy ;. and the post-impact velocity is the
velocity at the end of the time step uy ;. , ;. However, in the new Moreau-Jean scheme with Frémond impact law time-stepping
scheme the Coulomb friction law is written with the average velocity us'; . o, rather than the velocity at the end of the time-step
U7 41, as is the case in the classical Moreau-Jean scheme.

When 6 = 1/2, the function ©“ simplifies to

« 1 (03 [e3 « «
@a(ua) _ |uy+ 5(8 - 1)U’N,k§ T HUT H (75)

ua

.
and the discrete contact law is

-0 (; [wt1 + Uk}) € N (pr+1) (76)

We can observe that the expression (75) is very similar to the expression of the function = in (46). In practice, if the scheme
converges, we can expect to approximate the Frémond impact law. When 6 = 1, the function © is

ea(ua) _ <UN +e uN&ka""_M ”u'r ”) _ F(ua)7 (77)
and the discrete contact law is
—O(ug+1) = —T'(urt1) € Ne(pr+1)- (78)

We observe that the scheme is identical to the Moreau-Jean time-stepping scheme for the case of § = 1.

3.3 Discrete dissipation properties and energy balance
Let us now give a result concerning the dissipation of this new Moreau—Jean scheme with the Frémond impact law.

Proposition 1 The new Moreau—Jean scheme with the Frémond impact law dissipates energy in the sense that

Elthr) — E(t) < WEE + WiRmPine, (79)
if
1 1
<< ——<1 (80)
2 1+e

where € = maxe®, «a € 7.

In other words, providing that (80) is satisfied, the variation of the total mechanical energy of the system is always less than or
equal to the energy supplied by the external and damping forces.
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Proof The discrete-time dissipation equality of the new Moreau-Jean scheme (65) over a time-step [ty, tx1] is also given by
(58). Hence, we have

1 . ) 1
(2 - 9) {Hvkﬂ —vgll3s + llgr+1 — gll% | <0, if and only if 6 > 3 (81)
All that remains to prove is that u; 1oPk+1 < 0. Let us examine the three possible cases for a contact a:

1. The take-off case: py, ; = 0. In that case, we have ugﬂ;pgﬂ =0.

2. The sticking case: ©%(uy,9) = 0. In that case, we have u;';, = 0 and then u}:_’;pgﬂ = U g1oPx k+1- From (69), we

and uyg;, < 0 and then ugﬂ,pz‘ﬂ < O since pgy g = 0.

conclude that uf,‘ w0 < Osince 0 < T

3. The sliding case: pj,,y # 0 and ©%(uy,4) # 0. Then we have py,, € 0K and ©%(uy, ) € OK™*. From (72), we

conclude that uﬁf kro < O since 0 <

from (74):

5o and ug; < 0, and then ug,  opg 1 < 0. For the frictional part, we have
P ; ; ;

T
U oP 1 = — DLk g igall <O (82)

O
Given that we demonstrated that the Frémond impact law is dissipative in continuous time for any physically meaningful values
of e and , it is once again no surprise that an approximation of this law using a Moreau—Jean scheme is also dissipative when

0> 5 From a practical perspective, we are thus able to conduct numerical integrations of complex systems with multiple

impacts and friction (such as arise in simulating granular media or finite-element-discretised bodies undergoing contact) with
guarantees on the stability of the solver, increasing both the speed and accuracy of the resolution.

4 Implementation details in Siconos

We will give some details of the implementation of the numerical solver as it is implemented in Siconos (Acary et al., 2019),
where it is possible to solve the systems (54) and (65) directly. If the inverse of the mass matrix is simple (i.e. it is a diagonal
or block diagonal matrix), we can also decide to reduce the system to the contact variable, as we do in the following. We will
ultimately arrive at a second order cone complementarity problem for each scheme. Siconos/numerics implements a variety of
solvers for second order cone complementarity problems, specifically for those arising in non-associative plasticity or friction
problems (see for instance Acary et al., 2018) defined by the system

