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A Nice Story: Apéry’s Proof of Irrationality of ζp3q
Proof, as explained in (van der Poorten, 1979)

Define:

bn,k � �
n

k


2�n� k

k


2

, cn,k � ņ

m�1

1

m3
� ķ

m�1

p�1qm�1

2m3
�n
m

��n�m
m

� ,
an,k � bn,kcn,k, an � ņ

k�0

an,k, bn � ņ

k�0

bn,k,

gn � gcdp1, . . . , nq, pn � 2g3nan, qn � 2g3nbn.

Then, panq and pbnq satisfy the same 2nd-order recurrence, and:

ζp3q � an
bn

� O
�
b�2
n

�
, pn P Z, qn P N, ζp3q � pn

qn
� O

�
q�1.08
n

�
.

Classical irrationality criterion for α P R:��ǫ ¡ 0, Dp
q
,

����α� p

q

����   ǫ

q


 ùñ α R Q.
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Apéry’s Recurrence for panq and pbnq
Second-order recurrence (Apéry, 1979)pn� 1q3un�1 � p34n3� 3n2� 27n� 5q un � n3un�1 � 0

Cohen and Zagier’s “Creative Telescoping” (van der Poorten, 1979)

“[They] cleverly construct

Bn,k � 4 p2n� 1q �k p2k� 1q � p2n� 1q2� bn,k
with the motive that
Bn,k � Bn,k�1 �pn� 1q3bn�1,k � p34n3� 51n2� 27n� 5qbn,k � n3bn�1,k.”

After summation over k from 0 to n� 1:

Bn,n�1� Bn,�1looooooomooooooon
0�0�0

� pn� 1q3bn�1 � p34n3� 3n2� 27n� 5q bn � n3bn�1.
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Differentiating under the Integral Sign

Zeilberger’s derivation (1982) of a classical integral

f pbq � » �8�8 e�x2 cos 2bx dx � ?

f 1pbq � » �8�8 �2xe�x2 sin 2bx dx ��
e�x2 sin 2bx

�x��8
x��8 � » �8�8 �2be�x2 cos 2bx dx � �2b f pbq

Continuous analogue of creative telescoping:

dF

dx
pb, xq � df

db
pb, xq � 2b f pb, xq for Fpb, xq � � 1

2x

df

db
pb, xq

After integration over x from �8 to �8:�
dF

dx
pb, xq�x��8

x��8looooooooomooooooooon
0�0�0

� f 1pbq � 2bf pbq
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Sums and Integrals (1/5)

Binomial sums

ņ

k�0

�
n

k


2�n� k

k


2 � ņ

k�0

�
n

k


�
n� k

k


 ķ

j�0

�
k

j


3

(Strehl, 1994)

ņ

i�0

ņ

j�0

�
i� j

i


2�4n� 2i� 2j

2n� 2i


 � p2n� 1q�2n
n


2

(Blodgelt, 1990)

Integrals of the theory of special functions

Four types of Bessel functions (Glasser & Montaldi, 1994):» �8
0

x J1paxq I1paxqY0pxqK0pxq dx � � lnp1� a4q
2πa2

No explicit form, but a 2nd-order linear ODE:» 8
0

» 8
0

J1pxq J1pyq J2pc?xyq dx dy
ex�y
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Sums and Integrals (2/5)

Extractions of coefficients

Theory of orthogonal polynomials, here, Hermite (Doetsch, 1930):

1

2πi

¾ p1� 2xy� 4y2q exp� 4x2y2

1�4y2

	
yn�1p1� 4y2q 32 dy � Hnpxqtn{2u!

Scalar products involving orthogonal/parametrised families

Chebyshev polynomials, Bessel functions, modified Bessel functions:» �1�1

e�pxTnpxq?
1� x2

dx � p�1qnπ Inppq» �8
0

xe�px2JnpbxqInpcxq dx � 1

2p
exp

�
c2 � b2

4p



Jn

�
bc

2p
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Sums and Integrals (3/5)

q-Sums, e.g., from the theory of combinatorial partitions

Finite forms of the Rogers–Ramanujan identities and a
generalisation: setting pq; qqn � p1� qq � � � p1� qnq,

ņ

k�0

qk
2pq; qqkpq; qqn�k

� ņ

k��n

p�1qkqp5k2�kq{2pq; qqn�kpq; qqn�k
(Andrews, 1974)

ņ

j�0

n�j̧

i�0

qpi�jq2�j2pq; qqn�i�jpq; qqipq; qqj � ņ

k��n

p�1qkq7{2k2�1{2kpq; qqn�kpq; qqn�k
(Paule, 1985)

Scalar products in algebraic combinatorics

For p1 � x1� x2� � � � and p2 � x21� x22 � � � � :A
exp

�pp21 � p2q{2� p22{4� ��� exp�t pp21� p2q{2�E � e� 1
4 t pt�2q?
1� t
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Sums and Integrals (4/5)

Combinatorial identities

In the graph-counting sequence kk�1:

ņ

k�0

�
n

k



i pk� iqk�1pn� k� jqn�k � pn� i� jqn (Abel)

In Stirling numbers of the second kind (partitions) and Eulerian
numbers (ascents in permutations):

ņ

k�0

p�1qm�kk!

�
n� k

m� k


"
n� 1

k� 1

* � B
n

m

F
(Frobenius)

In Bernoulli numbers (Taylor expansion of tanpxq):
m̧

k�0

�
m

k



Bn�k � p�1qm�n

ņ

k�0

�
n

k



Bm�k (Gessel, 2003)
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Sums and Integrals (5/5)

Identities in more special functions (related, e.g., to number theory)

In Hurwitz’s zeta function and the beta function:» 8
0

xk�1ζpn, α� βxq dx � β�kBpk, n� kq ζpn� k, αq
In the polylogarithm functions:» 8

0
xα�1 Linp�xyq dx � π p�αqny�α

sinpαπq
In the (upper) incomplete Gamma function:» 8

0
xs�1 exppxyq Γpa, xyq dx � πy�s

sin
�pa� sqπ

� Γpsq
Γp1� aq

+ a lot more in:

or in web sites, like Victor Moll’s web site on GR
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Looking Inside PBM’s “Integrals and Series, Vol. 2”
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Creative Telescoping for Sums/Integrals

Un � b̧

k�a

un,k � ?

Given a relation arpnqun�r,k � � � � � a0pnqun,k � vn,k�1� vn,k,
summation leads by “telescoping” to

arpnqUn�r � � � � � a0pnqUn � vn,b�1 � vn,a
often� 0.

Upxq � » b

a
upx, yq dy � ?

Given a relation arpxqBruBxr � � � � � a0paqu � BByvpx, yq, integrating leads

by “telescoping” to

arpxqBrUBxr � � � � � a0pxqU � vpx, bq � vpx, aq often� 0.

Adapts easily to Upxq � b̧

k�a

ukpxq and Un � » b

a
unpyq dy.
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History for Algorithms Based on Fasenmyer’s Ansatz

(Fasenmyer, 1945, 1947, 1949) “Some generalized hypergeometric polynomials”,
“A note on pure recurrence relations”

(Rainville, 1960) “Special functions”

(Verbaeten, 1974, 1976) “The automatic construction of pure recurrence
relations”, “Rekursiebetrekkingen voor lineaire hypergeometrische funkties”

(Zeilberger, 1982) “Sister Celine’s technique and its generalizations”

(Lipshitz, 1988) “The diagonal of a D-finite power series is D-finite”

(Zeilberger, 1990) “A holonomic systems approach to special functions
identities”

(Wilf and Zeilberger, 1992) “An algorithmic proof theory for hypergeometric
(ordinary and ‘q’) multisum/integral identities”

(Hornegger, 1992) “Hypergeometrische Summation und polynomiale
Rekursion”

(Wegschaider, 1997) “Computer generated proofs of binomial multi-sum
identities”

(Tefera, 2000, 2002) “Improved algorithms and implementations in the multi-WZ
theory”, “MultInt, a MAPLE package for multiple integration by the WZ
method”

(Riese, 2003) “qMultiSum: a package for proving q-hypergeometric multiple
summation identities”
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Hypergeometric Terms

Definition (hypergeometric terms)

An element h of a Kpn, kq-vector space closed under shifts is
hypergeometric if the quotients

hn�1,k

hn,k
and

hn,k�1

hn,k

exist and are rational functions.

