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Algebraicity of hypergeometric functions with arbitrary parameters

 for globally bounded and algebraic hypergeometric functions, however in a more general setting which allows arbitrary complex parameters with possibly integral differences. We also showcase the adapted criterion on a variety of different examples.

Introduction

The hypergeometric function with parameters a 1 , . . . , a p , b 1 , . . . , b q ∈ C for some p, q ∈ N and b k ∈ -N for k = 1, . . . , q is defined as the power series p F q a 1 . . . a p b 1 . . . b q ; x = p F q ([a 1 , . . . , a p ], [b 1 , . . . , b q ]; x) :

= ∞ n=0 (a 1 ) n • • • (a p ) n (b 1 ) n • • • (b q ) n x n n! , (1) 
where (a) n := a • (a + 1) • • • (a + n -1) denotes the rising factorial. In this text we always assume that p F q ([a 1 , . . . , a p ], [b 1 , . . . , b q ]; x) ∈ Q[[x]], i.e., the power series expansion has rational coefficients. Hypergeometric functions are exactly the generating functions of first order P-recursive sequences. More precisely, a sequence of rational numbers (u n ) n≥0 is called hypergeometric if it satisfies a linear recurrence relation with polynomial coefficients of order 1, i.e., there exist polynomials A(t), B(t) ∈ Q[t] with B(-n) = 0 for n ∈ N, s.t.

u n+1 = A(n) B(n) u n , for all n ≥ 0.
The class of hypergeometric sequences includes sequences with finite support, the geometric sequence α n for α ∈ Q, the Catalan numbers (OEIS A000108), the coefficient sequence of elliptic integrals (OEIS A002894), or the Chebyshev numbers (OEIS A211417) to name a few prominent examples. If (u n ) n≥0 is a hypergeometric sequence, write A(t) = α p j=1 (t + a j ) and B(t) = β q k=1 (t + b k ) for some a i , b j ∈ Q. Then its generating function n≥0 u n x n is given by u 0 • p F q a 1 . . . a p 1 b 1 . . . b q ; y , where y = α β x.

Conversely, the coefficient sequence of a hypergeometric function clearly forms a hypergeometric sequence.

A power series f (x) ∈ Q [[x]] is called algebraic (over Q(x)) if there exists a bivariate polynomial P (x, y) ∈ Q[x, y] \ {0}, such that P (x, f (x)) = 0. In this paper we give the complete answer to the following question (see Theorem 3.5 and Figure 1):

Is a given hypergeometric function f (x) ∈ Q[[x]] algebraic over Q(x)?
This is not only an interesting question with a surprisingly beautiful answer, but also of significance throughout different fields of mathematics. Its answer is usually attributed to Beukers and Heckman [START_REF] Beukers | Monodromy for the hypergeometric function n F n-1[END_REF]Thm. 4.8] who solved the problem essentially. They provide an elegant algorithm, the so-called interlacing criterion (see Theorem 2.6), which applies in the case when p = q + 1 and a j , b k ∈ Q with a j , a j -b k ∈ Z for all j = 1, . . . , p and k = 1, . . . , p -1. A few years before the work by Beukers and Heckman, Christol proved in [START_REF] Christol | Fonctions hypergéométriques bornées[END_REF]§VI] that the same criterion is necessary and that it is also sufficient under the assumption of Grothendieck's p-curvature conjecture. In fact, Christol's refined criterion does not need the assumption a j , a j -b k ∈ Z. We provide more historical details in Section 2 where we also emphasize on the contributions of Schwarz, Landau and Errera who answered the question completely for 2 F 1 's.

Both of the assumptions in [START_REF] Beukers | Monodromy for the hypergeometric function n F n-1[END_REF] cannot be made without loss of generality: there exist algebraic hypergeometric series in Q [[x]] with integer differences between top and bottom parameters or irrational parameters. For example,

3 F 2 1/2 √ 2 + 1 - √ 2 + 1 √ 2 - √ 2 ; 4x = (7x -1)(2x -1) (1 -4x) 5/2 = 1 + x -6x 2 + • • • ∈ Z[[x]], (2) 
is clearly algebraic (see Example 5.1 for more details). This series is the generating function of the innocent-looking sequence (u n ) n≥0 given by (n + 1)(n 2 -2)u n+1 = 2(2n + 1)(n 2 + 2n -1)u n , u 0 = 1.

Another example (see also Example 5.2) is given by the two similar-looking hypergeometric functions f (x) = 2 F 1 1 1 2 ; x and g(x) = 2 F 1 2 2 1 ; x .

It is not difficult to see that f (x) = -log(1 -x)/x and g(x) = (1 + x)/(1 -x) 3 , hence f (x) is clearly transcendental and g(x) is trivially algebraic. However, the interlacing criterion of Beukers and Heckman can neither be applied to f (x) nor to g(x), since both functions have top and bottom parameters with integral difference. From the viewpoint of our main Theorem 3.5 the relevant distinction between f (x) and g(x) is that f (x) is already contracted but not reduced (both terms to be defined in Section 3), while the contraction of g(x) is given by the reduced function

g c (x) = 1 F 0 ([1], [ ]; x) = (1 -x) -1 .
Like in the examples above, one approach to overcome the hindrances on concrete examples is to use some of the many classical transformation formulas for hypergeometric functions and translate the problem to other functions, for which the criterion of Beukers and Heckman applies. In this paper we describe an algorithmic criterion that reduces the question of algebraicity for any hypergeometric function with complex parameters to the criterion of Beukers and Heckman, making these ad-hoc methods obsolete. Also, we will make use of a criterion in similar fashion, [Chr87, Prop. 1], which essentially characterizes integer hypergeometric sequences (see Theorem 2.3).

In Section 2 we give a detailed historical overview on the various contributions to the question of algebraicity of hypergeometric functions. Then, we will present the complete algorithm in Section 3 and its proof thereafter, in Section 4. Finally we provide several illustrating examples in Section 5.
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Previous work

In the case of Gaussian hypergeometric functions, i.e., if p = 2 and q = 1 in (1) and

F (x) = 2 F 1 ([α, β], [γ];
x) for some α, β, γ ∈ Q, the algebraicity was first classified by Schwarz [START_REF] Schwarz | Ueber diejenigen Fälle, in welchen die Gaussische hypergeometrische Reihe eine algebraische Function ihres vierten Elementes darstellt[END_REF] as early as in 1873. A detailed explanation of Schwarz' method and result can be found in Klein's lecture notes [Kle81, §57], the book by Poole [START_REF] Poole | Introduction to the theory of linear differential equations[END_REF]§VII] or lecture notes by Matsuda [START_REF] Matsuda | Lectures on algebraic solutions of hypergeometric differential equations[END_REF]§I]. In order to apply Schwarz' classification, one first defines the values λ, µ, ν as 1 -γ, γ -α -β, β -α up to permutations, sign changes of some of the values, and addition of (ℓ, m, n) ∈ Z 3 such that ℓ + m + n is even. Then, assuming that λ, µ, ν ∈ Z, it holds that F (x) is algebraic if and only if λ, µ, ν appears in Schwarz' list [START_REF] Schwarz | Ueber diejenigen Fälle, in welchen die Gaussische hypergeometrische Reihe eine algebraische Function ihres vierten Elementes darstellt[END_REF]p.323].

