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A two-head loss function for deep Average-K classification

Average-K classification is an alternative to top-K classification in which the number of labels returned varies with the ambiguity of the input image but must average to K over all the samples. A simple method to solve this task is to threshold the softmax output of a model trained with the cross-entropy loss. This approach is theoretically proven to be asymptotically consistent, but it is not guaranteed to be optimal for a finite set of samples. In this paper, we propose a new loss function based on a multi-label classification head in addition to the classical softmax. This second head is trained using pseudo-labels generated by thresholding the softmax head while guaranteeing that K classes are returned on average. We show that this approach allows the model to better capture ambiguities between classes and, as a result, to return more consistent sets of possible classes. Experiments on two datasets from the literature demonstrate that our approach outperforms the softmax baseline, as well as several other loss functions more generally designed for weakly supervised multi-label classification. The gains are larger the higher the uncertainty, especially for classes with few samples.

Introduction

The rise of visual sensors and the democratization of crowd-sourcing approaches (e.g., citizen science) are contributing to the emergence of new massive image datasets with a very large number of classes [START_REF] Van Horn | The inaturalist species classification and detection dataset[END_REF][START_REF] Garcin | Pl@ntNet-300K: a plant image dataset with high label ambiguity and a long-tailed distribution[END_REF]30,23]. These datasets contain many classes that are similar to each other and are prone to label ambiguity due to the crowd-sourced acquisition and/or annotation process. In such cases, it is difficult to achieve high levels of top-1 accuracy. This is consistent with theory: most of the time, the Bayes classi- 
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Figure 1: Variety of ambiguity in Pl@ntNet-300K dataset [START_REF] Garcin | Pl@ntNet-300K: a plant image dataset with high label ambiguity and a long-tailed distribution[END_REF]. The images on the left are from the dataset while the ones on the right represent the likely corresponding classes.

The first row corresponds to the case where there is almost no uncertainty, the second row to the case where two classes are viable candidates for the image, etc.

fier has a non-zero error rate due to the random nature of the underlying generation process [6]. This is problematic for systems that aim to provide their users with a correct answer from an image [START_REF] Adam G Hart | Assessing the accuracy of free automated plant identification applications[END_REF]22]. One way to deal with this difficulty is to allow the classifier to return more than one class. The most standard way to do this is through top-K classification, in which we allow the classifier to return exactly K candidate classes for all images [17]. For instance, top-K accuracy is the official ImageNet [25] metric.

Although top-K classifiers reduce the error rate by returning K classes, they lack flexibility: for some clean, unambiguous images, it is not necessary to return K candidate classes. Conversely, for some ambiguous images, K may not be sufficient for the true class to be in the returned set. Figure 1 illustrates how ambiguity can vary from one image to the other.

To address this variability, classifiers that return a variable number of classes from an input must be used. There exists a broad range of set-valued classifiers [START_REF] Chzhen | Set-valued classification -overview via a unified framework[END_REF] and strategies [8], some more flexible than others. In this paper, we focus on average-K classifiers [5] that return class sets of average size K, where the average is taken over the dataset. This constraint is less strict than for top-K classification, where the cardinal of the returned sets must be K for each instance. This flexibility allows returning more than K classes for ambiguous images and less than K classes for easy ones.

Controlling the average number of classes returned is useful for many applications, as it meets both UI (User Interface) design needs (e.g., the average number of results should fit on a mobile app screen) and UX (User eXperience) design needs (e.g., a recommender system should not recommend too many items on average). In some cases, the expected average size may also be known or estimated from other data sources (e.g., the average number of species present at a given location).

The simplest approach to perform average-K classification is to threshold the softmax predictions of a deep neural network optimized with cross-entropy loss. While crossentropy is theoretically grounded in the infinite sample limit [20], no guarantee exists in the finite sample case.

In this paper, we propose a novel method to optimize average-K accuracy by adding an auxiliary head to a classical deep learning model. One head is responsible for identifying candidate classes to be returned in the set and the second head maximizes the likelihood of each candidate class. We experiment on two datasets and report significant improvements over vanilla cross-entropy training and other methods.

Problem statement

We are in the multi-class setting, where the image/label pairs (X, Y ) are assumed to be generated i.i.d. by an unknown probability distribution P. Each image x is associated with a label y ∈ [L] := {1, . . . , L}, where L is the number of classes. Traditional multi-class classifiers are functions f : X → [L] that map an image to a single label.

