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Energy conservation and dissipation properties for
elastodynamics with contact impact and friction

Vincent Acary” and Nicholas Anton Collins-Craft’

October 6, 2023
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energy conservation, dissipation properties

Abstract The objective of this paper is to propose a time integration scheme for nonsmooth mechanical
systems involving one-sided contact, impact and Coulomb friction, that respects the principles of discrete-
time energy balance with positive dissipation. To obtain energetic consistency in the continuous time
model, we work with an impact law inspired by the work of M. Frémond (Frémond, 2001, 2002, 2017)
which ensures that dissipation is positive, i.e. that the Clausius-Duhem inequality is satisfied. On this
basis, we propose a time integration method based on the Moreau-Jean scheme (Jean and Moreau, 1987,
Moreau, 1988) and show that this method has correct dissipation properties.
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Notation The following notation is used throughout the paper. The Euclidean norm for a vector z € R"
is denoted by ||x||. For two vectors z,y € R", the Hadamard product is denoted by z o y. For a positive
definite (respectively positive semi-definite) matrix M € R™*", ||z|/as denotes the norm (respectively
the semi-norm) in the metric defined by M. Let I denote a real time interval of any sort. For a function
f+ I — R™ of Bounded Variation (BV), we denote the right-limit function by f*(¢) = Sﬁlitnslx f(s), and

respectively the left-limit by f~(¢) = litm<tf(s). We denote by 0 = ¢p < &1 < ... <t < ... <
s—t,s

ty = T afinite partition (or a subdivision) of the time interval [0, T], where (T' > 0). The integer N is
the number of time intervals in the subdivision. The length of a time step is denoted by hy, = {511 — tk.
For simplicity’s sake, the schemes are presented in the following with a time step denoted by h for short.
The value of a real function z(t) at the time ¢, is approximated by z. In the same way, the notation
ZTip+o = (1 — 0)xy, + Oxp4q is used for 6 € [0, 1]. The notation dt defines the Lebesgue measure on R.

1 Introduction and motivations

The objective of this paper is to propose a time integration scheme for nonsmooth mechanical systems
involving one-sided contact, impact and Coulomb friction, that respects the principles of discrete-time
energy balance with positive dissipation. For simplicity, we consider systems that have been spatially dis-
cretised (by the finite element method (FEM) for example), and that have dynamics that are linear, but with
possible nonlinear constraints that model contact. The question of developing a consistent integration
scheme with correct energy and dissipation properties implies that the continuous-time model also has
these properties. It is known that discrete systems with Coulomb friction and a kinematic impact law can
generate energy, in particular, when the direction of sliding velocity changes during impact (Brogliato,
2016; Glocker, 2013). In this work, we therefore propose to work with an impact law inspired by the
work of M. Frémond (Frémond, 2001, 2002, 2017) which ensures that dissipation is positive, i.e. that the
Clausius—-Duhem inequality (and therefore the second law of thermodynamics) is satisfied. On this ba-
sis, we propose a time integration method based on the Moreau—Jean scheme (Jean and Moreau, 1987;
Moreau, 1988) and show that this method has good dissipation properties.

Much work in the literature has focused on conservative or energy-dissipating time integration schemes
for frictionless one-sided contact systems. These studies are mainly interested in this property because it
confers stability properties to the schemes, which are often difficult to obtain. For a review of the litera-
ture, please refer to Acary (2016). On the other hand, there is very little work on contact with Coulomb
friction. This may be due to the inherent difficulty of Coulomb friction for discrete systems that exhibit
impulses. It is well known that the Coulomb friction model in percussion can be inconsistent.

The structure of the article is as follows. We begin in Section 2 by presenting the equations of motion
of a discrete system with one-sided constraints, Coulomb friction and impacts. After a discussion of the
energy balance of the system, we find that the system with Newton’s law of impact and Coulomb friction
can be non-dissipative. Finally, we propose an impact model inspired by the work of Frémond which
guarantees that the system is dissipative. In Section 3, we propose a new scheme that is dissipative in dis-
crete time, with dissipative terms that are numerical approximations of frictional and impact dissipation.
Section 4 conclude the article and lists some perspectives.