Basic observation: for all pi, jq P Z2,

hn�i,k�j

hn,k
P Kpn, kq.

Generalises to more indices.

An idealisation of sequences like: n!,
�n
k

�
, falling factorials

nk � n pn� 1q � � � pn� k� 1q, etc.
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Fasenmyer’s Heuristic, as Revisited by Zeilberger

Fasenmyer’s ansatz: For a given hypergeometric hn,k, solve
ŗ

i�0

ş

j�0

ci,jpnq hn�i,k�j � 0 where the c’s don’t involve k.

Motivation:
ŗ

i�0

� ş

j�0

ci,jpnq
 hn�i,k � gn,k�1�gn,k where gn,k � ŗ

i�0

s�1̧

j�0

c̃i,jpnq hn�i,k�j.

Idea: Use the rational functions hn�i,k�j{hn,k, then clear denominators
ŗ

i�0

ş

j�0

ci,jpnq pi,jpn, kq � 0 for pi,j P Kpnqrks,
then solve a linear system over Kpnq. If no solution, increase pr, sq.
Question: possibility to enforce maxdegk pi,j   pr� 1q ps� 1q ?
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Two Motivating Examples

Common denominator Cr of hn�i,k�j{hn,k when r � s increases?�
n

k


 � n!

k! pn� kq! :
Cr � pk� 1q � � � pk� rq pn� 1� kq � � � pn� r� kq

has linearly many terms. The method succeeds easily (by
finding Pascal’s triangle rule).

1

n2 � k2
:

Cr � ¹
i,jPN, i�j¤r

�pn� iq2 � pk� jq2�
has quadratically many terms. The method seems to fail (out of
memory).
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Wilf and Zeilberger’s Proper Hypergeometric Terms

Definition (proper hypergeometric term)

A hypergeometric term h is proper if it can be written, for ǫℓ � �1,
hn,k � Ppn, kqloomoon

PPKrn,ks ζnξkloomoon
ζ,ξPK

L¹
ℓ�1

Γpaℓn� bℓk� cℓlooooooomooooooon
aℓ,bℓPZ, cℓPK

qǫℓ .
Γps� 1q � s Γpsq ùñ Γps� uq{ Γpsq � poly. of degree u in s

Key observation

hn�i,k�j Ñ Γpaℓn� bℓk� cℓ � uq where |u| ¤ |aℓ|r� |bℓ|s �: σℓ,

hn�i,k�j � ζnξk
L¹

ℓ�1

Γpaℓn� bℓk� cℓ � ǫℓσℓqǫℓ � pi,jpn, kqlooomooonPKpnqrks .
Examples:

�n
k

�
, 1
n�k , n

k. Counter-example: 1
n2�k2

.
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Wilf and Zeilberger’s Algorithm

Theorem

Fasenmyer’s ansatz can be solved for the setting:

r � B and s � pA� 1qB� degkpPq � 1,

where
A �

ℓ̧

|aℓ| and B �
ℓ̧

|bℓ|.
Proof: Observe degk pi,j ¤ degk P�Ar� Bs, set r � B, and enforce

degk P�Ar� Bs� 1   pr� 1q ps� 1q.
Generalisations:

to more than 2 indices, with non-explicit bounds;

to proper q-hypergeometric terms, with similar bounds:

hn,k � Ppqn, qkq ζnξkqαn2�βnk�γk2�λpn2q�µpk2q L¹
ℓ�1

�pq; cℓqaℓn�bℓk

�ǫℓ .
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Really an Algorithm?

What if Wilf and Zeilberger’s output is zero?

ŗ

i�0

� ş

j�0

ci,jpnq
loooooomoooooon�0

hn�i,klooooooooooooomooooooooooooon�0

� gn,k�1 � gn,k ?

ÝÑ Summation over k will deliver nothing, so?
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Change of Notation: Recurrence Operators

Sequences:

u : pn, kq ÞÑ un,k.

Shift operators:

Snu : pn, kq ÞÑ un�1,k and Sku : pn, kq ÞÑ un,k�1.

Multiplication operators:

nu : pn, kq ÞÑ nun,k and ku : pn, kq ÞÑ kun,k.

Operator algebras, e.g., KpnqrksxSn, Sky, in which:

Snn � pn� 1q Sn and Skk � pk� 1q Sk.
Frédéric Chyzak Creative Telescoping for Parametrised Integration and Summation
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Wegschaider’s Fix

Given L � ŗ

i�0

ş

j�0

ci,jpnq SinSjk P KpnqxSn, Sky such that Lh � 0, find a

nonzero P P KpnqxSny such that Ph � pSk � 1qp� � � q, in the bad case
L � pSk � 1qmL̃.
Observe the commutation:pk� aqℓpSk � 1q � pSk � 1qpk� a� 1qℓ � ℓpk� a� 1qℓ�1,

so that, after iterating,

kmpSk � 1qm � p�1qmm!� pSk � 1q p� � � q.
As p�1qmm!�1kmLh � 0, write L̃ � P� pSk � 1qQ to get:

0 � Ppn, Snqlooomooon�0

h� pSk � 1q Q̂pn, k, Sn, Skqlooooooomooooooon
dependency in k

hloooooooooooooomoooooooooooooon
still sums right!

.
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Verbaeten’s Completion (1/2)

✲

✻

i

j

∆

✻
❍❍❥

jÕ
2i� jÕ Ex:

2ņ

k�0

p�1qk�2n
k


3loooooomoooooon
:�hn,k

� p�1qn p3nq!
n!3

(Dixon, 1891).

ri,j :� hn�i,k�j

hn,k
� p� � � q � k!pk� jq! p2n� kq!�

2n� k� p2i� jq�!�3

Denom. of ri,j constant on a parallel to ∆.

Common denom. of ri,j over the ’s �pk� 2n� 4q3 � � � pk� 2n� 1q3 �: C.

degk Cri,j � 3p2i� 4q ¤ 30 over ’s and ’s.

# of unknowns = # of ’s and ’s = 36
# equations = 1 + maximal degree in k = 31

ùñ success after
completion!
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Verbaeten’s Completion (2/2)

Verbaeten could already solve Fasenmyer’s ansatz for a class of
special proper hypergeometric terms;

Elegant geometric interpretation by Hornegger (volumes of
polytopes);

Nicely put to practice, also in the multisum case, by
Wegschaider for sums, resp. Riese for q-sums.
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Differentiably Finite Functions and Series

Definition (D-finite term; hyperexponential term)

An element f of a finite-dimensional Kpx, yq-vector space closed
under derivations is called differentiably finite, in short D-finite.

dim span
¸
i,j¥0

Kpx, yqDi
xD

j
yf   8.

The 1-dimensional case is called hyperexponential.

Vast closure properties, under: derivation, addition, product, and . . .
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Lipshitz’s Closure under Diagonals

Series f � ¸
n,mPN

cn,mx
nym P Qrrx, yss Ñ diagonal ∆f �

ņPN

cn,nx
n P Qrrxss.

Theorem (Lipshitz, 1989)

The diagonal of a D-finite series is D-finite.

