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— Companion Report —
PROXQP: an Efficient and Versatile Quadratic
Programming Solver for Real-Time Robotics

Applications and Beyond

Antoine Bambade™'2, Fabian Schramm!, Sarah El-Kazdadi!,
Stéphane Caron'!, Adrien Taylor! and Justin Carpentier!

A. Companion report organisation

This companion report provides the proof associated to the
PROXQP algorithm introduced in [1]. It is organized as follows.

provides more details about which properties
motivate the update rule presented in Section VI-B.
establishes the global convergence of PROXQP (Theorem
1). It illustrates that BCL algorithm [2] finds appropriate
proximal steps to match a desired convergence speed for primal
feasibility p*. More precisely, BCL decreases p* until the
inequality p* < €, holds for all iteration starting from k. At
this stage of the algorithm, PROXQP amounts to a primal-dual
proximal point algorithm, and we rely on [3 Proposition 1.2]
to ensure the global convergence of PROXQP. We study the
simplified Algorithm 2, which assumes that at each iteration k
of the algorithm p* = p* compared to Algorithm 1, where p
is fixed. Updating p is not desirable in practice since it would
require a numerical factorization at each iteration.

Section Content
Section -B More details about Section VI-B update rule
Section -C| Notations and technical properties
Missing technical Proof of Lemma
elements.
Proof of Lemma
Proof of Lemma [3|
Section -Ej Proof of Theorem 1
Section -H Proof of Lemma 1

TABLE I: Organization of the companion report.

B. Details about the update rule presented in Section VI-B

The update rule presented in Section VI-B is motivated by
the following intuition. Assume the steady state Xy, is still
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reachable by an unconstrained LQR scheme (see the grey line
in Figure 1)

T-1
. T T T
min rpQrrr + g x, Qry + u, Ruy,
s €ER"e uy ER™u =0 (1)

S.t. 441 = Axy + Buy, o = Ting,

with a solution sequence {zv®},, {uf®},. As the constraints

are linear, strong duality holds, and the primal of problem (I)
PR equals its dual 6~@R for some dual multipliers {y+};.
Noting LR the Lagrangian of problem (T]), we have

—00 < §HR = LLR({ Y, Luy Y, {yr )
= C({x%QR}tv {UI{QR}M {yz{/‘QR}h 0, 0)7
= zitni L({me}e, {ueke, {yr ¥}, 0,0),

with £ the Lagrangian of the original problem (16), and 0
corresponds to the value of the dual multipliers associated
with the box constraints with respect to z; and w;. It thus
guarantees the dual of the original problem has a non-
empty domain and that there exists a closest feasible solution
sequence {Z;}¢, {lis}+ (see the orange line in Figure 1) with
associated optimal shifts {5¢}, {87}, {8} }+.

If we compare now ||z7® — zgou||3 with ||z1 — Zgoul3

assuming that both x%QR > T and £; > T we see
1259 — zgoull3 = 127 — ZII3 + |7 — wgoul I3+
2(27 " — 2) (% — 2gou),
and
||I1*Igoa1||§ = [lz1 — f”% +lz— xgoalug +2(z1 — f)T(f — Tyoal)s

= |21 — B8§ — |13 + 17 — wgoull3+

2(#1 — B8y — 7) (T — Tgoul)

—lld1 =71+ IBSEIE - 2(B3) T (67)+

=3

|1Z = wgoull3 + 2(3% — B3E) (T — gom)-

Thus we have:
||37lfQR — Tgoalll3 — [[21 — Tgoul|3 = ||$%QR — 23+

2(1 ¥ —2) T (% — wgou) — 137115 — | BEGII5—

2(37 — B3§) ' (7 — wgou) + 2(B3G) T (57).

@)
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Since 2f® > 7 and T > Zgou, then (XX — 7)T(z —
Tgoa) > 0. Hence, if the optimal shifts s and 37 are
sufficiently small, Equation () shows that ||z} — z g2 >
lz1 — Zgoal||2. The same calculus shows in this setting that
25 — Z||3 > || — Z|2. Consequently, this update rule
guarantees in this setting that if zjy; is not too far in the
sense that the optimal shifts are small enough, then the update
rule provides a point from which the feasible target T goq is both
closer to reach and closer of the feasible frontier. Our intuition
is that the property of this update rule may eventually lead to
a feasible update, with demonstration further investigated in
future work.