w= Ar + b,
w = d(w), (83)
—w € N;C(T),

where w and r are the vectors that solve the system, A is a matrix, b is a vector and @ is an function that transforms w
to the vector @ that has the complementarity relationship with r. In the following, ® is the De Saxcé velocity function.
Siconos has a built-in frictional contact problem type that automatically applies the De Saxcé function, which we exploit in our
numerical solutions. Among the available solvers for this type of system, we may cite a) projection-based solvers for variational
inequalities, b) iterative solvers such as block projected Gauss—Seidel, ¢) semi-smooth Newton methods, and d) interior point
methods (Acary et al., 2023). The solver finds the values of r and w that resolve the system to a given tolerance, using the norm
I — projic(r — ®(Ar + b))l
1+ [[b]|2
error. We will exploit the nonsmooth Gauss—Seidel solver (Jourdan et al., 1998) to resolve our systems, as it is a very robust
solver.

, which we set to 107 1° (unless otherwise specified), i.e. we resolve our systems with very small

4.1 Implementation of the Moreau—Jean scheme

To arrive at the appropriate cone complementarity system for the classical Moreau-Jean scheme, we expand the first line
of (65a) to obtain

(M +hOC + h292K) Ukt = (M —h(1—0)C — h20(1 — 0)K> vk — hEK gy + hFirg + H (q)pes1.  (84)
Then, we construct the matrix M = M + h#C + h?6* K and obtain an expression for the relative velocities given by

Ups1 = H(qe) M~ [(M —h(1 —6)C — h20(1 — H)K) v, — hKqy. + hFM] + H(qe)M ™ "H (q)prs1.  (85)
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We will denote the discrete Delassus matrix W by
W = H(qx) M~ H (qr), (86)

and a constant term by
y = H(q)M™* {(M —h(1—6)C — h?0(1 — 9)[() vy — hKqr + hFyyo] . (87)

We obtain a second order cone complementarity problem that must be solved at each time step:

Ugt1 = Wpgs1 +y,
(88)
—I'(uk+1) € Ne(Prt1)-
euﬁk
Now, considering the generic system (83), we set A = W, b* =y~ + 0 |, ris the vector of percussions over the time step
0

pr+1 and w the vector of De Saxcé relative velocities at the end of the time step w1, respectively. r and w will be resolved
by the solver so that they fulfil the system (88).

4.2 Implementation of the new Moreau-Jean scheme

For the new scheme, we expand the first line of (65) to obtain the same expression as (84). Then, adding (M + hoC + h20°K ) Vg

to each side and making the appropriate rearrangements and simplifications leads to
(M + hOC + h*0*K)vj, 19 = Moy — hOKqy, + h0Fys9 + 0H " (qi)prsa.- (89)

Once again constructing the matrix M = M + h8C + h?6°K, inverting it and multiplying by H (g, ), we obtain an expression
for the relative velocities:

Uk40 = H(qk)Mil(MUk — hOKq + h@FkJre) + GH(qk)MilHT(qk)pk+1. (90)
By denoting the discrete Delassus matrix R
W = 60H (g)M " H' (qr), (91)
and the constant term A
y = H(qe) M~ (Mvy, — h0Kqi + h0Fy 1), (92)

the following second order cone complementarity problem

Uk+o = Wpkt1 + v, (93)
—O(ukt9) € Nic(Prt1)s
(0(1+e%) = Dugy
has to be solved at each time step. We set A = W, b = y*+ 0 , and find the vectors r and w (respectively

0

the vectors of percussions over the time step pj1 and the mid-step local relative velocities u ) that provide us with a solution
of (93).

5 Numerical illustrations

Here, we demonstrate on several different example systems the difference between the results obtained using the classical
Moreau-Jean scheme with discrete Moreau’s impact law and Coulomb’s friction, against those obtained using the new proposed
scheme with discrete Moreau’s impact law and Coulomb’s friction, for systems described in continuous time by equation (31).