To reduce the risk of not returning the true class associated to an image, we are interested in set-valued classifiers g : X → 2 [L] that map an image to a set of labels [START_REF] Chzhen | Set-valued classification -overview via a unified framework[END_REF], where 2 [L] is the power set of [L]. Our objective is then to build a classifier g with minimal risk R(g) := P(Y / ∈ g(X)). A trivial solution would be to take g(x) = [L] for all x ∈ X , i.e. the classifier that returns the set of all classes for each input image. To build a useful classifier, a constraint must be enforced on this optimization problem (as discussed in [START_REF] Chzhen | Set-valued classification -overview via a unified framework[END_REF] where a unified framework encompassing several possible constraints is proposed). In this paper, we focus on the average set size constraint that controls the average size of the returned set:

E X [|g(X)|] ≤ K , (C) ( 1 
)
where K is an integer and | • | denotes the cardinal. It has been shown [5] that the optimal classifier g * minimizing R while satisfying C is:

g * (x) = {j ∈ [L], P(Y = j|X = x) ≥ λ} , (2) 
where λ ∈ [0, 1] is calibrated so that K classes are returned on average. These quantities are theoretical since we do not know P. In practice, given a real dataset, the typical workflow for building an average-K classifier is to learn the model with cross-entropy on the training set and compute the threshold -so that on average K classes are returned -on the estimated conditional probabilities (softmax layer) with a validation set. The model is then evaluated on the test set.

While cross-entropy is theoretically grounded in the infinite limit sample case [20], there is no guarantee in the finite sample regime. In this paper, we propose an alternative to cross-entropy to optimize average-K accuracy by formulating the problem as a multi-label problem.

Related work

Several works have studied set-valued classification. The most studied case is top-K classification. In [17], the authors propose a top-K hinge loss and optimize it with Stochastic Dual Coordinate Ascent [START_REF] Shalev | Stochastic dual coordinate ascent methods for regularized loss minimization[END_REF]. In [START_REF] Yang | On the consistency of top-k surrogate losses[END_REF], the authors propose a slight variation of the top-K hinge loss with stronger theoretical guarantees. In [START_REF] Berrada | Smooth loss functions for deep top-k classification[END_REF] and [START_REF] Garcin | Stochastic smoothing of the top-k calibrated hinge loss for deep imbalanced classification[END_REF], the authors propose to smooth top-K hinge losses to make them suitable for deep learning.

Average-K classification is less studied. In [5], the authors derive the average-K Bayes classifier. They also show that minimizing a certain φ-risk with specific conditions on φ implies minimizing the average-K error. In [20], the authors show that strongly proper losses are consistent for average-K classification, which means that minimizing the expected value of such a loss leads to minimizing the expected value of the average-K error. They also show that the cross-entropy loss is strongly proper, which gives a theoretical argument for using the cross-entropy loss for average-K classification. While the two previous works give theoretical results in the infinite limit case, we instead propose a practical method for optimizing average-K accuracy and show that it performs better than cross-entropy and other methods on real-world datasets.

Another framework close to set-valued classification is conformal prediction [28,26,8]. Conformal prediction also aims to generate prediction sets, but it relies on the use of calibration data to determine them based on hypothesis testing. It has the advantage of working on any pre-trained classifier f : X → [L], but it does not optimize the model itself towards the set-valued classification objective. Furthermore, the availability of calibration data can be problematic, especially for classes with few training examples (often the most numerous in the case of real-world datasets [START_REF] Garcin | Pl@ntNet-300K: a plant image dataset with high label ambiguity and a long-tailed distribution[END_REF]).

Set-valued classification can also be connected to multilabel classification [START_REF] Dembczyński | On label dependence and loss minimization in multi-label classification[END_REF][START_REF] Liu | The emerging trends of multi-label learning[END_REF]. Indeed, in both settings, a set of labels is predicted in output. A crucial difference, however, lies in the data generation process. In multi-label classification, each input x is associated with a set of labels, whereas in the set-valued setting, each input x is associated with a single label. The work of [START_REF] Cole | Multi-label learning from single positive labels[END_REF] is the closest to ours. The authors study the positive-only multi-label classification case, which is a particular case of multi-label classification where a single positive class is observed for the training images, but all the other classes are not observed (meaning they could be either positive or negative, we do not know). Their objective is then to learn a good classifier with this partial information. Our setting is different in the sense that in multi-class classification a single object is present in the image, but we want to return a set of possible classes to reduce the risk. However, both settings share similarities: a single class label is available during training and for each input image we return a set of classes.