2 Nonsmooth mechanical systems with unilateral contact, Coulomb’s
friction and impact

2.1 Smooth equations of motion for linear viscoelasticity and constitutive laws

The equations of motion of a discrete or discretised Lagrangian mechanical system in the linear visco-
elastic case are

q(to) = qo, v(to) = vo, (1a)
q(t) = v(t), (1b)
M) + Kq(t) + Co(t) = F(£) + R(¢) (1¢)

where ¢(t) € R™ is the vector of generalised coordinates and v(t) = ¢(¢) is the corresponding vector of
generalised velocities, the initial conditions are ¢y € R" and vy € R", M € R™*" is the symmetric mass
matrix that is assumed to be positive definite, K € R™*™ is the positive semi-definite stiffness matrix and
C € R™ ™ the positive semi-definite damping matrix, F'(¢) is the vector of external applied forces and
R(t) is the generalised contact forces. The system is now subjected to a finite set of m unilateral contact
that defines the admissible set for the configuration

C={qeR"|g(q) >0,a €[1l,m]} CR" (2)



where ¢g¢ : R" — R is assumed to smooth function with non-vanishing gradients. We denote by the
function gy : R™ — R™ the function with ¢ as components. For the perfect unilateral constraints, the
Signorini condition is written as

0 < gn(q(t)) L A() =0, (3)

where the inequalities involving vectors are understood to hold component-wise and the | symbol means
that 4 ' A = 0. The Lagrange multiplier ) is related to the generalised reaction forces R by

R(t) = Vagu(q(t)) (). (4)
The Signorini condition at the velocity level can be also be defined as
0 < uy(t) LA(t) >0, if gu(q(t) < 0. )
where the local relative velocity uy(t) is defined by
ux(t) = g(a(t) = Vo gu(a(®) v(t),  R(t) = Gu(@)A(?). (6)

The Moreau’s viability Lemma ensures that (5) implies (3).

Coulomb’s friction For Coulomb’s friction, the definition of the gradients of the constraints is not
sufficient and an orthonormal local basis (n®,t,t5) at contact composed of the inward normal vector
n® € R? to set C co-linear to the V;r g and the tangential vectors t{', t5 € R? is needed. For a contact o,
the relative velocity and the reaction force r at contact are denoted in this local contact frame as

ul re
ut = (u) , = (7«) , ™)
T T

T T .
where uf € R, uf = (v, ul) €R%r§ eRrd = (r®, r8) €R? Thelocal variables are are

related to the generalised variables by
u*=H*"(q)v,  R*=H%(q)r" (3)
Coulomb’s friction together with the Signorini at the velocity level is given by
—u% € Ngao (r®), if gd(q) <0, elser® =0 9)

where 1 is the modified De Saxcé velocity expressed as

|
= u® + 0 , (10)
0
and K¢ is the Coulomb’s cone
K = {r,||r:|| < pry}, (11)

with u > 0 the friction coefficient.
Let Z = [1,m] € N be the set of indices of constraints. Let us define now the index of constraint at
the velocity level by
' ={a e T|gi(a(t)) <0} (12)

By collecting all the variables for each contact in the set Z', and implicitly introducing the notation drop-
ping o (z = [z, € '] ), we get for the frictional contacts

—0 € Ng(r), (13)

considering that 7 = 0 for @ ¢ Z' and K is the Cartesian product of the cone K*. Using the dual cone
of K denoted as

K* = {u, pllwa]| < us} (14)
the relation (13) can be written as
or as a complementarity condition
K*sualrekK. (16)

To be self-contained, the equivalence with the standard form of the Coulomb friction in given in the
following Lemma 1.



