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Abstract The objective of this paper is to propose a time integration scheme for nonsmooth mechanical systems involving

one-sided contact, impact and Coulomb friction, that respects the principles of discrete-time energy balance with positive

dissipation. To obtain energetic consistency in the continuous time model, we work with an impact law inspired by the work

of M. Frémond (Frémond, 2001, 2002, 2017) which ensures that dissipation is positive, i.e. that the Clausius–Duhem inequality

is satisfied. On this basis, we propose a time integration method based on the Moreau–Jean scheme (Jean and Moreau, 1987;

Moreau, 1988) with a discrete version of the Frémond impact law, and show that this method has correct dissipation properties.
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Notation The following notation is used throughout the paper. The Euclidean norm for a vector x ∈ Rn
is denoted by ∥x∥.

For two vectors x, y ∈ Rn
, the Hadamard product is denoted by x◦y. For a positive definite (respectively positive semi-definite)

matrix M ∈ Rn×n
, ∥x∥M denotes the norm (respectively the semi-norm) in the metric defined by M . Let I denote a real time

interval of any sort. For a function f : I → Rn
of Bounded Variation (BV), we denote the right-limit function by f+(t) =

lim
s→t,s>t

f(s), and respectively the left-limit by f−(t) = lim
s→t,s<t

f(s). We denote by 0 = t0 < t1 < . . . < tk < . . . < tN = T

a finite partition (or a subdivision) of the time interval [0, T ], where (T > 0). The integer N is the number of time intervals

in the subdivision. The length of a time step is denoted by hk = tk+1 − tk . For simplicity’s sake, the schemes are presented in

the following with a time step denoted by h for short. The value of a real function x(t) at the time tk , is approximated by xk .

In the same way, the notation xk+θ = (1− θ)xk + θxk+1 is used for θ ∈ [0, 1]. The notation dt defines the Lebesgue measure

on R.

1 Introduction and motivations
The objective of this paper is to propose a time integration scheme for nonsmooth mechanical systems involving one-sided

contact, impact and Coulomb friction, that respects the principles of discrete-time energy balance with positive dissipation.

For simplicity, we consider systems that have been spatially discretised (by the finite element method (FEM) for example), and

that have dynamics that are linear, but with possible nonlinear constraints that model contact. The question of developing a

consistent integration scheme with correct energy and dissipation properties implies that the continuous-time model also has

these properties. It is known that discrete systems with Coulomb friction and a kinematic impact law can generate energy,

in particular, when the direction of sliding velocity changes during impact (Brogliato, 2016; Glocker, 2013). In this work, we

therefore propose to work with an impact law inspired by the work of M. Frémond (Frémond, 2001, 2002, 2007, 2017) which

ensures that dissipation is positive, i.e. that the Clausius–Duhem inequality (and therefore the second law of thermodynamics)

is satisfied. On this basis, we propose a time integration method based on the Moreau–Jean scheme (Jean and Moreau, 1987;

Moreau, 1988) and show that this method has good dissipation properties.

Much work in the literature has focused on conservative or energy-dissipating time integration schemes for frictionless one-

sided contact systems. These studies are mainly interested in this property because it confers stability properties to the schemes,

which are often difficult to obtain. For a review of the literature, please refer to Acary (2016). On the other hand, there is very

little work on contact with Coulomb friction. This may be due to the inherent difficulty of Coulomb friction for discrete systems

that exhibit impulses. It is well known that when working with percussions, the Coulomb friction model is not necessarily

consistent.

The structure of the article is as follows. We begin in Section 2 by presenting the equations of motion of a spatially dis-

crete system with one-sided constraints, Coulomb friction and impacts. After a discussion of the energy balance of the system,

we find that the system with Newton’s law of impact and Coulomb friction can be non-dissipative. Finally, we propose an

impact model inspired by the work of Frémond which guarantees that the system is dissipative. In Section 3, we propose

a new scheme that is dissipative in discrete time, with dissipative terms that are numerical approximations of frictional and

impact dissipation. In Section 5, the dissipation properties of the discrete time scheme are illustrated with various examples

and compared to the classical Moreau–Jean scheme. Section 6 concludes the article and outlines some perspectives.

2 Nonsmooth mechanical systems with unilateral contact, Coulomb’s friction
and impact

In this section we consider systems that have been spatially discretised but are continuous in time, and outline the equations

of motion and energy balance with Coulomb friction and impact for the standard model and the Frémond impact model.

2.1 Smooth equations of motion for linear viscoelasticity and constitutive laws
The equations of motion of a discrete or discretised Lagrangian mechanical system in the linear visco-elastic case are

q(t0) = q0, v(t0) = v0, (1a)

q̇(t) = v(t), (1b)

Mv̇(t) +Kq(t) + Cv(t) = F (t) +R(t), (1c)

where q(t) ∈ Rn
is the vector of generalised coordinates and v(t) = q̇(t) is the corresponding vector of generalised velocities,

the initial conditions are q0 ∈ Rn
and v0 ∈ Rn

, M ∈ Rn×n
is the symmetric mass matrix that is assumed to be positive

definite, K ∈ Rn×n
is the positive semi-definite stiffness matrix and C ∈ Rn×n

the positive semi-definite damping matrix,

F (t) is the vector of external applied forces and R(t) is the generalised contact forces. The system is now subjected to a finite

set of m unilateral contacts that defines the admissible set for the configuration

C = {q ∈ Rn | gα
N
(q) ⩾ 0, α ∈ J1,mK} ⊂ Rn, (2)
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where gα
N
: Rn → R is assumed to be a smooth function with non-vanishing gradients. We denote by the function g

N
: Rn →

Rm
the function with gα

N
as components. For the perfect unilateral constraints, the Signorini condition is written as

0 ⩽ g
N
(q(t)) ⊥ λ(t) ⩾ 0, (3)

where the inequalities involving vectors are understood to hold component-wise and the ⊥ symbol means that g⊤
N
λ = 0. The

Lagrange multiplier λ is related to the generalised reaction force R by

R(t) = ∇qgN
(q(t))λ(t). (4)

The Signorini condition at the velocity level can be also be defined as

0 ⩽ u
N
(t) ⊥ λ(t) ⩾ 0, if g

N
(q(t)) ⩽ 0, (5)

where the local relative velocity u
N
(t) is defined by

u
N
(t) = ġ(q(t)) = ∇⊤

q gN
(q(t)) v(t). (6)

Moreau’s viability lemma ensures that (5) implies (3).