5.1 Impacting stick

The first example is a rigid bar impacting a fixed, rigid obstacle. This very simple example shows the errors in calculating
dissipation in discrete time using the classical Moreau—Jean scheme. We consider a bar of length [ and mass m subjected to
gravity. Its centre of mass G is given by the coordinates (z, y) and the angle of the bar v complete the generalised coordinates
(see Figure 1). For simplicity’s sake, the contact point C' is considered to be on the middle fibre of the bar. The numerical
values (in dimensionless units) are as follows: m = 1,1 = 1,g = 10,e = 1.0, = 0.01 and the initial conditions are

1 1
qo = <2lsin(7r/4), 5[COS(7T/4) + 0.01,71'/4) and vg = (—0.5,0.1,0.1).
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Figure 1: The geometry of the impacting stick of length [ with a centroid at G and making contact with the ground at point C,
at an angle of 7.

The simulation is performed with a time step 4 = 10~%, § = 0.5 and a simulation interval [0, 0.2] to observe the first two
impacts in detail, using both the classical and new schemes. The results are displayed in Figure 2 and Figure 3.

13



(a) e
. Vg
224 |
§3) r T Uy
2 i :
= —_
Fofmmemms o - __ -
TP TSP
0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200
t
1.0-(b) __________ _— x|
g e T
2 ] "y
Q"?’( 0.5-: _________________ R —_—
0.0- L L O B I L L L B L A B B L R
0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200
t
> ]
T 05 Y
e ]
g Un
£ 00 ~~— |l TS S
E ———)
= Jp——
~ —0.5 L e L L A L s R R R EOL L L L B B B B B
0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200
t
04-(d)
@ ] D~
a0.2-_ P
£ ]
0.0
0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200
t
1(e 1
0.0005—_( ) | — wy
] |
% ] | -
= 0.0000 . ;
] |
—0.0005 1 !
L e L L B L s R R S E L L L B B B B B
0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200
t
44U
> N T e e e
%0 —_— K1net1c~ energy —-= Dissipated energy 0~ T T T m=me—em o _
5 21 ——- Potential energy Total energy
0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200
t

Figure 2: The results of the simulation of the impacting stick, using the standard Moreau-Jean scheme, with § = 0.5, h = 104,
(a) The generalised displacements of the system. (b) The global velocities of the system. (c) The local relative normal and
tangential velocities. (d) The normal and tangential contact percussions. (e) The work done by the percussions and local

velocities. (f) The total energetic quantities of the system.
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Figure 3: The results of the simulation of the impacting stick, using the new Moreau-Jean scheme with the Frémond law, with
6 =0.5,h=10"% (a) The generalised displacements of the system. (b) The global velocities of the system. (c) The local relative
normal and tangential velocities. (d) The normal and tangential contact percussions. (e) The work done by the percussions and

local velocities. (f) The total energetic quantities of the system.
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It is observed that the energy dissipated by friction can have the wrong sign for the Moreau—Jean scheme with Newton law
at first impact, and therefore generate energy, which is not the case for the proposed Moreau-Jean scheme with the Frémond
law. We also observe here that while the normal percussions at impact occur, they do no net work on the system due to the
choice of e = 1.

5.2 A rocking block

We now consider a rigid block of mass m, length b and height /, subjected to gravity. The centroid of the block is located at
G(z,y), and the generalised coordinates are completed by the angle to the horizontal plane . It is assumed that the block
makes contact with the rigid ground at its two corner points C; and Cs. The geometry is depicted in Figure 4. The numerical
values of the system (once again in dimensionless units) are b = 1,1 =1, m = 1, g = 10, e = 1.0, ¢ = 0.1. The initial
conditions are gy = (0,0.6,0) and vy = (0,—0.2,1).

Figure 4: A rocking block of width b and height h, with a centroid at G’ and making contact with the ground at the points Cy
and Cb, at an angle of 7.