Set-valued classification as multi-label 4.1. Preliminaries

In most multi-class datasets [START_REF] Garcin | Pl@ntNet-300K: a plant image dataset with high label ambiguity and a long-tailed distribution[END_REF]16,25], the label y associated with an object o of true class y * is estimated by the annotators from a partial representation of o: an image x. Figure 2 summarizes how the final label y is obtained in most cases.

It may be difficult to determine the true class y * of an object o given the partial representation x. The image may be of poor quality, lack a discriminative feature of y * , etc. In such cases, several candidate classes are plausible for the object o, which we denote by the set S(x) ∈ 2 [L] , see Figure 1.

Regardless of this difficulty, a single label y -possibly different from y * -is selected in multi-class datasets. In the case of multiple annotators, the default policy is to select the label with the most votes [15].

In this paper, we propose to dynamically estimate the sets S(x) during training and use S(x) as the ground truth labels with the binary cross-entropy loss in a multi-label fashion.

Notation

Let N train , N val and N test denote respectively the training set, the validation set and the test set indices. In the rest of the paper, we use mini-batch gradient descent [START_REF] Ruder | An overview of gradient descent optimization algorithms[END_REF] to optimize all models. In the following, B ⊂ N train denotes a random batch of training input.

For i ∈ N train ∪ N val ∪ N test , z i ∈ R L denotes the score vector -logit-predicted by the model, z ij its j-th component, and y i ∈ [L] the label assigned to i.

Given a batch B = {i 1 , i 2 , . . . , i |B| } ⊂ N train , we define:

Z B =     -z i1 - -z i2 - . . . -z i |B| -     and Y B =     y i1 y i2 . . . y i |B|     ,
respectively the batch predictions and batch labels.

Let P be a vector and k ∈ N * a positive integer. P [k] will denote the k-th largest value of P .

Finally, let us note ς : R L → R L the softmax function whose j-th component is given, for any z i ∈ R L by:

ς j (z i ) = e zij L k=1 e z ik
, and σ the sigmoid function, defined for any t ∈ R by:

σ(t) = 1 1 + e -t .

Cross-entropy loss

Given a logit vector z i ∈ R L and a label y i , the crossentropy loss for example i writes:

CE (z i , y i ) = -log(ς yi (z i )) . (3) 
The partial derivatives read:

∂ CE ∂z j (z i , y i ) = ς yi (z i )(1 -ς yi (z i )), if j = y i -ς yi (z i ) • ς j (z i ), o.w. , (4) 
which is positive only if j = y i .

Therefore, after a gradient descent update on CE , z i,yi will increase and all other scores (z ij ) j =yi will decrease.

As stated in Sections 1 to 3, in the infinite limit case, CE has theoretical grounds [20]. However, it is not clear that this approach is optimal when only scarce/noisy data is available. Indeed, let us consider the case where two labels y i and ỹi are equiprobable for the image x i : The label y given to the input image is either obtained: a) after direct observation of the whole original object e.g., [START_REF] Damon P Little | An algorithm competition for automatic species identification from herbarium specimens[END_REF] b) by aggregating the labels of annotators having access only to a partial representation of the object (the input image), e.g., [16, 25] c) with a combination of both previous cases e.g., [START_REF] Garcin | Pl@ntNet-300K: a plant image dataset with high label ambiguity and a long-tailed distribution[END_REF]. In all cases, annotations errors can occur resulting in a final label y different than the true class y * . and assume that the label y i was assigned to x i when the dataset was constructed. With CE , the score z i,ỹi will decrease and z i,yi will increase during training, while we would like both z i,ỹi and z i,yi to increase. Hence, in the context of high ambiguity, it is reasonable to formulate the problem as a multi-label classification task, in which each image x i is associated with a set of labels S(x i ) ∈ 2 [L] , the difficulty being that only one of them is observed, y i .

