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Reconstruction of averaging indicators for highly
heterogeneous media

Lorenzo Audibert!?, Houssem Haddar? and Fabien Pourre?

! Departement PRISME, EDF R&D, 6 quai Watier BP 49 Chatou, 78401 Cedex,
France
2 Inria, UMA, ENSTA Paris, Institut Polytechnique de Paris, 91120 Palaiseau, France

Abstract. We propose a new imaging algorithm capable of producing quantitative
indicator functions for unknown and possibly highly oscillating media from multi-
static far field measurements of scattered fields at a fixed frequency. The algorithm
exploits the notion of modified transmission eigenvalues and their determination from
measurements. We propose in particular the use of a new modified background
obtained as the limit of a metamaterial background. It has the specificity of having
a unique non trivial eigenvalue, which is particularly suited for the proposed imaging
procedure. We show the efficiency of this new algorithm on some 2D experiments and
emphasize its superiority with respect to some clasical approaches such as the Linear
Sampling Method.

Keywords: Transmission Eigenvalues, Inverse Scattering, Generalized Linear Sampling
Method, Steklov Eigenvalues
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1. Introduction

In the context of inverse scattering problems at a fixed frequency, we are interested in
the design of an imaging algorithm that provides interpretable indicator functions for
highly fluctuating scatterers. This is motivated for instance by non destructive testing
of composite materials, such as concrete, composed of unknown randomly distributed
components.

We particularly target methods that do not rely on numerical modeling of the
scattering problem. This is justified by the impossibility or difficulty of designing a
sufficiently accurate numerical model when randomness is present in the probed media.

A first attempt to address this type of problems was done in [5]. The authors
were able to design an imaging functional for highly fractured media capable of
providing quantitative indicator of the crack’s density. Their methodology is based
on the introduction of an artificial background containing a resonator. Considering the
scattering problem relative to this background, one can define some resonant frequencies
that can be reconstructed from measured data. These frequencies would monotonically
depend on the intersection of the artificial resonators with the set of cracks, which
furnishes an indicator function on their density.

We shall follow here a similar route but improving the procedure in [5] in two
important aspects. The first one is to consider measured data at a fixed frequency. This
is done by encoding the spectral parameter in the design of the background. The second
important aspect is the choice of the background model. We start with the metamaterial
background proposed in [3] and related modified transmission eigenvalues that play the
role of a spectral parameter [9]. We prove that the associated spectrum converges, as
the metamaterial parameter goes to infinity, to a simplified spectrum made of only one
non trivial eigenvalue. This is very appealing from the numerical point of view since
it greatly simplifies the identification of the non trivial eigenvalue from measured data.
In addition, the spectral parameter can also be equivalently interpreted as a weighted
average of the refractive index with respect to the solution of a boundary value problem
posed inside the artificial resonator. This allows for a better quantitative interpretation
of the indicator function.

In this proof of concept we shall restrict ourselves to the scalar Helmholtz equation
and to scatterers made of penetrable isotropic inhomogeneities (that for instance can
be a collection of small inclusions randomly distributed in the probed domain). Our
methodology is quite general and can be easily extended to other inverse scattering
problems, such as electromagnetic or elastodynamic inverse problems. In addition to
acoustic problems, the two dimensional version of the scalar problem can also be seen
as a model for electromagnetic problems invariant in one direction.

The use of artificial backgrounds in imaging algorithms has been proposed in a
number of recent works in the literature ([13, 12, 4, 16, 11] ). Their use is different than
in the imaging functional proposed in [3] and that we generalize in the present work.

The new artificial background (obtained as a limiting problem of the one introduced
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first in [3]) can be seen as a special form of impedance boundary value problems.
We analyse the properties of associated spectral problem (that shares similarities with
Steklov eigenvalue problem [10]) and prove a monotonicity property of its unique non
trivial eigenvalue with respect to the index of refraction. We then prove that this
eigenvalue can be reconstructed from far field data at a fixed frequency. We employ
the framework of the Generalized Linear Sampling Method [7] (GLSM) to prove this
result in a constructive way. The proposed algorithm for a quantitative indicator
function associated with the refractive index is then as follows: 1) choose a disc of
given radius that we shall sweep over some sampling positions in the probed domain; 2)
for each sampling position, identify the eigenvalue from far field data using the GLSM
approach; 3) assign to the sampling position the difference between this eigenvalue
and the eigenvalue associated with an index of refraction equals to one. The obtained
indicator function would then be monotonically dependent with respect to the values of
the true refractive index intersecting the disc. It also represent an averaged value of the
contrast as we indicated above.

We explicit the details of this procedure in the numerical section and discuss the
choice of the disc radius in terms of the used frequency. We then show how the obtained
indicator function gives superior results to those given by geometrical approaches such
as the Linear Sampling Method [14]. Moreover, the sign of the indicator function would
give an indication on how the mean value of the refractive index compares with respect
to 1. This is also discussed and illustrated through some numerical tests in 2D.

The article is organized as follows. In section 2, we introduce the direct problem
and associated far field operator. We discuss in section 3 the metamaterial transmission
eigenvalue problem and its limit as the metamaterial parameter goes to co. Then we
analyse the properties of this limit problem. We introduce in section 4 the artificial
background associated with the new limit eigenvalue problem. We explain in section
5 how to identify the associated modified transmission eigenvalue from far field data.
Based on these materials, we propose in section 6 a new indicator function for the
reconstruction some quantitative information related to the refractive index. Finally,
this section is concluded with some validating numerical examples in 2D. Some
complimentary results are given in the Appendix.

2. Settings of the direct problem and some related key results

Let D be a bounded domain in R™,m = 2,3 with piecewise smooth boundary 0D and
connected complement. We denote by v the outward normal field on dD. We shall
consider the following scattering problem, with inhomogeneity supported in D. For
k > 0 the wavenumber, let u € H} (R™) be the total field and u* be the scattered field

loc
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solutions of:
Au+ k*nu =0 in R™,
u=u®+u' (1)

lim 9 ikut]? =0
r—>+oo f\m|:'r or | ?

where the incident field u’ = ¢#**? denoted u'(.,d) for d € S = {x € R™, |z| = 1} the
unit sphere. We extend this notation to u*(.,d) and u(.,d). The real refractive index
n € L®(R™) is such that n > 0 and n = 1 in R™\D. It is known that problem (1) is
well posed and the scattered field u* has the following expansion for all € S,

. eikr — 1
u(re,d) = —=u>(z,d) + O(—1)
r2 ro2

with u™(.,d) being the so called far field pattern of the scattered field. We define the
far field operator F : L?(S) — L*(S) by

(Fg)(#) = /S o(du(z, d)ds(d), i € S. @)

We remark that ug® := Fg is the far field pattern of the scattered field ug, solution of
(1) with u* = v, the Herglotz wave function defined for g € L*(S) by

vy () :—/Seikmg(d)ds(d). (3)

For a given ¢ € L*(D), we define the unique function w*® € H} (R™) satisfying

loc
Aw® + E*nw® = k*(1 — n)y in R™,
. e 4
lim f\x|:r |2 — ikws|* = 0. (4)

r—+00

Observe that if 1) = v, then w® = u$. We introduce the operator H : L*(S) — L*(D)
defined by

Hg :=vy|p, (5)
along with its L2-adjoint

W)= [ vy, (6)
Then, the far field operator F' has the following factorization [18, 7]

Fg= H"TH, (7)
where T : L?*(D) — L*(D) is defined by

T(¥) = —7k*(1 = n) (¥ + w*), (8)

with w* the solution of (4), v = k?/4r for m = 3 and v = e"™/*/\/87k for m = 2.
For later use, we introduce the definition of transmission eigenvalues.
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Definition 1. Values of k > 0 for which the problem:

Au+ E*nu =0 in D,

Av+k*v=01n D,

v=u on dD,

d,v = d,u on 0D,
has nontrivial solutions (u,v) € L*(D) x L?*(D), such that w —v € HY(Dy) are called
transmission eigenvalues.