The simulation is performed with a time step h = 10™%, § = 0.5 and a simulation interval [0, 1], using both the classical
and new schemes. The results are displayed in Figure 5 and Figure 6.
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Figure 5: The results of the simulation of the rocking block, using the standard Moreau-Jean scheme, with § = 0.5, h = 104,
(a) The generalised displacements of the system. (b) The global velocities of the system. (c) The local relative normal and
tangential velocities. (d) The normal and tangential contact percussions. (e) The work done by the percussions and local

velocities. (f) The total energetic quantities of the system.
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Figure 6: The results of the simulation of the rocking, using the new Moreau-Jean scheme with the Frémond law, with § =
0.5,h = 107, (a) The generalised displacements of the system. (b) The global velocities of the system. (c) The local relative
normal and tangential velocities. (d) The normal and tangential contact percussions. (e) The work done by the percussions and

local velocities. (f) The total energetic quantities of the system.
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As can be clearly seen, the classical Moreau—Jean scheme with the Newton law creates energy at the second, third, sixth
and eighth impacts, and in fact the dissipated energy can be become positive. The global effect of this can be seen in the total
energy curve in Figure 5(f) where the total energy has visible “kinks” as a sequence of impacts first dissipates then creates
energy. By comparison, Figure 6 demonstrates clearly the difference with the system being purely dissipative, and each impact
either doing no dissipative work (as e = 1, so the normal part of the impact is purely elastic), or doing negative work due to
frictional sliding. The total energy curve clearly decreases at each impact, as would be expected. A comparison of the velocities
and positions of the system’s centre of mass presented in the subfigures (a) and (b) of each figure demonstrate plainly that the
creation of energy in the Moreau-Jean scheme with Newton law has substantial effects on the system trajectory.

5.3 A sliding block

In this example we consider a linear elastic block that slides in constant contact with a rigid surface, with the geometry as
shown in Figure 7.

Ll
Leg ko)

Figure 7: A sliding block under self-weight due to a gravity and an applied sliding force F. The height h is 25 mm and the
breadth b is 40 mm. The thickness is set to 15 mm.

The block is taken to be made of Poly(methyl methacrylate) (PMMA), and to be linearly elastic. We take the linear elasticity
parameters from Berman et al. (2020). We thus have the Young’s modulus £ = 5.75 x 10® MPa, the Poisson’s ratio v = 0.358
and the density p = 1.17 x 10~ g/mm®. We choose a value of the restitution coefficient e of 0.0 and friction coefficient ;1 = 0.5,
and apply these values to all contact nodes.

We discretise the system in space using the finite element method, generating the mesh with Gmsh 4.11.1 (Geuzaine and
Remacle, 2009) and setting a characteristic length of 1 mm throughout, then reading it in to Python 3.12.1 with meshio 5.3.5 (Schlémer,
2022). We use linear triangle (T3) elements with a single Gauss point and a consistent mass matrix, choose the plane stress
simplifying assumption, and work in the linear finite element framework (that is to say that the finite element matrices are
calculated once with respect to the undeformed system configuration (shown in Figure 8(a)) and remain constant for the entire
simulation).
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Figure 8: Mesh of the sliding block. (a) The block mesh in the undeformed configuration. (b) The block mesh in the deformed
configuration at ¢ = 0.3, using the Moreau-Jean scheme with Frémond law, with a 100x warp factor applied to the mesh to

exaggerate the displacements, which are also shown via the colour bar. Both figures are generated by ParaView (Ahrens et al.,
2005).

The system is first subjected to an applied vertical displacement d = —0.005 mm along the top boundary and the initial
displacements are resolved elastically with the no slip and no interpenetration conditions enforced at the contact boundary.
During the simulation, the block is subjected to its own self-weight (with gravity set to be —1072 mm/ms?), the vertical
displacement on the top boundary is held constant and an oscillating traction o on the left boundary given by

os = 2sgn [sin (47rt)] . (94)