Example 2.1. Consider the function f (x) = 2 F 1 ([-1/2, -1/6], [2/3]; x) which is directly related to Gessel excursions (see Example 5.6). Then (λ, µ, ν) = (1/3, 4/3, 1/3). Note that neither this triple nor any permutation of (±λ, ±µ, ±ν) is in Schwarz' list. However, a permutation of (λ, µ -1, -(ν -1)) = (1/3, 1/3, 2/3) corresponds to case III of that table, thus f (x) is algebraic.

We remark that the 12 cases 1 a -4 c in §I of Schwarz' work deal with the non-trivial "reducible" case: if one of the values α -γ, β -γ, α, β is an integer, or equivalently, if the corresponding hypergeometric differential operator factors as the product of two first-order operators. We obtain these cases in Corollary 3.6 below.

On the other hand, there is a very interesting and instructive arithmetic approach by Landau for the classification of algebraic Gaussian hypergeometric functions in [START_REF] Landau | Eine Anwendung des Eisensteinschen Satzes auf die Theorie der Gaussschen Differentialgleichung[END_REF][START_REF] Landau | Über einen zahlentheoretischen Satz und seine Anwendung auf die hypergeometrische Reihe[END_REF]. Landau exploits Eisenstein's theorem (stated in [START_REF] Eisenstein | Über eine allgemeine Eigenschaft der Reihen-Entwicklungen aller algebraischen Funktionen[END_REF] by Eisenstein and first proved by Heine in [START_REF] Heine | Der Eisensteinsche Satz über Reihen-Entwickelung algebraischer Functionen[END_REF][START_REF] Heine | Ueber die Entwickelung von Wurzeln algebraischer Gleichungen in Potenzreihen[END_REF]):

Theorem 2.2 (Eisenstein's theorem). If f (x) ∈ Q[[x]] is algebraic then there exists a non-zero integer M ∈ Z such that f (M x) -f (0) ∈ Z[[x]].
We shall call a power series f (x) that fulfills Eisenstein's criterion, that is if

f (M x) - f (0) ∈ Z for some M ∈ Z \ {0}, almost integral. It follows from Theorem 2.2 that if the Gaussian hypergeometric function F (x) is algebraic then for all n ≥ 0 (α) n (β) n (γ) n n! ∈ Z[1/M ] (3) 
for some M ∈ Z \ {0}. In other words, only finitely many distinct prime numbers appear in the denominators of (3). Assuming that α, β, γ ∈ Q but α -γ, β -γ, α, β, γ ∈ Z, Landau could show that this is precisely the case if for all λ ∈ Z coprime to the common denominator of α, β, γ either λα < λγ < λβ or λβ < λγ < λα ,

where x := x -⌊x⌋ for x ∈ Q \ Z and ⌊x⌋ denotes the floor function. In other words, exp(2πiλγ) is always between exp(2πiλα) and exp(2πiλβ) on the unit circle. Quite surprisingly, Errera [START_REF] Errera | Zahlentheoretische Lösung einer functionentheoretischen Frage[END_REF] could show that (4) is also a sufficient criterion for algebraicity since it is equivalent to Schwarz' classification. The Landau-Errera criterion was rediscovered by Katz [Kat72, §6] who not only reproved (4) making use of his proof of the Grothendieck p-curvature conjecture for Picard-Fuchs equations, but also provided a conceptual reason why being almost integral is not only necessary, but also sufficient for hypergeometric functions. Now let us turn the attention to hypergeometric functions in general:

F (x) = p F q a 1 . . . a p b 1 . . . b q ; x ∈ Q[[x]].
We will for now assume that F (x) is well-defined and not a polynomial, i.e., a j , b k ∈ -N for all 1 ≤ j ≤ p, 1 ≤ k ≤ q. Then it is not difficult to see (Lemma 4.3 below) that algebraicity of F (x) implies p = q + 1. So we will also make this assumption. One way to deal with irrational parameters is to invoke a theorem of Galočkin [Gal81, Thm. 2] where he could prove that a hypergeometric function is a G-function (which is necessary for being algebraic) if and only if all its irrational parameters can be written in pairs (a j 1 , b k 1 ), . . . , (a j ℓ , b k ℓ ) with j µ = j ν and k µ = k ν for µ = ν such that a jν -b kν ∈ N for ν = 1, . . . , ℓ. Rivoal recently gave a short proof of Galočkin's theorem in [START_REF]On Galochkin's characterization of hypergeometric G-functions[END_REF] which relies on a famously deep theorem of André, Chudnovsky and Katz that states that the local exponents of the minimal order differential equation of a G-function are rational numbers. Without relying on all these results, we will prove in an elementary way in Corollary 4.6 that F (x) is algebraic if and only if F c (x) is algebraic, where F c (x) is obtained from F (x) by removing all the pairs (a j , b k ) with a j -b k ∈ N.

Therefore from now on in this section we will assume

F (x) = p F p-1 a 1 . . . a p b 1 . . . b p-1 ; x ∈ Q[[x]], a 1 . . . , a p , b 1 , . . . , b p-1 ∈ Q\(-N). (5) 
In the amazing but not so well-known work [START_REF] Christol | Fonctions hypergéométriques bornées[END_REF], Christol precisely characterizes such hypergeometric functions that are almost integral. Following his work, we define

x := 1 if x ∈ Z, x -⌊x⌋ else,
and the following total ordering on R:

a b :⇐⇒ a < b or ( a = b and a ≥ b), (6) 
in order to deal with the case a j -b k ∈ Z for some j, k, i.e., a j = b k . Note that for two distinct real numbers with the same fractional part, the smaller one in R is greater with respect to . Then Christol proves the following theorem [Chr87, Prop. 1]:

Theorem 2.3 (Christol). Let F (x) be as in (5), denote by N the least common denominator of all parameters, and set b p = 1. Then F (x) is almost integral if and only if for all 1 ≤ λ ≤ N with gcd(λ, N ) = 1 we have for all 1 ≤ k ≤ p that

|{λa j λb k : 1 ≤ j ≤ p}| -|{λb j λb k : 1 ≤ j ≤ p}| ≥ 0. (7) 
Christol's criterion can be seen as a generalization of Landau's. On the unit circle it means that for each suitable λ going counterclockwise starting after 1, one encounters at least as many points exp(2πiλa j ) as exp(2πiλb k ). According to the definition of , in the case exp(2πiλa j ) = exp(2πiλb k ) for some j, k, the point exp(2πiλa j ) counts first if a j > b k .

It is well known that F (x) satisfies a linear homogeneous differential equation:

x(θ + a 1 ) • • • (θ + a p )F (x) = θ(θ + b 1 -1) • • • (θ + b p-1 -1)F (x) θ = x d dx (8) 
which we will refer to as the hypergeometric equation. We will prove in Lemma 4.7 that in the case a j -b k ∈ N for all j, k this equation is the least order homogeneous differential equation for F (x). In this case the algebraicity of one solution of ( 8) is equivalent to algebraicity of all its solutions (see, for example, [Sin80, Prop. 2.5]). If additionally to the assumptions a j -b k ∈ Z for all j, k then a basis of solutions to the hypergeometric equation at zero is given by

z 1-b k p F p-1 1 + a 1 -b k . . . 1 + a p -b k 1 + b 1 -b k . . . 1 + b p -b k ; x , k = 1, . . . , p, (9) 
where b p := 1 and the parameter 1 + b k -b k = 1 at the bottom is omitted. Christol observed that under the above assumptions, if all these functions are almost integral, i.e., if Theorem 2.3 holds for all of them, then the left-hand side in (7) attains only the values 0 and 1. On the unit circle this means that exp(2πiλa j ) and exp(2πiλb k ) actually "interlace". More precisely, one defines: Definition 2.4. Given two equinumerous and disjoint multisets of real numbers A = {a 1 , . . . , a p } and

B = {b 1 , . . . , b p }, suppose that a 1 ≤ a 2 ≤ • • • ≤ a p and b 1 ≤ b 2 ≤ • • • ≤ b p . We say that A and B interlace, if a 1 ≤ b 1 ≤ a 2 ≤ • • • ≤ a p ≤ b p .
As before, interlacing according to Definition 2.4 can be graphically interpreted by looking at the (multi)sets {exp(2πia j )} and {exp(2πib k )} on the unit circle.

