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ABSTRACT

This paper exposes some effective aspects of the algebra of linear
ordinary integro-differential operators with polynomial coefficients.
More precisely, we prove that the annihilator of an evaluation opera-
tor is a finitely generated ideal which can be explicitly characterized
and computed. This is an advance towards the development of an
effective elimination theory for ordinary integro-differential opera-
tors and an effective study of linear systems of integro-differential
equations with polynomial coeflicients.
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« Computing methodologies — Symbolic and algebraic ma-
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algorithms.
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1 INTRODUCTION AND MOTIVATION

Algebraic analysis, more specifically, algebraic D-module theory,
where D stands for “differential”, is a mathematical field which
studies linear systems of ordinary or partial differential equations
using algebraic theories such as ring theory of differential opera-
tors, module theory, homological algebra [2, 6, 9]. The main idea
of this theory is to use a correspondence between linear systems
of differential equations and finitely presented left modules over a
ring of differential operators (e.g., the Weyl algebra of differential
operators with polynomial coefficients). This theory is nowadays
well-known in fundamental mathematics. In the last decades, the
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development of an effective approach to algebraic D-module the-
ory was studied by the computer algebra community. It relies on
an effective differential elimination theory using, e.g., Grobner or
Janet basis methods. Different softwares can nowadays handle effec-
tive aspects of algebraic analysis: Macaulay?2, Maple (OreModules),
Singular, HomAlg, etc.

Based on our experience in effective algebraic D-modules theory,
we aim at extending the algebraic analysis approach to handle linear
systems of ordinary integro-differential equations with polynomial
coefficients. In other words, we would like to replace the Weyl alge-
bra by the ring of ordinary integro-differential operators with poly-
nomial coefficients, denoted by I; in what follows. Contrary to the
Weyl algebra case, Bavula proved in [1] that Ij is not a noetherian
ring, a fact which seems to compromise the possibility to develop
an effective integro-differential elimination theory, and thus, an ef-
fective algebraic analysis approach to ordinary integro-differential
linear systems. However, he also proved that I; is coherent [1],
namely, that every finitely generated left/right ideal of I; is finitely
presented [2, 18, 20]. As explained below, this result is at the core of
the future development of an effective integro-differential theory.
Yet, Bavula’s proof of the coherence of I remains not algorithmic.

This paper aims at effectively characterizing the annihilator of
an integro-differential operator with polynomial coefficients, i.e.,
of an element of Iy. In [17], such an effective characterization was
obtained and implemented for an element of I; which is not a so-
called evaluation operator. In this paper, we handle the second case,
namely, the case of an element of Iy which is an evaluation operator.
This result completes the algorithmic characterization of the first of
the two standard conditions characterizing the coherence property
of I;. The second one asserts that the intersection of two finitely
generated left/right ideals is also finitely generated. This problem
will be studied in a future publication.

To further motivate this work, let us explain why the devel-
opment of an effective version of the coherence property of I;
plays a central role towards an effective study of linear systems
of integro-differential equations with polynomial coefficients and
towards the development of dedicated implementations built upon
modern computer algebra systems. Within the algebraic analysis
approach, a linear system of integro-differential equations with
polynomial coefficients is defined by a matrix R € I[;IXP , i.e, by
Ry = 0, where n € F7*! and F is a left I;-module (e.g., k[¢],
C®(R)). It can be proved that the linear integro-differential system
Rn = 0 is associated with the finitely presented left I;-module

M = cokery, (.R) = I[iXp/(IquR). Hence, the theory of linear

integro-differential systems deals with the category of finitely pre-
sented left I;-modules [2, 9]. Now, a standard result in module
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theory [2, 18, 20] asserts that if R is a left coherent ring, then a
left R-module M is coherent (namely, M is a finitely generated
left R-module and all of its finitely generated left R-submodules
are finitely presented) if and only if M is finitely presented. Com-
bining this result with the fact that I; is coherent, we obtain that
the finitely presented left I;-module M = cokery, (.R) — associated
with the linear system R#n = 0 — is coherent. In other words, due to
the coherence property of Iy, the linear system theory over I; deals
with the study of the category of left coherent I1-modules. Now,
standard theorems on finitely generated modules over noetherian
rings can be extended to finitely presented modules over coherent
rings. Moreover, the coherence property is compatible with all the
standard algebraic operations (e.g., direct sum, intersection, quo-
tient, tensor product, homomorphism, kernel, image, cokernel). For
more details, see [2, 18, 20]. Therefore, if the coherence property
of I; is made algorithmic and implemented in computer algebra
systems, then the algebraic side of linear system theory over I; can
also be made effective. Note that, to our knowledge, I; would be the
first example of a coherent but not noetherian ring implemented in
a computer algebra system, that has important applications (e.g.,
calculus).

2 THE RING OF INTEGRO-DIFFERENTIAL
OPERATORS

In what follows, let k be an algebraically closed field of character-
istic 0 (e.g., k = @ or C), tp a base point of k. Let us consider the
noncommutative k-endomorphism ring & = endy (k[t]) of k[¢] and
the k-linear endomorphisms defined on the basis ("), en of k[#]
as follows:

t:k[t] — k[£], " — 1",

9: k[t] — k[t], "+ nt"] )
g+l il

I:k[t] —k[t], t"+— -
n+1 n+1

These k-endomorphisms respectively define the following linear
operators acting on k[¢]:

t: k[t] — k[t],
a: k[t] — Kk[t],

pr—tp,
pr—p

¢
I:k[t] —k[t], pr— p(r)dr.
to
Definition 2.1 ([1]). A; is the k-subalgebra of & generated by ¢
and 9, and I is the k-subalgebra of & generated by ¢, 9, and I.