To prepare for the proof, introduce

g � 1

s
f
�
s,
x

s

	 P ¤
mPZ

" ¸pp,qqPZ2 , p�q¥m

φp,qs
pxq

*
,

so that ∆f � ress g, where

ress
¸pp,qqPZ2 , p�q¥m

φp,qs
pxq � 8̧

q�m�1

φ�1,qx
q.
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Differential Operators

Functions:
u : px, yq ÞÑ upx, yq.

Derivation operators:

Dxu : px, yq ÞÑ BuBx px, yq and Dyu : px, yq ÞÑ BuBy px, yq.
Multiplication operators:

xu : px, yq ÞÑ x upx, yq and yu : px, yq ÞÑ y upx, yq.
Operator algebras, e.g., KpxqrysxDx,Dyy, in which:

Dxx � xDx� 1 and Dyy � yDy� 1.

Remark: if p P Krx, ys,
Da

xD
b
yp � pDa

xD
b
y � pterms of total order less than a� bq.
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Lipshitz’s Elementary Proof

By D-finiteness, g annihilated by:

Aps, x,Dsq � λps, xqDm
s � plower order terms in Ds onlyq,

Bps, x,Dxq � λps, xqDm1
x � plower order terms in Dx onlyq,

for λ P Krs, xs and all degrees ¤ h.

By induction using λDa
sD

b
xg � ¸

0¤i�j¤a�b�1

pdeg ¤ hqDi
sD

j
xg,

λa�bxcDa
sD

b
xg � ¸

0¤i m, 0¤j m1pdeg ¤ pa� bq h� cqDi
sD

j
xg.

Dimension analysis: for a� b� c ¤ N,

dim.

�
N� 3

3


 � Θ
�
N3

� ÝÑ dim.

�ph� 1qN� 2

2


 � Θ
�
N2

�
.

g killed by Lpx,Dx,Dsq � Ppx,DxqDv
s � phigher-order deriv. w.r.t. sq,

so that P ( � 0!) kills ress g � ∆f .
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History for Zeilberger’s Fast Algorithm(s)

(Gosper, 1978) “Decision procedure for indefinite
hypergeometric summation”

(Almkvist and Zeilberger, 1990) “The method of differentiating
under the integral sign”

(Zeilberger, 1991) “The method of creative telescoping”

(Chyzak, 2000) “An extension of Zeilberger’s fast algorithm to
general holonomic functions”

(Koutschan, 2010) “A fast approach to creative telescoping”
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Gosper’s Algorithm (1/2)

Specifications

Input: a hypergeometric term fk.
Output: a rational function Rpkq such that Rf is an indefinite sum
w.r.t. k of f , or E (“a proof that no such R exists”).

Simplified variant (basing on Abramov’s algorithm)

1 Rewrite the equation

fk � Rpk� 1q fk�1 �Rpkq fk
in a rational function R into

1 � Rpk� 1q ρpkq �Rpkq.
2 Solve by Abramov’s decision algorithm: finding no R is a proof

that none exists.
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Gosper’s Algorithm (2/2)

Original variant

1 Write the ratio ρpkq � fk�1{fk in the (unique) form

ρpkq � ppk� 1q
ppkq qpkq

rpk� 1q
so that gcdpp, qq � gcdpp, rq � gcd

�
qpkq, rpk� hq� � 1 for all

integer h ¡ 0.

2 The change of variables R � rS

p
yields an equation in a

polynomial S:

ppkq � qpkq Spk� 1q � rpkq Spkq.
3 Solve (using explicit bounds). If an S is found, return R � rS{p,

else, this is a proof that no R exists.

Both variants reduce to linear-system solving.
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Example of Use of Gosper’s Algorithm

n�1̧

k�0

p�1qkp4k� 1q�2k�1
k

�
4kp4k2 � 1q � �2pn� 1q

4n� 1

p�1qnp4n� 1q�2n�1
n

�
4np4n2 � 1q � 2.

The hypergeometric summand is given by:

ρ � �1

2

p4k� 5qp2k� 1qp4k� 1qpk� 2q ,
ppkq � 4k� 1, qpkq � 1

2
� k, rpkq � k� 2.
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Parametrised Gosper Algorithm

Specifications

Input: a hypergeometric fk and rational functions s0pkq, . . . , smpkq.
Output: a rational function Rpkq and constants η0, . . . , ηm such that
Rf is an indefinite sum w.r.t. k of�

η0 s0pkq � � � � � ηm smpkq� fk,
or E (“a proof that no such R exists for any family tηiu”).
Sketch of algorithm

ηi involved only linearly and in inhomogeneous side of equation Ñ
simply linear solving for Spkq with additional unknowns η0, . . . , ηm.
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Zeilberger’s (“Fast”) Algorithm

Specifications

Input: hypergeometric term fn,k.
Output: rational functions η0pnq, . . . , ηrpnq, φpn, kq for minimal r P N

such that

ηrpnq fn�r,k � � � � � η0pnq fn,k � φpn, k� 1q fn,k�1 � φpn, kq fn,k.
Termination not guaranteed in general, but it is in “holonomic” case.

Explicit criterion due to Abramov.

Sketch

For increasing values r � 0, 1, . . . :

Compute the rational functions sipn, kq � fn�i,k{fn,k.
Appeal to the parametrised Gosper algorithm.

If
�
φ, tηiu� is found, return it (else loop).

A q-analogue exists for q-hypergeometric terms.
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Example of Use of Zeilberger’s Algorithm (1/5)

Jacobi’s orthogonal polynomials P
pα,βq
n pxq can be expressed in terms

of Gauss’s hypergeometric function 2F1
� a,b

c

��z�:
P
pα,βq
n pxq � pα� 1qn

n!
2F1

��n, n� α� β� 1

α� 1

����1� x

2



,

for
2F1

�
a, b

c

����z
 � 8̧
k�0

paqkpbqkpcqkk! zk.

Zeilberger’s algorithm provides recurrences in n, α, or β, like:

0 � 2pn� 2q pn� α� β� 2q p2n� α� β� 2qPpα,βqn�2 pxq� �p2n� α� β� 2q3x� p2n� α� β� 3q pα� βq pα� βq�Ppα,βqn�1 pxq� 2pn� α� 1q pn� β� 1q p2n� α� β� 4qPpα,βqn pxq.
Slight extension: mixed recurrences, contiguity relations.
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Example of Use of Zeilberger’s Algorithm (2/5)

The summand is

fk � pα� 1qn
n!

p�nqk pn� α� β� 1qkpα� 1qk k! p1� xqk
2k

.

The ratio fk�1{fk is
ρ � 1

2

pn� kq pn� k� α� β� 1q px� 1qpk� 1q pk� α� 1q .
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Example of Use of Zeilberger’s Algorithm (3/5)

The parametrised recurrence to solve for rational solutions ispn� 2� kq pn� 1� kq pn� kq pn� α� β� 2qpn� α� β� 1q pn� k� α� β� 1q px� 1qRpk� 1q� 2pk� 1q pk� α� 1q pn� α� β� 1qpn� 2� kq pn� 1� kq pn� α� β� 2qRpkq� 2η0 pk� 1q pk� α� 1q pn� α� β� 1qpn� 1� kq pn� 2� kq pn� α� β� 2q� 2η1 pn� k� α� β� 1q pn� α� 1q pk� 1qpk� α� 1q pn� 2� kq pn� α� β� 2q� 2η2 pn� α� 2q pn� α� 1q pn� α� β� 2� kqpn� k� α� β� 1q pk� 1q pk� α� 1q.
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Example of Use of Zeilberger’s Algorithm (4/5)

A multiple of the denominators of all solutions ispn� 2� kq pn� 1� kq.
The recurrence rewrites��pn� α� β� 2q pn� α� β� 1q px� 1q k2 � � � � � Spk� 1q� ��2pn� α� β� 2q pn� α� β� 1q k2 � � � � � Spkq� pc0k4 � � � � q η0 � pc1k4 � � � � q η1 � pc2k4 � � � � q η2.