P(Y = y i |X = x i ) = P(Y = ỹi |X = x i ) = 0.5 ,

Assume negative

A first multi-label approach similar to cross-entropy is to consider that for any i ∈ N train , S(x i ) = {y i }, i.e. there is no ambiguity in the labels. This results in the Assume Negative loss AN [START_REF] Cole | Multi-label learning from single positive labels[END_REF], essentially the binary cross entropyloss with a single positive label:

AN (z i , y i ) = - L j=1 1 [j=yi] log(σ(z ij )) + 1 L-1 1 [j =yi] log(1 -σ(z ij )) , (5)
where the negative labels are weighted to have the same contribution as the positive label.

Expected positive regularization

The problem with AN is that the second term of Equation (5) assumes that the scores of all classes different from y i must be minimized, regardless of their relevance to example i. Removing the second term yields the positive crossentropy loss [START_REF] Cole | Multi-label learning from single positive labels[END_REF]:

+ BCE (z i , y i ) = - L j=1 1 [j=yi] log(σ(z ij )) . (6)
However, + BCE is minimized by predicting 1 for all classes, which is not desirable as it would lead to a large number of false positives.

A workaround proposed in [START_REF] Cole | Multi-label learning from single positive labels[END_REF] is to constrain the current batch probability predictions σ(Z B ) to sum to K on average, where σ is applied pointwise and the average is over the batch dimension. Here K is a hyperparameter that can be thought of as the expected average set size. More formally, the expected number of positive classes can be estimated as:

K(Z B ) = 1 |B| i∈B L j=1 σ(z ij ) . (7) 
The Expected positive regularization loss [START_REF] Cole | Multi-label learning from single positive labels[END_REF] EPR then reads:

EPR (Z B , Y B ) = -1 |B| i∈B log(σ(z i,yi )) + β( K(Z B )-K) 2 , ( 8 
)
where β is a hyperparameter to be tuned on a validation set.

Although the idea behind EPR seems reasonable, there is an infinite number of combinations for the matrix σ(Z B ) to sum to K on average. In particular, the model could learn to place diffuse probabilities on all classes without promoting strong class candidate alternatives to the true label class in the training set.

Online estimation of labels

In [START_REF] Cole | Multi-label learning from single positive labels[END_REF], the authors introduce a loss ROLE that builds on EPR . In addition, they keep a matrix estimate of the unobserved labels Θ ∈ R ntrain×L , where n train :=|N train | is the number of training examples in the dataset. During training, the labels predicted by the model are trained to match the current estimates of the labels in Θ via a crossentropy term and, in addition, to satisfy the constraint in Equation (8). The role of the predicted and estimated labels is then reversed. For more details, we refer the reader to [START_REF] Cole | Multi-label learning from single positive labels[END_REF].

Although ROLE is more sophisticated than EPR, we find in our experiments that it does not perform well. Moreover, it requires tuning several hyperparameters and, most importantly, keeping in GPU memory a matrix of size n train × L, which is prohibitive for large datasets.

Proposed method

Outline

Let us assume that given a random batch B ⊂ N train of examples, we are able to estimate for each i ∈ B a set of possible classes different than y i which we denote S c (x i ). We can then define S(x i ) = {y i } ∪ S c (x i ). A legitimate objective is to increase the scores (z ij ) j∈S(xi) and decrease the scores (z ij ) j / ∈S(xi) , which is achieved by the following binary cross-entropy loss:

(Z B , Y B , S B c ) = - 1 |B| i∈B j∈[L] 1 [j=yi] log(σ(z ij )) (9) 
-

α i∈B j∈[L] 1 [j∈Sc(xi)] log(σ(z ij )) i∈B j∈[L] 1 [j∈Sc(xi)] -α i∈B j∈[L] 1 [j / ∈S(xi)] log(1 -σ(z ij )) i∈B j∈[L] 1 [j / ∈S(xi)]
,

where the hyperparameter α ∈ R + controls the weighting between the training set observed labels and the candidate labels and can be seen as setting a different learning rate for the "hypothetical" labels (i.e. the pseudo-labels) and the observed labels. We used the notation S B c = {S c (x i ), i ∈ B}. The main difficulty is: how to obtain the candidate labels S c (x i )?