Then, Aj (k), or simply Ay, is called the Weyl algebra defining the
ordinary differential operators with polynomial coefficients. Simi-
larly, I; (k), or simply I, is the ring of ordinary integro-differential
operators in the variable ¢t with polynomial coefficients in k[t].

In particular, we have the inclusion A; C 1. The first fundamen-
tal theorem of calculus can be rewritten as 91 = 1, where 1 stands
for the identity of &. Moreover, we can see that for every p € k[t],
(1 -19)(p) = p(to), which shows that the operator

e: k[t] — k[t], p+— p(t),
belongs to I;. We shall refer to it as the evaluation operator. Note that
e is multiplicative, i.e., e(p1 p2) = e(p1) e(p2), for all p1, p2 € k[t].
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The second fundamental theorem of calculus then rewrites I 9 = 1—e.
In what follows, we shall simply set ¢, to 0.

Contrary to its subring A1, the ring I; has nontrivial zero divisors
sinceet =0andel =0.

For p € k[t], we have the following fundamental identities in I;:

ap=pa+p’, al=1, ep=ce(p)e=p(0)e.

See, e.g., [15]. We can deduce the following extra identities:
’ Ipa=p-e(p)e-1Ip',

e“=e,
IpI=I(p)I-11(p), Ipe=I(p)e.
Note that the first of the aforementioned identities corresponds to
the Leibniz rule and the last but one to the integration by parts.
We state again that an element P of I can be written uniquely

n m 9
P=Zaiai+2bjl(:j+2fkeak,
i=0 Jj=0 k=0

where a;, bj, cj, fi € k[t] and n, m, ¢ € N. For more details, see
[1, 10, 17]. The identity (2) is called the normal form of P.

For instance, let us give the explicit normal form of I". First,
setting p = 1 in the identity I = I(p) I — I I(p) and using I(1) = t,
we obtain the identity I? = ¢t I —I t, which corresponds to the double
integration. More generally, we have the following explicit result on
multiple integrations (that does not seem to appear in the literature).

Io=1-—ce¢,

de =0,

as

@)

PROPOSITION 2.2. The operator I" can be written as a polynomial
of degree 1 in I. More precisely, we have

n-1 k n-1-k
= (=t)
Vnx>1 I"= — ] ——. 3
"= Zk! (n—1-k)! @)
k=0
n-1 g n-1-k
t -t
Proor. The operators I" and kZ;) F I —((n —)l mysy are two k-

endomorphisms of k[¢], i.e., two linear operators uniquely deter-
mined by their value on the basis ("), cn of k[t]. Let m be a non-
negative integer. On the one hand, we have

n-1 tk (_t)n—l—k

Lk 1R )j;)—'(n_l_k)#("”’”‘”")
znz—‘ji (c1yn-1-k  gn—kem
prars l(n=1-k)! (n—k+m)
n-1 gtm (_l)n—l—k

P Kl(n—-k+m) (n-1-k)!

On the other hand, we have

- et pm+l phtm
I =" —]=... = . (4
(") (m+1) (m+1)(m+2)---(m+n) “)
To conclude, we thus have to prove the following identity:
”z—ll (_1)n—1—k ~ 1 (5)
“ K(n-1-k)'(n—-k+m) (m+D(m+2)---(m+n)

- 1
To do so, let us note ¢ = Tt

) and compute its partial

. . . . . o . an
fraction expansion, i.e., write it as ¢ = =5 + -+ + -, where
ay,...,an € k. The k! coefficient . of this decomposition is given
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by ap = [(m+k)c]| ek = (—k+1)(—k+2)1---(—1)(n—k)! so that we
_l)n—k—l

— 1 —
get A = W—l)'(n—k)' Hence, we have Ap_k = m,

which proves (5) and thus (3). O

Note that Formula (3) holds for any t, € k in the definition of I
(see (1)) and not only for t = 0.

PropoOSITION 2.3 ([1]). The set (e) =1; e I; is the only two-sided
ideal of 1. Moreover, we have:

9
(e) =k[t] ek[9] = {Z fied | fiek[t] g€ N}.
k=0

Using (2), every P € I; can be decomposed as P = P; + P, + Ps,
where Py € A, P, € T = {2;"20 bjICj | bj, cj € k[t], m e N},
and P3 € (e). Moreover, using the identity I pI = I(p) I — I I(p) for
all p € k[t], we can see that J is a nonunital ring.

If p € k[¢], then we note

Ky, (p) ={P eIi | P(p) = 0},
where P(p) stands for the application of (1) to p. Note that K, (p) is
a left ideal of I;. Similarly, we note Ky, (p) = {P € A1 | P(p) = 0}.
Let us state a result that will be useful in what follows.

LEMMA 2.4. LetP €1; anda = chzo ay ed* € (e). We have

]
Pa= ZP(ak) edk,
k=0

where P(ay) € k[t] is obtained by applying P € & to oy using (1).

Proor. Let us consider P € Iy. Then, there are P; € A1, P, € 1,
and P53 € (e) such that P = P;+P,+Ps. By linearity and associativity
properties, we only have to prove that Ppe = P(p)e, forall p €
k[t].If Py = X7, a; &, then, using the identity de = 0, we get

n n i

Plpe:Zaiaipe: aiZ(;)p(j)ai_je

i i=0  j=0

i}
o

aip(i) e=Pi(p)e.