Coulomb friction For Coulomb friction, the definition of the gradients of the constraints is not sufficient and an orthonormal

local basis (nα, tα1 , t
α
2 ) at contact composed of the inward normal vector nα ∈ R3

to set C co-linear to the velocities ∇⊤
q g

α
N

and the tangential vectors tα1 , t
α
2 ∈ R3

is needed. For an individual contact α, the relative velocity and the reaction force r at

contact are denoted in this local contact frame as

uα =

(
uα

N

uα
T

)
, rα =

(
rα

N

rα
T

)
, (7)

where uα
N
∈ R,uα

T
=
(
uα

T1
, uα

T2

)⊤ ∈ R2
, rα

N
∈ R, rα

T
=
(
rα

T1
, rα

T2

)⊤ ∈ R2
. The local variables are related to the generalised

variables by

uα = Hα(q) v, Rα = Hα,⊤(q) rα. (8)

Coulomb friction together with the Signorini condition at the velocity level is given by

−ũα ∈ NKα(rα), if gα
N
(q) ⩽ 0, else rα = 0 (9)

where ũ is the modified De Saxcé velocity expressed as

ũα = uα +

µα∥uα
T
∥

0
0

 , (10)

and Kα
is the Coulomb cone

Kα = {r, ∥r
T
∥ ⩽ µαr

N
}, (11)

with µα ⩾ 0 the friction coefficient. Let I = J1,mK ∈ N be the set of indices of constraints. Let us define now the index of

constraint at the velocity level by

I1 = {α ∈ I | gα
N
(q(t)) ⩽ 0}. (12)

By collecting all the variables for each contact in the set I1
, and implicitly introducing the notation dropping α (x = [xα,⊤, α ∈

I1]⊤), we get for the frictional contacts

−ũ ∈ NK(r), (13)

considering that rα = 0 for α ̸∈ I1
and K is the Cartesian product of the cone Kα

. Using the dual cone of K denoted by

K⋆ = {u, µ∥u
T
∥ ⩽ u

N
}, (14)

the relation (13) can be written as

−r ∈ NK⋆(ũ). (15)

or as a complementarity condition

K⋆ ∋ ũ ⊥ r ∈ K. (16)

To be self-contained, the equivalence with the standard form of the Coulomb friction is given in the following Lemma 1.
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Lemma 1 (Acary et al. (2011)) For one contact point, the Coulomb friction law with the Signorini condition at the velocity level
that fulfils one the three following conditions:

either r = 0 and uN ⩾ 0, (take-off)
or u = 0 and ∥rT∥ ⩽ µrN, (sticking)
or ∥rT∥ = µrN and uN = 0 and ∥uT∥rT = −∥rT∥uT, (sliding)

(17)

is equivalent to the complementarity problem
K⋆ ∋ ũ ⊥ r ∈ K, (18)

with

ũ = u+

µ∥uT∥
0
0

 . (19)

Proof ( =⇒ ) The conditions (17) imply that r ∈ K and u
N
⩾ 0. Then ũ

N
⩾ µ∥u

T
∥ and we conclude that ũ ∈ K⋆

. If u = 0,

then ũ = 0 and the relation ũ⊤r = 0 holds trivially. The same applies for r = 0. In the sliding case, we have

ũ⊤r = (u
N
+ µ∥u

T
∥)r

N
+ u⊤

T
r

T
,

= u
N
r

N
+ µ∥u

T
∥r

N
+ u⊤

T
r

T
,

= ∥u
T
∥∥r

T
∥+ u⊤

T
r

T
since u

N
= 0 and µr

N
= ∥r

T
∥. (20)

Since ∥u
T
∥r

T
= −∥r

T
∥u

T
, the vectors u

T
and r

T
are collinear and have opposite directions, we have u⊤

T
r

T
= −∥u

T
∥∥r

T
∥ and

hence ũ⊤r = 0.

( ⇐= ) Conversely, if (18) holds, we have three separate cases:

1. r = 0. The relation ũ ∈ K⋆
holds. This implies u

N
⩾ 0. We have the take-off case.

2. ũ = 0. This implies that u = 0 and we have r ∈ K. Hence, we have the sticking case.

3. ũ ̸= 0 and r ̸= 0. Using ũ ∈ K⋆
and r ∈ K, we get

µ∥ũ
T
∥∥r

T
∥ ⩽ µũ

N
= r

N
. (21)

The relation ũ⊤r = 0 implies ũ
N
r

N
= −ũ⊤

T
r

T
so we get

µ∥ũ
T
∥∥r

T
∥ ⩽ −µũ⊤

T
r

T
. (22)

The Cauchy–Schwarz inequality gives

µ∥ũ
T
∥∥r

T
∥ ⩾ −µũ⊤

T
r

T
, (23)

so we conclude that

µ∥ũ
T
∥∥r

T
∥ = −µũ⊤

T
r

T
. (24)