The above considerations imply the following corollary to Theorem 2.3:

Corollary 2.5 (Christol). Assume that F (x) is as in (5) and a j , a j -b k ∈ Z. If F (x) is algebraic then A = {λa 1 , . . . , λa p } and B = {λb 1 , . . . , λb p-1 , λ} interlace for all 1 ≤ λ ≤ N with gcd(λ, N ) = 1,
where N is the least common denominator of the parameters.

As a consequence of Katz's proof [START_REF] Katz | Algebraic solutions of differential equations (p-curvature and the Hodge filtration)[END_REF] of the Grothendieck p-curvature conjecture for Picard-Fuchs differential equations, algebraicity of a basis of solutions of the hypergeometric equation is equivalent to all solutions lying in

x ρ Z[ 1 N ][[x]
] for some ρ ∈ Q and N ∈ Z non-zero. Therefore the condition given in Corollary 2.5 is actually also sufficient for algebraicity. This reasoning was explained for Gaussian hypergeometric functions in [Kat72, §VI] and for general hypergeometric functions in [Kat90, Chap. 5], but apparently missed by Christol. Independently, Beukers and Heckman proved the same interlacing criterion in [START_REF] Beukers | Monodromy for the hypergeometric function n F n-1[END_REF]Thm. 4.8] by constructing a Hermitian form invariant under the monodromy of the hypergeometric equation, and consequently proving that the monodromy group is contained in the unitary group U n (C) if and only if the parameters interlace.

Theorem 2.6 (Christol, Beukers-Heckman, Katz). Let F (x) be a hypergeometric function as in (5) and assume that a j , a j -b k ∈ Z for all j, k. Let N be the least common denominator of the parameters. Then F (x) is algebraic if and only if A = {λa 1 , . . . , λa p } and B = {λb 1 , . . . , λb p-1 , λ} interlace for all 1 ≤ λ ≤ N with gcd(λ, N ) = 1.

Example 2.7. In order to decide whether f (x) = 3 F 2 ([1/14, 3/14, 11/14], [1/7, 3/7]; x) is algebraic we set (a 1 , a 2 , a 3 ) = (1/14, 3/14, 11/14) and (b 1 , b 2 , b 3 ) = (1/7, 3/7, 1) and draw for each 1 ≤ λ ≤ 14 coprime to 14, i.e., for λ ∈ {1, 3, 5, 9, 11, 13}, on the unit circle the points {exp(2πiλa j ) : j = 1, 2, 3} in red and the points {exp(2πiλb k ) : k = 1, 2, 3} in blue:

In each case the points interlace, therefore one concludes that f (x) is an algebraic function.

We note that Beukers and Heckman provided a list [BH89, §5, Thm. 7.1, Table 8.3], similar to the one by Schwarz one century earlier but for p F p-1 with p ≥ 3, in which they list all possible sets of parameters (under the assumptions of the theorem above), such that the criterion for algebraicity is fulfilled. Example 2.7 above corresponds to the case No. 4 in their table.

It is the purpose of the present work to investigate what can be said if in Theorem 2.6 one drops the assumptions a j , b k ∈ Q and a j , a j -b k ∈ Z for all j, k.

The algebraicity criterion

In this section we describe a full decision procedure which resolves the question whether a hypergeometric function is algebraic. We shall fix some notation first: Let

F (x) = p F q a 1 a 2 . . . a p b 1 b 2 . . . b q ; x := ∞ n=0 (a 1 ) n • • • (a p ) n (b 1 ) n • • • (b q ) n
x n n! be a hypergeometric function. We will use the three notions reduced, contracted and contraction. It turns out that these terms are natural for

F(x) = F c 1 c 2 . . . c r d 1 d 2 . . . d s ; x := ∞ n=0 (c 1 ) n • • • (c r ) n (d 1 ) n • • • (d s ) n x n ,
but look like quite strange definitions for F (x). Note that via

F c 1 , c 2 , . . . , c r d 1 , d 2 , . . . , d s ; x = p F q c 1 , c 2 , . . . , c r , 1 d 1 , d 2 , . . . , d s ; x and p F q a 1 , a 2 , . . . , a p b 1 , b 2 , . . . , b q ; x = F a 1 , a 2 , . . . , a p b 1 , b 2 , . . . , b q , 1 ; x
each F (x) can be rewritten as F(x) and vice versa. Therefore, every time there is a statement for F (x) we implicitly mean it for the corresponding F(x) and also the other way around. For the following definitions we assume that F (x) and F(x) are well-defined and not polynomials, i.e., all the parameters a i , b j , c k , d ℓ are not in -N. Moreover, we will always assume a j = b k and c j = d k for all pairs (j, k).

We say that F(x) is reduced, if c j -d k ∈ Z for all 1 ≤ j ≤ r, 1 ≤ k ≤ s. This is exactly Christol's notion "réduite", see [Chr87, p.12]. For F (x) this means that a j -b k ∈ Z for all 1 ≤ j ≤ p, 1 ≤ k ≤ q and at most one a j ∈ Z which then must be equal to 1.

Further, F(x) is said to be contracted if c j -d k ∈ N for all 1 ≤ j ≤ r, 1 ≤ k ≤ s. We will say that F (x) is contracted if the corresponding F(x) is. Clearly, being contracted is a strictly weaker property than being reduced.

Example 3.1. Consider the hypergeometric function f (x) = 2 F 1 ([1/2, 2], [3/2]; x). Clearly, f (x) is not reduced, since 1/2 -3/2 ∈ Z and also 2 ∈ Z. Moreover, f (x) is not con- tracted either since f (x) = F([1/2, 2], [3/2, 1]; x) and 2 -1 ∈ N. On the other hand, the function g(x) = 2 F 1 ([1/2, 1/2], [3/2]; x) is contracted but not reduced. Finally, h(x) = 2 F 1 ([1/2, 1], [1/3]; x) is neither reduced nor contracted since h(x) = F([1/2], [1/3]; x).
Finally, we define the contraction F c (x) of F(x) as the function obtained from F(x) by removing in each step one of the pairs of parameters c j , d k , where c j -d k ∈ N and c j -d k minimal among such differences, until no such pair exists any more. Note that the contraction is independent of the order of removal of pairs of parameters with the same difference. Moreover, the contraction of F(x) is contracted by definition and the contraction of a contracted function is the function itself. As before, the contraction of a hypergeometric function F (x) is defined as the contraction of the corresponding F(x).