M=

12
IfP; = Z;.":O bjIcj, then, using the identity Ipe = I(p) e, for all
p € k[t], we have

I}
=}

nge = ijlcjpe = ijl(cjp)e:Pz(p)e.
Jj=0 Jj=0

If P3 = ZZ:O fi. e ¥, then, using e p = e(p) e, for all p € k[¢t], and

e2 = e, we obtain

q q
Pype= fed pe=) field(p) e’ =Ps(p)e.
k=0 k=0
Thus, we have Ppe = P(p) e, for all p € k[t]. This ends the proof.

O

We state again that the annihilator of a € 11 is defined by
anng, (.a) ={P €I | P a=0}.

By Lemma 2.4, the annihilator of a = Zzzofk ed* € (e) can be
described by anny, (.a) ={P € I; | P(fx) =0, k=0,...,q}.
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It is well-known that A; is a noetherian ring, i.e., is a left and
a right noetherian ring (see, e.g., [2, 6]). As for I;, the situation
is different. Indeed, we have seen that the identities 91 = 1 and
I0=1-eholdinI;. Now, a theorem due to Jacobson [8] asserts
that the existence of a left/right inverse, which is not a two-sided
inverse, of an element in a noncommutative ring R implies that R
is not left/right noetherian. We thus have the following result.

ProrosITION 2.5 ([1]). The ring Iy is neither a left nor a right
noetherian ring.

A more explicit proof of Proposition 2.5 consists in considering
the chain of left ideals generated by the Taylor operators defined by

n tk
VneN, TFZFea". (6)
k=0 "

One can check that T, Ty,+1 = T, and I; Ty, # [{ Ty4q, foralln € N,
sothatl1 To CI1 T1 S 11 T2 € - - is a strictly ascending chain of
left ideals of I1. This proves that I; is not a left noetherian ring.

Recall that an involution 6 of a k-algebra R is a k-linear endo-
morphism of R satisfying 0(d; d2) = 6(dz) 6(d1), for alldy, dy € R,
and 6% = 1.

PropOSITION 2.6 ([1]). Ij admits the involution 0 defined by
0(t)=(ta+1)a, 0 =1I 06 =a. 7)

An important consequence of (7) is that 6(e) = e and 6({e)) =
(e). Moreover, the involution 6 defined in Proposition 2.6 can be
used to turn the strictly ascending chain of left ideals exhibited
above into a strictly ascending chain of right ideals of Iy. This proves
that I; is also not a right noetherian ring.

At first sight, the fact that I; is not a noetherian ring seems to
be a strong obstruction to a pure algebraic, and thus to an effective,
study of I;. The next section explains why an effective study of
linear systems of integro-differential equations with polynomial
coefficients remains feasible.

3 THE COHERENCE PROPERTY OF [;
In this section, let R be a ring and M a left R-module.

Definition 3.1. A left R-module M is said to be finitely generated
if there is a finite family (gi);e[1,p] of elements of M satisfying

p
VmeM, 3ry,....rpeR, m=Zrig,~. 3)
i=1

(9i)ic[1,p] is then a finite set of generators of the left R-module M.

A left R-module M is finitely generated if there exist some sur-
jective R-homomorphism 7 : R1*P — M, i.e., a R-epimorphism.
Lete; = (0,...,1,...,0) be the i element of the standard basis of
R*P, namely, the row vector of length p with 1 at the i" position
and 0 elsewhere. If (gi);c[1,p] is @ set of generators of M, then we
can consider the following R-epimorphism:

7 RP 5 M, ei— g, i=1,...,p.

Definition 3.2. Let M be a finitely generated left R-module and
(gi)ie[1,p] @ finite set of generators of M. Then, M is said to be
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finitely presented if the left R-module of all the relations among the
gi’s, namely,

P
ker 7 = {(Al,.,.,ap) e RXP | Zaig,- = 0}

i=1
is finitely generated.

By definition, a finitely presented module is finitely generated.

The fact that ker 7 is finitely generated is equivalent to the ex-
istence of a finite set of generators of ker z, i.e., a finite set of
elements Ry, ... ,Rge € RIXp satisfying that, for all A € ker,
there are py, ..., jig € R such that

q 410
A= Z Hi Rie = (11 Hq) : =puR.
i=1 S——— R.e
y q
R

Thus, we can write ker 7 = img (-R) = {yR | p € R'*9}, where
R € R9*P is the matrix having the R;s’s as rows, which is equivalent
to the following exact sequence of left R-modules:

Rixg _R_gixp T _ pq 0.

Equivalently, we have M = cokerg (.R) = R1*? /(R*4 R), where
= means “isomorphic to”. For more details, see [2, 18, 20].

Definition 3.3. Let R be a noncommutative ring.

o Aleft R-module M is said to be left coherent if M is a finitely
generated left R-module and if every finitely generated left
R-submodule of M is finitely presented.

e The ring R is said to be left coherent if R is a left coherent
R-module, i.e., if every finitely generated left ideal of R is
finitely presented.

Similar definitions hold for right R-modules and a ring is said to
be coherent if it is both left and right coherent.

According to Definitions 3.3 and 3.2, a ring R is left coherent if
for every finitely generated ideal J of R, the left R-module of the
relations among a finite set of generators of 7 is finitely generated.

Example 3.4. Left (resp., right) noetherian rings are left (resp.,
right) coherent rings. Two examples of coherent rings which are not
noetherian are the ring k[x; | i € N] of polynomials in an infinite
number of variables {x;};cn with coefficients in a field k, and the
ring of the entire functions on C. For more details, see [18].

Let us state a useful characterization of a coherent ring.