Lemma 1 ((Acary et al., 2011)) For one contact point, the Coulomb’s friction law with the Signorini con-
dition at the velocity level given the three following conditions

either r=0, Uy =0 (take-off)
or u=0, 7] < prp (sticking) (17)
or lrdl = prn,ux =0 |lugllre = —||7:l|ur  (sliding)

is equivalent to the complementarity problem

KsulreK (18)
with
pul |
i =u+ 0 . (19)
0

Proof. (=) The conditions (17) implies that r € K and uy > 0. Then @,, > pu||u;|| and we conclude
that & € K*. If u = 0, then @& = 0 and the relation @'~ = 0 holds trivially. The same applies for r = 0.
In the sliding case, we have

alr = (uy+ pllud)r +uf
= unry A+ ]+ ul (20)
= u|||Je]| 4 u, 7r since uy = 0 and pry = ||7]|
Since |[u|r; = —|7z||ur, the vector u; and 7; are collinear and opposite direction, we have u, r; =

— ||| ||7+|| and hence @ " r = 0.
(<= Conversely, if (18) holds, we have three separate cases:

1. 7 = 0. The relation @ € K*. This implies uy > 0. We have the take-off case.

2. % = 0. This implies u = 0 and we have r € K.
We have the sticking case.

3. u#0andr # 0. Using @ € K* and r € K, we get

pllt|[lIr] < priiers (21)
The relation @' r = 0 implies uyry = —ﬂTT rr SO we get
pllaclllrell < —pii, 7 (22)
The Cauchy-Schwarz inequality gives
pllcl|llre]l = —piiy 7 (23)
so we conclude that
pull e[|l = —patiy 7 (24)

When p # 0, the vector @, and 7, collinear and opposite direction since the Cauchy-Schawarz
inequality is an equality. Let us assume that r € int(K), then ||r;|| < pry. Since u € K*, we have

pllcl[lr=]] < pryig = —pity - (25)
which contradicts (24). Hence, we conclude r € 9K and hence ||r;|| = pry. Let us assume that
4 € int(K*), then pl|d,|| < dy. Since r € K, p||G||||r:|| < pryty contradicts (24). Hence, we
conclude & € OK*. From u € 0K, we conclude that u, = 0. O

Smooth dynamics with Coulomb’s friction For the sake of simplicity, we note by
—u = ®(u) (26)

the De Saxcé changes of variable defined in (10) for a contact a.. The smooth dynamics with Coulomb
friction is then given by

q(to) = qo, v(to) = vo, (27a)
q(t) = v(t), (27b)
Muo(t) + Kq(t) + Co(t) = Fexs(t) + H(q(t))r(t) (27¢)
u(t) = H' (q(t))v(t) (27d)
—®(u) € Ng(r), (27€)



2.2 Nonsmooth dynamics

If a contact « is closing at time ¢; with a negative relative velocity, that is g¢'(¢(t;)) = 0 and ug (¢;) < 0,
we have an impact at ¢;. The velocity must jump to satisfy the unilateral constraint right after the impact
9 (q(ti +¢€)) = 0, > 0. The velocity v is usually assumed to be a function of bounded variations. The
same applies for the relative velocity at contact. With finite dimensional systems, the smooth dynamics
(27) is generally not sufficient to characterize the solution (infinitely many solutions after impacts). To
close the system at the impact time ¢; when v (¢;) # v~ (¢;), an impact law must be added. In this work,
we consider the Newton’s impact law:

ug (i) = —e®ug ™ (i) if g (a(t:)) < O and ug ™ (t;) <0, (28)

where e € [0, 1] is the Newton coefficient of restitution. To address the case of multiple contacts, the
Newton impact law is written in terms of complementarity as

0 <udt(t;) +e®ud(t;) Lp® >0, ifa el (29)
where p; is the reaction impulse at time ¢; and 7" is the index set defined by

' ={a e T|g%qt) <0andul (t) < 0}. (30)
I_n1 the sequel, we will assume that the local variables at contact are collected for all indices belonging to
7.