(9)

2.1. Inverse problem and a motivating example

The inverse problem we would like to address is to retrieve information about the
geometry of D and the refractive index n from the knowledge of the far field operator
F'. The developments in this article are motivated by the limitation of standard imaging
methods to handle highly heterogeneous scatterers. Consider for instance D as a union
of small and close scatterers such as presented in the left part of Figure 1. The main
objective is to recover the local distribution of those small inhomogeneities. The high
density of the inclusions challenges classical methods such as the Linear Sampling
Method (LSM) that try to construct an indicator function for the geometry of the
scatterers. We display in the right part of Figure 1 the indicator result provided by the
LSM for a fixed frequency. We clearly observe that not only the method fails to recover
the geometry, but also gives no information about their distribution. To overcome
this issue, we shall develop an imaging method based on transmission eigenvalues as
introduced in [5] in order to build an indicator function that has connections with the
scatterers density, which is the most relevant information one can obtain for this type of
media. As opposed to [5], we shall work at a fixed frequency and replace transmission
eigenvalues by a modified version based on the introduction of an artificial background.

3. An artificial metamaterial background

The starting point of our method is to consider so called modified transmission
eigenvalues as introduced in [3] with an artificial background media being a
metamaterial. We sketch in the following this idea. Let D, C R™ be a regular bounded
simply connected domain. Let © be an open domain such that Q = D U D, and such

that  has a connected complement. Let u, € H (R™) be the total field and u be the

loc
scattered field solutions of

div(apVup) + k*np(AN)up = 0 in R™,
up = u' + uj, (10)

. ou? .
lim f 5= ikui|* =0,
oo ¥ l|=r 1 or

for some incident field u’. The coefficients ay, ny(\) € L>°(R™) are such that

1 in R™\ Dy, 1 in R™\ Dy,
— d 2\ =
a { —a in Dy, and 7,(A) { Ain Dy,
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Figure 1. Left: the domain D constituted by 2250 small circles of radius 0.02 having
a constant index of refraction n = 2. Right: indicator function provided by the LSM
with 1% added noise to the far field operator F' and for frequency k = 4 (the wavelength
is roughly 80 times higher than the radius of the circles.)

for a > 0 and a # 1 and A € R that will play the role of a spectral parameter. Similarly
to the forward scattering problem, we use the notation w(.,d),us(.,d) ,u;°(.,d) for
u’ = u'(.,d) and consider the far field operator Fj, : L?(S) — L?(S)

(Fog)(&) = / g(d)ue (2, d)ds(d), &€ S,

We then define the modified far field operator F : L?(S) — L*(S)

Fg:=Fg— Fyg.
Modified transmission eigenvalues A correspond to the values of A such that there exists
a non trivial incident field in L*(Q) N H'(Dy) such that, u® = u; in R™\Q. In particular,

we obtain that for these values, there exists a non trivial solution w := u|q and v := u|q
of the following problem

Aw + k*nw = 0 in Q,

div(ay Vv) + k*ny(A)v = 0 in Q,
v =w on 0f),

ap0,v = J,w on Of).

(11)

In the case where ulg = w and wuy|q = v respectively coincide with the solutions of (1)
and (10) with u’ = v,, we have Fg = 0. This means that for this particular Herglotz
wave, the scattered wave produced by the original media and the background media are
the same outside €.

Let us denote by ng(n, Dy) the first Dirichlet eigenvalue of the problem:

w e Hl(Db),

12
Aw +nnw = 0 in Dy, w =0 on 0Dy. (12)
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The interior transmission eigenvalue problem (11) has been studied in [3] in the case
D C Dy. Tt is proved that if k% is not an eigenvalue of (12) then the spectrum is discrete
without finite accumulation point and there exists at least one positive eigenvalue to
(11). In addition, if k* < ng(n, D), then the eigenvalues are monotonically increasing
with respect to n. In particular, the largest positive eigenvalue \; satisfies:

k? be n|w|*dx — be |Vw|?dz — abe |Vo|?dz
wweH! (D) Jp, [vPPds

where H!(Dy) := {w,v € H'(Dy),w|sp, = v|op, , v # 0}.
The imaging algorithm relies on identifying these modified transmission eigenvalues from

knowledge of the operator F' and numerical computations of the operator Fj associated
with different locations of the domain D,. In practice, D, will be a circle that sweeps
over the probed domain. For numerical efficiency, the parameter a in (11) has to be
chosen in order to have the simplest possible structure of the spectrum and the highest
sensitivity with respect to n. These eigenvalues can be computed analytically in the
case of a ball and constant n as the zero of a determinant. Indeed, in dimension 2, for
D = Dy, a centered ball at the origin circle of radius p, the eigenvalues are solutions to:
Pi(a, ) = det Jikpy/n) Jilker /<) =0,
VAT (ki) a2 T kpy[2)
where j € Z and J; denotes the Bessel function of the first kind of order j. We display
in Figure 2 the values of Py(a, \)~!. In particular, we observe that as a goes to infinity,
negative eigenvalues go to —oo and the largest one converges to a unique positive value.
This suggests that only the positive eigenvalues would be the most stably reconstructed
one. To avoid playing with the parameter a, it would be interesting to consider the
spectral problem (11) as a goes to infinity. This limit is studied in the following section.

3.1. The limit spectral problem as a — +o0

Let us consider the interior transmission problem (11) where D does not intersect 0D,
as presented in Figure 3.

In this case, solving the spectral problem (11) is equivalent to solving the following
one posed on Dy, by setting w = v = 0 in Q\ D, (assuming that %k is not a transmission
eigenvalue for classical transmission problem in D [9]): w € H'(Dy),v € H* (D),

Aw + k*nw = 0 in Dy,
—alAv + k* v = 0 in D,
v =w on 0Dy,

—ad,v = 0,w on ODy.

(14)

Theorem 1. Assume that k* < no(n, Dy). Let (a;); be an unbounded increasing sequence
of positive numbers larger than 1. Let \; be the largest positive eigenvalue of (14)
for a = a; and (wj,v;) € HY(Dy) x H'(D,) be an associated eigenvector such that
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Pla,A)t

Figure 2. Values of Py(a, A\) ! for constant n|p, = 1 and product kp = 1. The bright
regions indicate where the function approaches 0.