PROPOSITION 3.5 ([18, 20]). Let R be a ring. The following two
conditions are equivalent:

(1) R is a left coherent ring.

(2)(a) For everya € R, anng(.a) is a finitely generated left ideal.

(b) For all finitely generated left ideals J1 and Jz, the left ideal
J1 N J is finitely generated.

A similar result holds for a right coherent ring (anng(.a) is then
replaced by anng (a.) and left ideals by right ideals).

We can now state a result that is at the core of this paper.
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THEOREM 3.6 ([1]). I; is a coherent ring.

Using the involution 6 of I; (see Proposition 2.6), the left coher-
ence property yields the right coherence property, and vice versa.

We point out that the proof of Theorem 3.6 given in [1] is not
constructive. The main goal of the present paper is to contribute to
the development of an effective version of the coherence property
of I; and its implementation in the computer algebra software
Maple. Here, we shall focus on Condition (2)(a) of Proposition 3.5.
The second condition will be studied in a future work.

Note that, to our knowledge, I} would be the first example of
a coherent but not noetherian ring implemented in a computer
algebra system, which has important applications (e.g., calculus).

4 ANNIHILATOR OF AN EVALUATION
OPERATOR

4.1 Preliminary remarks and results

In Section 3, we have recalled that the ring I; was coherent. Yet, the
proof of the coherence property given in [1] remains not algorith-
mic. To make it so, we shall rely on Proposition 3.5 which shows
that the coherence property is equivalent to two conditions: one
on the annihilator of elements of I and one on the intersection of
finitely generated ideals. In this paper, we shall only focus on the
first one, letting the second one for a future work.

Let us then consider Condition (2) (a) of Proposition 3.5. In the
case a € I \ (e), the characterization of a finite set of generators for
anny, (.a) was obtained in [17] and implemented in the IntDiffOp
package [10]. Hence, it remains to study the case a € (e).

Note that anny, (.a) is the left ideal of I; defining all the com-
patibility conditions of the inhomogeneous linear equation ah = g,
where g is fixed in a left I;-module ¥ and & is sought in 7. Indeed,
if P € anny, (.a), then by definition, Pa = 0, i.e.,, P g = 0. This last
equation is a necessary condition for the above system to have a
solution, i.e., P g = 0 is a compatibility condition.

We now state two lemmas that will be used in what follows.

LEMMA 4.1 ([4]). Let P € I;. Then, there is N € N such that the
operator N P belongs to Ay. In particular, using the normal form (2)

of P, we can take N = maxj r)e[o,m]x[0,q] {d€8; (b)), deg, (fi)} +1.

LEMMA 4.2. Foralln € N, we have I"0" + T,,_1 = 1, where T, is
defined by (6). For every P € 1y, there is N € N such that P can be
written as P = IN 9N P+Tyn_1 P, wheredNP € Ay andTn_1 P € (e).

Proor. Using (1), let us compare (I" ") (tl) and (1 —T,—1) (tl),
foralll > 0.If] < n—1, we have
(1-Te1) (t’) =0, (I"o") (t’) =I"(0) = 0.
Now, for [ > n — 1, we have
(1-To1) (t’) =i, (o) (tl) =l...(l-n+1)I" (t"”) .

Using (4), we obtain

n(Jd-n) _ tl
I (t )_(l—n+1)(l—n+2)...l'

Then, we have

(" o) (tl) =l...(I-n+1)I" (tl’”) =l
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The second assertion is a direct consequence of the first one, Lemma 4.1,
and Proposition 2.3. O

Using Proposition 2.2, for all n > 1 and p € k[t], we have

n-1-k n-1
I"(p) = Z k,/ oo k),P(r)dT—/ b

Hence, the identity 9" + T,,_1 = 1 of Lemma 4.2 yields
Vpekltl, p=Tuia(p)+(I"0") (p)

n-1 k t n-1
t (t-1)
- k) AN ()]
k§=0, P (o)+/0 P

for all n > 1. This shows that Lemma 4.2 encapsulates the Taylor’s
theorem with an integral form of the remainder into a simple identity.

4.2 Annihilator of a simple evaluation operator
Let p € k[¢] and let us exhibit a generating set of the left I;-ideal
anng, (.p e). From Lemma 2.4, we have
anng, (.pe) ={P €l |Ppe=P(p)e=0}={P el | P(p) =0}.

According to [5, Proposition 3.2], Ka, (p) = {0 € A1 | Q(p) = 0}
is the left ideal of A; generated by Q; := ™ and Qy = po™m—
p(m). In other words, we have Ky, (p) = A1 Q1 + A1 Qa.

LEMMA 4.3. Let p € k[t] be a polynomial of degree m, Q1 = 9™,
and Q3 = p ™ — p'™) . Then, we have

annﬂl(.p 8) N <€> c 1[1 Q1 +H1 Qz.

ProoOF. If P € anny, (.p e) N {e), then, from Lemma 2.4, we have
P =31 fied*, where fi € k[t], k = 0,..
P(p) =0.1If g > m, then we can write

Pzifkeak+( Zq: fkeak_m_l) 0
k=0

k=m+1
Thus, P € I; Q1+I; O, ifand only if P = ZZE:O fied* €1y 01+ 0s.
Since P(p) = 0, then P satisfies P(p) = 0. Then, we have:

.,q, and P satisfies

P(p)=0 & Y fred(p)=0 & > fip®(0)=0.
k=0 k=0

Since deg, (p) is exactly m, we get p™) = p(™) (0) # 0. Therefore,
p(m) Zk 01 fkp(k)(O) Substituting

this expression into P and using p(¥) (0) e = e(p(K)) e = e p(K), we
obtain

we obtain the identity f, =

m-—1
P= (ke(?k fkp(“(o)ea”‘)
k=0
m—1
= > et - —fkep“‘)a'")
s
m—1

_ (m) ok _ (k) ym
- fkep(m)(p o =pam).