The nonsmooth equations of motion are written in terms of differential measure dv associated with v
and the local impulse measure di as follows

q(to) = qo, v (to) = vo, (31a)
i=v, (31b)
Mdv+ Kq dt +Cv dt = Fdt + H(q) di, (31c)
u=H"(q)v, (31d)
—W(ut) € Ng(di), (31e)

with the definition of the following function that takes into account the impact law (29)

pullug|| + e*ug™
T2 (u®) = u® + 0 : (32)
0

Interpretation of the contact law (31e) in terms of measures. The equation (31e) deserves some
explanations based on the definition of an normal cone inclusion with measures. Almost everywhere
with respect to the Lebesgue measure dt¢, we have

—U(u") € N(r), (33)
where 7 is the density of di with respect to dt. Since we have u~ = ut = u almost everywhere, the
relation (33) can be written for a contact « as

1 [ [e3 [e3
% = <( +e )12:111+ .UHUT ”) € Nka (ra)7 (34)
b

Three cases are possible following the proof of the Lemma 1:
1. take-off case: r® = 0. In that case, we have ug > 0.
2. sticking case: % = 0. In that case, we have uy = 0 and (1 4 e®)uy =0 = ug and r* € K.

3. sliding case: r* # 0 and @® # 0. Then we have r® € OK® and a® € OK*™. This implies
(Lt eJuy =0 =ug, [[rll = prn and [Jus|jrr = =7 .

To conclude, we retrieve almost everywhere the Coulomb’s friction with the Signorini condition at the
velocity level. At any time ¢;, we have

—U(u") e Ng(pi), (35)

where p; is the density of di with respect to the Dirac atom at ¢;, J;,. We have again three possible cases
for a contact «



1. take-off case: p$ = 0. In that case, we have u2 ™ + eu" ™ > 0.

2. sticking case: U(u® ™) = 0. In that case, we have u® " = 0 and u>"" + eu® ™ = 0 and p{* € K°.

The impact law is satisfied since u® " = —eul"~

3. sliding case: p¢* # 0 and ¥(u™™") # 0. Then we have p¢* € OK* and ¥(u*") € OK**. This
implies u®" ™t + eul ™ =0, ||pffT = up; and ||uf"+prfT = —||pffT usT,

To conclude, the impact law is satisfied in sticking and sliding case and the Coulomb’s friction is written
in terms of impulses and of the right limit of the relative velocity. We will see in the sequel that is has an
consequence on the dissipativity of the model.

2.3 Energy balance analysis

A detailed analysis of the energy balance for nonsmooth systems can be found in Lozano et al. (2013) and
Leine and Wouw (2008). The energy balance is usually obtained by multiplying the equation of motion by
vT 4+ v~ After some algebraic manipulations (see Acary (2016)), we obtain

2d€ = d(v " Mv) +2¢"Kdg=2v"F dt —20"Cv dt + (v +v~)" H(q) di, (36)
where the standard definition of the total mechanical energy of the system is
1 1
£ = §UTMU + §qTKq, (37)

and dg = v (t)dt = v~ (t) dt.

Energy balance almost everywhere Almost everywhere with respect to the Lebesgue measure dt,
the energy balance (36) reads as

%5(0 =o' ()F(t) — v ()Cv(t) + v () H (a(t))r(t), (38)

which is the classical energy balance for a smooth dynamical system subjected to some constraints. The
term v' F is the power of external forces and —v' Cv is the power of viscous forces. The last term
corresponds to the power of reaction forces. For a contact a, it can be decomposed as

v HY(g)r® = u® T r® = ulr® 4 u® Tr, (39)

As we assumed that the constitutive law (33) is satisfied almost everywhere, an examination of the three
possibles cases for the contact law yields

v H (q)r® = —pfrglul]], (40)

which the standard dissipated power by a sliding contact with Coulomb friction. Note that the dissipated
power is always non-positive, which is consistent with the principles of thermodynamics.