Therefore, any solution Spkq has degree at most 2 in k.
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Example of Use of Zeilberger’s Algorithm (5/5)

Solving yields Ppn, kq � Qpn, k� 1q �Qpn, kq where

Ppn, kq � 2pn� β� 1q pn� α� 1q p2n� α� β� 4q upn, kq� p2n� α� β� 3q pα2 � α2x� 4αnx� 2αβx� 6αx� 12nx� β2x� 4nxβ� 4n2x� 6βx� 8x� β2q upn� 1, kq� 2pn� 2q pn� α� β� 2q p2n� α� β� 2q upn� 2, kq,
Qpn, kq � Npn, kq

Dpn, kqupn, kq for

Npn, kq � �2p2n� α� β� 4q p2n� α� β� 3q p2n� α� β� 2q� pn� α� 1q pα� kq k
Dpn, kq � pn� α� β� 1q pn� 1� kq pn� 2� kq.

The announced recurrence is obtained after summation.
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Almkvist and Zeilberger’s Algorithm

Strict analogue for bivariate hyperexponential functions:

Dxf px, yq
f px, yq � Rpx, yq P Kpx, yq and

Dyf px, yq
f px, yq � Spx, yq P Kpx, yq.

Example:

Fpxq � » �8�8 f px, yq dy for f px, yq � exp

��x2

y2
� y2



.�

xD3
x� 3D2

x� 4xDx� 12
	
f � Dy

�
2p3y2� 2x2q

y3
f



,�

xD3
x� 3D2

x� 4xDx� 12
	
F � 0,

Fpxq � ?
π expp�2xq.

Termination always garanteed by “holonomy”!
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Functions versus Equations versus Vector Space

Special function or combinatorial sequence f :

f pn, zq � Jnpzq (Bessel function).

[Also: algebraic, trigonometric, elementary, transcendental, hypergeometric functions; binomial

coefficients, harmonic numbers, hypergeometric sequences; orthogonal polynomials; q-analogues.]

Linear functional system (+ initial conditions):

z2J2npzq � zJ1npzq � pz2 � n2q Jnpzq � 0, zJ1npzq � zJn�1pzq � nJnpzq � 0,

zJn�2pzq � 2pn� 1q Jn�1pzq � zJnpzq � 0.

Vector space closed under Dz and Sn, here finite-dimensional:

V � Cpn, zq Jnpzq `Cpn, zq Jn�1pzq � Cpn, zq Jnpzq `Cpn, zq J1npzq.
Frédéric Chyzak Creative Telescoping for Parametrised Integration and Summation
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t is B-finite w.r.t. the operator algebra
Kpx1, . . . , xmqxB1, . . . , Bmyõ
the Bα1

1 . . . Bαm
m t’s span a

finite-dimensional Kpx1, . . . , xmq-vector space:
dimKpx1,...,xmq�Kpx1, . . . , xmqxB1, . . . , Bmy t	   �8

t is described by
higher-order linear functional equations.

Algorithmic closures under �, �, the Bi’s, integration, summationùñ simplification and zero test of B-finite expressions.
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Extended Gosper Decision Algorithm

Algorithm: T � Indefinite
�
t, pbiqi�1,...,d,A

�
.

Input:

$'''&'''%a B-finite term t P V � dà
i�1

Kpxq bi,
an operator algebra A � KpxqxBy,
the action of A on V.

Output: T P V such that BT � t; or E.
1 let T � φ1b1 � � � � � φdbd for undetermined coefficients φi P Kpxq;
2 extract the coefficients of BT� t in the bi’s to obtain a first-order

functional system in the φi’s;

3 solve for rational solutions (uncoupling + Abramov’s decision
algorithms);

4 if solvable return T; otherwise return E.
Frédéric Chyzak Creative Telescoping for Parametrised Integration and Summation
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Example of Indefinite B-Finite Summation

Input:

$''&''% ķ

j�1

tj for tk � �
k

p



Hk, Hk � 1� 1

2
� � � � � 1

k
,p� � � q tk�2 � p� � � q tk�1 � p� � � q tk � 0.

Algorithmic reformulation: A � Qpp, kqxSky, T � φ0tk � φ1tk�1.77777777 pk� 2� pq φ0pk� 1q � p2k� 3q φ1pk� 1q � pk� 2� pq φ1pkq � 0,pk� 2� pq pk� 1� pq φ0pkq � pk� 1q2 φ1pk� 1q �� pk� 2� pq pk� 1� pq.ÝÑ p� � � q φ1pk� 2q � p� � � q φ1pk� 1q � p� � � q φ1pkq � p� � � q.
Output:

$''&''%φ0pkq � pk� pqpk� p� 2qpp� 1q2 , φ1pkq � �pk� pqpk� p� 1qpp� 1q2 ,

T �¸
tk δk � �

k

p



k� ppp� 1q2 �pp� 1qHk � 1

�
.

Frédéric Chyzak Creative Telescoping for Parametrised Integration and Summation



47 / 91

Introduction Fasenmyer Lipshitz Zeilberger Gröbner Beyond Bounds Conclusions

Example of Indefinite B-Finite Integration

Input:

$&%»
Cipzq dz for tpzq � Cipzq � » z

0

cosptq � 1

t
dt,p� � � q t3pzq � p� � � q t2pzq � p� � � q t1pzq � 0.

Algorithmic reformulation: A � QpzqxDzy, T � φ0t� φ1t
1 � φ2t

2.77777777 zφ1� zφ12 � 2φ2 � 0,

z2φ0 � z2φ11 � zφ1� zφ12 � p2� z2q φ2 � 0,

φ10 � 0. ÝÑ z3φ32 � 2z2φ22 � pz3 � 4zq φ12 � 4φ2 � 0.

Output:

$&%φ0pzq � z, φ1pzq � 1, φ2pzq � z,

T � »
Cipzq dz � zCipzq � sinpzq.
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Extended Zeilberger (a.k.a. Chyzak’s) Algorithm

Algorithm: pP,Qq � Definite
�
u, pbiqi�1,...,d,A

�
.

Input:

#
a B-finite term u w.r.t. A � Kpx, yqxBx, Byy,
a finite Kpx, yq-basis pbiqi�1,...,d of Au.

Output:

#
P P Kpx, yqxBxy,
Q P A such that Pu � ByQu, resp. Pu � pBy � 1qQu.

For increasing values of r:

1 let P � °r
i�0 ηiBix and t � Pu for undetermined coefficients ηipxq;

2 let
�
T, pηiq� � ParamIndefinite

�
t, pbiq,A, tη0, . . . , ηru�.

3 if T � E return pP,Qq for Qu � T.
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A B-Finite Integral:
2

π

» 1

0

cospztq?
1� t2

dt � J0pzq
A � Qpz, tqxDz,Dty, f � cospztq?

1�t2
Ø basis � �

f ,Dzf � �t sinpztq?
1�t2

	7777 D2
z � t2, t p1� t2qDt � p1� t2q zDz � t2.

P � zD2
z �Dz � z, Q � 1�t2

t Dz, P

» 1

0

cospztq?
1� t2

� �
Q

cospztq?
1� t2

�1
0

� 0:pzD2
z �Dz � zq 2

π

» 1

0

cospztq?
1� t2

dt � 0 � 2 initial conditions.
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A Neumann Addition Theorem J0pzq2� 2
8̧
k�1 Jkpzq2 � 1

1 A � Qpz, kqxDz, Sky, Jkpzq Ø basis � �
Jkpzq,Dz Jkpzq�:7777 z2D2

z � zDz � z2� k2, zSk � zDz � k.