When µ ̸= 0, the vectors ũ
T

and r
T

are collinear and have the opposite direction to each other, since the Cauchy–Schwarz

inequality is an equality. Let us assume that r ∈ int(K), then ∥r
T
∥ < µr

N
. Since u ∈ K⋆

, we have

µ∥ũ
T
∥∥r

T
∥ < µr

N
ũ

N
= −µũ⊤

T
r

T
, (25)

which contradicts (24). Hence, we conclude r ∈ ∂K and hence ∥r
T
∥ = µr

N
. Let us assume that ũ ∈ int(K⋆), then

µ∥ũ
T
∥ < ũ

N
. Since r ∈ K, µ∥ũ

T
∥∥r

T
∥ < µr

N
ũ

N
contradicts (24). Hence, we conclude ũ ∈ ∂K⋆

. From ũ ∈ ∂K⋆
, we

conclude that u
N
= 0. □

Smooth dynamics with Coulomb friction For the sake of simplicity, we note by

−ũ = Φ(u) (26)

the De Saxcé change of variable defined in (10) for a given contact α. The smooth dynamics with Coulomb friction is then

given by 

q(t0) = q0, v(t0) = v0, (27a)

q̇(t) = v(t), (27b)

Mv̇(t) +Kq(t) + Cv(t) = Fext(t) +H⊤(q(t))r(t), (27c)

u(t) = H(q(t))v(t), (27d)

−Φ(u) ∈ NK(r). (27e)
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2.2 Nonsmooth dynamics
If a contact α is closing at time ti with a negative relative velocity, that is gα

N
(q(ti)) = 0 and uα

N
(ti) < 0, we have an impact

at ti. The velocity must jump to satisfy the unilateral constraint immediately after the impact gα
N
(q(ti + ε)) ⩾ 0, ε > 0. The

velocity v is usually assumed to be a function of bounded variations. The same applies for the relative velocity at contact. With

finite dimensional systems, the smooth dynamics (27) are generally insufficient to characterise the solution (that is to say that

there are infinitely many solutions after impacts). To close the system at the impact time ti when v+(ti) ̸= v−(ti), an impact

law must be added. In this work, we consider Newton’s impact law:

uα,+
N

(ti) = −eαuα,−
N

(ti) if gα
N
(q(ti)) ⩽ 0 and uα,−

N
(ti) ⩽ 0, (28)

where eα ∈ [0, 1] is the Newton coefficient of restitution. To address the case of multiple contacts, the Newton impact law is

written in terms of complementarity as

0 ⩽ uα,+
N

(ti) + eαuα,−
N

(ti) ⊥ pαi ⩾ 0, if α ∈ Ī1, (29)

where pi is the reaction impulse at time ti and Ī1
is the index set defined by

Ī1 = {α ∈ I | gα
N
(q(t)) ⩽ 0 and uα,−

N
(t) ⩽ 0}. (30)

In the following, we will assume that the local variables at contact are collected for all indices belonging to Ī1
.

The nonsmooth equations of motion are written in terms of differential measure dv associated with v and the local impulse

measure di as follows 

q(t0) = q0, v
−(t0) = v0, (31a)

q̇ = v, (31b)

M dv +Kq dt+ Cv dt = F dt+H⊤(q) di, (31c)

u = H(q)v, (31d)

−Ψ(u+) ∈ NK(di), (31e)

where we have made use of the following function that takes into account the impact law (29):

Ψα(uα) = uα +

µ∥uα
T
∥+ eαuα,−

N

0
0

 . (32)

Interpretation of the contact law (31e) in terms of measures The equation (31e) requires some explanation based on the

definition of a normal cone inclusion with measures. Almost everywhere with respect to the Lebesgue measure dt, we have

−Ψ(u+) ∈ NK(r), (33)

where r is the density of di with respect to dt. Since we have u− = u+ = u almost everywhere, the relation (33) can be written

for a contact α as

ūα =

(
(1 + eα)uα

N
+ µ∥uα

T
∥

uα
T

)
∈ NKα(rα), (34)

Three cases are possible following the proof of the Lemma 1:

1. The take-off case: rα = 0. In that case, we have uα
N
⩾ 0.

2. The sticking case: ūα = 0. In that case, we have uα
T
= 0 and (1 + eα)uα

N
= 0 = uα

N
and rα ∈ Kα

.

3. The sliding case: rα ̸= 0 and ūα ̸= 0. Then we have rα ∈ ∂Kα
and ūα ∈ ∂Kα,⋆

. This implies (1 + e)uα
N
= 0 = uα

N
,

∥r
T
∥ = µr

N
and ∥u

T
∥r

T
= −∥r

T
∥u

T
.

To conclude, we retrieve almost everywhere the Coulomb friction with the Signorini condition at the velocity level. At any

time ti, we have

−Ψ(u+) ∈ NK(pi), (35)

where pi is the density of di with respect to the Dirac atom at ti, δti . Once again, we have three possible cases for a contact α:

1. The take-off case: pαi = 0. In this case, we have uα,+
N

+ euα,−
N

⩾ 0.

2. The sticking case: Ψ(uα,+) = 0. In this case, we have uα,+
T

= 0 and uα,+
N

+ euα,−
N

= 0 and pαi ∈ Kα
. The impact law is

satisfied since uα,+
N

= −euα,−
N

3. The sliding case: pαi ̸= 0 and Ψ(uα,+) ̸= 0. Then we have pαi ∈ ∂Kα
and Ψ(uα,+) ∈ ∂Kα,⋆

. This implies uα,+
N

+euα,−
N

=
0, ∥pαi,T∥ = µpαi,N and ∥uα,+

T
∥pαi,T = −∥pαi,T∥uα,+

T
.

To conclude, the impact law is satisfied in the sticking and sliding cases and the Coulomb friction is written in terms of impulses

and of the right limit of the relative velocity. We will see in the following that these choices have a consequence on the

dissipativity of the model.
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2.3 Energy balance analysis
A detailed analysis of the energy balance for nonsmooth systems can be found in Lozano et al. (2013) and Leine and Wouw

(2008). The energy balance is usually obtained by multiplying the equation of motion by v+ + v−. After some algebraic

manipulations (see Acary (2016)), we obtain

2 dE = d(v⊤Mv) + 2q⊤K dq = 2v⊤F dt− 2v⊤Cv dt+ (v+ + v−)⊤H⊤(q) di, (36)

where the standard definition of the total mechanical energy of the system is

E =
1

2
v⊤Mv +

1

2
q⊤Kq, (37)

and dq = v+(t) dt = v−(t) dt.