Example 3.2. The contraction of f (x) = 2 F 1 ([1/2, 2], [3/2]; x) in Example 3.1 is f c (x) = F([1/2], [3/2]; x) = 2 F 1 ([1/2, 1], [3/2];
x) which is not reduced. Note that on the level of the 2 F 1 functions one only sees that the parameter 2 turned into 1 in the process of contraction, even though actually the pair (2,1) was removed in F and then the artificial 1 was added. This is the reason we defined the contraction via F(x). Now let g(x) be the hypergeometric function in (2), i.e.

g(x) = 3 F 2 1/2 √ 2 + 1 - √ 2 + 1 √ 2 - √ 2 ; x = F 1/2 √ 2 + 1 - √ 2 + 1 √ 2 - √ 2 1 ; x .
Clearly, g(x) is neither reduced, nor contracted and the contraction g c (x) is given by

F([1/2], [1]; x) = 1 F 0 ([1/2], [ ]; x) = (1 -x) -1/2 .
Example 3.3. In the contraction steps the assumption on minimality between the differences a j -b k is important as the following example shows:

F 1 3 1 2 2 4 3 2 3 1 1 ; x c = F 1 3 1 2 3 2 1 ; x . ( 10 
)
If we first removed the pair (a 4 , b 3 ) = (4, 1), we would obtain a different contracted function. Note that the function in (10) is contracted but not reduced.

Definition 3.4. Let F(x) = F([c 1 , . . . , c r ], [d 1 , . . . , d r ];
x) be a hypergeometric function with rational parameter sets C = {c 1 , . . . , c r } and D = {d 1 , . . . , d r } and let N be the least common denominator of all the parameters. We say that F(x) satisfies the interlacing criterion (IC) if for all 1 ≤ λ ≤ N with gcd(λ, N ) = 1 the multisets λC and λD interlace (according to Definition 2.4).

Note that if the conditions of Theorem 2.6 are fulfilled, this theorem precisely says that a hypergeometric function p F q ([a 1 , . . . , a p ], [b 1 , . . . , b q ]; x) is algebraic if and only if it satisfies the interlacing criterion. Also remark that the interlacing criterion can only hold if p = q + 1 and, by definition, if all parameters are rational numbers (see also Lemma 4.9).

We now formulate our criterion of algebraicity for hypergeometric functions without any restriction on the parameter set. It reduces the question to the case in which Theorem 2.6 is applicable, i.e., reduced hypergeometric functions with rational parameters.

Theorem 3.5. For any hypergeometric function p F q ([a 1 , . . . , a p ], [b 1 , . . . , b q ]; x) ∈ Q[[x]] the decision tree in Figure 1 answers the question whether it is algebraic over Q(x).

Is F algebraic? a j ∈ -N for some j? x) is algebraic: If a j ∈ -N for some j, then F (x) is a polynomial and thus algebraic. Otherwise only those functions F (x) with p = q + 1, where the contraction F c (x) is reduced and has rational parameters may be algebraic. It remains to check whether F c (x) satisfies the interlacing criterion (IC) (Definition 3.4).

p = q + 1? Parameters of F c in Q? F c reduced? IC for F c ? F is transcendental F is algebraic
For instance, Theorem 3.5 allows us to classify all algebraic Gaussian hypergeometric functions 2 F 1 ([α, β], [γ]; x). We recall that this was already done by Schwarz [START_REF] Schwarz | Ueber diejenigen Fälle, in welchen die Gaussische hypergeometrische Reihe eine algebraische Function ihres vierten Elementes darstellt[END_REF] (Artikel I for the "reducible" case and Artikel VI for the "irreducible" one). The latter case, that is, if α, β, γ -α, γ -β ∈ Z was additionally characterized by Landau in [START_REF] Landau | Eine Anwendung des Eisensteinschen Satzes auf die Theorie der Gaussschen Differentialgleichung[END_REF] whose criterion is exactly the statement of Theorem 2.6 for p = 2 and q = 1. Without loss of generality, two things can happen in the reducible case: Either there exists k ∈ Z such that γ = α + k or α = k ∈ Z. The following exhaustive list characterizes algebraicity in these cases. We note that this criterion can be also be derived from Vidūnas' work on degenerate Gaussian hypergeometric functions [START_REF] Vidūnas | Degenerate Gauss hypergeometric functions[END_REF].

Corollary 3.6. The Gaussian hypergeometric function

2 F 1 ([α, β], [α + k]; x) for k ∈ Z is algebraic if and only if either k ≤ 0 or: a) α ∈ Z, β ∈ Z, or b) α ∈ Z, β ∈ -N, or c) α, β ∈ Z, β -α -k ∈ N, or d) α, β ∈ Z, α < β ≤ 0, β -α ≥ k, or e) α, β ∈ Z, 0 < α < β ≤ 0, β -α ≥ k, or f ) α, β ∈ Z, β ≤ 0 < α. The function 2 F 1 ([k, β], [γ]; x) for k ∈ Z is algebraic if and only if either k ≤ 0 or: a) β ∈ -N, β -γ ∈ N, or b) β ∈ -N, or c) β, γ ∈ Z, 0 < β < γ ≤ k, or d) β ∈ Z, k -γ ∈ N.
We see that already in the case of non-reduced Gaussian hypergeometric functions the task of classifying algebraicity is cumbersome if it is done by case distinction.

As another corollary we also easily obtain the following interesting observation.

Corollary 3.7. Let F (x) be a hypergeometric function. Then F (x) is algebraic if and only if F ′ (x) is algebraic.

Proof. Clearly, algebraicity is preserved by differentiating, so only the reverse direction is to be shown. Let F (x) = p F q ([a 1 , . . . , a p ], [b 1 , . . . , b q ]; x) and assume that

F ′ (x) = a 1 • • • a p b 1 • • • b q p F q a 1 + 1 . . . a p + 1 b 1 + 1 . . . b q + 1 ; x (11) 
is algebraic. Clearly, F ′ (x) is polynomial if and only if F (x) is, so we can assume that a j ∈ -N for any j = 1, . . . , p. By Theorem 3.5 we see that p = q + 1, that all parameters of F (x) := p F q ([a 1 + 1, . . . , a p + 1], [b 1 + 1, . . . , b q + 1]; x) c are rational and that F (x) is reduced. It follows that all parameters of F (x) c are rational and that F (x) c is reduced. Finally, the interlacing criterion is fulfilled for F (x) c if and only if it is fulfilled for F (x) as the fractional parts of all parameters agree.

We remark that under the conditions of Theorem 2.6, Corollary 3.7 is a trivial consequence of that theorem. If the assumption a j -b k ∈ Z is dropped but a j , b k are still assumed to be rational, then Corollary 3.7 can be concluded from Theorem 2.3 in combination with a theorem by André [And89, p.149] which states that if the primitive of an algebraic power series is almost integral (in the sense of Theorem 2.2), then it is algebraic (see also Remark 4.5). Finally, if the assumption a j , b k ∈ Q is dropped as well (like in the general statement of Corollary 3.7), then one can additionally employ Galočkin's characterization of hypergeometric G-functions [Gal81, Thm. 2] (see also Section 2) and conclude the same statement.

We also remark that the function f (x) = -log(1 -x) may seem like a natural counterexample to Corollary 3.7 since f (x) = x • 2 F 1 ([1, 1], [2]; x), however f (x) is not a quite a hypergeometric function (because of the multiplication by x) and f (x)/x does not have the property that its derivative is algebraic.

Proof of Theorem 3.5

This section is devoted to the proof of Theorem 3.5. We first explain the strategy of the proof, afterwards we will state and prove all the auxiliary results used.