OO
9%

Figure 3. Example of a configuration where D N 90D, = ()

||wj||%{1(Db) + “Uj”%{l(Db) = 1. Then, A; converges to some non negative value g5 and

up to a subsequence) w; converges weakly in H'(Dy) and strongly in L*(Dy) to a non
j

trivial function w € H'(D,) that satisfies

Aw + E*nw = 0 in D, (15)
pw ~+ fan O, wds = 0 on 0Dy,
where | Dy| := be dx. The corresponding sequence (v;); strongly converges to a constant

m Hl (Db)

Proof. According to (13), the positive sequence (JA;) is decreasing and therefore
converges to some A > 0. Moreover, since the sequence (wj,v;) is bounded in
H'(D,) x H'(Dy), up to a subsequence, we can assume that (w;,v;) converges to some
(w,v) weakly in H*(D;) x H'(D,) and strongly in L*(D;) x L*(D,). Problem (14) is
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equivalent to the variational formulation:

Vw;Vuw'dr+a; Vo, Vo' dz—k? /

D, Dy Dy,

nw;w'dr = —k2)\j/ vv'dz,(16)
Dy

for all w',v" € HY(Dy),w’ = v on dDy. Taking v' = v; and w' = w; in (16) shows

that the sequence aj||ij||%2( p,) is bounded. Therefore Vu; converges strongly to 0 in

L?(Dy) which proves that v = K a constant in Dj,. We then infer that w = K on 0D,

Taking v' = 0 in D, and w' in H(D,) and passing to the limit as j goes to infinity in

(21) shows that

Aw + k*nw = 0 in D,. (17)

Since —a;Av; + k*A\ju; = 0 in Dy, we obtain, by integration over Dj, the Green formula
and —a;0,v; = 0,w; on 0Dy,

dywjids + /\ij/ vjdr = 0,

Dy Dy

where the first integral must be understood as < H=2(9D,), H2(9D,) > duality pairing.
This notation convention will be constantly used in the rest of the product. Passing to
the limit in the previous equation leads to

pw + dywds = 0,
oD,
using the fact that d,w; weakly converges to d,w in H _%(8Db). This proves that w
satisfies (15).
We now prove by contradiction that w is not a trivial function. Assume that w = 0.
Then K = 0 and therefore v = 0. Taking v = v; and w' = w; in (16) gives
Jp, IVw;Pdx + a; [}, [Vvj|*dz — 0 as j goes to infinity. This proves that w; converges
strongly to 0 in H'(D,) and we already have v; converges to 0 strongly in H'(Dj). This
contradicts [[w; |7 p,y + Vil 3 p,) = 1 O

Remark 1. In dimension 2, in the case where Dy is a disk of radius p > 0 and n
is constant, one can compute explicitly the eigenvalue p of problem (15). We get that

W= prer(n) where
_ Ji(kpy/n)
firet (1) = 27rpk‘\/_ Ttk /i)

A similar expression can be derived in space dimension 3 for balls.

(18)

Theorem 1 suggests to replace the spectral problem (14) by (15) as a goes to
infinity. As we shall demonstrate in the sequel, the eigenvalue problem (15) has a very
simple spectrum constituted by at most one non trivial eigenvalue. This is why it also
constitutes a good candidate for the imaging algorithm and that will be the subject of
Section 5, after introducing the associated direct scattering problem.
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3.2. Analysis of the spectrum of (15)

This section is dedicated to the analysis of the spectral problem (15). This analysis
requires to exclude values of k? that are eigenvalues of the following problem.
w € HY(Dy),
Aw + k?nw = 0 in Dy, (19)
fan d,wds = 0 on Dy,
where H!(Dy) := {w € H'(Dy),w|sp, is constant}. The eigenvalue problem (19) has a

similar structure as Dirichlet or Neumann eigenvalue problems. It is equivalent to the
variational writing: w € H}(Dy)

VuwVw'dz — /<:2/ nww'dr = 0 for all w' € H}(Dy). (20)

Dy Dy

It follows from standard results on the spectrum of self-adjoint compact operators that
the spectrum of (19) is discrete and formed by a real sequence that accumulates at +oc.

Proposition 2. Assume that k* is not an eigenvalue of (19), then problem (15) has at
most one eigenvalue. Moreover, this eigenvalue is non trivial.

Proof. Problem (15) is equivalent to the variational formulation: w € H!(D)

ww'ds (21)

VwVw'dr — k? / nww'dr = — a

for all w' € H}(D,;). Thanks to the Riesz representation theorem, we define two
selfadjoint operators A and T : H}(D,) — H!(D) by:

(Aw, w') g1 (p,) = be VuVuw'dr — k? be nww'dr, Yw' € HY(Dy),

Dy

— (22)
(Tw, w") g (p,) = @fan ww'ds, Yw' € H}(Dy).
The eigenvalue problem (15) is then equivalent to:
Aw = —pTw, in H(Dy). (23)

Notice that since w|sp, is constant,

w _
(Tw, w") gr(p,) = lop, w'ds = wlap, (Twy, w') g1 (p,),
|0Dy| Jap,

where w; := 1 in D,. Therefore, the range of T is of dimension 1. The hypothesis on k2

shows that A is injective and therefore there exists at most one non trivial eigenvalue
of (23). O

Theorem 3. The spectrum of problem (15) can be described as follows:
1) Assume that k? is not an eigenvalue of (19).

a) If k* is not a Dirichlet eigenvalue of (12), then there exists an unique non
trivial eigenvalue p to (15) and an associated eigenvector is wy € H'(Dy) the
unique solution of Aw; + k*>nw, = 0 in Dy and wy; = 1 on dDy. In particular,
we have p = — fan O,urds = k? be nwdzx.
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b) If k? is a Dirichlet eigenvalue of (12), then there are no eigenvalues to (15).

2) Assume that k* is an eigenvalue of (19). Then 0 is an eigenvalue of (15) and
the associated eigenvectors are the eigenvectors of (19). If k? is not a Dirichlet
eigenvalue, 0 is the unique eigenvalue.

Proof. We distinguish the various cases as in the Theorem.

1) Assume that k? is not an eigenvalue of (19). Then according the Proposition 2, we
have at most one eigenvalue.

a) If k% is not a Dirichlet eigenvalue of (12). Then the function w; as in item a)
can be defined and one easily verifies that it is an eigenvector associated with
H=—= fan dyw.

b) If k? is a Dirichlet eigenvalue of (12), assume by contradiction that there exists
an eigenvalue p of (15) associated with an eigenvector w. Since k? is not an
eigenvalue of (19), p # 0 and w|gpp, # 0. Let wy € H'(Dy) the eigenvector
verifying;:

wo = 0 on OD,,.
Multiplying the previous equation by w;, and integrating by part gives:

/ (Awy + E*nwo)wdr = / wo,wods = wlyp, 0, wods = 0.
Dy, oDy oDy

Therefore, wy is an eigenvector of (19) which is a contradiction .

{ Awgy + k*nwy = 0 in Dy,

2) Assume that k? is an eigenvalue of (19). One can easily verify that 0 is an eigenvalue
of (15) by inserting ¢ = 0 in equation (15). If k? is not a Dirichlet eigenvalue of
(12), assume by contradiction that there exists a non trivial eigenvalue p of (15)
and an associated eigenvector w;. We denote by wy an eigenvector of (19). Notice
that wolop, 7# 0 and wi|sp, # 0. We obtain a contradiction following a similar
reasoning as in item 1-b.