Energy balance at any time At any time ¢;, the energy balance (36) reads as

E¥ (1) ~ £ (1) = (0¥ (1) + v (1)) H (gt (1)
For a contact a, it can be evaluated as
S0 (1) o () T (alt)pg = 5 (u (0) + u (1) T (42)

With the constitutive law given by (33), the dissipated power in (42) vanishes in the take-off case. In the
sticking case, the sliding velocity vanishes and we get

1 _ 1 _ N B
§(U+(ti)+v ) H*(qt:)pf = 5(ugt(t) +ud (ti))pé,i+§“3’ (ti)pr 3)
o, — « 1 a,— «
= 5(1—6)%’ (ti)pN,i+§uT7 (ti)pri-

Since ug” ™ (t;) < 0 and e € [0, 1], the first term of the dissipated power by an impact is non-positive, but
we cannot conclude a priori on the sign of the second term. In the sliding case, we get

S () + o () TH ar)p = $<1—e>uﬁ>-<ti>>pﬁ,i+$<u37+<ti>+us’-<ti>fpﬁi
= () — gl )+ (1) T

2 2
(44)



The first two terms in (44) are non-positive. For the last terms, we cannot conclude a priori on its sign.
For instance, if there is a reversal of the sliding direction during the impact, u$" ™ (¢;) = —u " (¢;), the
power of the frictional impulse may generate energy. In other words, the coulomb’s law in terms of
impulses together with the Newton’s impact is not dissipative and does not respect the second principle
of thermodynamics.

The fact is not new. The famous Kane (1984) example (see also Brogliato (2016) and Glocker (2013))
shows that some amount of energy can be generated using such type of law. For our purpose, it seems to
be difficult to propose a consistent numerical scheme that dissipates energy based on such a law.

2.4 Frémond’s model of frictional impact

To obtain a constitutive law that is consistent with the thermodynamics and the Newton’s impact law, we
propose to use

) <;(u+ + u)) € Ng(di) (45)

with

N T S - U R T T [ O
= f(u T ) = 1 (46)

? (i up)
2
or
E(N(ua) — | U + 5(6 - 1)“1\1' +u ”u'r H (47)
u(X

T

This law is inspired by the energy balance (42) and the work of Frémond Frémond, 2001, 2002, 2017. We
will called the Frémond’s model in the sequel. Let us show that the Frémond always dissipates energy

Lemma 2 The Frémond’s model of contact, impact and friction given by (45) and (46) satisfies the dissipation
inequality, that is

(v +v7) T H(q)di <O0. (48)
Proof. Almost everywhere with respect to the Lebesgue measure dt, we have u™ = u~ = u the con-
stitutive law (45) reduces to
1 1 (03 « «@ (03
5( +e )UN +u ||uT || c NK(T) (49)

«

Urp

The three possible cases of (49) coincide with those of (33). In other words, the law in (45) is identical
for the smooth dynamics to the standard Coulomb’s law with the Signorini condition at the velocity level
given by (33). At any time ¢;, we obtain

=(1 -
—= (2(u+(ti) +u (tz))) € Nk (pi)- (50)
To be explicit, let us examine the three possible cases for a contact a:

1 1
1. take-off case: py* = 0. In that case, we have 5(u5’+ +ug )+ i(e“ —1)u%” > 0 thatis u® ™ +

o, —
euy” = 0.

1 1
2. sticking case: E(i(uo"Jr(ti) + u®~(t;))) = 0. In that case, we have §(uf+ +uX”) = 0and

u® T +eud” = 0and pf € K*. The impact law is satisfied since u$"* = —eu?~. Note that in the

N
sticking case, we have u®" = —u% ", Only the velocity average over the time of impact vanishes.

1 1
3. sliding case: p¢* # 0and Z(= (u®™ (t;)+u® " (t;))) # 0. Then we have p¢* € 0K and Z( = (u™ T (t;)+
1 2 4 2

u® ™ (t;))) € OK**. This implies ul" " +eul~ = 0,

« « 1 - o
pill = ppfiand |5 (™ (8:) +u™ (1) Ipf =

gl (1) + (1),



In the take-off case, the impulse p; vanishes there the dissipated power vanishes. In the sliding case, we
obtain

S () o () THN ) = (S () + (1)
? (51)
= (= (b <O

1
since §(u$+(tl) + w7 (¢;)) vanishes. Since uS"~(t;) < 0 and e € [0,1], the dissipated power by an

impact is non-positive. In the sliding case, we get

1 - « « 1 o, — « 1 o, a,— (0%
ST )+ () H ) = 50— el (ta)ps + 5 (s () + e (1)) 08,
1 o, — (07 1 [e9NNe7 1 (0% o, —

= (= U (1Pl — 5P (e (1) + (1) < 0.