Proof of Theorem 3.5. The hypergeometric function

F (x) = p F q a 1 . . . a p b 1 . . . b q ; x ∈ Q[[x]]
is a polynomial if and only if a j ∈ -N for some j (Lemma 4.1), in this case F (x) is clearly algebraic. Otherwise, F (x) has to have algebraic parameters, due to Lemma 4.2. By Lemma 4.3 we must have p = q + 1, or F (x) is not algebraic. Now Corollary 4.6 shows that F (x) is algebraic if and only if F c (x) is algebraic, thus we may restrict our study to the contraction of F (x). Proposition 4.8 shows that all the parameters of F c (x) need to be rational in order for F (x) to be algebraic and Proposition 4.11 shows that F c (x) needs to be reduced in this case. Therefore, the question is simplified deciding, whether a reduced hypergeometric function with rational parameters is algebraic. By Lemma 4.9 this is precisely the case if the interlacing criterion holds.

In this section F (x) always denotes the hypergeometric function

F (x) = p F q a 1 . . . a p b 1 . . . b q ; x = ∞ n=0 (a 1 ) n • • • (a p ) n (b 1 ) n • • • (b q ) n x n n! ,
where a 1 , . . . , a p , b 1 , . . . b q ∈ C are some parameters for which we assume that b k ∈ -N for all k = 1, . . . , q. We will gradually impose more restrictions on the parameters. Moreover,

F(x) = F c 1 c 2 . . . c r d 1 d 2 . . . d s ; x := ∞ n=0 (c 1 ) n • • • (c r ) n (d 1 ) n • • • (d s ) n x n ,
denotes the hypergeometric function, where we forego dividing the coefficients by n!, as introduced in the previous chapter. Here c 1 , . . . , c r , d 1 , . . . d s ∈ C are some parameters for which we assume that d k ∈ -N for all k = 1, . . . , s. As mentioned before, we will naturally always assume that a j = b k and c j = d k for all pairs (j, k).

The following statement is obvious but justifies the first step in Figure 1:

Lemma 4.1. F (x) is a polynomial if and only if a j ∈ -N for some j.

Polynomials are trivially algebraic, henceforth we will also assume that a j , c j ∈ -N. Now we show that the assumption that F (x) ∈ Q[[x]] implies that all the parameters of the hypergeometric function are actually algebraic numbers.

Lemma 4.2. If F (x) ∈ Q[[x]] then a 1 , . . . , a p , b 1 , . . . b q ∈ Q are algebraic numbers.
Proof. The recursion for the coefficient sequence (u n ) n≥0 of F (x) reads as follows:

u n+1 q i=1 (b i + n) = u n p i=1 (a i + n). Hence, R(z) := p i=1 (a i + z)/ q i=1 (b i + z) ∈ C(z) has the property that R(n) ∈ Q for all n ∈ N.
From here it is easy to see that R(z) ∈ Q(z) by standard linear algebra arguments. Since the parameters a j and b k are the roots of the numerator and denominator of R(z) ∈ Q(z), they are algebraic numbers.

Recall that a function

f (x) = n≥0 u n x n ∈ Q[[x]] is called almost integral if f (M x) - f (0) ∈ Z[[x]
] for some M > 0. Equivalently, there are integers α, β ∈ Z \ {0}, such that βf (αx) ∈ Z [[x]]. If in addition, the convergence radius of f (x) is non-zero and finite, the power series is called globally bounded (see [START_REF] Christol | Fonctions hypergéométriques bornées[END_REF]). Note that any almost integral function, which is not a polynomial, has finite radius of convergence. A classical theorem attributed to Eisenstein [Eis52], Theorem 2.2, states that any algebraic power series in Q[[x]] is almost integral (the first complete proof was given by Heine [START_REF] Heine | Der Eisensteinsche Satz über Reihen-Entwickelung algebraischer Functionen[END_REF][START_REF] Heine | Ueber die Entwickelung von Wurzeln algebraischer Gleichungen in Potenzreihen[END_REF]). In particular, the convergence radius of a non-polynomial algebraic power series is finite and it is well-known that it is non-zero.

Lemma 4.3. If F (x) ∈ Q[[x]] is algebraic, then p = q + 1. Proof. For any a ∈ C \ (-N) Stirling's formula implies that (a) n /n! ∼ n 1-a /Γ(a) as n → ∞, hence u n ∼ Γ(b 1 ) • • • Γ(b q ) Γ(a 1 ) • • • Γ(a p ) n σ (n!) p-q-1 ,
where u n is the n-th coefficient of F (x) and σ = p -q -p j=1 a j + q k=1 b k . Therefore, the radius of convergence

R ∈ R ∪ {∞} of F (x) computes to R = lim sup n→∞ |u n | 1/n -1 =      0 p > q + 1 1 p = q + 1 ∞ p < q + 1.
With the remark from above this shows that p = q + 1 is required.

The Lemmata 4.2 and 4.3 allow us to assume from now on that p = q + 1 and that all the parameters a 1 . . . , a p , b 1 . . . , b p-1 of F (x) are algebraic numbers.

For 0 ≤ ℓ ≤ p we denote by F + ℓ (x) the hypergeometric function obtained from F (x) by increasing the first ℓ of the upper parameters a j each by 1, i.e.,

F + ℓ (x) = p F q a 1 + 1 . . . a ℓ + 1 a ℓ+1 . . . a p b 1 . . . b ℓ b ℓ+1 . . . b p-1 ; x .
In a similar way, whenever defined, F -ℓ (x) denotes F (x) with the first ℓ bottoms parameters each decreased by 1. Moreover, let θ = x∂ = x • d dx denote the Euler derivative. A direct computation yields the two contiguous relations

(θ + a 1 )F (x) = a 1 F + 1 (x) and (θ + b 1 -1)F (x) = (b 1 -1)F -1 (x) ( 12 
)
for a 1 = 0 and b 1 = 1 respectively. The operators (θ + v) and (θ + w) commute for any constants v, w ∈ C, hence, by permuting the upper or lower parameters and applying (12) repeatedly, one obtains

(θ + a 1 ) • • • (θ + a p )F (x) = a 1 • • • a p F +p (x), ( 13 
) (θ + b 1 -1) • • • (θ + b p-1 -1)F (x) = (b 1 -1) • • • (b p-1 -1)F -(p-1) (x).
Finally, combining these two equations with (11), it follows that F (x) satisfies the so-called hypergeometric differential equation

x(θ + a 1 ) • • • (θ + a p )F (x) = θ(θ + b 1 -1) • • • (θ + b p-1 -1)F (x). ( 14 
)
The singularities of this linear differential equation are 0, 1 and ∞ and it is Fuchsian. Moreover, one can easily read off the local exponents at x = 0 and x = ∞: the indicial polynomial at x = 0 is given by χ 0 (t) = t(t

+ b 1 -1) • • • (t + b p-1 -1) and conse- quently the local exponents are 0, 1 -b 1 , . . . , 1 -b p-1 ; the indicial polynomial at x = ∞ is χ ∞ (t) = (t -a 1 ) • • • (t -a p
) and here the local exponents read a 1 , . . . , a p . The local exponents at 1 are given by 0, 1, . . . , p -2 and 1 + p-1 k=1 b k -p j=1 a j [START_REF] Pochhammer | Ueber die Differentialgleichung der allgemeineren hypergeometrischen Reihe mit zwei endlichen singulären Punkten[END_REF].