C. Further notations and technical properties

This section provides a few additional technical ingredients

that are necessary for establishing PROXQP convergence proof.

The Fenchel convex conjugate of a function ¢ : R™ — RU{oco}
is defined as ¢* : R™ — R U {co} though

¢*(y) = sup {y' 2 —¢(2)} = — inf {¢(x) =y 2}. ()
z€R™ z€R

We introduce a maximal monotone operator 1. L(v,t) (see
for more details [4]]), that encodes the set of solutions of the
shifted problem (QP) by (¢,v):
Te(z,2) = {(v,t)|(v, —t) € DL(z, 2)},
T (v,t) = argmin max {L(z,z) —z v + 2"t}
rERn ZER™
where JL refers to
w (V@)+CTz
OL(z,2) = < Cx—0I%(2) ) 4)

where [,, denotes the indicator function of the constraint set
Cz < u. The Lagrangian function and T, (z, z) encodes the
saddle sub-differential for (QP) [5} Section 4.3]. Tz and T, !
are generally “’point to set” operators. From 7Tz and for p > 0
we also introduce the resolvent of Tz and T, !

o the resolvent of T [4]:
€] 1 p—
Py = (I+ 1) g (5)
o the resolvent of Tgl [14]):

QuEI+ul; )y =1-P,. (©6)
More precisely, when T, 1(0,0) is non-empty, it encodes the
set of solutions to (QP). When (QP) is feasible, the KKT
conditions for (QP) form a polyhedral variational inequality [6,
Section 3D]. Hence, Ja > 0,7 > 0, such that V(u,v) € R*™:
l(uv)l <7
= (N
distTﬁ_l(O’O)(x,z) < al|(u, )|, ¥(z, 2) € Tz (u,v)
a and T are constants describing the geometry of the QP.
Rockafellar [7, Thm. 2] has established that it holds as soon
as T (0,0)71 # 0. That is, Vu > 0, V(z, z) € R™ x R™:
plQu(z, 2)ll < 7
= (®)
ap

diStTt((),())fl (PM(.’E, Z)) < WdiStTE(O’O)71($7 Z)

D. Convergence of PROXQP

The main convergence result for PROXQP is provided by
Theorem 1 . For proving this theorem (in [Section -E), we
proceed with the following strategy. This strategy relies on a
slightly different formulation of ProxQP provided by Algorithm
2 (it is necessary for the proof to consider the conceptual infinite
sequence of iterates generated by the algorithm).

o First, [subsubsection -D1| shows that the “if condition” of
ProxQP (see Algorithm 2) is satisfied at infinitely many
iterations.

e Second, [subsubsection -D2|is more accurate and shows
that the “else condition” of ProxQP (see Algorithm 2) is
entered only for a finite number of iterations.

o It follows from the second point that ProxQP corre-
sponds to an appropriate type of approximate primal-
dual proximal point method, and hence inherits all its
nice convergence properties. This is formally stated in
[Section -El

« Finally, one can conveniently deduce from this construc-
tion that ProxQP asymptotically corresponds to a fixed-
step proximal method of multiplier (PMM, i.e., there exists
K > 0 such that for all £ > K, uk is constant). This is

formally stated in

1) We enter the “if” of Algorithm 2 an infinite number of
times

Lemma 1. Under Assumption 1 and Assumption 2 , Vk €
N, 3K > 0 such that the condition ||[Cz*TE+ — ]|l <
e’;;K of Algorithm 2 is satisfied.

Proof. The following proof proceeds by contradiction. That is,
we show that there cannot exist a k > 0 such that VK > 0 it
holds that pF+5 = |[[Ca* K+ — 4] || > €K (as defined
in (8) ). For convenience, and without loss of generality, we
assume k = 0.

By contradiction hypothesis, we thus have that p& > €
holds VK > 0. Therefore, p* = p°(us)X and €f, =
e (u0)et (up)®i % and hence p® — 0 and €5, — 0
as K — oo, since py € (0,1) and apg € (0,1/2). For
establishing the desired statement, we show that under the
contradiction hypothesis, one has

epa < [[Ca™ T — ]y ||l < AV K, )

for all K > 0, thereby reaching a contradiction. Indeed, with
o € (0,1/2), the term \//7{ goes faster to zero (as a function
of K) than €X,. More precisely, the hyperparameter choices
within PROXQP ensure that 9Ky > 0 such that VK > Ky,
S, > A/ K.