(52)

d

We conclude that the dissipated power related to the reaction forces is always non-negative. In other
words, the model satisfies the principles of the thermodynamics at the impact time.

Remark 1 The model proposed by Frémond is not only consistent with the principles of thermodynamics,
but has also been validated by experimental tests. In (Cholet, 1998; Frémond, 2001, 2002, 2017), we find
experimental results showing that percussions belong to the Coulomb cone. Even more interestingly, these
experimental tests also show that Coulomb’s relationship between impact and velocity is valid for the averaged

1
velocity §(u+(ti) +u” (t;) and not for the velocity after impact u™ (t;).

3 A new time-stepping scheme with dissipation properties

3.1 Flaws in the standard Moreau-Jean scheme in the frictional case.

Formulation of the Moreau-Jean scheme The Moreau-Jean scheme (Jean, 1999; Jean and Moreau,
1987; Moreau, 1988) on an interval (¢, t;41] of length h is as follows

M (vg+1 — vk) + hKqio + hCvkrg — hFi19 = H(qk)Pr+1, (53a)
Qk+1 = Qk + hvgto, (53b)
Wiy = H ' (qr) vet, (53¢)
—I'(ug+1) € Nk (pr+1) (53d)

with 0 € [0, 1]. The following approximations are considered:
Vkp1 R 0(tes1); Ukt A ut(teg1); Pt & di((te, trea), (54)
The index set 7" is approximated at each time step by
It ={a €T|g*(qx + hvy) < 0and U < 0}. (55)

The discrete variables at contact are collected in the unknown variables 111 and py41 for the indices
such that a € Z}.

Discrete dissipation analysis Following the Lemma 5.1 in Acary (2016), the discrete-time dissipation
equality of the Moreau—Jean scheme (53) over a time-step [tx, t;+1] is given by

; 1
AE—WEL = WETP™ = (5 =0) [lvers — vl + lawss — alik ] + ulioprer, (56)

where the discrete approximation of the work done by the external forces within the step by

te+1
tr
and the discrete approximation of the work done by the damping term by

te41

o

WP = — oyl yCugyg ~ — /t v! Cw dt. (58)
k



. The second condition is related

N | =

To ensure that the scheme dissipates energy, the first condition is § >

to the sign of the discrete work of the reaction impulse given by
T T T
Up 4 Pk+1 = Uy fotPrk+1 T Usp joy 9Pr k1 (59)

T . . o
For a contact a, the normal term u(; ., Py’ Vanishes in the take-off case, and is given by

T
u;k+0pik+1 = (1 =01+ e”))ug P k11 (60)
in the sliding and sticking cases. With the condition
1
9<1+e°‘<1’ foralla € 7. (61)

we conclude that uNT k1+0Pxk+1 < 0. For the frictional term, uTO‘ };gpfj k1, We get

a, T« _ a, T« o, T«
UT7k+9p'r,k+1 - 0u"r7k;+1p'r,k+1 + (1 - a)u—r,k p'r,k+1 (62)

The first term is nonnegative but nothing can be said about the sign of the second term. We will see that
on a simple example this term can positive and then the scheme will generate energy.

This fact is not really surprising. If we accept that the scheme is consistent and converges towards the
continuous-time model, then we must converge towards a model that can generate energy. In practice,
energy can be generated even by reducing the time steps to obtain a more accurate solution.

3.2 Principles of the proposed scheme

The following proposal for a new time-stepping scheme differs in the way the contact law is discretised
to obtain contact dissipation that is always positive. The new Moreau-Jean time-stepping is defined as
follows:

M (Vg1 —vi) + hK quio + hCvirg — hFjo = H(qr)Prst, (63a)
Qk+1 = qk + hvkto, (63b)
U1 = H' (q) vis1, (63¢)
—O(uk+0) € Ni (prt1) (63d)

with the function © as
(O(1 + %) = Dugy + pflur|
0% (u*) =u* + 0 (64)
0.
Let us first details what is solved in the three possible cases of the contact law.
1. take-off case: py, ; = 0. In that case, we have
ug ko + (001 + %) = Dugy, + p[uryioll = p® l[ug il (65)

that is
Ug g1 T e“uﬁk > 0. (66)

2. sticking case: ©“(uj ) = 0. In that case, we have u'; o = 0 and
g g + (0(1+€) — Dugy, =0, (67)

that is
uh‘f’kﬂ = —e“ul‘ik (68)

3. sliding case: py,, # 0 and ©%(ujy,») # 0. Then we have p},, € 0K and ©“(ujy, ) € OK™".