Energy balance almost everywhere Almost everywhere with respect to the Lebesgue measure dt, the energy balance (36)

reads as

d

dt
E(t) = v⊤(t)F (t)− v⊤(t)Cv(t) + v⊤(t)H⊤(q(t))r(t), (38)

which is the classical energy balance for a smooth dynamical system subjected to some constraints. The term v⊤F is the power

of the external forces and −v⊤Cv is the power of the viscous forces. The last term corresponds to the power of the reaction

forces. For a contact α, it can be decomposed as

v⊤Hα,⊤(q)rα = uα,⊤rα = uα
N
rα

N
+ uα,⊤

T
rα

T
. (39)

As we assumed that the constitutive law (33) is satisfied almost everywhere, an examination of the three possibles cases for

the contact law yields

v⊤Hα,⊤(q)rα = −µαrα
N
∥uα

T
∥, (40)

which is the standard dissipated power by a sliding contact with Coulomb friction. Note that the dissipated power is always

non-positive, which is consistent with the laws of thermodynamics.

Energy balance at any time At any time ti, the energy balance (36) is

E+(ti)− E−(ti) =
1

2
(v+(ti) + v−(ti))

⊤H⊤(q(ti))pi. (41)

For a contact α, it can be evaluated as

1

2
(v+(ti) + v−(ti))

⊤Hα,⊤(q(ti))p
α
i =

1

2
(uα,+(ti) + uα,−(ti))

⊤pαi . (42)

With the constitutive law given by (33), the dissipated power in (42) vanishes in the take-off case. In the sticking case, the

sliding velocity vanishes and we get

1

2
(v+(ti) + v−(ti))

⊤Hα,⊤(q(ti))p
α
i =

1

2
(uα,+

N
(ti) + uα,−

N
(ti))p

α
N,i +

1

2
uα,−

T
(ti)p

α
T,i,

=
1

2
(1− e)uα,−

N
(ti)p

α
N,i +

1

2
uα,−

T
(ti)p

α
T,i. (43)

Since uα,−
N

(ti) ⩽ 0 and e ∈ [0, 1], the first term of the dissipated power by an impact is non-positive, but we cannot conclude

a priori on the sign of the second term. In the sliding case, we get

1

2
(v+(ti) + v−(ti))

⊤Hα,⊤(q(ti))p
α
i =

1

2
(1− e)uα,−

N
(ti)p

α
N,i +

1

2
(uα,+

T
(ti) + uα,−

T
(ti))

⊤pα
T,i,

=
1

2
(1− e)uα,−

N
(ti)p

α
N,i −

1

2
µαpα

N,i∥uα,+
T

(ti)∥+
1

2
(uα,−

T
(ti))

⊤pα
T,i. (44)

The first two terms in (44) are non-positive. For the last terms, we cannot conclude a priori on its sign. For instance, if there is

a reversal of the sliding direction during the impact, uα,−
T

(ti) = −uα,−
T

(ti), the power of the frictional impulse may generate

energy. In other words, the Coulomb law in terms of impulses together with the Newton impact law is not dissipative and does

not respect the second law of thermodynamics.

This fact is not new. The famous Kane (1984) example (see also Brogliato (2016) and Glocker (2013)) shows that some amount

of energy can be generated using this type of constitutive law. For our purpose, it would appear to be difficult to propose a

consistent numerical scheme that dissipates energy when the underlying law does not possess this property.
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2.4 Frémond’s model of frictional impact
To obtain a constitutive law that is consistent with the laws of thermodynamics and the Newton impact law, we propose to use

−Ξ

(
1

2
(u+ + u−)

)
∈ NK(di) (45)

with

Ξα(ūα) =

ūα
N
+

1

2
(eα − 1)ūα,−

N
+ µα∥ūα

T
∥

ūα
T

 and ūα =
1

2
(uα,+ + uα,−). (46)

This law is inspired by the energy balance (42) and the work of Frémond (Frémond, 2001, 2002, 2017). We will refer to this

constitutive law as the Frémond model in the following. We will now demonstrate that the Frémond model always dissipates

energy.

Lemma 2 The Frémond model of contact, impact and friction given by (45) and (46) satisfies the dissipation inequality, that is

(v+ + v−)⊤H⊤(q) di ⩽ 0. (47)

Proof Almost everywhere with respect to the Lebesgue measure dt, we have u+ = u− = u, and the constitutive law (45)

reduces to

−

1

2
(1 + eα)uα

N
+ µα∥uα

T
∥

uα
T

 ∈ NK(r). (48)

The three possible cases of (48) coincide with those of (33). In other words, for the smooth dynamics, there is no difference

between the law in (45) and the standard Coulomb law with the Signorini condition at the velocity level given by (33). At any

time ti, we obtain

−Ξ

(
1

2

[
u+(ti) + u−(ti)

])
∈ NK(pi). (49)

To be explicit, let us examine the three possible cases for a contact α:

1. The take-off case: pαi = 0. In this case, we have

1

2
(uα,+

N
+ uα,−

N
) +

1

2
(eα − 1)uα,−

N
⩾ 0, that is to say uα,+

N
+ euα,−

N
⩾ 0.

2. The sticking case: Ξ(
1

2
(uα,+(ti) + uα,−(ti))) = 0. In this case, we have

1

2
(uα,+

T
+ uα,−

T
) = 0, uα,+

N
+ euα,−

N
= 0 and

pαi ∈ Kα
. The impact law is satisfied since uα,+

N
= −euα,−

N
. Note that in the sticking case, we have uα,+

T
= −uα,−

T
,

which may take non-zero values. Only the velocity average over the time of impact vanishes.