Therefore, 1_3(p) = 0 yields p(m) ok - p(k) ™ € K, (p), fork €
[0, m—1]. From [5, Proposition 3.2], we get Ky, (p) = A1 Q1+A1 Qo,
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which shows that the term f e (m) (p(m) ok — po) 8’") belongs

tol; Q1+1; Qg fork =0,...,m— 1.Thlsproves?eH1Q1+]I1Qg. ]

PROPOSITION 4.4. Let p € k[t] be of degree m, Q1 = 9™, and
Q2 = pd™ — p\™)_ Then, we have

anng, (.pe) =11 Q1 +1; Qo.

ProoF. Let P € anny, (.p e). From Lemma 2.4, we have P(p) = 0.
According to Lemma 4.1, there is N € N such that 9V P € A;.
Thus, we have dN P ¢ Ka, (p). Since Kp, (p) = A1 Q1 + A1 Qo,
there is (a, ) € A% such that 3V P = a Q) + f Oy, which yields
INoN P = (IN o) Q1 + (IN B) Q,. Using the identity of Lemma 4.2,
ie, INON+Ty_1=1,wegetTy_1P=P-(INa) 01 -(INB) 05 €
anng, (.p e) N {e) because P, Q1, Q2 € anng, (.pe) and Ty_1 P € (e)
since Tyy—1 € (e) and (e) is a right ideal of I (by Proposition 2.3).
Using Lemma 4.3, Ty P € [; Q1 + 11 Q2 and sois P = Ty_1 P +
(IN @) 01 + (IN B) Oz, which finally proves the result since we
clearly have Iy Q1 +1; Q2 C anny, (.pe). ]

4.3 Main results

Let us now extend Proposition 4.4 to a general element a € (e). In
what follows, for R € k[t]9*P, we use the following k[¢]-modules:

1(R) = {1 ek[t]™| AR =0},
J(R) = {AR| A € k[t]'*9}.

We shall need the next lemma which characterizes the differ-
ential operators which annihilate a finite family of polynomials

kery [,

1mk

LEMMA 4.5. Leta; € k[t],i=0,...,r,m= max;e o, ,ﬂ{degt(ai)},

1
aop ar

c k[t] (m+2)><(r+1), ]m+1 —
(m+1)
ar

C= :
aém+1) an;+l
©)

Let D € k[t]“*("*2) pe g full row rank matrix, whereu € [1, m +2]

is the rank of D such that

kery [ (.0) = imy |4 (.D),
and the vector
(A oo fi)" = DJmer € AL,

Then, we have
r u
ﬂ‘KAI (ai) = ZA\1 f-
i=0 j=1

ProoF. Since am+1(ai) =0,fori=0,...,r,d™" € NI_  Ka, (a:).
Hence, if P = Z;lzo cj @/ € NIy Ka,(ai), where n > m + 1 and
cj ekft],forj=0,...,

P=ic}'3j+( Zn:
J=0 j

n, then we can write
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and we get P = Z;-":O
position below, we keep the term of order m + 1 in P. We then
have:

cjd € m;:o Ka, (ai). To simplify the ex-

m+l1
Vie [0,r], P(a;) = Z Cjai(j) =0 (c ...

j=0
where the matrix C € k[t]("*2)%(r+1) is defined by (9). This shows
that (co ... cm+1) € kery[4)(.C). Now, since k[¢] is a noetherian
ring, the k[#]-module kery [, ( C) is finitely generated (see, e.g., [7]),
and thus, there is a finite set of generators for kery[,1(.C). Stack-
ing the corresponding polynomial rows into a matr1x we obtain
a matrix D € k[t]¥<(m*+2) guch that kery[;)(.C) = imyg[,(.D).
Note that kery |, (.C) is a k[t]-submodule of the free k[¢]- module
k[¢]1x(m+2) and thus, kerg[;1(.C) is a free k[t]-module because
k[¢] is a principal ideal domain (see, e.g., [18]). Hence, the rows
of the matrix D can be chosen so that they are k[t]-linearly inde-
pendent, i.e., such that the matrix D has full row rank (ie.,vD =0
yields v = 0). Therefore, we have the following exact sequence of
k[¢]-modules:

0 ...0),

Cm+1) C=

.D

R k[t]lx(m+2) C

1Xu N k[t]

1><(r+1).

(10)
Thus, (¢ ... cms1) = a D foracertain o € k[t]'**. Let us consider
T . =
(A fu)" = DJms1.Using P = (co ... cme1) Jms1, We
then get P = aD Jp41 = Z?:l ajfj, ie, P € 21;21 Aj fj. Now
(0 ... 01) € imy[;(.D) since the last row of C has zero entries.
This yields (0 ... 0 1) 1 = 3™ € Tk
PeP+A ™ C 2.1 A1 fj, which proves the first inclusion.
For the converse, we note that each entry of the column vec-
tor D J;u+1 is an element of A; which annihilates all the a;’s be-
cause the rows of D belong to kery[;](.C). Hence, we obtain that
(i .o )T =D Jmerisa generatmg set of ([_ Ka, (a:). ]

Note that the generators f;’s of Lemma 4.5 can be explicitly
obtained by the computation of a Hermite normal form (or a Smith
normal form) of the matrix C. For more details, see, e.g., [11]. Such
a computation is implemented in computer algebra softwares.