Candidate classes estimation

To this end, we propose a two-head model, where the first head is responsible for identifying the candidate classes S c (x i ) for each i ∈ B (Set Candidate Classes Proposal -SCCP-head) and the second head (Multi-Label -ML-head) optimizes its predictions with the loss from Equation ( 9) in a multi-label fashion with the candidate classes S c (x i ) estimated by the SCCP head.

Let us denote H B ∈ R B×d as the output of the second to last layer of a deep neural network, where d is the dimension of the latent space. We define each head prediction as the output of a single linear layer building on H B : Z B = H B W ∈ R B×L for the BCE head and Z B = H B W ∈ R B×L for the SCCP head. To identify relevant candidate classes, we rely on cross-entropy for its theoretical foundations [20]. More formally, we optimize the SCCP head with:

CE (Z B , Y B ) = - 1 |B| i∈B log(ς yi (z i )) , (10) 
where z i ∈ R L is the score prediction of the SCCP head for example i.

To propose sets of candidate classes, we select the maximum activations of the matrix [Σ -∞ ij ] i∈B,j∈[L] defined as:

Σ -∞ ij = ς j (z i ), if y i = j -∞, otherwise . (11) 
To construct the candidate classes sets S B c , we then select the top (K -1)|B| values of Σ -∞ to obtain sets of average size K. More formally, for i ∈ B, we define S c (x i ) as:

S c (x i ) = {j, Σ -∞ ij is in the top-(K-1)|B| values of Σ -∞ } . (12) 
This choice leads to sets of average size K on the batch: 

1 |B| i∈B |S(x i )| = 1 |B| i∈B |S c (x i ) ∪ {y i }| (13) 
BCE (Z B , Y B , S B c ) = -1 |B| i∈B j∈[L] 1[j = y i ] log(σ(z ij )) (14) - α (K-1)|B| i∈B j∈[L] 1[j∈S c (x i )] log(σ(z ij )) - α (L-K)|B| i∈B j∈[L] 1[j / ∈S(x i )] log(1-σ(z ij )) ,
The model is then trained jointly by minimizing the sum of the two losses:

AVG-K (Z B , Z B , Y B ) = CE (Z B , Y B ) + BCE (Z B , Y B , S B c ) (15)
At test time, the SCCP head is no longer needed, so we simply use the predictions of the ML head for prediction.

Figure 3: The Set Candidate Classes Proposal -SCCP-head (on top) is responsible for determining, for each example of the batch, which classes to include in the target label set. The light blue cells correspond to the training set labels. Only one label is assigned per example/row. The dark blue cells correspond to the classes selected as pseudo-positives by the SCCP head. They correspond to the top (K -1)|B| highest values of the SCCP's softmax prediction matrix deprived of the light blue true labels. In this example, K = 2 and |B| = 3, so (2 -1) × 3 = 3 classes are selected as pseudo-positives in the batch. They are assigned a pseudo-label 1 in the ML head. The remaining cells, the red ones, are those that were not selected as pseudo-positives by the SCCP head and are considered pseudo-negatives by the ML head (with a pseudo-label 0). Here @ denotes matrix multiplication.

Hyperparameters

Our method depends heavily on the batch size since the candidate classes are selected from the whole batch. If the batch size is one, then for all i ∈ N train |S(x i )| = K with |S c (x i )| = K -1 and the method is not able to capture the variability of ambiguity. As soon as |B| ≥ 2, the set sizes can vary within the batch, allowing to account for the difference in ambiguity between different images of the batch. In our experiments, we found that classical values of |B| work well. The hyperparameter α should be tuned on a validation. We found that [0.1, 10.0] is a good default search range. We include experiments in the supplementary material to study the influence of |B| and α on average-K accuracy.

Discussion

Our method has the advantage of being both computationally and memory efficient since it only requires the addition of a linear layer. In particular, it does not require storing a matrix of size n train × L in memory as in [START_REF] Cole | Multi-label learning from single positive labels[END_REF], which is prohibitive for large datasets. Besides, instead of a constraint on the average value of the predictions [START_REF] Cole | Multi-label learning from single positive labels[END_REF], which can be satisfied by the model in various ways, we dynamically infer the instances target sets with the first head. Input :

n val := |N val |, X val = {x i } i∈N val , batch size |B|, model f θ , K Output: λ val Split X val into |B| n val batches X 1 , . . . , X |B| n val f 1 ← f θ (X 1 )
// get batch logits 6. Experiments