2 By closure, Jkpzq2 Ø basis � �
Jkpzq2, Sk Jkpzq2,Dz Jkpzq2�:77777777 zD2

z � p�2k� 1qDz � 2zSk � 2z,

zDzSk � zDz � p2k� 2q Sk � 2k,

z2S2k � 4pk� 1q2Sk � 2z pk� 1qDz� 4k pk� 1q � z2.

3 P � Dz, Q � k
z � 1

2Dz, P
8̧
k�0

Jkpzq2 � �
Q Jkpzq2�8

k�0
� 0:

Dz

�
2
8̧
k�1

Jkpzq2 � J0pzq2 � 1


 � 0 � initial condition at 0.
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Koutschan’s Heuristics

Chyzak’s fast algorithm can be slow:

1 uncouple the system for the φ’s (non-commutative Gauss elim.)

2 algorithmically bound denominators (Abramov’s bound)

3 algorithmically bound numerator degrees (indicial equation)

Handles multiple sums/integrals iteratively.
Always finds a solution (at least theoretically).

Koutschan’s fast heuristics

1 don’t uncouple!

2 heuristically set denominator exponents (in accordance to Pu)

3 heuristically set numerator degrees (prop. to the denom. degs)

Simultaneous multiple sums/integrals possible, at times faster.
May fail to find a solution.
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History of Gröbner Bases for Creative Telescoping

(Galligo, 1985) “Some algorithmic questions on ideals of
differential operators”

(Takayama, 1989) “Gröbner basis and the problem of contiguous
relations”

(Kandri-Rody and Weispfenning, 1990) “Noncommutative
Gröbner bases in algebras of solvable type”

(Takayama, 1990) “Gröbner basis, integration and transcendental
functions”, “An algorithm of constructing the integral of a
module: an infinite dimensional analog of Gröbner basis”

(Kredel, 1993) “Solvable polynomial rings”

(Chyzak and Salvy, 1998) “Non-commutative elimination in Ore
algebras proves multivariate identities”

(Oaku and Takayama, 1998) “Algorithms for D-modules:
restriction, tensor product, localization, and local cohomology
groups”

(Saito, Sturmfels, and Takayama, 2000) “Gröbner deformations
of hypergeometric differential equations”
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Crash Course on Gröbner Bases

Generalize Euclidean division and the Euclidean (gcd) algorithm
to ideals in polynomial rings Krx1, . . . , xms.

1 Monomial order(ing): total order   on the
monomials, compatible with the product,
with minimal element 1

2 Gröbner basis of a ideal I w.r.t.  :
generators matching the stairs of I

GBpf1, f2, f3q � pg1, . . . , g5q
3 Quotient: vector basis below the stairs;

a ring in the commutative case

4 Reduction of P modulo I: unique
remainder written on this basis

5 Elimination: procedure for computing
IXKrx1, . . . , xss, s   m ✲

✻

g1

g2

g3
g4

g5

f1

f2

f3
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Annihilating Ideals

For an operator algebra A � Kpx1, . . . , n1, . . . qxD1, . . . , S1, . . . y:
left ideal: ann f � tP P A |Pf � 0 u Ø “all equations on f”

left module: A{ ann f � Af Ø “space of shifted derivatives of f”

Calculations modulo ann f .

Example of Bessel functions, Jnpzq:
ann J � A

�
z2D2

z � zDz�pz2�n2q, zDz� zSn�n, zS2n� 2pn� 1qSn� z
�
.

V � AJ � A{ ann J�
Jnpzq, Jn�1pzq, J1npzq� Ø p1� ann J, Sn � ann J,Dz � ann Jq

Also for Krx1, . . . , n1, . . . sxD1, . . . , S1, . . . y and intermediate cases.
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Skew Gröbner Bases

Buchberger’s algorithm extends to left ideals.
Gröbner bases are still finite (noetherianity).
(Galligo, 1985; Takayama, 1989; Kandry-Rody and Weispfenning, 2000; Kredel, 1993)

Direct extensions to Gröbner bases for left modules.

Technical restriction on commutations:Bixj � pai,jxj� bi,jqBi � ci,jpx1, . . . , xmq with ai,j � 0.

Restriction on orders allowed: ci,jpx1, . . . , xmq   xjBi.
Both OK for B � D and B � S, as Dx � xD� 1 and Sx � xS� S.
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Closures of B-Finite Functions under �, �, B
Finite dimensions make algorithms terminate.

Example: the product h � Tnpxq � e�ux?
1� x2

.

A � Qpx, n, uqxDx, Sn,Duy, Total degree in Dx ¡ Sn ¡ Du.

A Gröbner basis for ann f , f � Tnpxq, provides normal forms in Af :

Du, px2 � 1qDx� nSn � nx, S2n � 2xSn � 1.

A Gröbner basis for ann f , g � e�ux?
1�x2

, provides normal forms in Ag:

Du � x, Sn � 1, px2 � 1qDx � ux2 � x� u.
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✲

✻

✑
✑

✑✑✰

✑✑

✑✑

✑✑

✑✑

✑✑

1
2

3

4

5

degDx

degSn

degDu

1   Du   Sn   Dx   D2
u   DuSn   DuDx  S2n   SnDx   D2

x   . . .

Normal forms in Af bQpx,n,uq Ag:
1 pf b gq � f b g,

Du pf b gq � Duf b g� f bDug � �x pf b gq,
Sn pf b gq � Snf b Sng � Snf b g,

Dx pf b gq � Dxf b g� f bDxg� px2 � 1q�1
�
nSnf b g� �

ux2 � pn� 1q x� u
� pf b gq	,

S2n pf b gq � S2nf b S2ng � 2x Snf b g� f b g.

Gröbner basis computed for f b g:

Du � x, px2 � 1q Dx � nSn � ux2 � pn� 1qx� u, S2n � 2xSn � 1.
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An Integral:

» �1�1 Tnpxq e�ux?
1� x2

dx � π p�1qnInpuq
Now, in Qrn, u, xsxDx, Sn,Duy, heuristically eliminating x by the order

x ¡¡ Dx ¡ Sn ¡ Du ¡ n ¡ u

yields another Gröbner basis:

S2n � 2SnDu � 1, Dx pD2
u � 1q � nSn � uD2

u � pn� 1qDu � ulooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooon
non-trivial by chance!

, x�Du.

The integral H � » �1�1
h dx satisfiespS2n � 2SnDu � 1qH � 0,�

nSn � uD2
u � pn� 1qDu� u

�
H � �pD2

u � 1q h�x��1

x��1
� 0.

Frédéric Chyzak Creative Telescoping for Parametrised Integration and Summation



60 / 91

Introduction Fasenmyer Lipshitz Zeilberger Gröbner Beyond Bounds Conclusions

Takayama’s Approach

(Chyzak and Salvy’s variant)

Optimisation dedicated to integrals/sums over natural boundaries

Compute the P’s such that, for some Q,

Ppn, u,Dx, Sn,Duq �Dx Qpx, n, u,Dx, Sn,Duq P ann h

without computing the Q’s.