0 ——k[¢]

[t] f;. Hence, we have

Example 4.6. Let us consider ap = t, a1 = 2+1,anday =3 -2+
Then, we have m = max;¢[g, 2] {deg,;(a;)} =3 and

t 1 0o o0 o\l
c=|t+1 2t 2 0 0] ex[>s.
B-2t 312-2 6t 6 0

Using, e.g.,Maple, we can compute a matrix D whose rows generate
the k[t]-module kery[;(.C). We find

b6 ot -3t2+3 -3t 0
“lo o 0 0 1)

Thus, two generators f; and f; of m?:o Ka, (a;) are defined by

6+6td+( 3t2+3)82+(t3—3t)83)

oo

ie., we have ﬂ?zo Ka, (@) =A1 i+ A fo.

>

Using Lemma 4.5, the next proposition characterizes a finite set
of generators of the left ideal anny, (.a) ((e) of I, where a € (e).
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PROPOSITION 4.7. Leta = }\7_ a; ed € (e), a; € k[t], fork =
0,...,r, m = max;e[o, ] {deg, (ai)}, and C € k[t ](””z)x('“) and
Jm+1 be the matrices defined by (9). IfE € gox(m+2) g a full row
rank matrix such that kery(.e(C)) = imy(.E) (where e(C) is the
evalutation of C att = 0), then we have

anny, (.a) m(e) = Zv: 11 g
k=1

where the gy.’s are defined by

T

(91 gv) =EeJm+1 € <E>UX1~ (11)

Proor. Let P € anny, (.a) ({e). We have P = Zé:o aje & and
Pa = 0. Using Lemma 2.4, Pa = Y}_; P(a;) ed = 0 if and only
if P(a;) = 0, for i = 0,...,r. As a consequence, anng, (.a) [{e) =
(Ni_y %K, (a1)) N{e).Now, fori = 0,...,r,if wenote m; = deg, (a;),
then we have 9™i*! € Kj, (a;). Hence, we get 9™+ € M!_; %Ky, (i)
Consequently, e 9™+ € anny, (.a) ({e). Therefore, we can, without

loss of generality, assume | = m + 1, i.e, P = ;"51 aj ed €
anny, (.a). We then have
Pa=0= P(a;))=0, i=0,...,r,
m+1 )
< P(a;) = Z aje(da))=0, i=0,...,r
j=0
— () ... am+1)e(C)=(0 ... 0),
& (ap ... am+1) € kerg[;)(-e(C)),

where the matrix C is defined by (9). Let E € k?*(M+2) pe a full
row rank matrix whose rows define a basis of kery (.e(C)), where
v = dimy kery (.e(C)). Then, we have the following exact sequence
of k-vector spaces:
0 o txo B pix(me2) () 1X(r+1)

The above exact sequence of k-vector spaces splits (see, e.g., [18]).
Thus, taking the tensor product of this exact sequence by the free
k-module k[#] yields the following exact sequence of k[#]-modules
(see, e.g., [18]):

1xXv ‘E(C)E

0 — K[1]x —E o [ 1x(m+2) k[0 (12)
ie, kery[;)(.e(C)) = imy[;|(.E). From the exactness of (12), we
can deduce that Pa =0 if and only if (ao ... am+1) € iy, (.E),
i.e., if and only if there is v € k[t]'*? such that (ap ... am+1) =
vE. Hence, P can be written P = vEe J;+1. Therefore, Pa = 0
if and only if P € I[%XZ’ E e Jj+1. Now, using the standard basis of
k[t]'*?, we obtain that the g;’s defined by (11) generate the left
ideal ]I%X” E e Jm+1 of Iy. The last row of the matrix e(C) is the zero
row. Thus, we have (0 ... 0 1) € kery(.e(C)), which implies
that (0 ... 0 1)efms1 = ed™! € Zzzl I; gk This proves that
(11) is a set of generators of anny, (.a) ({e), i.e., anng, (.a) ((e) =

leézl ]11 k- O
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Example 4.8. We continue Example 4.6. The evaluation of the
matrix C defined in Example 4.6 at t = 0 is

0 1 0 0 o\
e©)=[1 o 2 o of,
0 -2 0 6 0

and ker (.e(C)) is generated by the rows of the matrix
2 0 -1 0 O
E= (0 0 0 0 1) ’
Hence, a set of generators of anny, (.a) ((e) is defined by

g1\ _ _ 2e—ed?
) zen- (%)

ie., anny, (.a) ((e) = {al (2e—ed®)+azed | ay, az € ]Il}.
We can now state the main result of the present article.

THEOREM 4.9. Leta =
i=0,...,r. Then, we have

o ajed € (e), where a; € k[t] for

4

u
anng, (.a) = Zl[l fi+ Zl[l Ik

Jj=1 k=1

where the f;’s (resp., g ’s) are the differential (resp., evaluation) oper-
ators defined in Lemma 4.5 (resp., Proposition 4.7). In particular, the
left ideal anny, (.a) of Iy is finitely generated.