3. The sliding case: pαi ̸= 0 and Ξ(
1

2
(uα,+(ti)+uα,−(ti))) ̸= 0. Then we have pαi ∈ ∂Kα

and Ξ(
1

2
(uα,+(ti)+uα,−(ti))) ∈

∂Kα,⋆
. This implies uα,+

N
+ euα,−

N
= 0, ∥pαi,T∥ = µpαi,N and ∥1

2
(u+(ti) + u−(ti))∥pαi,T = −∥pαi,T∥

1

2
(u+(ti) + u−(ti)).

In the take-off case, the impulse pi vanishes and hence the dissipated power vanishes.

In the sticking case, we obtain

1

2
(v+(ti) + v−(ti))

⊤Hα,⊤(q(ti))p
α
i =

1

2
(uα,+

N
(ti) + uα,−

N
(ti))p

α
N,i,

=
1

2
(1− e)uα,−

N
(ti)p

α
N,i ⩽ 0, (50)

since

1

2
(uα,+

T
(ti) + uα,−

T
(ti)) vanishes. Since uα,−

N
(ti) ⩽ 0 and e ∈ [0, 1], the dissipated power by an impact is non-positive.

In the sliding case, we get

1

2
(v+(ti) + v−(ti))

⊤Hα,⊤(q(ti))p
α
i =

1

2
(1− e)uα,−

N
(ti)p

α
N,i +

1

2
(uα,+

T
(ti) + uα,−

T
(ti))

⊤pα
T,i,

=
1

2
(1− e)uα,−

N
(ti)p

α
N,i −

1

2
µαpα

N,i∥
1

2
(uα,+

T
(ti) + uα,−

T
(ti))∥ ⩽ 0. (51)

□

We conclude that the dissipated power related to the reaction forces is always non-negative. In other words, the model satisfies

the laws of thermodynamics at the time of impact.

Remark 1 The model proposed by Frémond is not only consistent with the laws of thermodynamics, but has also been validated by
experimental tests. In Cholet (1998) and Frémond (2001, 2002, 2017), we find experimental results showing that percussions belong
to the Coulomb cone. Even more interestingly, these experimental tests also show that the Coulomb relationship between impact

and velocity is valid for the averaged velocity
1

2
(u+(ti) + u−(ti), but not for the velocity after impact u+(ti).
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3 Moreau–Jean scheme with discrete Frémond’s impact law

3.1 Flaws in the standard Moreau–Jean scheme with Newton’s impact law and Coulomb’s fric-
tion

In this section we consider systems that are discrete in both space and time, demonstrate the problems with the Moreau–Jean

scheme, and demonstrate that the proposed Moreau–Jean–Frémond scheme avoids these problems.

Formulation of the Moreau–Jean scheme The Moreau–Jean scheme (Jean, 1999; Jean and Moreau, 1987; Moreau, 1988)

on an interval (tk, tk+1] of length h is as follows
M(vk+1 − vk) + hKqk+θ + hCvk+θ − hFk+θ = H⊤(qk)pk+1, (52a)

qk+1 = qk + hvk+θ, (52b)

uk+1 = H(qk) vk+1, (52c)

−Γ(uk+1) ∈ NK(pk+1) (52d)

with θ ∈ [0, 1] and where

Γα(uα
k+1) = uα

k+1 +

euα
N,k + µα∥uα

T,k+1∥
0
0

 . (53)

The following approximations are considered:

vk+1 ≈ v(tk+1); uk+1 ≈ u+(tk+1); pk+1 ≈ di((tk, tk+1]). (54)

The index set Ī1
is approximated at each time step by

Ī1
k = {α ∈ I | gα(qk + hvk) ⩽ 0 and Uα

k ⩽ 0}. (55)

The discrete variables at each contact are collected in the unknown variables uk+1 and pk+1 for the indices such that α ∈ Ī1
k .

Discrete dissipation analysis Following Lemma 5.1 in Acary (2016), the discrete-time dissipation equality of the Moreau–

Jean scheme (52) over a time-step [tk, tk+1] is given by

∆E −W ext
k+1 −W damping

k+1 =

(
1

2
− θ

)[
∥vk+1 − vk∥2M + ∥qk+1 − qk∥2K

]
+ u⊤

k+θpk+1, (56)

and the discrete approximation of the work done by the external forces within the step by

W ext
k+1 = hv⊤k+θFk+θ ≈

∫ tk+1

tk

Fv dt, (57)

and the discrete approximation of the work done by the damping term by

W damping
k+1 = −hv⊤k+θCvk+θ ≈ −

∫ tk+1

tk

v⊤Cv dt. (58)

To ensure that the scheme dissipates energy, the first condition is θ ⩾
1

2
. The second condition is related to the sign of the

discrete work of the reaction impulse given by

u⊤
k+θpk+1 = u⊤

N,k+θpN,k+1 + u⊤
T,k+θpT,k+1. (59)

For a contact α, the normal term uα,⊤
N,k+θp

α
N,k+1 vanishes in the take-off case, and is given by

uα,⊤
N,k+θp

α
N,k+1 =

[
1− θ (1 + eα)

]
uα

N,kp
α
N,k+1, (60)

in the sliding and sticking cases. With the condition

θ ⩽
1

1 + eα
⩽ 1, for all α ∈ I. (61)

we conclude that u⊤
N,k+θpN,k+1 ⩽ 0. For the frictional term, uα,⊤

T,k+θp
α
T,k+1, we get

uα,⊤
T,k+θp

α
T,k+1 = θuα,⊤

T,k+1p
α
T,k+1 + (1− θ)uα,⊤

T,k pα
T,k+1. (62)
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The first term is non-positive but we cannot draw any conclusions about the sign of the second term. We will demonstrate that

on a simple example this term can be positive and that the scheme will generate energy.

This fact is not particularly surprising. If we accept that the scheme is consistent and converges towards the continuous-

time model, then we must converge towards a model that can generate energy. In practice, energy can be generated even in

the case where we have reduced the time steps to obtain a more accurate solution.