We extend the above definition to F(x), i.e., we will denote for 1 ≤ ℓ ≤ r by F + ℓ (x) the function arising from F(x) by increasing the parameters c 1 , . . . , c ℓ each by one and analogously for F -ℓ (x). Moreover, (12) also holds if one replaces F (x) by F(x). However, note that F(x) does not necessarily satisfy the equation

x(θ + c 1 ) • • • (θ + c r )y(x) = (θ + d 1 -1) • • • (θ + d s -1)y(x),
but -of course -the following differential equation holds:

x(θ + 1)(θ + c 1 ) • • • (θ + c r )F(x) = θ(θ + d 1 -1) • • • (θ + d s -1)F(x). Lemma 4.4. Assume that a 1 + 1 = b k for all k = 1, . . . , p -1. Then F (x) is a Q[x]-linear combination of F + 1 (x), . . . , F +p (x). In particular, F (x) is algebraic if and only if F + 1 (x) is algebraic.
Proof. We have for 0 ≤ ℓ ≤ p -1 and any constant v ∈ C the identity

(θ + v -1)F + ℓ (x) = a ℓ+1 F + ℓ+1 (x) + (v -a ℓ+1 -1)F + ℓ (x),
by applying (12) (with a 1 replaced by a ℓ+1 ) to F + ℓ (x) instead of F (x). This allows us to expand the right-hand side of (14) as a Q-linear combination of F (x), F + 1 (x), . . . , F +p (x). We compute the coefficient of F (x) in this combination explicitly: (-a 1 )(b 1 -a 1 -1)• • •(b p-1 -a 1 -1). By assumption, this coefficient does not vanish. Using (13) we replace the left-hand side of (14) and the first claim follows.

Assume now that F (x) is algebraic, then so is F + 1 (x) by (12). On the other hand, if F + 1 (x) is algebraic, then F + ℓ (x) is also algebraic for ℓ = 2, . . . , p. By the first part of the lemma, F (x) is a linear combination of those functions and thus algebraic.

Remark 4.5. André proved in [And89, p.149] that if the integral of an algebraic power series is globally bounded, then it is algebraic. This statement in the setting of Puiseux series gives an alternative proof that under the assumption of Lemma 4.4 a hypergeometric function F (x) with rational parameters is algebraic if and only if

F + 1 (x) is algebraic. In- deed, assume that F + 1 (x) is algebraic, then x a 1 -1 F + 1 (x) = (x a 1 F ′ (x) + a 1 x a 1 -1 F (x)) = (x a 1 F (x))
′ is algebraic as well. Furthermore, by Christol's interlacing criterion (Theorem 2.3), F (x) is globally bounded if and only if F + 1 (x) is globally bounded. Therefore F (x) is algebraic.

The following corollary to Lemma 4.4 allows us to reduce the algebraicity question for hypergeometric functions to the contracted case. Recall that F (x) is called contracted if the corresponding F(x) is contracted which means that c j -d k ∈ N for all j, k. The contraction of F (x), denoted by F c (x), is defined in the beginning of Section 3.

Corollary 4.6. The function F (x) is algebraic if and only if F c (x) is algebraic. Now assume that a m = 1 for some m, then b k = 1 for k = p. The factor (b p + t + ℓ -1) = (t + ℓ) from the denominator in the first summand can be canceled with (a m + t + ℓ -1) = (t + ℓ) from the numerator. Note that A ℓ (t -ℓ) is the indicial polynomial of the differential equation. Thus A ℓ (t) is divisible by (t + ℓ), as 0 is a local exponent of any differential equation possessing a power series solution of order 0 at the origin. This factor (t + ℓ) cannot cancel an additional factor of the denominator in the first summand, because b k = 1 for k = p. Therefore the same reasoning as above applies and we arrive at the same conclusion.

We can now show that a contracted hypergeometric function with irrational parameters cannot be an algebraic function.

Proposition 4.8. Let F (x) be a contracted hypergeometric function. If a j ∈ Q or b k ∈ Q for some j or k, then F (x) is not algebraic.

Proof. According to Lemma 4.7 the differential operator of minimal order that annihilates F (x) is given by the hypergeometric one. A basis of solutions of the minimal order differential operator L min f annihilating an algebraic function f (x) is given by the algebraic conjugates of f (x), in particular all of the solutions of L min f are algebraic (this follows from elementary differential Galois theory, see, for example, [Sin80, Prop. 2.5] or [CSTU02, §2]). The local exponents of (14) at 0 are given by 0 and 1 -b k for all k = 1, . . . , p -1, therefore the operator has at least one non-algebraic solution, if some b k ∈ Q. Similarly, the local exponents at x = ∞ read a j for j = 1, . . . , p, therefore if some a j ∈ Q we obtain a non-algebraic local solution at x = ∞.

Recall that F (x) is called reduced if a j -b k ∈ Z for all j, k and at most one a j ∈ Z which is then equal to 1; equivalently, F(x) is reduced if c j -d k ∈ Z. The following lemma relaxes the hypothesis of Theorem 2.6 slightly, allowing to decide algebraicity for any reduced hypergeometric function.

Lemma 4.9. Let F (x) be a reduced hypergeometric function with rational parameters. Then F (x) is algebraic if and only if it satisfies the interlacing criterion (Definition 3.4).

Proof. Write F (x) = F([c 1 , . . . , c r ], [d 1 , . . . , d r ]; x). We shall distinguish two cases, according to the occurrence of integer parameters.

If d m ∈ Z for some m ∈ Z assume without loss of generality that d r ∈ N and that each other integral d k is larger. Since F(x) is reduced with rational parameters, it holds that c j , c j -

d k ∈ Q \ Z for j, k = 1, . . . , r. If now d r = 1 then F(x) = r F r-1 ([c 1 , . . . , c r ], [d 1 , . . . , d r-1 ];
x), Theorem 2.6 applies and concludes this case. If d r > 1, apply the trivial identity

F c 1 -1 . . . c r -1 d 1 -1 . . . d r -1 ; x = 1 + (c 1 -1) • • • (c r -1) (d 1 -1) • • • (d r -1) xF c 1 . . . c r d 1 . . . d r ; x (15) 
a total of d r -1 times and conclude with the first case. Note that (15) reduces all parameters by 1, hence interlacing is not affected. Now assume that d k ∈ Z for all k. We have F (x) = r+1 F r ([c 1 , . . . , c r , 1], [d 1 , . . . , d r ]; x). It is easy to see that the condition (7) cannot be fulfilled for all 1 ≤ k ≤ r and λ = 1, N -1 at once. Thus, by Theorem 2.3, F (x) is not globally bounded, therefore by Theorem 2.2 it is not algebraic either. Condition (7) is necessary for the interlacing criterion, so in this case the criterion cannot be fulfilled as well.

Similarly to the contraction we define the reduction F r (x) of F(x) as follows: remove from F c (x) in each step one of the pairs of parameters c j , d k , where d k -c j ∈ N and d k -c j is minimal among such differences, until no such pair exists anymore. Of course, F r (x) is reduced. The reduction F r (x) of a hypergeometric function F (x) is defined as the reduction of the corresponding function F(x).

Lemma 4.10. If F (x) is algebraic, then so is F r (x).

Proof. By Corollary 4.6, F c (x) is algebraic. In each of the steps of the reduction of F c (x) algebraicity is preserved due to (12).