PROOF. Let us consider a = }7_ a; e dand P e anny, (.a). From
Lemma 4.1, there is N € N such that &N P € Ay. Then, (8" P)a =
N (Pa) =0, ie., Z{:()(&N P)(a;) e d* = 0, and thus, according to
Lemma 2.4, (8N P) (a;) = 0, for i = 0,...,r. Therefore NP e
Nizg Ka, (ai) = Z?zl Ay fj (see Lemma 4.5). Using Lemma 4.2, P
can be written as P = Ty_; P+ S, where S=IN oV P ¢ Z;le I f;.
Now, note that Tyy_1 P € anny, (.a) ((e). Thus, by Proposition 4.7,
Tn-1P € X} _ T1 g, which shows that P € Z?zl I fi+ 23 T gk
and anny, (.a) C Z’jzl L fj + X} _; I gk Finally, by construction,
we have Z?zl I1 fj + X}_, T1 gx € anny, (.a), which ends the proof.

a

Example 4.10. Applying Theorem 4.9 to a € (e) defined in Ex-
ample 4.8 and using the results obtained in Examples 4.6 and 4.8,
we obtain anny, (.a) = Iy fi + 11 fo + 11 g1 + 11 g2, where fi, f2, g1,
and g are defined in Examples 4.6 and 4.8.

In the case r = 0, Proposition 4.4 shows that anng, (.a) can
be generated by two differential operators. Thus, we can won-
der if the same result holds for the general case, ie, for all r €
N. Comparing the exact sequences (10) and (12), we note that
kerk[t] (C) = imk[t] (D) and kerk[t] (e(C)) = imk[t] (E), where
D € k[t]¥(m+2) and E € k?*(M+2) are full row rank matrices.
Therefore, we can wonder if we can take E = e(D) in Proposi-
tion 4.7.

Example 4.11. Considering again Example 4.10, we can check
that g1 = —e fi/3 and g2 = e f>, which shows that anng, (.a) =
]11 f1 + ]11 fz
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PROPOSITION 4.12. Leta = X[, aied € {(e), a; € k[t], for
k=0,...,r,m= maxie[[o,r]]{deg,(a,-)}, and C and Jym+1 be the
matrices defined by (9). Let N = cokery[;](.C) denote the k[t]-
module finitely presented by C. If N = 0, then, in Proposition 4.7, we
can always choose E to be e(D), a fact which implies

T T
o=u, (91 ... 9u) =€DJmui=e(fi ... fi)
and thus

anng, (.a) ﬂ(e} = Zl[l efj, anny(.a)= Zl[lfj.
i=1 i=1

5

PRrROOF. According to the proof of Lemma 4.5 (see (10)) and by
definition of N = cokery[4](.C), we have the following exact se-
quence

0_>k[t]1xu-_D>k[t]1><(m+2)-_C>k[t]1><(r+1)_”>N_>_0

5

where 7 denotes the standard projection of k[£]™(+D) onto N.
Now, if N = 0, then we deduce the short exact sequence

0 R k[t]lxu ‘DE k[t]lx(m+2) ~c5 k[t]lx(r+1) >0,

which ends with the free k[t]-module k[¢]'*("*1), Hence, the
above exact sequence splits (see, e.g., [18]). Thus, the application of
the functor k[t]/(t) ®[; - to this split exact sequence yields the
following exact sequence of k-vector spaces (see, e.g., [18]):

0 lxu (D) X (m+2) ‘E(CE) EIX(r+1) >0, (13)
which yields kery (.e(C)) = img(.e(D)), i.e., we can take E = e(D).

O

Proposition 4.12 shows that, under the hypothesis N' = 0, the
left ideal anny, (.a) of I; can be generated by differential operators.
In the following, we shall prove (see Proposition 4.16 below) that
the condition N = 0 can always be assumed to be fulfilled. To do so,
let us first introduce the concept of the Fitting ideals of a module.

Definition 4.13 ([7], Section 20.2). Let R be a commutative ring,
M a finitely presented left R-module, and C € RI*P a presentation
matrix of M, ie, M = cokery[;)(.C). The ith Fitting ideal of M is
R if p-i<o,

Fp-i if 0<p—i<min(p,qg),

(0) if p—i>min(p,q),

where ¥; stands for the ideal of R generated by all the minors
(determinants of submatrices) of size j of the matrix C.

Fitt;(M) =

We recall that a finitely generated R-module M is said to be
projective if there are a R-module P and s € N such that we have
MeP = R5.If R is an integral domain, the rank of a R-module M
is the dimension of the Q(R)-vector space Q(R) ®g M obtained
by extending the coefficients of M from R to its quotient field
Q(R) = {r1/r2 | 0 # r2, r1 € R}. See [7, 18]. Let us now state a
standard result on Fitting ideals.

THEOREM 4.14 ([7], ProP. 20.8, P. 495). Let R be a commuta-
tive ring, M a finitely presented left R-module, and C € RI*P a
presentation matrix of M. The following assertions are equivalent:

(1) M is a projective module of rank r.
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(2) Fitt;(M) =(0), fori =0,...,r

Note that if M is a projective R-module of rank 0, then M = 0.
Also, while considering the annihilator anny, (.a) of an element

-1, and Fitt,(M) = R

a=3Y!_,aied € (e), we can always suppose that the a;’s are
k-linearly independent. Indeed, if we have }.7_; c; a; = 0, where
ciek fori=0,...,rand ¢t # 0, then ap = — Yg<izk<,(ci/ck) ai,
which yields N[_, Ka, (ai) = No<izk<r Ka, (ai). Consequently,
for our purpose, the matrix C defined by (9) can always be assumed
to have k-linearly independent columns.

LEmMA 4.15. Let ag, ..., ar € k[t] bek-linearly independent poly-
nomials and m = max;e o, J{deg,(ai)}. IfC € K[¢] (mr2)x(r+1)
the matrix defined by (9), then we haver + 1 < m + 2 and, for all
h € k, ranky C(h) = r + 1, i.e., the columns of C(h) are k-linearly
independent.