P ← ς(f 1 ) // apply softmax for i = 2 to |B| n val do f i ← f θ (X i ) // get batch logits p i ← ς(f i ) //

Metrics

We compare AVG-K with CE , AN , EPR and ROLE on two datasets with different degrees of ambiguity. We also include the balanced top-K loss TOP-K from [START_REF] Garcin | Stochastic smoothing of the top-k calibrated hinge loss for deep imbalanced classification[END_REF]. For all datasets, we follow the same workflow: we train a neural network on the dataset with the different methods we compare. Early stopping is performed on best validation average-K accuracy, computed as follows:

val avg-K accuracy = 1 |N val | i∈N val 1[ς yi (z i ) ≥ λ val ] , (16) 
where the computation of λ val is described in Algorithm 1. We then report average-K accuracies on the test set, using the threshold λ val :

test avg-K accuracy = 1 |N test | i∈Ntest 1[ς yi (z i ) ≥ λ val ] . (17) 
The hyperparameters specific to all tested methods are tuned on the validation set using grid search, and the best model is then evaluated on the test set. The results are the average of several runs with different seeds and reported with 95% confidence intervals.

CIFAR100

Training: We first experiment our method on CIFAR-100 [16], a dataset with L = 100 classes. We split the original training set (50 000 images) into a balanced training set of 45 000 images and a balanced validation set of 5 000 images on which all hyperparameters are tuned. We train a DenseNet40-40 [14] for 300 epochs with SGD and a Nesterov momentum of 0.9, following [START_REF] Garcin | Stochastic smoothing of the top-k calibrated hinge loss for deep imbalanced classification[END_REF][START_REF] Berrada | Smooth loss functions for deep top-k classification[END_REF]. The batch size is set to 64 and the weight decay to 0.0001. The learning rate is initially set to 0.1 and divided by ten at epoch 150 and 225.

Results: We report test average-5 accuracy in Table 1. CIFAR-100 is composed of 20 superclasses each containing 5 classes, e.g., the superclass "aquatic mammals" groups "beaver", "dolphin", "otter", "seal", and "whale". Therefore, most of the ambiguity resides within each superclass, and we are able to achieve high average-5 accuracies (∼ 96-97%, cf. Table 1.) This relatively low ambiguity explains the good performances of CE and AN . We find that EP R and ROLE lag behind, while AVG-K based on the proposal of candidate sets benefits from a performance gain over all the other methods.

Pl@ntNet-300K

Description: Pl@ntNet-300K [START_REF] Garcin | Pl@ntNet-300K: a plant image dataset with high label ambiguity and a long-tailed distribution[END_REF] is a plant image dataset of 306 146 images and 1 081 classes (species) that contains a lot of class ambiguity. It is composed of 303 genera (superclasses) each comprising one or more species. Ambiguity is particularly important within a genus: for instance, two orchid species may be very similar. In Pl@ntNet-300K, a genus can include from one to several dozen species. This makes the ambiguity in this dataset very variable (see Figure 1). Moreover, the labels are crowdsourced so Pl@ntNet-300K is particularly prone to label noise. These reasons make it a perfect candidate for average-K classification.

Training: We finetune a ResNet-18 [START_REF] He | Deep residual learning for image recognition[END_REF] pre-trained on ImageNet [25] for 30 epochs. We use SGD and a Nesterov momentum of 0.9, with a batch size of 32 and an initial learning rate of 0.002, divided by ten at epoch 25. The weight decay is fixed at 0.0001. All methods are trained for K ∈ {2, 3, 5, 10} and the average-K accuracy on the test set is then reported for each value of K.

Results and interpretation: The results can be found in Table 2. It shows that our method is more effective for all K except when K = 2 where it gives results similar to the top-K loss. For high values of K, the gain is particularly important for few-shot and medium-shot classes, i.e. classes with few examples (for a precise definition of few/medium/long shot classes, see the caption of Table 2). For instance, for K = 10, the average-10 accuracy of few-shot classes is 75.75 for our method compared to 56.49 for the top-K loss and 46.58 for the cross-entropy. These results are interesting because of Pl@ntNet-300K's long-tail: few-shot and medium-shot classes account for 48% and 25% of the total number of classes, respectively. This means that the model recognition capabilities are significantly higher for a vast majority of the classes. It should be noted that high values of K can arise in certain applications, for instance for the diagnosis of rare diseases [7] or for the automatic prediction of likely species at a particular location [START_REF] Lorieul | Overview of geolifeclef 2022: Predicting species presence from multi-modal remote sensing, bioclimatic and pedologic data[END_REF].