For proving our claim, we, therefore, focus on proving ()
in the following lines.

First, at iteration K + 1, the pair (25t 2K+1) is an
approximate solution to (10) . In other words, by defining
intermediary variables, we have:

uK def Vf($K+l) +CT2K+1 +MK(£CK+1 —(EK),

o E[02FT — w4 (20 + (o — )5 - 2 e
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with [|(u®, v")
equlvalently look at (
the strongly convex functlon ME

. Following [I8, Section 3.1], one can
’“H ’“H) as the unique minimum of

puf ar
~ e K
M e (@, 2) & @) + Bl — (@ + Jeu™)13
+ TLK I(Co - u+ (" 4 (o= D)2))4 13
gz 4 o .
Therefore, for any x € R™ satisfying Cx —u < 0 (such a
feasible x exists by Assumption 2 ), we get:
ME e o (@FF 2K < ME e (2,0).
As {2z} is bounded by Assumption 2 , then IM > 0
independent of K such that
M e oL < ) + MR, (10)

where we used the facts that for a feasible point z, [Cx —
u+ 2208y < [2%uf (@s Cox —u < 0), and that
(", vE) || o < € implies that ||uf]|o/pu® < €® and that

[0 oo /1™

It follows from the definition of M/Iqu ., (and nonnegativity
of the ||.||2 terms) that:

e we can bound
WA g (4 50 > 0K
+ 2aluk l[Cz
which, using (T0), can be used to reach
IOz T — w4 p" (2% + (= 12T 1 |l
(11)
< \/2uFa(f(x) - f(ah+) + Mpk),

From (TT)), since {x%} x is bounded and f is a quadratic,
we deduce that there exists some M; > 0 independent of

B —u i (20 + (0= DL

K such that
NS+ — K (20 + (o — 1)K+, |y < /AR My
(12)
« We can bound
WA e (@R, 4 3 f(aH)

+ %Hz + ai’“ oE 3.

which, using (T0), can be used to reach
VIFE g <2 (£ (@) — F@RH) + MuK

+ WHUI(H?)-

It shows that \/u||25+1|, is bounded since {z%} is
bounded and f is a quadratic function.

We are now properly armed to guarantee that VK > 0:

lC2"H — )yl < AVE. (13)
for some A > 0. Indeed, it holds component-wise
[Caf*t —uly — p®|(2° + (a = 1)25H)]
< [CxBT — w4+ pB (20 + (o — 1)K, (19

where |.| is the absolute value taken component-wise. We can
deduce from (14)]) that

O™+ — ]y |2
SC2™ T —u+ ™ (2% + (@ = DEEFHL 2
FVEE VR (0 + (@ = 1)2E)]
Hence, from (T3), using and the fact that {/p® (2°+(a—

1)2K+1)} ¢ is bounded by some My > 0 (since {/puK 2541}
is bounded and {+/u¥} i converges to zero) we get

[[Cx" ! —ulyl2 < (M + M) /e

Las0

15)

ultfl2 <

To reach the desired claim, we use together with the
contradiction hypothesis that €[, < |[[Cz%*! — u], || which
allows reaching the contradiction that VK > 0:

< AVUE.

6bcl

O

2) We enter the “else” of Algorithm 2 a finite number of
times

As previewed in [Section -DJ this section establishes that the

“else” condition of Algorithm 2 is only entered a finite number

of times. The proof can be summarized as follows.

o If the “else” condition is never satisfied, then the result
directly holds.

e Otherwise, since Lemma (1| ensures the “if” condition
is entered an infinite number of times, we consider the
following setting. Without loss of generality, we can
assume that the “else” condition is entered at iteration k
for the K'th time and that it is followed by a “if”” condition.
It implies that

N’k = MO(Hf)K’ 6I};)cl = chl(ﬂk)abd'