Finally we are able to proof that in order for F (x) to be algebraic, its contraction F c (x) must be already reduced.

Proposition 4.11. Let F (x) be an algebraic contracted hypergeometric function with rational parameters. Then F (x) is reduced.

Proof. Assume that F (x) is not reduced and write F r (x) = F([c 1 , . . . , c r ], [d 1 , . . . , d r ]; x). By Lemma 4.10, F r (x) is algebraic and it satisfies the hypothesis of Lemma 4.9. Therefore, its sets of parameters c j and d k interlace on the unit circle. Thus we can assume

c 1 ≤ d 1 ≤ c 2 ≤ . . . ≤ c r ≤ d r .
Note that exactly one parameter d k must be an integer in order for the interlacing criterion to be fulfilled. Indeed, if none of the parameters d k is integral, the criterion for λ = N -1 cannot be fulfilled, as this corresponds to going backwards on the unit circle. If two of the parameters d k are integers, the criterion is trivially not fulfilled. Thus, d r ∈ N.

Let c and d be the two parameters removed last in the reduction process of F(x), in particular, d -c ∈ N and d c. Then, G(x) = F([c 1 , . . . , c r , c], [d 1 , . . . , d r , d]; x) is contracted and it is also algebraic, since algebraicity is preserved in each reduction step. In particular, it is globally bounded by Eisenstein's Theorem, Theorem 2.2.

Because F (x) is contracted there are two cases to consider:

d k ≤ c = d ≤ c k+1 or c k < c = d < d k
for some k. In the first case, if both inequalities are strict we clearly find for λ = N -1. Note that λd λc because λd-λc ∈ N and λd r is last in this ordering, as it is an integer. As G(x) is globally bounded, this is again a contradiction to Theorem 2.3.

c 1 . . . c k d k d c c k+1 d k+1 . . . d r , (16) 

Examples

In this section we aim to provide numerous examples that showcase different phenomena that can occur regarding algebraicity of hypergeometric functions. We start with the two examples from the introduction (Section 1):

Example 5.1. Recall the example from the introduction in which a sequence (u n ) n≥0 is defined by the recursion

(n + 1)(n 2 -2)u n+1 = 2(2n + 1)(n 2 + 2n -1)u n , u 0 = 1.
By definition this corresponds to the following representation of the generating function:

n≥0 u n x n = 3 F 2 1/2 √ 2 + 1 - √ 2 + 1 √ 2 - √ 2 ; 4x . Applying Theorem 3.5 to f (x) = 3 F 2 ([1/2, √ 2 + 1, - √ 2 + 1], [ √ 2, - √ 2 
]; x), we observe that its contraction f c (x) = 1 F 0 ([1/2], [ ]; x) has rational parameters and is reduced. Trivially, the interlacing criterion holds for f c (x), hence the generating function of (u n ) n≥0 is algebraic.

Example 5.2. Also recall the examples from the introduction, where we set

f (x) = 2 F 1 1 1 2 ; x = - log(1 -x) x and g(x) = 2 F 1 2 2 1 ; x = 1 + x (1 -x) 3 .
Here f (x) is clearly transcendental and g(x) is trivially algebraic. Theorem 2.6 does not apply for either of these functions since they have top and bottom parameters with integral difference. However, f (x) is already contracted but not reduced (hence transcendental by Theorem 3.5) and the contraction of g(x) is given by the reduced function g c (x) = 1 F 0 ([1], [ ]; x) = (1 -x) -1 (thus g(x) is algebraic by Theorem 3.5).

The following example is constructed to illustrate the application of the interlacing criterion after the contraction step.

Example 5.3. Let (u n ) n≥0 be defined via u 0 = 1 and

u n+1 = (14n + 1) (14n + 3) (14n + 11) n 2 + 2n + 4 56 (7n + 1) (7n + 3) (n + 3) (n 2 + 3) u n .
We are interested in the nature of the generating function f (x) = n≥0 u n x n . One finds

f (x) = F 1 14 3 14 11 14 1 + i √ 3 1 -i √ 3 1 7 3 7 i √ 3 -i √ 3 3 ; x = 6 F 5 1 14 3 14 11 14 1 + i √ 3 1 -i √ 3 1 1 7 3 7 i √ 3 -i √ 3 3 ; x .
Note that the result of Beukers and Heckman [BH89, Thm. 4.8] (see Theorem 2.6) does not apply directly for f (x) since some parameters are irrational numbers and also have integer differences. Following Theorem 3.5, we first compute the contraction 

f c (x) = F
which now clearly has rational parameters and is reduced. We remark that Theorem 2.6 cannot be applied to f c (x) either, since in the 4 F 3 representation some of the parameters have integral difference, but Lemma 4.9 applies. If the parameters 1 and 3 are ignored (corresponding to the application of the transformation (15) twice) then the parameters of f c (x) correspond to case No. 4 in [BH89, Table 8.3], which shows the algebraicity of f (x).

Alternatively, it suffices, according to Figure 1, to check the interlacing criterion for f c (x). Similarly to Example 2.7, looking at (17) we set (a 1 , a 2 , a 3 ) = (1/14, 3/14, 11/14) and (b 1 , b 2 , b 3 ) = (1/7, 3/7, 3). Then the interlacing criterion applied to f c (x) tells us to consider the six images below: For each 1 ≤ λ ≤ 14 coprime to 14 we draw on the unit circle the points {exp(2πiλa j ) : j = 1, 2, 3} in red and the points {exp(2πiλb k ) : k = 1, 2, 3} in blue.

Since for each of the pictures the blue and red points interlace, the interlacing criterion for f c (x) is satisfied and f c (x), f (x) are algebraic functions.

The hypergeometric sequence in the following example appears in [Yur23, §4.3.3] and is related to the isoperimetric ratio of a conformal transformation of a torus with minor radius r = 1 and major radius R > 1.

Example 5.4. For some R > 1 consider the sequence (u n (R)) n≥0 given by u n+1 (R) = (2n -1)(2n + 1) • p n+1 (R) 4(n + 2)(n + 1) • p n (R) u n (R), u 0 (R) = 1, where p n (R) = 4(R 4 + 4R 2 -4)n 3 + 6(R 4 + R 2 -2)n 2 + (2R 4 -13R 2 + 10)n -3R 2 + 3.

If R is considered as a variable, p n (R) is irreducible over Q[n, R]. If we denote by α 1 (R), α 2 (R), α 3 (R) ∈ Q(R) the roots of p n (R) = 0 with respect to n, then the generating function of (u n (R)) n≥0 is given by f R (x) = n≥0 u n (R)x n = 5 F 4 -1/2 1/2 α 1 (R) + 1 α 2 (R) + 1 α 3 (R) + 1 2 α 1 (R) α 2 (R) α 3 (R) ; x .