Idea: View ideal ann h as a module

ℓ̧

i�1

Qrn, u, xsxDx, Sn,Duy gi � lim
NÑ8 ℓ̧

i�1

Ņ

j�0

Qrn, usxDx, Sn,Duy xjgi.
Adapts to mixed simultaneous integrations/summations.
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Example: Same Integral For N � 3:
1Du� x, xDu� x2, x2Du � x3 ,

1p�Dx � nSn � uq � xpn� 1q � x2pu�Dxq, xp�Dx � nSn � uq � x2pn� 1q � x3pu�Dxq,
1pS2n � 1q � x2Sn, xpS2n � 1q � x22Sn, x2pS2n � 1q � x32Sn. Moding out Dx on the left, by ppxqDx � Dx ppxq � p1pxq, yields

Du1� x, Dux� x2, Dux
2 � x3 ,p�nSn � uq1� pn� 1qx� ux2, 1� p�nSn � uqx� pn� 2qx2 � ux3,pS2n � 1q1� 2Snx, pS2n � 1qx� 2Snx

2, pS2n � 1qx2 � 2Snx
3 . Gröbner basis for x ¡¡ Sn ¡ Du:p�u� nSn � pn� 1qDu � uD2

uq1 , pS2n � 1� 2DuSnq1 ,

Du1� x,
��u� nSn � pn� 1qDu

�
1� ux2,�

unSnDu� npn� 2qSn � u� pu2 � n2 � 3n� 2qDu � nu
�
1� u2x3.
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Dimension of Ideals

MkpIq :� xm : m is below the stairs and of total degree ¤ s y
Theorem (Hilbert)

For any I, there is an integer δpIq such that #MkpIq � Θ
�
sδpIq�.

δpIq is the (Hilbert) dimension of I.

Finite measure of infinite-dimensional vector-spaces.

Also measures capacity for elimination.

Can be obtained by a Gröbner-basis calculation.

I � J ñ δpIq ¥ δpJq
Caution!

dimension in KpxqxBy � dimension in KrxsxBy
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Examples of Dimensions in KpxqxBy
Binomial coeffs

�n
k

�
w.r.t. Sn, Sk;

Hypergeometric sequences:

✲

✻

δpIq � 0, dimS{I � 1

Stirling nbs w.r.t. Sn, Sk:

✲

✻

δpIq � 1, dim S{I � 8

Bessel Jνpxq w.r.t. Sν,Dx;
Orthogonal polys w.r.t. Sn,Dx:

✲

✻

δpIq � 0, dimS{I � 2

Abel-type w.r.t. Sm, Sk, Sr, Ss,
hpm, kq pk� rqk pm� k� sqm�k r

k�r :

✲

✻ b
✲

✻

δpIq � 2 in space of dimension 4
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Sample Dimensions in KpxqxBy vs in KrxsxBy
Experimentation “shows”:

Differential case

algebra z function 1 exppx� yq Γpx� yq Γpxq Γpyq
Cpx, yqxDx,Dyy 0 0 1 2
Crx, ysxDx,Dyy 2 2 3 4

Recurrence case

algebra z function 1
1

nk

1

1� nk

�
n

k


 "
n

k

*
Cpn, kqxSn, Sky 0 0 0 0 1
Crn, ksxSn, Sky 2 2 3 2 3
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Elimination for Holonomic Functions

In the differential setting: Dixj � xjDi� δi,j.

Holonomic function

a function of x1, . . . , xm is holonomicõ
the xα1

1 . . . xαm
m D

β1
1 . . .D

βm
m f for α1 � � � � � αm � β1 � � � � � βm ¤ N

span a K-vector space of dimension O
�
Nm

�
.

Elimination lemma

For a holonomic function f and any choicet u1, . . . , um�1u � t x1, . . . , xm,D1, . . . ,Dm u,
there is a non-zero Ppu1, . . . , um�1q such that Pf � 0.

Corollary 1: A holonomic function is D-finite.
Corollary 2: Creative telescoping succeeds for holonomic functions.
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D-Finite Functions are Holonomic

Finite-dimensional confinement of derivatives:

f P V � dà
j�1

Kpx1, . . . , xmq bj, Dsbi � ḑ

j�1

as,i,j

w
bj, as,i,j,w P Krx1, . . . , xms

Action of x’s and D’s on degrees: for µ � 1�max tdegw, deg as,i,j u,
Ds

� p

wN
bi

	 � Dsp

wN
bi �N

pDsw

wN�1
bi � ḑ

j�1

as,i,jp

wN�1
bj, xs

� p

wN
bi

	 � xswp

wN�1
.pdeg ¤ αq

wN
Ñ pdeg ¤ α� µq

wN�1

Dimension analysis: for α1 � � � � � αm � β1 � � � � � βm ¤ N,

xα1
1 . . . xαm

m D
β1
1 . . .D

βm
m f � pdeg ¤ µNq

wN
Ñ dim.

�
µN�m

m


 � Θ
�
Nm

�
.
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Other Techniques by Homogenisation

For Fpxq � » b

a
f px, yq dy. Common themes:

reduce by weights �1 for y, �1 for By;
“homogenise” to recover termination.

Saito, Sturmfels, Takayama

Homogenise the algebra by Byy � yBy� h2.

Compute Gröbner basis for homogenised generators of ann f ,
then dehomogenise the output.

Oaku’s “homogenisation” for the V-filtration

Add a variable v to the algebra.

Mark monomials in generators by v raised to the V-degree.

Compute Gröbner basis that eliminates v, then set v � 1.

Frédéric Chyzak Creative Telescoping for Parametrised Integration and Summation



68 / 91

Introduction Fasenmyer Lipshitz Zeilberger Gröbner Beyond Bounds Conclusions

Weyl Closure

A problem: f � p�1 for p � y2 � y� x (Chyzak and Salvy, 1998)

g1 � pDx� 1 and g2 � pDy� 2y� 1

In A � Qpx, yqxDx,Dyy: annA f � Ag1�Ag2.
In W � Qrx, ysxDx,Dyy: Wg1 �Wg2 has Hilbert dimension 3 (!)Ñ elimination of y from tg1, g2u fails

g3 � pDxDy � 2Dy PW X annA f

Wg1 �Wg2�Wg3 has Hilbert dimension 2Ñ elimination of y from tg1, g2, g3u finds p1� 4xqD2
x� 6Dx�D2

y

Problem: GB, Takayama, etc., require annW f as inputs, not annA f .

Completion of annA f to annW f by Tsai’s Weyl-closure algorithms (2000, 2002)

(Differential case only.)

Frédéric Chyzak Creative Telescoping for Parametrised Integration and Summation



69 / 91

Introduction Fasenmyer Lipshitz Zeilberger Gröbner Beyond Bounds Conclusions

Contents

1 Introduction: Early Days and Examples

2 Fasenmyer’s (a.k.a. “k-Free”) Ansatz

3 Lipshitz’s Diagonals

4 Zeilberger’s Ansatz

5 Gröbner Bases: Closures and Elimination

6 Beyond Holonomy

7 Termination, Bounds, Complexity

8 Conclusions

Frédéric Chyzak Creative Telescoping for Parametrised Integration and Summation



70 / 91

Introduction Fasenmyer Lipshitz Zeilberger Gröbner Beyond Bounds Conclusions

Examples of Non-B-Finite Terms

Stirling numbers of the second kind,
 n
k

(
= numbers of

partitions of a set of n objects into k non-empty subsets:"
n� 1

k

* � k

"
n

k

*�"
n

k� 1

* pk ¡ 0q
with initial conditions

 0
0

( � 1 and
 n
0

( �  0
n

( � 0, pn ¡ 0q.
Hurwitz’ zeta function, ζps, xq � 8̧

n�0

1px� nqs :BζBx � �s ζps� 1, xq
with initial conditions ζp0, xq � 1{2� x and ζps, 1q � ζpsq
(Riemann’s zeta function).

ann

"
n

k

* � An,k

�
SnSk � pk� 1qSk � 1

�
, ann ζ � Ax,s pDx � sSsq.
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History for Algorithms in Positive Dimension

(Majewicz, 1996) “WZ-style certification and Sister Celine’s
technique for Abel-type sums”

(Kauers, 2007) “Summation algorithms for Stirling number
identities”

(Chen, Sun, 2009) “Extended Zeilberger’s algorithm for
identities on Bernoulli and Euler polynomials”

(Chyzak, Kauers, Salvy, 2009) “A non-holonomic systems
approach to special function identities”
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Algebraic Closure Properties in Positive Dimension

✲

✻

+
✲

✻ Ñ
✲

✻

Proposition

δ of sum ¤ max. of δ’s, δ of product ¤ sum of δ’s, δ of der. ¤ δ.