Remark 2 A possible way to dissipate energy it to cancel the second term in (62) using θ = 1. In this case, the condition (61) will
imply that eα = 0 for all α for the case e = 0. This result coincides with the result obtained by Glocker (2013), who demonstrated
that e = 0 is the only value of the restitution coefficient that can maintain energetic consistency in the case of unilateral kinematic
and geometric constraints with coupling between the impact elements (as is the case when Coulomb friction is added to the system).

3.2 Principles of the proposed scheme
The following proposal for a new time-stepping scheme differs in the way the contact law is discretised to obtain contact

dissipation that is always positive. The Moreau–Jean based scheme with the Frémond impact law is defined as follows:
M(vk+1 − vk) + hKqk+θ + hCvk+θ − hFk+θ = H⊤(qk)pk+1, (63a)

qk+1 = qk + hvk+θ, uk+1 = H(qk) vk+1, (63b)

−Θ(uk+θ) ∈ NK(pk+1) (63c)

with the function Θ as

Θα(uα) = uα +


(
θ (1 + eα)− 1

)
uα

N,k + µα∥uα
T
∥

0
0

 . (64)

Let us enumerate what is solved in each of the three possible cases of the contact law:

1. The take-off case: pαk+1 = 0. In this case, we have

uα
N,k+θ +

(
θ (1 + eα)− 1

)
uα

N,k + µα∥uα
T,k+θ∥ ⩾ µα∥uα

T,k+θ∥, (65)

which simplifies to

uα
N,k+1 + eαuα

N,k ⩾ 0. (66)

2. The sticking case: Θα(uα
k+θ) = 0. In this case, we have uα

T,k+θ = 0 and

uα
N,k+θ +

(
θ (1 + eα)− 1

)
uα

N,k = 0, (67)

which simplifies to

uα
N,k+1 = −eαuα

N,k. (68)

3. The sliding case: pαk+θ ̸= 0 and Θα(uα
k+θ) ̸= 0. Then we have pαk+θ ∈ ∂Kα

and Θα(uα
k+θ) ∈ ∂Kα,⋆

. This implies

uα
N,k+θ +

(
θ (1 + eα)− 1

)
uα

N,k + µα∥uα
T,k+θ∥ = µα∥uα

T,k+θ∥, (69)

which simplifies to

uα
N,k+θ +

(
θ (1 + eα)− 1

)
uα

N,k = 0, (70)

and then

uα
N,k+1 = −eαuα

N,k. (71)

For the frictional part, we have

∥pα
T,k+1∥ = µpα

N,k+1 and ∥uα
T,k+θ∥pαT,k+1 = −∥pα

T,k+1∥uα
T,k+θ. (72)

To summarise, the Newton impact law is written in a similar way as in the Moreau–Jean time-stepping scheme. For the normal

part of the law, the pre-impact velocity is the velocity at the beginning of the time-step uα
N,k and the post-impact velocity is the

velocity at the end of the time step uα
N,k+1. However, in the new Moreau–Jean scheme with Frémond impact law time-stepping

scheme the Coulomb friction law is written with the average velocity uα
T,k+θ , rather than the velocity at the end of the time-step

uα
T,k+1, as is the case in the classical Moreau–Jean scheme.

When θ = 1/2, the function Θα
simplifies to

Θα(uα) =

uα
N
+

1

2
(eα − 1)uα

N,k + µα∥uα
T
∥

uα
T
.

 (73)
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and the discrete contact law is

−Θ

(
1

2
[uk+1 + uk]

)
∈ NK(pk+1) (74)

We can observe that the expression (73) is very similar to the expression of the function Ξ in (46). In practice, if the scheme

converges, we can expect to approximate the Frémond impact law. When θ = 1, the function Θα
is

Θα(uα) =

(
uα

N
+ eαuα

N,k + µα∥uα
T
∥

uα
T

)
= Γ(uα), (75)

and the discrete contact law is

−Θ(uk+1) = −Γ(uk+1) ∈ NK(pk+1). (76)

We observe that the scheme is identical to the Moreau–Jean time-stepping scheme for the case of θ = 1.

3.3 Discrete dissipation properties and energy balance
Let us now give a result concerning the dissipation of this new Moreau–Jean scheme with the Frémond impact law.

Proposition 1 The new Moreau–Jean scheme with the Frémond impact law dissipates energy in the sense that

E(tk+1)− E(tk) ⩽ W ext
k+1 +W damping

k+1 , (77)

if
1

2
⩽ θ ⩽

1

1 + ē
⩽ 1. (78)

where ē = max eα, α ∈ I .

In other words, providing that (78) is satisfied, the variation of the total mechanical energy of the system is always less than or

equal to the energy supplied by the external and damping forces.

Proof The discrete-time dissipation equality of the new Moreau–Jean scheme (63) over a time-step [tk, tk+1] is also given by

(56). Hence, we have (
1

2
− θ

)[
∥vk+1 − vk∥2M + ∥qk+1 − qk∥2K

]
⩽ 0, if and only if θ ⩾

1

2
. (79)

All that remains to prove is that u⊤
k+θpk+1 ⩽ 0. Let us examine the three possible cases for a contact α:

1. The take-off case: pαk+1 = 0. In that case, we have uα,⊤
k+θp

α
k+1 = 0.

2. The sticking case: Θα(uα
k+θ) = 0. In that case, we have uα

T,k+θ = 0 and then uα,⊤
k+θp

α
k+1 = uα

N,k+θp
α
N,k+1. From (67), we

conclude that uα
N,k+θ ⩽ 0 since θ ⩽

1

1 + ē
and uα

N,k ⩽ 0 and then uα,⊤
k+θp

α
k+1 ⩽ 0 since pα

N,k+1 ⩾ 0.