O

We have proved the existence of a unique eigenvalue of (15) under certain conditions
on the wavenumber. The following theorem proves the monotonicity property of the
eigenvalue with respect to the refractive index.

Theorem 4. Assume that 0 < k* < no(n, Dy). Then k? is not an eigenvalue of (19).
Let u(k,n, Dy) be the unique eigenvalue of (15) as defined in Theorem 3 1-a. Then we
also have

w(kn DY) = sup (K / nlw|dz — / Vwpdz). (24)
Dy Dy

weHL(Dy),wlop, =1

This shows in particular that u(k,n, Dy) is positive and is monotonically increasing with
respect to n. Moreover, we have that u(k,n, Dy) — +00 as k* — no(n, Dy).
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Proof. We start by proving that k? is not an eigenvalue of (19). First of all, we notice
that the first eigenvalue of (19) is 0 associated with the constant eigenvector 1. Then

the second eigenvalue is given by:
[, [Vw|*dx
k2= inf sup 22— 25
L Bacwn weEzEJ#O be n|w|?dx (25)

where Wy is the set of 2 dimensional subspaces of H}(Dy). For all w € H(D,), there
exists Fy such that w € Fy since H} (D) C H}(Dy). Reciprocally any Fy C W, contains
at least a non trivial element of H} (D), for instance w = ug|sp,u1 — ui|op,us where
U1, Uy are two linear independant vectors of Fy. Therefore:

Vw|?dx
k2> inf —be [V

— no(n, Dy). 26

Let A > 0 be such that the operator A’ defined by

ww'ds,(27)

(A'w, w") gr(p,) = VwVde—kz/ nww'dx +
Dy D, 10Dy| Jop,

for all w' € H}(Dy) is coercive. The existence of such A follows from Wirtinguer’s
type inequalities and the proof is given in Appendix A, Theorem 12 for the reader’s
convenience. The eigenvalue problem (15) can be equivalently written as:

Aw=—(u—N)Tw, (28)

where A’ is a selfadjoint coercive operator and T is a selfadjoint compact non negative
operator. Identity (24) is then a direct consequence of the Courant-Fischer principle
applied to the eigenvalue problem (28).
We now prove that u(k,n, Dy) — 400 as k? — ny(n, D). Let j € N* and denote by
(kj,w;) the first eigenvalue and eigenvector with ||w;||g1(p,) = 1 of the following spectral
problem (j is fixed):
w; € H; (D),
Aw; + k?nwj =0 in Dy, (29)
Jw; + fan dywids =0 on 0D,
We obtain by the Courant-Fischer principle:

j 2 2
k2 — inf |6%)b| fan ‘wl + be ]Vw\ . be |Vw|2
T weHL(Dy)w#0 be n|wl|? T weH(Dy),w#0 be n|w|2'.

Therefore, (k?); an increasing sequence and bounded by no(n, Ds). This implies k2 — n*
as j goes to infinity for some n* < ny(n, D). The eigenvector w; verifies:
2 2 2 J 2
. |Vw;|“dw — kj /Dbn|wj| dr = ~D,] - \w;|“ds. (30)
This equality proves that the right hand side remains bounded as j goes to infinity,
which means that w;|opp, — 0. We then have that (up to a subsequence) (wj);
converges weakly in H'(Dj) (and strongly in L?*(D;)) to some w in H}(D,) that verifies
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Aw + n*nw =01in D, and w = 0 on dD,. Let us show that w is non trivial by using a
contradiction argument. Suppose w = 0. From (30), we have:
|Vw,|*dz < k‘f/ nlw;|*dz,
Dy Dy

and therefore Vw; — 0 in L?*(D,). Consequently w; strongly converges to 0 in H*(Dy).
This contradicts ||w;| g1 (p,) = 1.

The fact that w is non trivial implies that n* is a Dirichlet eigenvalue of (12) and
therefore n* > no(n, D). We then have n* = no(n, D) = lim k3. Observe that w; is

Jj—+o00
not in Hj (D) thanks to (25). Using (24) and (30), we then get:
Kj Jp, nlwilPde — [p, [VwjPde

fan |w;[?ds [ODy|’

/L(kh n, Db) >

Thus, lim;_, 4o p(kj,n, Dy) > |8g)b| —jtoo +00 O

4. An artificial background associated with (15)

The goal of this section is to introduce a scattering problem for which the spectral
problem (15) would play the role of interior transmission problem similarly to the role
played by (11) for (10). Let D, and €2 be as in section 3. The new artificial scattering
problem can be formulated as: the total field u, € H. (R™) satisfies

loc
Auy + k?uy = 0 in R™\ D,
g + fan O,upds = 0 on 0Dy,
wp = uj + u',

. ou? . 2
e 15 = g =0,

(31)

for some incident field u’ and p € R is the spectral parameter. The analysis of this
scattering problem can be done using a standard technique, for instance a variational
approach based on the introduction of the Dirichlet to Neumann operator. Let Bp
(with boundary Sg) be a ball containing Dy, for R large enough. We define the Dirichlet
to Neumann map A : Hz(Sg) — H~2(Sg) by A¢ := d,v|s,, where v is the radiating
solution to the Helmholtz equation in R¥\ By with v = ¢ on Sg, and where v is the
outward unit normal to Sg. Consider the following space

HY(Bg\Dy) := {w € H'(BR\D,), w|sp, is constant }. (32)

Then, solving the scattering problem (31) is equivalent to solving the following
variational problem: u € H!(Bg\D;) and for all v € H}(Bg\Dy),

/ (VuVv — k*uv)dz — / Auvds — - wvds = £(v) (33)
BR\Db SR |8‘Db| oDy,

where

l(v) = /S (O,u" — Au')vds. (34)
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Using similar arguments as in [9], one can prove that this problem is well posed for u € R
(or more generally, for non trivial complex value p with (u) > 0). We summarize the
wellposedness in the following theorem and leave the proof to the reader.

Theorem 5. The scattering problem (31) is well posed for u* such that (9,u’ — Au®) €
H2(Sg).

Similarly to the forward scattering problem, we use the notation (., d), uj(.,d),
u(.,d) to respectively denote the total, scattered and far field when the incident field

u' = u'(.,d), the plane wave of direction d € S. Consider the far field operator
Fl': L*(S) — L*(S) defined by

(Fig)(#) = /S g(d)yu® (&, d)ds(d), i € S.

We then define the modified far field operator F* : L*(S) — L*(S) as
Ftg:=Fg— Fl'g. (35)
For further use, especially in the proofs of section 5, we notice that similarly to (4) the

scattered field uj € H} (R™\D,) satisfies:

loc

Auf + k*ui = 0 in R™\D,,

pup + fan ouy = —pu' — fan O,u'ds on 0Dy, (36)
. oup g2
rllgl—noo f\x|:r ’ or Zkub| o O’

for u* satisfying Au' 4+ k*u’ = 0 in R™. We denote by uj , the solution of (36) with
u' = vy defined in (3) and upy = uj , + v, in R™\ Dy,

Definition 2. We say that i € R is a modified transmission eigenvalue if problem (15)
admits a non trivial solution.