From Table 2 we see that the most naive methods AN and EPR perform poorly compared to the other losses. In particular, AN which gave decent performances on CIFAR- 100 struggles on Pl@ntNet-300K. One possible reason is that AN assumes no class ambiguity while Pl@ntNet-300K has many.

It is worth noting that TOP-K gives interesting results and even outperforms cross-entropy. This is not surprising since the top-K loss optimizes top-K accuracy, and average-K and top-K classifiers are somewhat related (top-K classifiers are particular average-K classifiers that return K classes for each example). For a thorough comparison of top-K and average-K classification, we refer the reader to [20].

Distribution of set sizes: Figure 4a shows the repartition of set sizes for Pl@ntNet-300K test images, for a model trained with AVG-5 or CE to return sets of average size 5. The cross-entropy is over-confident for many images, which results in an important number of sets of size one, whereas our method is more conservative and tends to return fewer sets of size one but more sets of size two, three and four.

Figure 4b shows the distribution of set size for few-shot, medium-shot and long-shot classes for a model trained with AVG-5 to return sets of average size 5. It appears clearly that images belonging to long-shot classes are associated with small set sizes. This is because the model saw enough training images belonging to these classes to make confident predictions. For medium-shot classes, the mode of the distribution is higher and the tail is heavier. For the most challenging images that belong to few-shot classes, the uncertainty results in larger set sizes, going up to ∼ 50 classes.

Limitations and future work

While AVG-K allows practical gains in average-K accuracy, its particular structure, based on a two-headed deep neural network makes its theoretical analysis difficult. In particular, it can not be shown easily that AVG-K is average-K calibrated [20] like the cross-entropy.

We have proposed a loss function for average-K classification which is a particular instance of set-valued classification. Other settings exist [START_REF] Chzhen | Set-valued classification -overview via a unified framework[END_REF] (point-wise error control, average coverage control) and could be the object of ad-hoc optimization methods in future work.

Conclusion

We propose a loss function to optimize average-K accuracy, a setting in which sets of variable size are returned by the classifier to reduce the risk. Our method is based on the addition of an auxiliary head in the deep neural network trained the cross-entropy whose goal is to propose candidate class sets for the current batch of images. The candidate classes identified by the auxiliary head are then treated as pseudo-positives by a multi-label head optimized with the binary cross entropy. We show that our method compares favorably to the cross-entropy loss and other binary methods as well as to a top-K loss. We further show that the gain in average-K accuracy increases with K and is substantial for classes in the tail of a heavily imbalanced dataset. Our method has the advantage to be both memory and computationally efficient since it estimates the candidate classes on the fly with a single linear layer.

A. Hyperparameter sensitivity

We study the impact of the hyperparameters α and |B| on average-K accuracy by conducting further experiments on CIFAR-100 (Section 6.2).

Figure 5 shows how CIFAR-100 average-5 accuracy varies as a function of the hyperparameter α. Average-5 accuracy is stable over a wide range of α values (roughly 10 -2 to 10 1 ), which means that α does not require a precise tuning to obtain good results. It drops sharply for high α values, i.e. when the candidate classes have much more weight than the annotated labels of the training set in the objective function.

Figure 6 shows how average-K accuracy varies with the batch size for a model trained with CE or AVG-K . For a fair comparison we maintain the ratio of learning rate to batch size constant. As expected, average-K accuracy decreases for both methods when the batch size becomes too small. However, we find that AVG-K is more robust than CE to large batch size values. This can be explained by the choice of more relevant candidate classes when the batch size becomes large. This is counterbalanced by the empricical fact that SGD tends not to work well with very large batch sizes in deep learning. 

B. Experiments details

We report in Tables 3 and4 the hyperparameters selected after grid search for all losses, for CIFAR-100 and Pl@ntNet-300K datasets respectively. 

