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mean for verifying their correctness. By establishing that the behaviours of a modified program
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optimised implementation. This article discusses a notion of simulation between open automata,
which are symbolic behavioural models for communicating systems. Open automata may have holes
modelling elements of their context, and can be composed by instantiation of the holes. This allows
for a compositional approach for verification of their behaviour. We define a simulation between
open automata that may or may not have the same holes, and show under which conditions these
refinements are preserved by composition of open automata.
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Raffinements des automates ouverts

Résumé :  Vérifier la correction d’un programme est une téche complexe souvent réalisée de
maniére progressive en établissant une relation entre les comportements de deux programmes.
La relation de simulation, qui met en correspondance une spécification et une implémentation,
ou un programme et sa version raffinée, permet d’assurer la correction. Cet article introduit et
discute d’une relation entre des programmes représentés sous la forme d’automates ouverts, un
modéle comportemental symbolique pour les systémes de communication. Etablir des relations
d’équivalence et de raffinement sur les automates ouverts permet une approche compositionnelle
pour vérifier leur comportement. L’aspect compositionnel des automates ouverts provient des
trous, qui représentent des éléments du contexte. La composition de deux automates consiste a
instancier un trou d’un automate avec I’autre automate. Dans cet article, nous définissons une
relation de raffinement entre les automates ouverts qui peuvent avoir ou non les mémes trous,
sur le modéle des simulations. Nous montrons ensuite dans quelles conditions la composition
d’automates ouverts préserve cette relation.

Mots-clés : Systémes de transitions étiquetées, Simulation, Raffinement, Composition
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1 Introduction

Compositional design is a highly convenient approach for specifying and verifying large systems.
Automata are often used as the basic formalism for this approach, but most automata definitions
allow only the specifications of finite closed systems. These systems can be verified efficiently, but
programming often consists in writing systems that should be interfaced with others, and with
potentially unbound behaviours. We investigate in our works the reasoning on open symbolic
systems, with a strong focus on compositionality of properties. More precisely, we say that a
system is open if it contains a “hole” to be filled by another system. Open systems are typically
composition operators [I5] or componentised systems where some of the components are yet to
be provided [6]. This form of composition is more complex to handle than top-level interaction
usually found in process algebra, as the behaviour of each entity in the system is parameterised
both by classical symbolic variables and by process variables.

The refinement concept plays an important role in software engineering. In addition to helping
to cope with the complexity of requirements and design, refinement provides a foundation for
ensuring system correctness. The correctness of a system can be established by proving, that
a system refines its specification with the idea that some properties of the specification are
preserved in the refined system. Refinement entails that one system can be considered as a
more precise version of another one that is considered to be the specification. The refined model
features all the specified behaviours with more concrete details. From a formal point of view,
refinement is a mathematical relations between a specification and its implementation, with trace
inclusion or simulation being frequently used relations |20, [18].

In this article, we design a simulation theory for open symbolic systems. We build a very
generic theory that should allow us to reason on simulation-based verification for most concurrent
systems, as our base theory merely relies on automata parameterised by both variables and
processes. As we shall see, our composition of automata is also very generic to account for any
interaction mechanism found in concurrent systems. While our contribution is theoretical, it
establishes the foundations for to the verification of any compositionally designed system, like
component systems, algorithmic skeletons.

Open automata (that we abbreviate OA) were defined as a way to provide a semantics for open
parameterised hierarchical labelled transition systems (abbreviated LTS). They were proposed as
a theoretical foundation for parametrised automata used in verification tools and called pNets.
An OA [I7] is similar to a classical automaton but with variables and holes. Variables make
automata symbolic and allow them to encode infinite state systems. Holes enable the composition
of automata: an automaton with a hole is an operator that takes another automaton as parameter
and reacts to the actions it emits; the composed automaton is an automaton where the behaviour
of one “process parameter” of the main automaton has been provided. Due to their the generic
nature, the notion of OA model is quite abstract but we already illustrated previously how to
derive OAs for process algebra operators [I5] or for component systems [6l, [5].

In previous works [6], 22] a bisimulation relation was defined for OA and open parameterised
hierarchical LTSs. It exhibited good properties concerning bisimulation, but refinement relations
were not studied. In this article we go further to define a theory of simulation for OA. The
simulation relation we introduce in the paper is based on the notion of simulation, in a similar
way to that defined in classical automata theory [I9, [8]. It possesses the common behaviour-
preserving property: all the behaviour of the abstract specification must be followed by its
(complex) implementation but additional behaviours may exist. However we also ensure that a
whole scenario, made of several steps, of the specification can also be simulated by the refined
system, which is slightly richer than the traditional simulation relation and allows us to obtain
a compositionality result.
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4 Rabéa Ameur-Boulifa et al.

Our contribution in this paper is the definition of a simulation relation for OA that has the
following characteristics:

e (lassical simulation characterisation but also an additional criteria ensuring that simulation

does not introduce deadlocks when following a trace from the simulated automaton.

e Good properties relatively to composition: we prove that composition preserves the simu-
lation relation.

e Ability to take into account both composition and transitivity: this is a challenge because
composition changes the set of holes of the OA and simulation takes into account the
actions of the holes.

The simulation relation is introduced in two steps. First we define a simulation that relates two
automata with the same holes, which allows us to focus on the automaton aspect. Second we
introduce a relation that relates two automata with different sets of holes, which allows us to take
into account the open nature of OA, and to deal with composition. Properties of the simulation
are stated and proven on the second, more general version of the relation, thus also being valid
for the first simpler simulation relation.