5. An indicator function for the refractive index based on the eigenvalue
of (15)

This section develops a method to recover some information on the refractive index
n from the far field operator F'. This method is inspired by the one introduced in
[5] and exploit the monotonicity property of the modified eigenvalue of the spectral
problem (15) with respect to n (see Theorem 4). The first step is to explain how one
can identify the modified transmission eigenvalue from F*. We shall use the GLSM
framework as introduced in [7] for which we summarize the theoretical background in
Apprendix, Theorem 14 for the reader’s convenience. In order to avoid unnecessarily
technical complications, we shall restrict ourselves to the case where 0Dy, N D = ().

5.1. Factorization of F*

We define Qp := D\D, the component of  outside of D,. Let H* : L?(S) —
R x H™2(8Dy) x L2(Qp) defined as:

H'g = (Ub,g |an, al/ub,g |an, Ub,g|QD ),
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where uy,, is solution of (31) with u* = v, and
Vine(Qp) = {u € L*(Qp) such that Au+ k*u=0in Qp}.

Lemma 6. We introduce the subspace V' defined as:

V = {(g,,u) € R x H 2(D}) X Vine(Qp) such that pp+ [  ds = 0}.

The closure of the range of H*, denoted R(H"), in R x H~2(9D,) x L*(Qp) satisfies:
RH") = V. (37)

Proof. One can easily verify that R(H*) C V. To prove the reverse inclusion, it is
sufficient to prove that the orthogonal of R(#H*) in V is reduced to the trivial vector.
Let (p,v,u) € V, such that (H g, (p,v,u)) = 0, for all g € L?(S), which can be
rewritten as follow:

Let ¢ € Hz(dD,) be the unique vector such that for all f € H~2(dD,), we have

WD)y bopy = [ Fds, (39)

oDy

where the integral on the right hand side refers to the < H~2(0D,), Hz(8D;) > duality
product that can be replaced by the integral if f € L?*(0D;) for instance. In particular,
from equation (38), we get for all g € L?(9):

oup g + Jﬁyubygds + / wup, gdx = 0. (40)
oD, Qp
(R™\Dy) be a solution to
Aw + k*w = ulg,, in R™\ Dy,
ifand,w—i—w: £ — 4 on 0D, (41)

: [} ; 2 _
TEE}X) f\x|=r |52 — ikw|* = 0.

Let w € H}

loc

Thus, we can replace the last integral in (40) by an integral on a centered ball By for
R > 0.
(u, U glap ) L2(p) =/

Br\Dy

(Aw + ka)uagdx + / wvgdz. (42)
Qp

Applying the Green formula twice and using the relation u; 4 = vy +uj , in R™\ Dy, one
obtains:

fBR\Db(Aw + FPw)uj dr = faBR(anui,g —wd,uj ,)ds

- fan@Vw“by — w0, upg)ds + fan(aywvg — wo,vy)ds.
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The first term on the right hand side goes to 0 as R — +oo thanks to the radiation
condition. Therefore, inserting the previous equality in (42) gives:

(u, 45 ylop)r20p) = —/

(&,wub7g—wayub7g)ds+/ (Opwvy—wo,v,)ds.(43)
oD,

oD,
Inserting (43) in equation (40) and using the boundary condition of w, we obtain:
/ (O, wvy — O v w)ds + / wvgdr = 0. (44)
8Db QD
Replacing v, by its expression and inverting the integrals shows:

/Sg(d)woo(—d)ds(d) =0, (45)
where

we(d) = — /8D (Dyw(z)e ™ — 0, ye” ) ds(z) — /Q u(z)e *ddy,

D
is the far field pattern of w. By the Rellich lemma, we then get that w = 0 in R™\ D,
Hence, w € H2(p) and £ =1 =00n0D,. Sinceu € L?(Qp) and satisfies Au+k?u = 0
in 2p, we have in particular:

/ u(Aw + k*w)dr = 0,
Qp

which gives HUH%?(QD) = 0 therefore v = 0. On the other hand, taking the duality

product between f —¢Yand f e H _%(8Db), and using the definition of @Z, we get

f TdS - (2/}7 f)H_%(an) = 07

K Jap,
_1 : . o - 9 B :
for all f € H™2(9D,). Taking f = ¢ gives us & fan s Hw’H—%(an) = 0. Recalling
_ - 2 2 _ _ _
that mp—l—fan Ydx = 0, we end up with IW”H*%(E)D,,) +]p|* =0, hence ¢ = 0 and ¢ = 0.
This concludes the proof. O

We introduce the operator G* : R(H#) — L?(S) such that: G*(p,1,u) := w™ where
w™ is the far field of w® € H. (R™\D,) solution to:

loc
Aw + k*nw = 0 in D,

Aw® + K?w® = k2(1 — n)(u + w®) in R™\ D,

w—w® =@ on 0D, (46)
d,w — J,w* = 1) on 0D,

lim [ 2% —jkw®|? =0,
| rotoo lx|=r 1 or

Observing that w := uy + vy in Dy and w* = vy — uj , in R™\D, satisfy (46) with
U= Upgla,, ¢ = Upglop, and 1 = dyup 4|op,, we then deduce the following factorization:

Ft = GrH". (47)

/
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5.2. Properties of the range of G*

For z € R™, weset ¢(., z) € L2 (R™), the radiating fundamental solution to the equation

loc

Ad(.,2) + k*¢(.,z) = =6, in R™ and denote by ¢ its far field pattern. We recall that:
eiklz—z| .
dr|z—2z| 1 ]RS’
o= (13)
iHé )(k|z — z|) in R2,

where H(gl) denotes the Hankel function of the first kind of order zero.

Lemma 7. Assume p is not an eigenvalue of problem (15). Then ¢ € R(G"), the
range of G*, for all z € Dy,

Proof. Let z € Dy. Let x, be a C*°(R™) function such that y, = 1 in R™\D, and
X:lv = 0 where V is a neighbourhood of z. Consider 0, := x,¢(.,z) € HZ .(R™). Let
W, € H}(D,) be the unique solution of

AW, + E*nW, = —(A + k*n)O, in Dy, (49)
W, + fan 0,W.ds =0 on 0D,

We define w, = W, + 0, € H'(D;). We notice that w, is solution of

{ Aw, + k*nw, = 0 in Dy, (50)

pw; + fan Oyw.ds = pg(.,z) + fan 0, é(., z)ds on ODy,.

Let us set w := w, in D, and w® := ¢(., z) in R™\D;,. We shall prove that w and w*
satisfy (46) with ¢ = (uj, +v.)|ap,, ¥ = (O,uj, + 0,v2)|op, and u = —é(., 2)|q,, Where

wuwzéDwquwwaw—a@m@wmuwwxw,

and uj , the solution of problem (36) with u’ = v,. Indeed, the first and second equations
in (46) are clearly verified together with the radiation condition. It only remains to prove
that the w — w® = ¢ and 0, w — 0, w® =1 on ID.