This implies
ug g + (01 + %) — Dugy + p[ulioll = n*lug ol (69)
that is
ug g + (0(1+ %) = Dugy, =0 (70)
and then
Ug 1 = —€MUG - (71)

For the frictional part, we have

1P ks 1|l = ppg gyr and [[ugy o ollPT k1 = — DT k1 lug krp- (72)



To summarize, the Newton impact law is written in a similar way as in the Moreau—Jean time-stepping
scheme: for the normal part of the law, the pre-impact velocity it the velocity at the beginning pf the time-
step uy ;, and the post -impact velocity is the velocity at the end of the time step uy ., ;. The Coulomb’s
friction law is written with the average velocity u7'y .

When 6 = 1/2, the function ©“ simplifies in

@zx(ua) =™+ Uy + 5(6 - ]‘)uN,k +u ||U’T H (73)
and the discrete contact law is
1
-0 (2(Uk+1 + Uk)) € Nk (pr+1) (74)

We can observe that the expression (73) is very similar to the expression of the function = in (47). In
practice, if the scheme converges, we can expect to approximate the Frémond impact law.
When 6 = 1, the function ©¢ is

0% (u®) = u® + (uN te uh;lla+ [ ug |> =T (u®) (75)
<
and the discrete contact law is
—O(uk+1) = —T'(uk+1) € Ni (Pr41) (76)

We observe that the scheme if similar to the Moreau-Jean time-stepping for the case § = 1.

3.3 Discrete dissipation properties and energy balance
Let us give now a result concerning the dissipation of this new Moreau—Jean scheme.

Proposition 1 The new Moreau—7Jean scheme dissipates energy in the sense that

Etryr) — E(tx) < WS + WP, (77)
if
1 1
~ <6< - < 1. 8
2 146 (78)

where € = max p®, o € L.

In other words, providing that (78) is satisfied, the variation of the total mechanical energy of the system
is always less than the energy supplied by the external and damping forces.

Proof The discrete-time dissipation equality of the new Moreau-Jean scheme (63) over a time-step
[tk, tk+1] is also given by (56). Obviously, we have

1 . :
(5 —0) |:||Uk;+]_ —okllar + lges1 — QkH%{} <0, ifand only if 6 > 1/2. (79)
It remains to prove that u;— 1¢Pk+1 < 0. Let us examine the three possible cases for a contact a:

1. take-off case: p;;; = 0. In that case, we have ugfepi‘_ﬂ =0.

—_ T
2. sticking case: ©“(uj, ») = 0. In that case, we have ut;, o = 0 and then u;”, 4Py 1 = Ug 11 oD% ot 1-

and ug), < 0 and then ), ,pi,; < 0

From (67), we conclude that Uff}ﬂ-e < O since 0 < Tt o
’ e

since py g1 = 0.

3. sliding case: pi, o # 0 and O (uy, ») # 0. Then we have pj’,, € IK* and O%(uy_ ) € OK™".
From (70), we conclude that ug ;. o < 0 since 6 < T and ug ), < 0,, and then ug , gpg 41 < 0.

For the frictional part, we have from (72)
a, T (e — _ a <0 30
Up iy oPrat1 = —HODPE g1 U kpoll < (80)

O
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4 Conclusion

In this article, we propose

« to use the model of frictional contact with impact inspired by the work of Frémond, which we show
is always dissipative,

« to modify Moreau-Jean’s time integration method in order to approximate Frémond’s model and
we show that the scheme is dissipative in discrete time.
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