Algorithm (for a product fg): for a graded ordering,

For s � 0, 1, 2, . . . , until δpIq ¤ bound:

for each |α| ¤ s, reduce Bαpfgq to a sum
°

uα,β,γpxqBβfBγg
over β PMspann f q, γ PMspann gq (Ms: “monomials under the stairs”)

search for Qpxq-linear relations, set I to the ideal they generate
return I, a subideal of ann fg

Example (Stirling numbers of the second kind):
 n
k

(
, δpIq � 1,

1st-order rec.
s�3ÝÝÑ  

n
k

( 
m
k

(
, δpIq � 2, 2nd-order rec.
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A Slightly Different View of Fasenmyer’s Technique
Rediscovering Pascal’s Triangle Rule

Reduce all monomials of degree ¤ s � 2:

1Ñ 1, Sn Ñ n� 1

n� 1� k
1, Sk Ñ n� k

k� 1
1

S2n Ñ pn� 2qpn� 1qpn� 2� kqpn� 1� kq 1, S2k Ñ pn� k� 1qpn� kqpk� 2qpk� 1q 1, SnSk Ñ n� 1

k� 1
1.

✲

✻

Common denominator: C2 � pk� 1qpk� 2qpn� 1� kqpn� 2� kq.
C2,C2Sn,C2Sk,C2S

2
n,C2S

2
k ,C2SnSk confined inx1, k 1, k2 1, k3 1, k4 1y over KpnqÑ C2 pSnSk � Sk � 1q P ann

�
n

k



.

degCs � Opsq ñ this had to happen for some s.
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More Examples from this Perspective

Proper hypergeometric terms: essentially the same situation.

1

n2 � k2
: confinement in a space of dimension O

�
s2
�
,

no elimination of k succeeds.

f � apx, y1, . . . , yrq
bpx, y1, . . . , yrq : Cs � bs,

confinement in a space of dimension O
�
sr
�
over Kpxq,

elimination of y1, . . . , yr has to succeed.
Base case of proof that D-finite functions are holonomic.
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Adding a Left Part and a Right Part

Specification of a Creative-Telescoping Algorithm

Input: generators of (a subideal of) ann f
Output: all (A, B) such that:

A� ByB P ann f , resp. A� pBy � 1qB P ann f ,

A is free of y and By.
Definition (telescoping ideal of I w.r.t. y)

TypIq :� �
I�BySx,y�X Sx where

Sx,y :� Kpx, yqxBx, Byy and Sx :� KpxqxBxy.
When I � Sx,yG1 � � � � � Sx,yGℓ, this involvespSx,yG1� � � � � Sx,yGℓq � BySx,y.
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Polynomial Growth and Creative Telescoping when
δ ¡ 0

Definition (polynomial growth p)

An ideal has polynomial growth p if there exists a sequence of
polynomials Pspx, yq, s.t. if |a| � b ¤ s,

PsBa1x1 . . . BakxkBby reduces to polys of degree O
�
sp
�
in y.

Theorem (Chyzak, Kauers & Salvy, 2009)

δpTypIqq ¤ max
�
δpIq � p� 1, 0

�
.

Proof: PsBaxBby �¸
βPMspIqpdeg. in y ¤ O

�
sp
�q Bβ P Iñ any choice of

�
δpIq � p� 1

�� 1 generators among tBx1 , . . . , Bxk , Byu
is algebraically dependent modulo I.

Corollary (sufficient condition for creative telescoping)

δpIq � p� 1   kñ identities exist for the sum/int. w.r.t. y.
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Examples with Polynomial Growth p � 1

Proper hypergeometric (Wilf & Zeilberger, 1992):

Qpn, kqξk ±u
i�1 pain� bik� ciq!±v
i�1 puin� vik�wiq! ,

Q polynomial, ai, bi, ui, vi integers.

Differential D-finite (special case of holonomy).

Stirling: δ � 1Ñ for ¥ 3 vars, e.g., Frobenius’ id.:

ņ

k�0

p�1qm�kk!

�
n� k

m� k


"
n� 1
k� 1

* � B
n
m

F
.

Abel type: δ � 2Ñ for ¥ 4 vars, e.g., Abel’s id.:

ņ

k�0

�
n

k



ipk� iqk�1pn� k� jqn�k � pn� i� jqn.

✲

✻

✲

✻

✲

✻
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Algorithm I: Fasenmyer’s Style

Polynomial growth + linear algebraÑ J :� IX SxrBys.
Algorithm

For increasing values of s, until δpJq ¤ bound:

1 Reduce all BaxBby with a� b ¤ s;

2 Normalize to a common denominator;

3 Set up a linear system to cancel the positive powers of y;

4 If a non-zero solution is found, it has the form
Apx, Bxq � ByBpy, Bx, Byq; return it.

This computes A in�
J�BySxrBys�X Sx, not in TtpIq :� pI� BySx,yq X Sx.

Sx � KpxqxBxy � SxrBys � Sx,y :� Kpx, yqxBx, Byy.
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Algorithm II. Zeilberger’s Style Extended to Dim ¡ 0

Compute A in TtpIq :� pI�BySx,yq X Sx Ø faster, more precise.

Bx1 Bx2
By For s � 0, 1, 2, . . . , until δpJq ¤ bound:

set A :�°|α|¤s ηαBα

for undetermined coeffs ηαpyq P Kpxq
set B :� °

βPMspIq φβpyqBβ

for undetermined coeffs φβpyq P Kpx, yq
reduce A� ByB
onto the basis Ms�1pIq

extract coeffs to form a linear system
of first order w.r.t. By

solve and set J to the ideal of the A’s
return the pairs pA,Bq
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History for Termination, Bounds, and Complexity

(Wilf and Zeilberger, 1992) “An algorithmic proof theory for hypergeometric (ordinary and
‘q’) multisum/integral identities”

(Yen, 1996, 1997) “A two-line algorithm for proving terminating hypergeometric identities”,
“A two-line algorithm for proving q-hypergeometric identities”

(Abramov, 2002, 2003) “Applicability of Zeilberger’s algorithm to hypergeometric terms”,
“When does Zeilberger’s algorithm succeed?”