From representation formula of solutions to the Helmholtz equation, we get the
decomposition w, = w; + v, where

wi(x) == —kJQ/D (1 —n)w.(y)o(x,y)dy, x € D,. (51)

We extend w3(z) for x € R™\ D, using the same formula. Set uj, := w; — ¢(.,2) in
R™\Dy. We notice that u;, is solution to (36) with u’ = v,. Thus we get on the
boundary 0Dy:

w, = w; +v, = up + G, 2) + v,
dyw, = d,wi + dyv, = dyuj , + 0,0(., 2) + O,v,,

which correspond to the desired transmission conditions since ws = ¢(., z). O
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Lemma 8. Assume p is an eigenvalue of problem (15). Then the set of points z for
which ¢° € R(GH) is nowhere dense in Dy.

Proof. Let wy € H}(Dy) be the eigenvector of (15) such that |jwo||g1(p,) = 1. We will
proceed by contradiction. Assume there exists (¢, 1, u) € V, such that,

gu(@a Y, u) = o
for all z € Z, a dense set in D,. From the definition of G* and the Rellich lemma,
we obtain that w, := w, where w and w?® verify the scattering problem (46) is a

solution of (50). Let ©, € H?*(D,) defined as in the previous lemma and consider
W, :=w, — ©, € H(D,) that satisfies (49).

Multiplying the first equation in (49) by wp and using twice the Green formula, yields
the compatibility condition

/ (AO, + k*n®.)wydr = 0, (52)
Dy
which gives, by applying again twice the Green formula, that

Dy,

for all z € Z. Since v, satisfies the Helmholtz equation in D, and vanishes on a dense
subset of Dy, we get v, = 0 in D,

From representation formula of wy, we have the following decomposition wy = v, + w§
in Dy, where

wi(x) == —K? /D (1 - n)wo@)dle, y)dy, = € R™ (54)

Hence, wjj defines a radiating solution of (4) with D = D, and ¢ = v, in D,. Since
v, = 0, we then conclude by uniqueness of solutions to (4) that w§ = 0 in R™ and then
wy = 0, which gives a contradiction. O]

5.3. The GLSM Theorem

The previous lemmas allow us to apply Theorem (14) with X = X* = L[?(S) and
Y =R x H 2(0Dy) x L*(Qp) to the modified far field operator F*.

However, we need to construct an operator B that satisfies Assumption 13, with
H := H" defined in (5.1). Keeping an implementable inverse method in mind, the
operator B must use computable quantities, such as Fg, vy|p, or F}'g.

Lemma 9. If k is not a transmission eigenvalue and there exists > 0 such that
n—1>p3 (or1—n>f)in a neighborhood of dD, then

B(g) = (Fg, 9)r2s)| + gl (D, (55)

satisfies Assumption 13.
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Proof. We start our proof by mentioning that under the assumption on k2, the operator
T given by (8) is coercive on Vj,.(D)(see [2]).

Let us start with the first implication. Assume that the quantity |[(Fgn,gn)r2(s)| +
|vg., ||%11( py) 18 bounded for a sequence {g,}. The latter implies in particular (thanks to

classical trace theorem) that [|vg, ) and ||0,vy, are bounded sequences.

H3 (0D, H™2(9Dy)
The well-posedness of (36) yields that the sequence uj , is bounded in H'(K\Dj) for

any compact set K containing Dy. Then, since upg, = up , + g, in R™\ Dy, we also get

tha‘t ||ub’g"HH%(8Db) _%(8D‘b) '
From the coercivity of T" and the factorization F' = H*T H, we get:

vgl1 720,y < Cl(Fg, 9) 125, (56)

where C' is a constant independent from g. This implies that vy, ||12(q,) is bounded and

and [0, up,g, [l , are bounded sequences.

again from the identity w4, = uj, + vy, in R™\ Dy, we also deduce that |[ug, [|2p)-
This proves that|H"g,||3 is bounded.

Now, for the reverse implication, assume ||[H"g,||3 bounded. From the representation
formula on the scattered field and from the fact that v, satisfies Helmholtz equation, we
have for x € R™\ D,

up g () = /8 i (us(y) Oy D (2, y) — Dun(y) o (@, y))ds(y).

Hence, from continuity properties of single and double layers potentials,([19]) we
infer that the scattered field u; , is bounded in H Y(K\Dy), for any compact set K
containing Dj, and particularly (uj, ,9d,up, ) are bounded in H 2(0Dy) x H™2(0Dy).
Therefore, (v,,,0,vy,)|op, is a bounded sequence in H2(0Dy) x H™2(dD,). The
representation formula for solution to the Helmholtz equation in D, applied on v,,
gives the boundedness of v,, in H'(D,).

In addition, since wg, is bounded in L*(Qp), we also get ||vg, [|12(,) bounded. We
then deduce that |[vg, || z2(p) is bounded. From the continuity of the operator 7" and the
factorization (7), we finally conclude that |(Fgn, gn)r2(s)| is bounded. O

We are ready to apply Theorem 14 in Appendix Appendix B to the operator F*.
We observe that if p is not an eigenvalue of (15), then F* is injective and by reciprocity
relations for far fields, we also obtain that it has dense range.
Combining Lemma 8, 7 and Theorem 14, we conclude with the main theorem of this
section:

Theorem 10. Assume that the hypothesis of Lemma 9 hold, with B defined by (55).
Consider the functional

Jo(02,9) = aB(g) + | F'g — 6|12 and st ja(62°) = dnf o a2, 9).

Let g2 be a minimizing sequence defined by

Ja(9027,92) < Ja(92) + Ca,
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where C' > 0 is a constant independent of . Then a real number p > 0 is not an
eigenvalue of (15) if and only if the set of points z such that B(gZ) is bounded and
| F g2 — ¢\l r2(s) = 0 as o — 0 is nowhere dense in Dy,

In the case of noisy data, yielding a noisy operator F° satisfying ||F° — F|| < 4,
the theorem above also applies under the following modifications (insertcitation): the
functional J, should be replaced by

Jo(62,9) = a(B°(g) + dllgll*) + (F° — Fy')g — 2 72(s),
with B’(g) := |(F5979)L2(S)|2 + HUQHJQLIl(Db)-
Theorem 11. Assume that F? is compact with dense range and the hypothesis of Lemma
9 hold. The functional J2(¢%°,.) admits a minimizer g2°. Moreover a real number j > 0

z )

is not an eigenvalue of (15) if only if the set of points z such that
lim 1i B§ 2,0 2,012 li li 2,0 100 —
Lim lim (B°(g2°) + 0[|92°[") < oo and lim lim | F*g57 — ¢%[| 2(5) = 0

1s nowhere dense in Dy.

6. Numerical inversion algorithm and validation

6.1. The inversion algorithm

Motivated by the analysis above and inspired by the inversion algorithm suggested in
[5], we propose the following scheme to build an indicator function for the refractive
index n of the media from the knowledge of the far field operator F' at a fixed frequency
k. It can be formally synthesised by the following three steps:

(i) Let p > 0 be a given parameter. Choose Dy, to be the ball BY of center y € R™ and
radius p satisfying the condition k? < ng(n, Dy).
(ii) Evaluate the eigenvalue p(y,n) of problem (15) from the measurements F' and the
analytically computed F}' using the GLSM method described by Theorem 14.
(iii) Plot the function Z : y — u(y,n) — pwes(1) for y sampling the probed domain
containing the inclusions.