Proor. Let us fix h € k. Considering the Taylor expansion of
the polynomial g; at h, we have

m+1 o oml (J)( h)
a0 = ayth = > Ly,
j=0 j=0

Expanding the latter expression yields

(J)( ) m+l j (])( )
ST B gy DN HECE
Jj=0 J=0 k=0
m+1 [m+1
(=h)" h) j
=Z Z() l?f)(h) k.
k=0 \ j=k '
Hence, we obtain the linear system
m+1 i—k
SO ,
————a’/(h)=a;, i=0,...,r, k=0,..., 1,
y k!(j—k)!a’ (h) =a;p, i r m+
which can be written as
hz (_h)m+l
1 -h 73 N(m1)!
n? (=™
0 1 ~-h 2 1m! ao,0 ar,o
1 h (=mm!
o 0 3 -3 21(m-1)! C(h) = L .t
i ao,m+1 ar.m+1
0 0 0 Gwpwor "
G

where C(h) denotes the value of the matrix C defined by (9) at h € k.
Now, the fact that ay, . .., a, are k-linearly independent means that
Yipaici =0, ie, Xi_ja;yci = 0,forl =0,...,m+ 1, implies
¢ =0,fori=0,...,r. Consequently, considering the linear map
H. : k(r+D)x1 _ g(m+2)X1 e have kery (H.) = 0, which shows
that ranky (H) = dimyimy(H.) = r + 1 < m + 2. The fact that
det(G) # 0 finally yields ranky (C(h)) =r + 1. O

PROPOSITION 4.16. Letay, . .., ar € k[t] bek-linearly independent
polynomials, m = max;c[o, ,] {deg, (a:)}, and C € k[t 1] (m+2)x(r+1)
the matrix defined by (9). Then, we have N' = cokery[;](.C) = 0.
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Proor. First, from Lemma 4.15, we have r + 1 < m + 2. Then,
Fittg (N) is the ideal of k[#] formed by all the r+ 1 minors of the ma-
trix C. Moreover, Lemma 4.15 also implies that the affine algebraic
set V(Fitto(N)) = {t € k | VF € Fittg(N), F(t) = 0} is empty,
which, by the Nullstellensatz, shows that Fitto(N) = k[¢]. Thus,
Theorem 4.14 implies N = 0. O

The proof of Proposition 4.12 shows that N' = 0 yields the
existence of a left inverse U of C, i.e.,, U C = I-4+1. The converse
result also holds. If U C = 41, then imy[,1(.C) = K[£]>0+D) e
N = 0. Thus, for k-linearly independent a;’s, Proposition 4.16 states
the existence of a left inverse of C.

COROLLARY 4.17. Leta = ¥, ajed € (e), wherea; € k[t],
fori = 0,...,r. Moreover, we assume that the a;’s are k-linearly
independent. Then, we have anny, (.a) = Z}le Iy fj, where the f;’s
are the differential operators defined in Lemma 4.5 andu =m —r + 1.

Proor. Theorem 4.9, Proposition 4.12, and Proposition 4.16 im-
ply the first part of the result. Using the fact that C has a left inverse,
i.e., .Cis surjective, we have the following standard exact sequence

0—>kerk ( C) —= k|t ]1><(m+2) ~_C>k[t]1><(r+l) — 0,

which yields rankg[; kerkm( C)=m+2-(r+1)=m-r+1
[18]. Since kery[;(.C) is a k[t]-submodule of a free k[¢]-module
and k[t] isa pr1n01pal ideal domain, kery[,](.C) is then a free k[¢]-
module of rank m — r +1 [18], i.e., kery[;(.C) = k[¢] X (m=r+1),
Thus, we can take u = m — r + 1 in Lemma 4.5, which completes
the result. O

Example 4.18. Let us consider again Examples 4.6 and 4.8. Using,
e.g., Maple, we can see that the matrix C admits the left inverse

01 -t 22+% 0
v=lo o 1 -1+ of
00 0 i 0

This yields N' = cokery|;(.C) = 0 and we can use the result of
Proposition 4.12. In Examples 4.6 and 4.8, we found that e(D) # E.
But the matrices E and e(D) generate the same k-vector space since
-}
0
implies that we can choose E to be e(D) so that g1 = e fi and
2 = e f. Finally, Corollary 4.17 yields anny, (.a) = I fi + I f2,
where fi and f, are defined in Example 4.6.

we have E = Ve(D), where V = (1)) . Proposition 4.12 then

Note that Proposition 4.4 is a direct consequence of Corollary 4.17.
Indeed, in the case a = pe, we have C = (p ... p(™ 0)T, where
p™ =mlle(p) € k\ {0}, and thus, N = k[t]/(p,...,p™) = 0.In
this case, r = 0 yields u = m+1 = deg,(p)+1,i.e,anny, (.p e) canbe
generated by m + 1 elements. However Proposition 4.4 shows that
anng, (.p e) can be generated by two elements. Indeed, this result
comes from Stafford’s theorem [19] stating that every left ideal of
Aj can be generated by two elements and the fact that [5, Proposi-
tion 3.2] gives two explicit generators for Ky, (p). An extension of
Stafford’s theorem, namely, that every finitely generated left/right
ideal of I; (e.g., anny, (.a) for a € I;) can be generated by two ele-
ments of I, was proved in [1]. Reducing the set of generators of
anny, (.a) obtained in Proposition 4.4 to two elements is out of the
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scope of the present paper. For the case of Ay, see [16] and the
references therein.
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