We denote by /N > 2 the number of consecutive iterations

from k for which we enter the “if” condition, meaning

that

K _k+N-1

k+N
€bel

N = ()" = oy (1) NI,

In this situation, one can establish that for QPs, there exists
constants M > 0 and b > 1 (describing the geometry of
the problem at hand) such that the primal feasibility can
be upper-bounded for N > 2 by

||[ka+N 1

k-
—ullloo <M (bp")"
For entering the “else” condition in this scenario at the
(k 4+ N)th step, it is therefore necessary to be in the
situation where

(16)

— ]y oo < M (0a*)¥

Substituting the expressions for e’b“jl' N=1and p¥, we arrive

to the following necessary condition for entering the “else”
at iteration (k + N):

B (10 (1 )2 VD M (B ()N,

k+N-1
bel

< ”[kaJrN
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On the contrary, it is therefore sufficient to satisfy
M (b (p) OV < e (1 () ) et V=D

for not entering the “else”. Given that apg € (0,1/2),
Boel € (0, 1) with ﬁbcl + apg < 1, and wy € (0, ].) it can
be established that this condition is met for all N > 2 as

soon as
b(p0) 1t~ ba = Pocl Mg
log(f 1 01— By
bel og(b(p”) ~"bel)
max([ —log(pts) (1—0tbet —Boet) 1, (_IOg(Nf)(l_ﬁbcl)“’KT) S K

for some K, € N (for the pair (a,7) from (), which
describes the geometry of the QP at hand). It shows that
the “else” condition is entered only a finite number of
times, thereby arriving to the desired conclusion.

Our main target is thus to establish that holds, as the
desired conclusion nicely follows from this fact. For reaching
this target, Lemma [2| provides an intermediary result which
ensures that for K sufficiently large (i.e., larger than K
mentioned in (T7)), the technical property (8) holds for all
the iterates of PROXQP.

Lemma 2. Under Assumption 1, Assumption 2, and if ;i* — 0
(i.e., we enter an infinite number of times the “else” condition),
for any 7 > 0 dK, € N such that for all Yk > K,
Mk”Q,u’€ (xkv Zk)HQ ST

Proof. In this setting €¥ = €* /. Then, by definition of @« (@)
Qe (&, 2°) |2 = [|(&", 2°) = Pur(a®, 2%)|2
oF gkt
Sk k1

P,x(x*,2*) corresponds to the solution pair to (3). Since

Mk ko is strongly convex with parameter at least (1 —a) pk,
it follows that

. (18)
< + ||(mk+l,zk+1) — P (xk,zk)Hg

2

(1= )| (@, 220 = Py (2, 292

< ||VMHk7uk,a(Ik+17Zk+1) — V Mk ko (Pyr (ask,zk)) I|2
=0

< max(1, 1?Ta)ek,

where the last inequality comes from the fact that
k+1 k+1
VZMMICMLIC’Q(J; * y R * )

L0 ((CaM — (o= D] — okt
and (¥ +1, 2*+1) satisfies (11) at accuracy €*. Hence, it holds

(@1 28 = P (@, 2) |2 < max(325, 3) € /u".

———

def

(19)
As €* = €94*, combining with allows obtaining the

upper bound
ok gkl
Sk k1

ok _ gkt
Sk k1

Since {(xg, 2x)} is bounded (see Assumption 1), and since
u* — 0 (exponentially in the number of times we enter the

+ wek

2 (20)
+ ,uk we’.
2

UkHQ;Lk (xkv Zk>||2 < ,uk

<t

“else” condition), we conclude from (20) that V7 > 0, there
3K, € N, such that Vk > K, p*||Q,x (2, 2¥) < 7. O

Finally, Lemma [3| establishes our main targets. More
precisely, we make use of Lemma [2| to establish first the

inequality (T6) and then (T7).

Lemma 3. Under Assumption 1 and Assumption 2, ANpax €
N such that for all k > Npax the condition p**1 < €f,
 of Algorithm 2 is satisfied (i.e., we enter the “if condition”).

Proof. We split the proof in several cases.

o If we enter the “else condition” a finite number of times,
the result holds.

o If we enter the “else condition” an infinite number of
times, Lemma [I] ensures that each time we enter the
“else”, there is a subsequent iteration for which we enter
the “if”.