We now describe how to numerically implement the steps 2 and 3 for 2D problems. We
will discuss the choice of p and the influence of £ in the numerical validation subsection.

6.1.1. Synthetic generation of the data Our numerical validating examples (in R?) use
synthetic data F' that is numerically generated by solving the scattering problem (4)
using a finite element method implemented using the Freefem++ [17] package. We use
the Perfectly Matched Layer ([8]) technique to bound the computational domain and
model the the Sommerfeld radiation condition.

The outcome of our numerical solver is the matrix F with entries

Fpg = u™(Zp,dg), 1<p,g<N, (57)

where &, = d, = (cos(0,),sin(0,)) with 6, = £27 and where u> is the numerically
computed far field.
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6.1.2. Evaluation of the background operator In order to evaluate the far field pattern
ups, associated with the background domain D, = BY, we shall rely on the following
transformation of the far field pattern under translation [15, eq (5.3)]:

upS (&, d) = kY- d=8)y,20 (3 () (58)

where up® is the far field associated with Dy = B (i.c the ball of radius p centered at
the origin). The numerical evaluation of uy° can be done using the numerical solver as
described above or also analytically using separation of variables. We chose to use the
latter option. Indeed, for D, = Bg, the solution of equation (31) can be analytically
expressed as:
up(ra, d) = Z(ajH](l)(kr) i J;(kr))e0a=0) for r > p,
JEZ
with

i Jj(kp)
s = —ii ike)
J 17 (p) J#0,
MJo(kP)+27rPkJo(kﬂ)
!
pHSY (kp)+2mpk S (kp)’

Qg = —

where H ](1) denotes the Hankel function of the first kind of order j. Then the far field
pattern assumes the following analytic expression:

upo (2, d):\/—e jf_ﬂ)Za 0= (59)

JEZ
with & = (cos(6;),sin(6;)) and d = (cos(6,),sin(6y)).
The numerical outcome of (59) and (58) is the background far field matrix Fy, which
entries are:

(ng%q ul??y(jfpvdq)a 1<p,q<N, (60)

where w7, is evaluated using (58) and where up is approximated by a truncating of the
sum in (59), keeping the indices j € Z such that |j| < M.

6.1.3. Implementation of the GLSM method to identify u(y,n) For the implementation
of the GLSM method, one needs to introduce a discretization of ||U9||?11(Db) where
Dy = B} for some given y in R2. This norm can be computed using separation of
variables. We first expand g € L?(S) in Fourier series. More precisely, setting

Zgy im0 —zk:z 0)-y 7

mEZL
with 2(0) = (cos(0),sin(f)) and
2
ikz(0)-y ,—im6
i= o [ a0 .
we have:
(x+y)=2m Z i G T (kr)e™ ) for = r(cos(f),sin(6)). (61)

meZ
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Then we deduce:

R R
log Iy, = 872 3 2 ((1+m2) /0 T (krY2rdr + K /0 J,;L(kr)%dr)

meZ

In order to simulate noise in the data, we change the values of the synthetic data
F by adding random noise of level § to construct the noisy far field matrix F0 =
F-(1+d6(A+iB)) where the entries of the matrices A and B are uniformly distributed
real values in [—1, 1] and where - denotes the element-wise product of matrices.

Since in our experiments, the refractive index n is real, when k% is not a classical
transmission eigenvalue it is proved in [1] that we can substitute the term |(Fg, g)r2(s)]
in B(g) by ((F*F)zg, 92y = |[(F* F)4gHL2 (5)- For z € Dy, considering ¢ :=
(¢2°(01), ..., 6 (0N)) € CV, the cost function J, can be approximated as

Ja(¢2°, 9) = a(|Hygl|ganr + [(F)F)gllgen + 8llgllen) + I(F = Fp)g — 62w,

for ¢ € CV where ||.||cv denotes the euclidian norm in CV and the matrix H, in
CEM+DXN defined by:

(Hyg)m = gffn\/87r3((1 + (m — M)z)/0 T (kr)2rdr + k2/0 J oy (kr)2rdr),

with:

1 N
— v Z Zk)$(0[ —i(m—M)0, : (62)

form=20,...,2M.

For y fixed, the minimizing sequence of Theorem 11 is actually computed as the
minimizer gy(c,z, ) of the function J,(42°,.) which is also solution to the normal
equation:

((DyH, + ((F°)'F)} + 61) + (B — FY )" (F — B g,z 1) = (B — L) 6.

The theoretical result of Theorem 11 does not indicate how to choose a in practice.
Inspired by the classical Linear Sampling Method (insertref), we employ the Morozov
principle (insertref) by seeking « that ensures the equality:

I(F° = Fp ) 9o — 62 1° = 0llgall”,
for g, being the solution to the normal equation:

(ol + (F° — Fgfy)*(w —F})) 9o = (F° — ) 6. (63)

6.1.4. Implementation of the inversion algorithm Let ) be an uniform grid in the
probed domain and A a uniform discretization of an interval of positive values p that
contains pief(1) (see (18)), the reference eigenvalue (ie, the eigenvalue of problem (15)
with n|p, = 1). Beforehand, we precompute a collection of far field matrices Fy, for
each (y,p1) € ¥ x A (recall that, for fixed y, F}, can be computed from Fy, usmg the
relation (58)).
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For each y € ), we compute the minimizer g;(a, z) for z € Z a finite set of points in
inside Dy, of cardinal |Z|. We then set as an approximation of the eigenvalue p(y,n) the
value of u where the function

Py () = %Z 192 e 2, 1) o (64)

2€Z
attains its maximum. To give an illustration of the behavior the function p — Py(u),
we display in Figure 4 this function in the case where D = D, = Bg with p = 0.5,
n|lp, = 1 and k = 2. We observe that the function has a sharp peak at the expected
eigenvalue fief(1) for K =2 and p = 0.5.
After obtaining the numerical approximation of u(y,n), we plot the function Z(y) :=

Py(u)

1.0
0.8
0.6
0.4
0.2 L
0.0

-5 -1 3 6 9 12
7]

Figure 4. The indicator function P, () given by (64) for D = D, = BY) with p = 0.5,
n|lp, =1 and k = 2.

1(y, n) = pirer(1).
We recall that thanks to the monotonicity property of 1(y, n) with respect to n as stated

in Theorem 4, Z(y) > 0 if n|gy > 1 and Z(y) < 0 if n|gy < 1. Furthermore, the larger
is the value of n|py, the larger is the value of Z(y).