We simulate the system for 1 ms, with time steps of 10~* ms, so as to ensure a very fine resolution of the system.
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Figure 9: The results of the simulation using the classical Moreau-Jean method with # = 0.5 and h = 10™* ms. (a) The
individual energetic components of the simulation. (b) The sum of the work input to the system with the dissipation, compared
to the total energy of the system. (c) The maximum value of the positive part of the tangential work w; over all contact nodes

at each time step. (d) The minimum value of the negative part of the tangential work w; over all contact nodes at each time
step.
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Figure 10: The results of the simulation using the new Moreau-Jean method with the Frémond law and with § = 0.5 and
h = 10~ ms. (a) The individual energetic components of the simulation. (b) The sum of the work input to the system with the
dissipation, compared to the total energy of the system. c¢) The maximum value of the positive part of the tangential work w;
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When comparing Figure 9 and Figure 10, we can see very clearly that the new scheme completely avoids generating positive
tangential work, aligning with the analytical proofs above. In this case, the rest of the system is dissipative enough to overcome
the energy created by the Moreau—Jean scheme, meaning that the global system remains stable and the sum of the total work
and dissipation tracks the total energy closely in both cases.

It is also worth remarking on the seeming appearance of Schallamach-type waves (Schallamach, 1971) (namely true Schal-
lamach waves, separation pulses and slip pulses) along the bottom surface of the block, visible in Figure 8(b). Previous studies
(Barquins, 1985; Viswanathan and Chandrasekar, 2022) have emphasised the role played by adhesion, viscoelastic and tem-
perature effects in this phenomenon. While we have not included it in the simulations in this paper, our method includes the
possibility of linear viscosity in the damping matrix C, and setting e = 0 (a perfectly inelastic contact), as we have in these
simulations, we can at least treat the limiting case of zero adhesive force. Further, experimental evidence suggests that propa-
gating frictional ruptures have a complex spatial structure (Berman et al., 2020), suggesting the importance of rate-dependent
friction. As this article is dedicated to the description of a theoretical and numerical model, we will not explore this subject
any further, beyond noting that having a consistently dissipative numerical method like the new scheme would seem to be
a precondition to a robust numerical study of these phenomena, which have more typically been explored theoretically and
experimentally.

5.4 Impact on masonry structure

In this example we consider a more practical example of a rockfall impacting on a masonry wall, with the geometry shown in
Figure 11. The wall has 10 layers of blocks, and is buttressed by six buttresses, composed of the same type of blocks. The wall
rests on flat ground, and in front of the wall is a slope at 45°. Each block has a width of 1 m, a depth of 2 m and a height of
1 m. A rock of approximately 5 m diameter is created with an irregular polyhedral shape, which then has its contour shrunk
by 10% in order to improve its contact detection properties.

The blocks and the rock are taken to be rigid bodies, subject to gravity of 9.81m/s?. All the bodies are taken to have a density
of 2300 kg/m®. The Newton coefficient of restitution for all normal impacts is taken as e = 0.2 and the coefficient of friction as
n=0.6.

To obtain accurate results, the simulation is run for 4 s, starting at ¢ = 0, with time steps of h = 5 x 107%* and 6 = 0.5.

The rock is created at t = 0.01, its initial position is at the coordinates (30, 0, 35) m and it has an initial translational velocity
of (-10, 0, -35) m/s and an angular velocity of (0.5, 10, 0.1) s~ *.
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Figure 11: Impact of a rock on a masonry structure, at the point of creation of the rock, just after impact, and at the end of the
simulation.

In the first instance, we highlight that we are pushing the system outside the range for which the proofs above are valid,
i.e. rather than a linear Lagrangian system we have a Newton-Euler system. However, in practical terms, this does not prevent
the model being implemented as a reasonable approximation. The particularly pertinent differences to note from the system
described in (31) are that the generalised coordinate vector ¢ contains information about the centre of mass of each block and
the impacting rock, as well as its orientation with respect to a fixed inertial frame encoded as quaternions. As a consequence,
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we can no longer say ¢(t) = v(t), but instead require a transformation depending on the generalised coordinate to be applied
ie ¢(t) = T(q)v(t), where T(q) is a matrix that acts to transform the time derivative of the quaternions into conventional
angular components in the body-fixed frame. With this convention, the mass matrix remains constant. Secondly, we track the
total work done by the external and gyroscopic forces of the system over each increment of time, given by

tht1 1

Wiy = v,L_e (F,Sfe + F,ffe) ~ /t 5 () +v= )" (FH(t) + F&"(t)) dt. (95)