(Zhang, 2003) “A new elementary algorithm for proving q-hypergeometric identities”

(Apagodu and Zeilberger, 2005, 2006) “Sharp upper bounds for the orders of the recurrences
output by the Zeilberger and q-Zeilberger algorithms”, “Multi-variable Zeilberger and
Almkvist-Zeilberger algorithms and the sharpening of Wilf-Zeilberger theory”

(Bostan, Cluzeau, and Salvy, 2005) “Fast algorithms for polynomial solutions of linear
differential equations”

(Bostan, Chyzak, Salvy, and Cluzeau, 2006) “Low complexity algorithms for linear
recurrences”

(Guo, Hou, Sun, 2008) “Proving hypergeometric identities by numerical verifications”

(Bostan, Chen, Chyzak, and Li, 2010) “Complexity of creative telescoping for bivariate
rational functions”

(Chen, 2011) “Some applications of differential-difference algebra to creative telescoping”

(Chen, Chyzak, Feng, and Li) “On the existence of telescopers for
hyperexponential-hypergeometric sequences” (in preparation)
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Order Bounds

For proper hypergeometric terms Ppn, kq ζnξk
L¹

ℓ�1

Γpaℓn� bℓk� cℓqǫℓ :
r ¤ Ļ

ℓ�1

|bℓ| (Wilf and Zeilberger, 1992)

r ¤ Ļ

ℓ�1,ǫ��1

b�
ℓ
� Ļ

ℓ�1,ǫ��1

p�bℓq� ��� Ļ

ℓ�1,ǫ��1

ǫbℓ


�
(Yen, 1993)

For hyperexponential terms ppx, yq exp�apx, yq
bpx, yq
¹

sPS spx, yqαs :
(Apagodu and Zeilberger, 2006), if a � 0, αs R Q̄:

r ¤ degypbq �max
�
degypaq, degypbq���

şPSdegypsq
� 1.
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Proving Summation Identities by Evaluations

Linear-algebraic
system to encode
output recurrence

Ñ Bounds on orders,
degrees, and heights
(Cramer’s rules)

ÑBound on maximal
integer singularity

of recurrence

(Yen, 1996)

To prove
8̧

k�8Ppn, kq ζnξk
L¹

ℓ�1

Γpaℓn� bℓk� cℓqǫℓ � 1 for all n, it is

sufficient to verify it at n � 0, . . . ,N, where N � �p3σq3βδ5h
�β � 1 .

λ� � #t ℓ | ǫℓ � �1 u, λ� � #t ℓ | ǫℓ � �1 u,
σ � maxpλ�, λ�q max

 |aℓ|, |bℓ|, |cℓ| (,
δ � 1�maxpdegn P, degk Pq, β � pδ� 1q p2σq3,
h � heightpPq � maximal absolute value of coeffs.

Proof: For the linear-algebra formulation, bound Fasenmyer’s ansatz
by Wilf and Zeilberger, and translate it to Zeilberger’s ansatz.
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Proving Summation Identities by Fewer Evaluations

(Guo, Hou, and Sun, 2008)

To reduce N:

directly use Zeilberger’s ansatz with tighter order bound and
explicit denominator bound;

perform explicit majorisations on the concrete matrix, rather
than use a generic bound;

simplify the matrix by algorithmic manipulations.Ñ new N given by a procedure, not a formula.

Examples:

ķ

�
n

k


 � 2n

ķ

�
n

k


2 � �
2n

n



Yen 1011 10115

Guo, Hou, Sun 4 12091
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Definite Integration of Bivariate Rational Functions

First step toward complexity analysis of creative telescoping

f P Kpx, yq with degx � degy � δ ÝÑ Lpx,Dxq f � Dyg for g P Kpx, yq
(Bostan, Chen, Chyzak, Li, 2010): Complexity is polynomial!

New algorithm based on Hermite reduction + Analyses:

Method degDx
L degx L degx g degy g Complexity

Minimal Hermite ¤ δ Opδ3q Opδ3q Opδ2q Õpδω�4q L.V.

Telescoper A. & Z. ¤ δ Opδ3q Opδ3q Opδ2q Õpδ2ω�3q L.V.
Nonminimal Lipshitz ¤ 6pδ� 1q2 Opδ2q Opδ3q Opδ3q Opδ6ωq det.

Telescoper Cubic ¤ 6δ Opδ2q Opδ2q Opδ2q Opδ4ωq det.

Hermite-based: matrix size = δ, entries of degree δ3.
A. & Z.: matrix size = δ2, entries of degree δ2.
Lipshitz: total-degree filtration at degree = δ Ñ matrix size = δ6.
Cubic: bi-filtration at (degree, order) = pδ2, δq Ñ matrix size = δ4.
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Hermite Reduction for Indefinite Integration in Kpyq
One step, given a Bézout relation 1 � sq1 � tq for irreducible q:»

p

qj
� » �sp

j� 1
� �pj� 1qq1

qj
�»

tp

qj�1
� �sppj� 1qqj�1

�»
tp� pspq1{pj� 1q

qj�1
.

By iterating:» ν̧

j�1

pj

qj
� ν�1̧

j�1

aj

qj
� »

u

q
where degy u   degy q.

Viewed differently:

ν̧

j�1

pj

qj
� � ν�1̧

j�1

aj

qj


1 � u

q
where degy u   degy q.

Complexity for general
p

q
: Õ

�
maxpdeg p, deg qq�.
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An Algorithm for Definite Integration in Kpx, yq
Given f � p

q
P Kpxqpyq, to compute

» b

a
f px, yq dy:

f px, yq � Dy

� . . .
. . .

	� u0
q� , . . . , Dr

xf px, yq � Dy

� . . .
. . .

	� ur
q� ,

where:
1 q� � q1 � � � qm is the squarefree part of q � q11q

2
2 � � � qmm;

2 degy ui   degy q
� for 0 ¤ i ¤ r.

Linear algebra over Kpxq: for some r ¤ degy q
�,

ŗ

i�0

ηipxqDi
xf px, yq � Dy

� . . .
. . .

	� 0

q� .
Matrix size ruled by degy u, not by degy g !

Complexity:
bivariate Hermite by evaluation/interpolation;

linear algebra over Krxs by Storjohann–Villard.
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Non-Minimality of Computed Operators

ņ

k�0

p�1qk�n
k


�
pk

n


 � p�pqn (order p� 1 instead of 1),

ņ

k�0

1

pk� 1

�
pk� 1

k


�
ppn� kq
n� k


 � �
pn� 1

n



(order 2 instead of 1 for p � 3).

This non-minimality is not understood well.

ηrpnq un�r,k � � � � � η0pnq un,k � vn,k�1 � vn,k

The existence of v constrains d!

This relation does not take the summation range into account!
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An Integral Not Amenable to Creative Telescoping?

Borrowed from (Borwein, Straub, Wan, Zudilin, 2011).

Fpxq � » 8
0

xt J0pxtq J0ptq4looooooomooooooon�f px,tq dt Ñ Pf � Dtg for g � Qf .

P � px�4qpx�2qpx�2qpx�4qx3D3
x�6px2�10qx4D2

x�p7x4�32x2�64qxDx�px2�8qpx2�8q
Q � 5x3t2DxD

3
t � x2t3D4

t � t�1x2p5x4t4 � 60x2t4 � 64t4 � 28t2 � 4q� 7x2t2D3
t� x2tp10x2t2 � 20t2 � 1qD2

t � 5x3p2x2t2 � 12t2 � 1qDxDt� 4x2p5x2t2 � 15t2 � 1qDt � 5t�1x3p2x2t2 � 12t2 � 1qDx

-0.004

-0.003

-0.002

-0.001

 0

 0.001

 0.002

 0.003

 0.004

 0  10  20  30  40  50

f(t)

-6000

-4000

-2000

 0

 2000
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 6000

 0  10  20  30  40  50

-g(t)

Di
xf |x�3{2 � Θ

�
cosp3π{2� π{4q sinpt� π{4q ti�3{2� ! No limit of g at 8 !

For i ¡ 0, no limit of

» T

0
Di

xf |x�3{2 dt at 8 !
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Successful Applications of Creative Telescoping

Descendants in heap-ordered trees (Prodinger, 1996): Zeilberger’s
algorithm (2�)
Totally symmetric plane partition (Kauers, Koutschan & Zeilberger,
2011): q-Koutschan (n�)
Lattice walks confined in a quadrant, in particular Gessel’s
conjecture for , , , (Kauers, Koutschan & Zeilberger, 2009):
variant of Takayama for specialisation (nØ Sn)

✲

✻

0 1 2 3 4 5 6 7 8
0

1

2

3

4

5

6

All were first proofs!
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