6.2. Numerical validation

6.2.1. The case of extended scatterers Before treating the motivating example given
in the introduction, we first show that the inverse method can also work in the case of
extended scatterers. We consider in this example four circular inclusions of radii 0.3 and
having four different constant refractive indices as presented in Figure 5 (right). The
indicator function Z is computed on an uniform grid ) of 50 x 50 sampling points of
[—2,2] x [—2,2] and we take p = 0.3 for the artificial background (see Figure 5 (left)).
The interval A for identifying p(y,n) is set to be equal to [0, per(2)]. Figure 6 (left)
presents the values of the function Z : J — R* for k = 4. We indeed distinguish 4
scattering circular objects. We observe from the sign of the indicator function, that
the objects on the left have indeed a refractive index smaller than 1 and greater than
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1 on the right. Thanks to the monotonicity property of the eigenvalue (Theorem 4),
it is then possible to ordinate the 4 different refractive indices from the values of the
indicator function Z.
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-2 -1 0 i 2 -2 -1 0 1 2

Figure 5. Left: Sampling grid Y formed by 50 x 50 points (blue points) and D}, = Bg
with p = 0.3 (green). Right: Four diffracting circles of radius 0.3 associated with
four different values of the refractive index n = 0.25 (bottom left), n = 0.5 (top left),
n = 1.5 (bottom right) and n = 2 (upper right).
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Figure 6. Indicator function Z on the grid Y indicated in Figure 5 (left) for the
scatterers shown in Figure 5 (right). We chose the parameter p = 0.3 and the noise
level to be § = 1%. Left: Reconstruction obtained for wavenumber k = 4. Right:
Reconstruction obtained for wavenumber k£ = 5.5.

Discussion on the choice of the parameters k and p: In the particular case of D = D,
and constant n, the analytical expression of the eigenvalue (18) shows that its sensitivity
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with respect to the refractive index is correlated with the value of the product kp. The

behavior of the eigenvalue (18) is directly linked to the function z — xﬂg, which

derivative is an increasing function that goes to infinity as x — 7o, the first zero of Jj.

Therefore the product kp must be chosen with 3 constraints in mind:

1) The condition 0 < k* < ng(n, Dy) which can be rewritten as kpy/n < j, must be
satisfied.

2) If the product kpy/n is close to jo, the sensitivity of p(n,y) with respect to n
would be very high, and only the regions with the largest values of n will be visible.
Furthermore, a small error in the data can lead to a significant error in the computed
eigenvalue.

3) If the product kp+/n is far from jo, the sensitivity would be smaller. Different values
of n may become more challenging to differentiate.

To illustrate this sensitivity, we compare the result of Figure 6 (left) with the indicator
function Z for k = 5.5 keeping the same radius p = 0.3 (i.e., a larger product kp) shown
in Figure 6 (right). In this case, k* is close to the Dirichlet eigenvalue (12) for D = B
with constant n = 2. Although the values of Z are coherent with the theory, it becomes
challenging to visually discern the obstacles with n < 1 as some values of Z get large
inside the inclusion with refractive index n = 2.

6.2.2. The case of densely distributed small scatterers We consider in this example
the configuration given in the introductory section shown in Figure 1 (left) where we
have a large number of small scatterers densely distributed on the probed domain with a
constant refractive index n = 2. For the inverse algorithm, we keep the sets ) and A the
same as in the previous example. Although the eigenvalue 79(n, Dy) is unknown, since
it is monotonically decreasing with respect to n, using that n|p, < 2, one obtains that
n0(2, Dy) = % is a lower bound of ny(n, Dy). Selecting p such that 0 < k% < ny(2, Dy)
will ensure the hypothesis on the wavenumber needed in Theorem 4. We chose the
radius p of the background D, in order to have a high sensitivity of the eigenvalue to
visually highlight the areas of higher concentration. Several numerical experimentations

M would give satisfactory results and this is the

suggested that the choice p =
value of p that is used in the following results. Figure 7 presents the function Z for
two wavenumbers: k = 3 (left) and k = 4 (right). The indicator function manages
in both cases to distinguish 5 main regions that correspond to the 5 areas of higher
concentration. The obtained result have indeed better qualitative aspect in relation
to the local density of the small scatterers than the one given by the Linear Sampling
Method in Figure 1 (right).

A second example of densely distributed obstacles is shown in Figure 8 where we
have afewer number of scatterers. We observe that the indicator function works even

better in this case.
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k=3, p=0.57

Figure 7.
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Indicator function Z on the grid Y indicated in Figure 5 (left) for the

310(2, D) (i’D”) and the

noise level to be 6 = 1%. Left: Reconstruction obtained for wavenumber k& = 3 and
p = 0.57. Right: Reconstruction obtained for wavenumber k = 4 and p = 0.37.
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Figure 8. Left: the domain D constituted by 1257 small circles of radius 0.02 having a
constant index of refraction n = 2. Right: Indicator function Z on the grid Y indicated
in Figure 5 (left). The noise level is § = 1%

Appendix A. Complementary technical results

We first give a proof of a technical result used in Theorem 4.

Lemma 12. If k* < ny(n, Dy), then there exists A > 0

/ |Vw|2dx—k2/
Dy,

Dy

nlwldz + A /

[wl* > cllwllF p,);
D,

for all w € H} (D) and for some constant ¢ > 0.
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Proof. Assume by contradiction there is no A > 0 such that the (12) holds for

k* < no(n, D).

Let (A;); an increasing unbounded sequence of positive constant. The contradiction

argument ensures that for each A;, there exists w; € H'(D,) with ||w;| g1 (p,) = 1 such

that

n|w;*dx + Aj/ lw;|*ds < l (A.1)
oDy J

|Vw,;|*dr — k? /

Dy, Dy

This gives for instance
1
/ |Vw,|*dz + Aj/ lw;|?ds < kQ/ n|w;*dx + ~.
Dy 8D, Dy J

One can assume that, up to a subsequence, w; converges to some w, weakly in H'(Dj)
and strongly in L?(Dy).

The term A; [, |w;|?ds must remain bounded, leading to w = 0 in 9Dy. h Hence
w € H(Dy). Since the norm is weakly lower semi continuous, we have

2 . .
[Vulen, < Tim_inf /

Dy,

Vw,|*dzr < lim k? nlw;Pdr = k* n|w|?dz,
j , j
J—+oo Dy Dy

which contradicts
Vw2 p,)

k* < inf = no(n, Dy).
weH} (Dy)w0 [, njw|*dz o(n, Dy)

Appendix B. Analytical Framework for GLSM

Let X and Y be two Hilbert spaces. We consider a bounded linear operator ' : X — X
that has dense range and can be factorize as ' = GH where H : X — Y and
G : R(H) C Y — X are bounded linear operators with R(H) being the closure of
the range of H in Y. In addition let B : X — R* be a continuous functional that

satisfies the following assumption.

Assumption 13. Given a sequence {g,} € X, the sequence {B(g,)} is bounded if and
only if the sequence {||Hgy|y} is bounded.

For a given parameter a > 0 and ¢ € X, we consider the following cost functional

Ja(9,9) = aB(g) + |Fg — ¢o|l%
This cost functional has no minimizer in general, however its positivity implies that we

can define j,(¢) := inf ex Jo(g, @) .
The central theorem of the GLSM is the following characterization of the range of G in
terms of F' and B.
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Theorem 14. In addition to Assumption 13 we assume that F' has dense range. Let
C > 0 be a given constant independant of o and consider a minimizing sequence {gq}

of J, such that:

Jo(9: 9a) < Ja(d) + Ca
Then ¢ € R(G) if and only if the sequence B(ga) is bounded as o — 0.

A proof can be found in [6].
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