3. The sliding case: pαk+θ ̸= 0 and Θα(uα
k+θ) ̸= 0. Then we have pαk+θ ∈ ∂Kα

and Θα(uα
k+θ) ∈ ∂Kα,⋆

. From (70), we

conclude that uα
N,k+θ ⩽ 0 since θ ⩽

1

1 + ē
and uα

N,k ⩽ 0, and then uα
N,k+θp

α
N,k+1 ⩽ 0. For the frictional part, we have

from (72):

uα,⊤
T,k+θp

α
T,k+1 = −µαpα

N,k+1∥uα
T,k+θ∥ ⩽ 0. (80)

□
Given that we demonstrated that the Frémond impact law is dissipative in continuous time for any physically meaningful values

of e and µ, it is once again no surprise that an approximation of this law using a Moreau–Jean scheme is also dissipative when

θ ⩾
1

2
. From a practical perspective, we are thus able to conduct numerical integrations of complex systems with multiple

impacts and friction (such as arise in simulating granular media or finite-element-discretised bodies undergoing contact) with

guarantees on the stability of the solver, increasing both the speed and accuracy of the resolution.

4 Implementation details in Siconos
We will give by some details of the implementation as it is implemented in Siconos (Acary et al., 2019), where it is possible

to solve the systems (52) and (63) directly. If the inverse of the mass matrix is simple (i.e. it is a diagonal or block diagonal

matrix), we can also decide to reduce the system to the contact variable, as we do in the following. We will ultimately arrive at

a second order cone complementarity problem for each scheme. Siconos/numerics implements a variety of solvers for second

10
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order cone complementarity problems, specifically for those arising in non-associative plasticity or friction problems (see for

instance Acary et al., 2018) defined by the system 
w = Ar + b,

w̃ = Φ(w),

−w̃ ∈ NK(r),

(81)

where w and r are the vectors that solve the system, A is a matrix, b is a vector and Φ is an function that transforms w
to the vector w̃ that has the complementarity relationship with r. In the following, Φ is the De Saxcé velocity function.

Siconos has a built-in frictional contact problem type that automatically applies the De Saxcé function, which we exploit in our

numerical solutions. Among the available solvers for this type of system, we may cite a) projection-based solvers for variational

inequalities, b) iterative solvers such as block projected Gauss–Seidel, c) semi-smooth Newton methods, and d) interior point

methods (Acary et al., 2023). The solver finds the values of r and w that resolve the system to a given tolerance, using the norm

∥r − projK(r − Φ(Ar + b))∥2
1 + ∥b∥2

, which we set to 10−10
, i.e. we resolve our systems with very small error. We will exploit the

nonsmooth Gauss–Seidel solver (Jourdan et al., 1998) to resolve our systems, as it is a very robust solver.

4.1 Implementation of the Moreau–Jean scheme
To arrive at the appropriate cone complementarity system for the classical Moreau–Jean scheme, we expand the first line

of (63a) to obtain(
M + hθC + h2θ2K

)
vk+1 =

(
M − h(1− θ)C − h2θ(1− θ)K

)
vk − hKqk + hFk+θ +H⊤(qk)pk+1. (82)

Then, we construct the matrix M̂ = M + hθC + h2θ2K and obtain an expression for the relative velocities given by

uk+1 = H(qk)M̂
−1

[(
M − h(1− θ)C − h2θ(1− θ)K

)
vk − hKqk + hFk+θ

]
+H(qk)M̂

−1H⊤(qk)pk+1. (83)

We will denote the discrete Delassus matrix W by

W = H(qk)M̂
−1H⊤(qk), (84)

and a constant term by

y = H(qk)M̂
−1

[(
M − h(1− θ)C − h2θ(1− θ)K

)
vk − hKqk + hFk+θ

]
. (85)

We obtain a second order cone complementarity problem that must be solved at each time step:{
uk+1 = Wpk+1 + y,

−Γ(uk+1) ∈ NK(pk+1).
(86)

Now, considering the generic system (81), we set A = W , bα = yα+

euα
N,k

0
0

, r is the vector of percussions over the time step

pk+1 and w the vector of De Saxcé relative velocities at the end of the time step uk+1, respectively. r and w will be resolved

by the solver so that they fulfil the system (86).

4.2 Implementation of the Moreau–Jean–Frémond scheme

To do this, we can expand the first line of (63) to obtain the same expression as (82). Then, adding

(
M + hθC + h2θ2K

)
vk

to each side and making the appropriate rearrangements and simplifications leads to

(M + hθC + h2θ2K)vk+θ = Mvk − hθKqk + hθFk+θ + θH⊤(qk)pk+1. (87)

Once again constructing the matrix M̂ = M +hθC +h2θ2K , inverting it and multiplying by H(qk), we obtain an expression

for the relative velocities as

uk+θ = H(qk)M̂
−1(Mvk − hθKqk + hθFk+θ) + θH(qk)M̂

−1H⊤(qk)pk+1. (88)

By denoting the discrete Delassus matrix

W = θH(qk)M̂
−1H⊤(qk), (89)
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and the constant term

y = H(qk)M̂
−1(Mvk − hθKqk + hθFk+θ), (90)

the following second order cone complementarity problem{
uk+θ = Wpk+1 + y,

−Θ(uk+θ) ∈ NK(pk+1),
(91)

has to be solved at each time step. We set A = W , bα = yα+

(θ(1 + eα)− 1)uα
N,k

0
0

, and find the vectors r and w (respectively

the vectors of percussions over the time step pk+1 and the mid-step local relative velocities uk+θ) that provide us with a solution

of (91)

5 Numerical illustrations
Here, we demonstrate on several different example systems the difference between the results obtained using the classical

Moreau–Jean scheme with discrete Moreau’s impact law and Coulomb’s friction, against those obtained using the new Moreau–

Jean–Frémond scheme with discrete Moreau’s impact law and Coulomb’s friction, for systems described in continuous time by

equation (31).