Therefore, we can without loss of generality assume that
we enter the “else” at iteration k for the the K'th time,
and that we enter the “if” at iteration k£ + 1.

In this setup (we enter an infinite number of times the
“else”, uk — 0 and Lemma |2| applies. Therefore, we can
also pick without loss of generality k > K. where K. €
N is such that (8) holds (for a specific (a,7) describing
the geometry of the QP at hand).

In what follows, we consider this situation and show that
it cannot happen (i.e., “‘else” is entered a finite number
of times).

Since (QP) is feasible by assumption, it follows that
T,'(0,0) # 0. For [ € [0, N] we denote by (z"*!, z#*!) the
projection of (z¥+!, 2¥*!) onto the set of solutions T *(0,0).
As ZFtN s feasible, it follows that

O™ —u]y|l2 = [|[C2* N —uly — [CZMN —u]y[f2.
2D
As [.]+ is a non-expansive operator (as any projection operator),

it follows that (ZT)) can be upper bounded by

O™ —uly |2 < (IO — 2" 7)),
<N Clafla™ N =z

pREN _ pk4N
Sh+N _ shtN

kN kN

<€) (22)

2

def ..
:d‘StTE(U,O)*l(

The following lines therefore focus on upper bounding the last
term in different ways. First,

pFHN _ phtN
kN _ shtN ,

(23)
k+N
<320k+N> _ PM (xk—Q—N—l’Zk-i-N—l)

b

< ‘
2

which follows from the definition of (zFTN zF+N) as the
projection of (zF TN ZF+N) and P i (¢ N1 AN cor-
responds to the projection of P, (z"N =1 2F+N=1) onto
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T, 1(0,0). which can be further upper bounded via a triangle
inequality:
E+N

x - _ _
I (oo ) - Btah vt g

<t

+ ||Puk (kaerl?ZkJerl) _m

k+N k+N—-1 kE+N-—-1
k+N)—PM<x+ RN

(kaerl?ZkJerl)HZ.
(24)
Hence we also have:

l.k+N _ jk+N
k+N _ —kJrN
2
( k+N71’Zk+N71)||2

+N
||< k:+N> 7P[Lk z

+ HP;L’*' (xk+N—17Zk+N—1) _

m(l'k+N_17 Zk+N_1)||2.
(25)
Now, using k& > K, from Lemma (for a specific (a,7) such
that (§) holds for the QP at hand), then using the property (8)
provides

||Puk ($k+N—1, Zk—i—N—l) _ Tw(mk+N, Zk+N)||2
k

ap : k+N-1 _k+N-1
S a0 LT o)
L (kN1 gt N1
< ap <Zlc+N1 _ 2k+N1)
2
Hence incorporating (26)) in 23)) leads to
LRHN _ ZhEN
‘ < kN k+N)

27)

kJerl
k+N-—-1

—k+N—1
k+N — X
gwé +a'U/ H( _Zk+N_1>
where we also used the fact that (2, 2F+N) satisfies (11)

at accuracy e**N—1 similarly to (T9). Iteratively expanding
the upper bound 27) N — 1 times leads to

2

LH AN _ gkt N
H( k+N _ k+N>
2
RN l x Tk (28)
FN-1- —
<oy S o (322)
2
Because eF TN =171 = O(y*)N=1 we deduce from (Z8) that
Lh AN _ kN
H( k+N _ k+N>
2
N-l ok _ 5k
< N-1 ! k\N -
< w(p®) ;(a) S CTAN | G} Er)
N-1
<) S (@) + Blagh)N
1=0

for some B > 0, since {(z*, 2%)}, is bounded (by Assump-
tion 2). Finally, incorporating (29) into (22) provides the bound

[C2* N — u]i oo < €llCl2 ( )N Z '+ Blap*)"
(30)

for some constant e > 0 (from the norm equivalences between
[Iloc and |.|]2 in R™). Depending on the value of a, we
distinguish three different cases to show the inequality (T6):

o if a € (0,1), then, since {¢*}; is bounded by 1 (since
u € (0,1) and puy € (0,1)), we can upper bound the
geometric sum in (30) with

lCa™N — il < ellClz (wiks + B) (N,

M
and hence (T6) holds with b = 1.

e if a > 1, then we can upper bound the geometric sum
with (using again that {y*};, is bounded by 1)

lCa N — ] oo < €llCl (wiky + aB) (a7,

=M
and hence (16) holds with b = a.
o if a = 1, then we can upper bound the geometric sum
with (using again that {¢*}, is bounded by 1)
[Cz" —u] 4]l < el|Cll2 (wN + B) (n
< 4¢]|Cls max(w, B)(2u*)N ",
=M

where we used that VN € N, N < 2VV. Hence (T6) holds
with b = 2.