Note that for any R ∈ Q the series f R (x) is globally bounded. The contraction of f R (x) is given by

f c R (x) = 2 F 1 -1/2 1/2 2 ; x ,
which has rational parameters and is reduced but is not algebraic (does not satisfy IC). It follows that also f R (x) is never algebraic. On the other hand, if we switch the top parameter -1/2 with bottom parameter 2, i.e., consider the function 

For its generating function f (x) = n≥0 u n x n one finds that f (x) = 6 F 5 1/4 1/2 3/4 3 3 1 1/3 2/3 4 2 2 ; 256 27 x = 1 + 9 4

x + 56 5

x 2 + 275 4

x 3 + • • • .
The contraction f c (x) is given by removing twice the pair (3, 2) from the 6 F 5 above, i.e., The interlacing criterion applied to the hypergeometric function with the parameters (a 1 , a 2 , a 3 ) = (1/4, 1/2, 3/4) and (b 1 , b 2 , b 3 ) = (1/3, 2/3, 4) shows1 that f c (x) and consequently f (x) are algebraic functions. Now consider the sequence (v n ) n≥0 given by

f
v n = 1 2 4n n n + 2 (n + 1) 2 , ( 19 
)
in other words, replace the factor (n + 3) by (n + 1) in ( 18) and normalize such that v 0 = 1. Now the generating function g(x) = n≥0 v n x n is given by f (x) = 6 F 5 1/4 1/2 3/4 3 1 1 1/3 2/3 2 2 2 ; 256 27 x = 1 + 3 2 x + 56 9

x 2 + 275 8

x 3 + • • • .

For the contraction we only remove one pair (3, 2) since it is the only pair (a j , b k ) with a j -b k ∈ N. It follows that the contraction of f (x) is not reduced and consequently neither f c (x) nor f (x) is algebraic. We also provide an example from combinatorics in which the algebraicity of a hypergeometric series was overlooked for several years. (20)

The first proof of this fact heavily relied on computer computations and the authors actually conjectured [KKZ09, §4] that no purely human proof is possible -this claim was, however, disproven by Bostan, Kurkova and Raschel [BKR17] a few years later. Quite surprisingly, the algebraicity of the function G(x) was overlooked until Bostan and Kauers [START_REF] Bostan | The complete generating function for Gessel walks is algebraic[END_REF] proved the algebraicity of the trivariate complete generating function

Figure 1 :

 1 Figure1: Deciding whether F (x) = p F q ([a 1 , . . . a p ], [b 1 , . . . , b q ]; x) is algebraic: If a j ∈ -N for some j, then F (x) is a polynomial and thus algebraic. Otherwise only those functions F (x) with p = q + 1, where the contraction F c (x) is reduced and has rational parameters may be algebraic. It remains to check whether F c (x) satisfies the interlacing criterion (IC) (Definition 3.4).

  which is a contradiction to the global boundedness of G(x) in view of Theorem 2.3. Still in the same case, ifd k = c = d then c ≤ d ≤ d k because F r (x)is reduced and F (x) contracted, and we again arrive at (16). Analogously, if c = d = c k+1 then c k+1 ≤ c ≤ d because of the same reason and we find (16) once more. In the second case we obtain c k d c d k . But then λc r . . . λc k+1 λd k λd λc λc k . . . λc 1 λd r ∈ Z

g

  R (x) = n≥0 u n (R)x n = 5 F 4 1/2 2 α 1 (R) + 1 α 2 (R) + 1 α 3 (R) + 1 -1/2 α 1 (R) α 2 (R) α 3 (R) ; x , then g c R (x) = F([ ], [ ]; x) = 1 F 0 ([1], [ ]; x) = 1/(1-x)which is trivially algebraic. Therefore, g R (x) is an algebraic function for any R ∈ Q, even though it has irrational parameters.Example 5.5. Consider the sequence (u n ) n≥0 given by the closed form expression

Example 5. 6 .

 6 The generating function for the number of Gessel excursions (i.e., walks of length n in the quarter plane starting and ending at the origin and having step set S = {ր, ւ, ←, →}) was first conjectured by I. Gessel in 2001 and then proven by Kauers, Koutschan and Zeilberger[START_REF] Kauers | Proof of Ira Gessel's lattice path conjecture[END_REF] in 2009 to be given by G(x) = 3 F

Alternatively note that this is case No. 1 in[START_REF] Beukers | Monodromy for the hypergeometric function n F n-1[END_REF] Table 8.3] 

Proof. We will show that algebraicity is preserved in each step of the contraction process. Write F (x) = F([c 1 , . . . , c r ], [d 1 , . . . , d r ]; x). Assume without loss of generality that c 1 = d 1 + ℓ for some ℓ ∈ N and this difference is minimal among pairs of parameters c j , d k with d k -c j ∈ N. We apply Lemma 4.4 a total of ℓ times to show that

is algebraic if and only if F (x) is algebraic. Inductively we obtain that F (x) is algebraic if and only if F c (x) is algebraic.

Lemma 4.7. Assume that F (x) is contracted. Then the least order homogeneous differential equation satisfied by F (x) is given by the hypergeometric differential equation ( 14).

The following proof is an adaption of the proof of Lemma 4.2 in [START_REF] Beukers | Siegel Normality[END_REF].

Proof. We have

x) and define b p := 1. Suppose that F (x) = n≥0 u n x n satisfies a linear differential equation of smaller order. Then there exists a recurrence relation for the sequence of coefficients (u n ) n≥0 of the form

are polynomials with degree at most p -1. For any i ≥ 0

u n , thus we have

for all n ≥ 0. By assumption F (x) is not a polynomial, thus u n = 0 for infinitely many n ∈ N. Therefore, we obtain the identity of rational functions:

We will show that for some 1 ≤ κ ≤ p, the leftmost summand has at least one pole at t = 1 -b κ -ℓ of a higher order than all the other summands. This clearly gives a contradiction.

For each 1 ≤ k ≤ p the order of the pole of

at t = 1 -b k -ℓ for i < ℓ is strictly smaller than the order of that pole if i = ℓ. We distinguish two cases: First, assume a j = 1 for all j. Then, none of the factors (b k + t + ℓ -1) from the denominator of the fraction can be canceled with a factor in the numerator, because if a j ≡ b k mod Z, then a j < b k , as F (x) is contracted by assumption. Moreover, at most p -1 of the factors (b k + t + ℓ -1) might divide A ℓ (t) because of its degree. This means that the first summand has a pole at one of the numbers (1 -b k -ℓ) of a higher order than all the other summands.

Q(x, y, t) of Gessel walks ending at the point (i, j) ∈ N 2 (note that G(x) = Q(0, 0, x)). This is astonishing since one way to see why G(x) is algebraic is to observe that

and for this 2 F 1 Schwarz' classification applies (see Example 2.1). Equation ( 21) is, however, somewhat ad-hoc; at the same time, the present work provides a direct way to conclude algebraicity of G(x) from (20). Note that the direct application of the interlacing criterion by Beukers and Heckman [START_REF] Beukers | Monodromy for the hypergeometric function n F n-1[END_REF] (see Theorem 2.6) to G(x) is not possible since in the 3 F 2 representation some of the parameters have integral difference. Indeed, (21) immediately implies that the corresponding hypergeometric differential equation is reducible.

On the other hand, the hypergeometric function in (20) is contracted and even reduced, so Lemma 4.9 applies and it therefore indeed holds that G(x) is algebraic if and only if the corresponding hypergeonetric function satisfies the interlacing criterion (with parameters (a 1 , a 2 ) = (5/6, 1/2) and (b 1 , b 2 ) = (5/3, 2)). Below, for λ ∈ {1, 5} the values of exp(2πiλa 1 ), exp(2πiλa 2 ) are drawn in red and those of exp(2πiλb 1 ), exp(2πiλb 2 ) are drawn in blue. One notices that the values indeed interlace on the unit circle and concludes that G(x) is an algebraic function.

Applying our main result, Theorem 3.5 (see also Figure 1), directly to (20) also immediately reduces to the algebraicity question whether the interlacing criterion holds for G(x).