5.1 Impacting stick
The first example is a rigid bar impacting a fixed, rigid obstacle. This very simple example shows the errors in calculating

dissipation in discrete time using the classical Moreau–Jean scheme. We consider a bar of length l and mass m subjected to

gravity. Its centre of mass G is given by the coordinates (x, y) and the angle of the bar γ complete the generalised coordinates

(see Figure 1). For simplicity’s sake, the contact point C is considered to be on the middle fibre of the bar. The numerical

values (in dimensionless units) are as follows: m = 1, l = 1, g = 10, e = 1.0, µ = 0.01 and the initial conditions are

q0 =

(
1

2
l sin(π/4),

1

2
l cos(π/4) + 0.01, π/4

)
and v0 = (−0.5, 0.1, 0.1).

The simulation is performed with a time step h = 1 × 10−4
and a simulation interval [0, 0.2] to observe the first two im-

pacts in detail, using both the classical and new schemes. The results are displayed in Figure 2 and Figure 3.

G(x, y)

C

l

γ
ex

ey

g

Figure 1: The geometry of the impacting stick of length l with a centroid at G and making contact with the ground at point C ,

at an angle of θ.
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Figure 2: The results of the simulation of the impacting stick, using the standard Moreau–Jean scheme, with θ = 0.5, h =
1× 10−4

. (a) The generalised displacements of the system. (b) The global velocities of the system. (c) The local relative normal

and tangential velocities. (d) The normal and tangential contact percussions. (e) The work done by the percussions and local

velocities. (f) The total energetic quantities of the system.
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Figure 3: The results of the simulation of the impacting stick, using the new Moreau–Jean–Frémond scheme, with θ = 0.5, h =
1× 10−4

. (a) The generalised displacements of the system. (b) The global velocities of the system. (c) The local relative normal

and tangential velocities. (d) The normal and tangential contact percussions. (e) The work done by the percussions and local

velocities. (f) The total energetic quantities of the system.
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It is observed that the energy dissipated by friction can have the wrong sign for the Moreau–Jean scheme at first impact,

and therefore generate energy, which is not the case for the proposed Moreau–Jean–Frémond scheme. We also observe here

that while the normal percussions at impact occur, they do no net work on the system due to the choice of e = 1.

5.2 A sliding block
In this example, we consider a linear elastic block that slides in constant contact with a rigid surface, with the geometry as

shown in Figure 4.

σs

d

h

b

ex

ey

g

Figure 4: A sliding block under self-weight due to a gravity and an applied sliding force Fs. The height h is 25 mm and the

breadth b is 40 mm. The thickness is set to 15 mm.

The block is taken to be made of Poly(methyl methacrylate) (PMMA), and to be linearly elastic. We take the linear elasticity

parameters from Berman et al. (2020). We thus have the Young’s modulus E = 5.75× 103 MPa, the Poisson’s ratio ν = 0.358
and the density ρ = 1.17×10−3

g/mm
3
. We choose a value of the restitution coefficient e of 0.0 and friction coefficient µ = 0.5,

and apply these values to all contact nodes.

We discretise the system in space using the finite element method, generating the mesh with Gmsh 4.11.1 (Geuzaine and

Remacle, 2009) and setting a characteristic length of 1 mm throughout, then reading it in to Python 3.12.1 with meshio 5.3.5 (Schlömer,

2022). We use linear triangle (T3) elements with a single Gauss point and a consistent mass matrix, and work in the linear finite

element framework (that is to say that the finite element matrices are calculated once with respect to the undeformed system

configuration and remain constant for the entire simulation).

Figure 5: Mesh of the sliding block.

The system is first subjected to an applied vertical displacement d = −0.005 mm along the top boundary and the initial

displacements are resolved elastically with the no slip and no interpenetration conditions enforced at the contact boundary.

During the simulation, the block is subjected to its own self-weight (with gravity set to be −1 × 10−3
mm/ms

2
), the vertical

displacement on the top boundary is held constant and an oscillating traction σs on the left boundary given by

σs = 2 sgn
[
sin (4πt)

]
. (92)
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We simulate the system for 1 ms, with time steps of 1× 10−4
ms, so as to ensure numerical stability and a very fine resolution

of the system.
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Figure 6: The results of the simulation using the classical Moreau–Jean method with θ = 0.5 and h = 1 × 10−4
ms. (a) The

individual energetic components of the simulation. (b) The sum of the work input to the system with the dissipation, compared

to the total energy of the system. (c) The maximum value of the tangential work w
T

over all contact nodes at each time step.
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Figure 7: The results of the simulation using the new Moreau–Jean–Frémond method. (a) The individual energetic components

of the simulation. (b) The sum of the work input to the system with the dissipation, compared to the total energy of the system.

(c) The maximum value of the tangential work w
T

over all contact nodes at each time step.

When comparing Figure 5.2 and Figure 5.2, we can see very clearly that the new Moreau–Jean–Frémond scheme completely

avoids generating positive tangential work, aligning with the analytical proofs above. In this case, the rest of the system is
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dissipative enough to overcome the energy created by the Moreau–Jean scheme, meaning that the global system remains stable

and the sum of the total work and dissipation tracks the total energy closely in both cases.

6 Conclusion
In this article, we have demonstrated that the Frémond model of frictional contact gives a treatment of Coulomb friction com-

bined with Newton’s impact law that is always dissipative in continuous time. By adapting the Moreau–Jean time integration

scheme to approximate the Frémond model in discrete time, we are able to develop a numerical method that is also provably

always dissipative. We then considered several examples and demonstrated that in cases where the classical Moreau–Jean

scheme creates energy, the new Moreau–Jean–Frémond scheme demonstrably does not. This work demonstrates new results

and techniques that are likely to be of significance across a variety of subfields in mechanics, ranging from simulations of

granular media to design of mechanical linkages. In future extensions of this work, we expect to generalise it to the case of

nonlinear Lagrangian systems, and to consider the possibility of other impact laws.

• to use the model of frictional contact with impact inspired by the work of Frémond, which we show is always dissipative,

• to modify Moreau–Jean’s time integration method in order to approximate Frémond’s model and we show that the new

scheme is dissipative in discrete time.
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