Figure 2 :

 2 Figure2: Common annotation processes for multi-class datasets. The label y given to the input image is either obtained: a) after direct observation of the whole original object e.g.,[START_REF] Damon P Little | An algorithm competition for automatic species identification from herbarium specimens[END_REF] b) by aggregating the labels of annotators having access only to a partial representation of the object (the input image), e.g., [16, 25] c) with a combination of both previous cases e.g.,[START_REF] Garcin | Pl@ntNet-300K: a plant image dataset with high label ambiguity and a long-tailed distribution[END_REF]. In all cases, annotations errors can occur resulting in a final label y different than the true class y * .

= (K - 1 )

 1 |B| + |B| |B| = K An illustrative schema of the method is available in Figure 3. We can now plug the estimated candidate sets S B c into Equation (9):

Algorithm 1 :

 1 Computation of the threshold λ val .

Figure 4 :

 4 Figure 4: Histograms of set sizes.

Figure 5 :

 5 Figure 5: CIFAR-100 best validation average-5 accuracy for a DenseNet 40-40 trained with AVG-5 for different values of α.

Figure 6 : 2 ROLEλTable 3 :

 623 Figure 6: CIFAR-100 best validation average-5 accuracy as a function of batch size for a DenseNet 40-40 trained with AVG-5 or CE . For a fair comparison we maintain the ratio of learning rate to batch size constant. The 95% confidence interval is represented.

Table 1 :

 1 apply softmax P ← CONCAT(P, p i ) // row axis concat. 96.83 ± 0.16 97.35 ± 0.06 96.12 ± 0.11 96.71 ± 0.02 95.88 ± 0.05 96.32 ± 0.05 CIFAR-100 test average-5 accuracy, (DenseNet 40-40)

	/ * At this point P is a n val × L matrix	* /
	P ← FLATTEN(P ) // turn P into a vector
	P ← SORT(P )	// sort in decreasing order
	λ val ← 1 2 (P [Kn val ] + P [Kn val +1 ])
	return λ val	

  89.63 ± 0.08 (27.08/65.83/85.97) 92.64 ± 0.17 (38.44/75.55/90.50) 95.11 ± 0.18 (35.39/83.65/94.59) 97.11 ± 0.09 (46.58/91.71/97.30) 90.48 ± 0.05 (24.98/63.08/87.21) 93.60 ± 0.09 (38.46/73.67/91.85) 95.75 ± 0.07 (49.90/81.39/95.00) 97.26 ± 0.03 (56.49/88.78/97.26) 90.34 ± 0.06 (23.77/61.81/86.74) 93.81 ± 0.10 (40.39/76.50/92.17) 96.42 ± 0.09 (55.83/88.19/95.90) 98.23 ± 0.03 (75.75/94.14/98.08) AN 85.41 ± 0.15 (2.05/30.26/76.64) 90.15 ± 0.17 (7.46/47.20/86.04) 93.88 ± 0.12 (20.31/67.55/92.66) 96.86 ± 0.06 (42.61/85.49/96.87) EPR 86.30 ± 0.17 (9.01/37.27/77.72) 90.49 ± 0.14 (18.49/51.58/85.19) 93.63 ± 0.04 (31.02/65.85/90.79) 95.99 ± 0.04 (41.44/78.61/95.09)

	K	2	3	5	10
	TOP-K				
	AVG-K				

CE

Table 2

 2 

	: Pl@ntNet-300K test average-K accuracy (ResNet-18). The three numbers in parentheses represent respectively the mean average-K accuracies of 1) few shot classes (< 20 training images) 2) medium shot classes (20 ≤ • ≤ 100 training images) 3) many shot classes (> 100 training images).
	% of test images	10% 20%							CE Multi	% of test images	10% 20%						Few shots Medium shots Long shots
		0%	0	5	10	15 Set size 20	25	30	35		0%	0	10	20	Set size	30	40	50
	(a) Histogram of set sizes for Pl@ntNet-300K test set images for a	(b) Histogram of set sizes for Pl@ntNet-300K test set images by
	model trained with CE or AVG-5 to return sets of size 5 on average	category (few-shot, medium shot, long-shot classes) for a model
	(ResNet-18)							trained with AVG-5 to return sets of size 5 on average (ResNet-18)

Table 4 :

 4 Hyperparameters selected after grid search for the Pl@ntNet-300K experiments.
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