The system is resolved with Siconos’ three dimensional nonsmooth Gauss—Seidel frictional solver, with the tolerance set to
1074, and the contact detection resolved with Siconos’ internal version of Bullet (Coumans and Bai, 2016-2021). For a full
list of the various numerical tolerances implemented in the system, we refer readers to the simulation file (Acary, 2024). The
results of the simulation are output at every time step.
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Figure 12: The results of the simulation using the classical Moreau-Jean method with # = 0.5 and A = 0.0005 s. (a) The
individual energetic components of the simulation. (b) The sum of the change in energy work of the system with the cumulative
dissipation. (c) The maximum value of the positive part of the tangential work w; over all contact nodes at each time step. (d)
The minimum value of the negative part of the tangential work w; over all contact nodes at each time step.
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Figure 13: The results of the simulation using the proposed method § = 0.5 and h = 0.0005 s. (a) The individual energetic
components of the simulation. (b) The sum of the change in energy work of the system with the cumulative dissipation. c) The
maximum value of the positive part of the tangential work w; over all contact nodes at each time step. (d) The minimum value
of the negative part of the tangential work w; over all contact nodes at each time step.

In contrast to the previous examples, we see that in this case, the proposed scheme does on occasion generate positive
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tangential work. This is a direct consequence of numerical error related to the relatively large time step and solver tolerance
chosen. With a tighter numerical tolerance, the positive part of the tangential work goes towards zero, and in any case the
magnitude of the positive part remains three orders of magnitude less than that seen in the classical Moreau-Jean method. We
can compare more closely the total dissipation of each method in Figure 14:

x107

= Moreau—Jean
=== Moreau—Jean-Frémond

Change in Energy (N-m)
Lol
P | 1

——
—_——————_
—
== =
a

|
oo
L
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Figure 14: The total dissipation of the system for each method.

We can see that where we have clear corresponding impacts in the two systems, the proposed method clearly dissipates
more energy, as a consequence of having smaller positive tangential work terms. As a result, the system has less kinetic energy,
and so there are fewer impacts with noticeable dissipation than in the corresponding Moreau-Jean system. In particular, at
about 3.1 seconds into the simulation, the increased energy in the Moreau-Jean system causes a number of impacts to occur
without the new scheme having obviously corresponding impacts (however, the solution with the proposed scheme does have
a small accumulation of impacts near the end without an obvious analogue in the Moreau—Jean scheme). Ultimately, the two
systems end up having dissipated similar amounts of energy, although the difference in magnitude of each impacting event
causes the systems to follow noticeably different paths to get there.

6 Conclusion

In this article, we have demonstrated that the Frémond model of frictional contact gives a treatment of Coulomb friction com-
bined with Newton’s impact law that is always dissipative in continuous time. By adapting the Moreau-Jean time integration
scheme to approximate the Frémond model in discrete time, we are able to develop a numerical method that is also provably
always dissipative. We then considered several examples and demonstrated that in cases where the classical Moreau-Jean
scheme creates energy, the new scheme demonstrably does not. This work demonstrates new results and techniques that are
likely to be of significance across a variety of subfields in mechanics, ranging from simulations of granular media to design of
mechanical linkages. In future extensions of this work, we expect to generalise it to the case of nonlinear systems (Newton-
Euler equations or nonlinear systems that derive from potentials), consider large sliding problems that are generally best treated
with a mortar method (Puso et al., 2024), and to consider the possibility of other impact laws such as those including a cohesion
acting on the surface (Collins-Craft et al., 2024).
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The code required to run the simulations described in this paper is available in a GitHub repository archived on Software
Heritage, or alternatively on Zenodo. The sole exception to this is the code required to run the rockfall impact code, which
is archived separately on Software Heritage as part of the Siconos tutorial repository. The data outputs of the codes are also
available on Zenodo.

28
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