Thus in any case, there exists some M > 0 and b > 1, such
that (I6) holds. To conclude, in order to enter at least N > 2
consecutive times in the “if”” condition it is sufficient to satisfy

Mbp° (i) )N 71 < e (0 (g K)ot V=08 = (31

which is equivalent to

)Nfl

log( M) L (V — 2) log(b(1”)

—log(py)(1 — e — Boa) K
—log (s )(1 = Boat) (N — 2) K.

Since py € (0,1), apa € (0,1/2), Boa € (0,1) with ape +
Boet < 1, then (BI)) holds for any N > 2 as soon as

1—ﬁhcl)

1 (b(uo)l—ﬂhcl—ﬁbd]\/[
A R log (b(10)' ~Pbel)
- IOE(Nf)(l_bfllbcl—th]) —‘ ’ I—— log(ref)(1—PBocr) —| ’ K‘r) < K7

which establishes (7). In other words, we enter the “else
condition” only a finite number of times (which is bounded
above by the value of the previous max). O

max([

E. Proof of Theorem I

Theorem 1 (Convergence of PROXQP). Under Assumption
1 (existence of a solution to (QP)), Assumption 2 (bounded
iterates), and with all parameters set as required in the inputs
of Algorithm 2, the iterates {(x*,2*)} of PROXQP converge
to a solution (z*,z*) of (QP).

Proof. The proof consists in showing that PROXQP asymptot-
ically corresponds to a proximal point algorithm (PPA). Then,
we leverage the classical global convergence guarantees for
PPA, which is automatically inherited by PROXQP. To show
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this link between PROXQP and PPA, (i) we first recall PPA
global convergence properties, and then (ii) show that in a
finite number of iterations PROXQP is a fixed-step PPA.

When (QP) is feasible, the KKT conditions 0 € T, (z, 2)
forms a polyhedral variational inequality [|6, Section 3D]. In
such settings, if we consider a sequence {1*}1, bounded below
by some p> > 0, and {*}; some summable sequence, then
the inexact proximal point iteration

(Ik+1azk+1) Rk £k (Ikazk)7 (32)
with /2, corresponding to
1", 240) = P (a®, 25) 2 < ", (33)

is guaranteed to converge globally to some (x*,z*) €
T,'(0,0) [3, Proposition 1.2].

Depending on the value of ky,.x, we distinguish two different
cases to show that PROXQP is asymptotically equivalent to
PPA. As we will see, it amounts to show PROXQP always
enter the “if” condition in a finite number of iterations.

o If knax < 400, then after k..., number of iterations,
PROXQP iterates always enter the “if”” condition.

e Otherwise, under Assumption 1 and Assumption 2
Lemma ensures that there exists some Npyax € N,
after which PROXQP enter only the “if” condition.

def

Hence, for k > N = min(kmax, Nmax)» PROXQP always
accepts the iterates (x*+1, 2¥+1) from (10). Furthermore, for
=20

pN =,

6N+l _ €k(/.LN)l.
Hence the iterates of Algorithm 2 amount to a fixed step PPA,

namely for kK > N
(xk+17 2k+1) Reek PMN ('rka Zk)?

for some constant e > 0 which can be provided following the
same strategy as detailed in (T9). As {€*}; is summable for
k > N, it concludes our claim. O

FE. Proof of Lemma 1

Lemma 4. Under Assumption 1 (existence of solution to (QP))
and Assumption 2 (bounded iterates), and with all parameters
set as required in the inputs of Algorithm 2, 3K € N, and
i € R such that Vk > K, u* = p. Hence, Yk > 0, pK+k <

eigl(‘uK)ﬁhrlk-
Proof. By Lemma Ju € R, 3K € N such that for all k¥ > K,
it holds that p* < i, and p* = p is constant. O
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