This paper is organized as follows. Section [2] recalls the definition of OA and defines their
composition. We then define a simulation relation for OA, first only considering two automata
with the same set of holes in Section [3]and generalize it to automata with a different set of holes
in Section [l Section [f is dedicated to formalize and prove basic properties of the simulation
defined, including the proof that simulation is a preorder and has nice composability properties.
In Section [6] we review related works, and Section [7] concludes the paper.

2 Open Automata and their Composition

This section presents our notations and the principles of automata. Except for minor changes
in the notations, compared to previous works [6] the only new contribution is the definition of a
composition operator for OA.

2.1 Preliminaries and notations

Families of values (equivalent to maps) will be noted x€!, {isz; |i € I}, or {i < x;|i € I}, de-
pending on what is more convenient (e.g. i < x; is used for maps that are used as substitution).
Statements like EC;EJ defines both J and the mapping j—c;. The disjoint union on sets is noted w.
Disjoint union is also used on maps. There are several ways of ensuring a union is disjoint, we will
indifferently either suppose sets are disjoint or rename conflicting objects (useful for variables).
In a formula, a quantifier followed by a finite set will be used as a shorthand for the quantification
on every variable in the set: V{a1,...,a,},3{b1,...,bn}, P means Yaq,...,Va,,3by,...,3b,,, P.

Our expression algebra E is the disjoint union of terms, actions, and formulas £ = T w Aw F.
T and A are term algebras. The set of formulas F contain at least first order formulas and
equalityﬂ over T and A. For e € E, vars(e) is the set of variables in e that are not bound by a
binder. An expression is closed if vars(e) = . The set P denotes values which is a subset of
closed terms. Ay is the set of formulas f that only uses variables in V, i.e., the formulas such
that vars(f) < V. The parallel substitution of variables in e by a map ¢ : V' — T is denoted
efv}.

We suppose given a decidable satisfiability relation on closed formulas, denoted  f. We will
use two variants of the satisfiability relation:

I Equality does not need to be only syntactic.

Inria



Refinements of Open Automata 5

e The satisfiability of a formula f € F under some valuation o : V. — P is defined as follows:

o f = Juars(F{o}), fo}

e The satisfiability of a formula f € F with some variable set V as context is defined as
follows: V I f <=+ VYV, 3(vars(f) \V), f

2.2 Open Automata (OA)

OA are labelled transition systems with variables that can be used to compose other automata:
they are made of transitions that are dependent on the actions of “holes”, a composition operation
consists in filling a hole with another automaton to obtain a more complex automaton. The
variables makes the OA symbolic, and the holes allow for a partial definition of the behaviour.

Definition 1 (Open transition, Open automaton). An open automaton is a tuple (S, so, V, 09, J,T)
with S a set of states, sg € S the initial state, V' the finite set of variable names, oo : V — P the
initial valuation of variables, J the set of hole names and T the set of open transitions.
jeJ’
An open transition is a tuple ﬁ77—€7¢ with s,s" € S the source and target states, o € A the
SaS

produced action, J' < J the holes involved in the transition, 5; € A the actions of the holes, g € F
the guard and ¢ : V. — T the variable assignments. To be well-formed, an open transition should
use only variables of the automaton and variables appearing in the involved actions, formally:

vars(g) € vars(a) U U vars(B;) vV
jeJ’

Vv e V.vars(y(v)) € vars(a) u U vars(B;) vV

jedJ’

A pair consisting of a state and a valuation is called a configuration (of the automaton). We
use two operators to access pieces of information of the OA.

Definition 2 (Out-transition, Transition variables). Let V' be the variable names of a considered
automaton, T its transitions and r one of its states. OTp(r) < T are called the out-transitions of
the state r. When the set T is clear from the context, it will be omitted. The local variables of a
transition vars(t) are all variables appearing in transition t except the variables of the automaton.

s = 7’} vars (M) = (vars(a) v U vars(,@})) vV

)
Sas .
a jeJ’

jeJ’
OTr(r) = {M eT

Sas

Example 1 (prod-cons). As a running example, we consider a classical producer-consumer
pair interacting through FIFO buffer, named prod-cons. Fig. (1| reflects the overall structure of
the system involving a producer process, a consumer process and an orchestrator that coordinates
their activities.

The OA modelling the behaviour of such a system using an unbounded circular/ring buffer
is depicted in Fig. [3. The automaton has a single state with two holes: P and § that are
the two interacting processes. 1 (as last) indicates the next available position for enqueuing an
element and f (as first) is the position that contains the next element to be dequeued. The buffer
reacts to a push from P and enqueues it. Similarly, whenever § pops an element, it dequeues it.
Additionally, whenever § produces an item, it is exposed as an external observable print action.
When any process do its internal computation, it is exposed externally as unobservable action .

The example uses several kinds of data. Variable m holds a message (we can leave the message
type abstract here). We additionally use arrays of messages with a syntax of the form M[1] for
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6 Rabéa Ameur-Boulifa et al.

T push T
~ L L L ~
compute compute
® print
put Orchestrator | &et put
. @ J
pop

Figure 1: Structure of the example. Each box corresponds to a process whose ports are the
actions it can perform. The actions observable by the environment are push, which indicates
the enqueuing of an element, pop which indicates the dequeuing, and print which indicates the
production of results.

{Q+— compute}, True, ()
T

{P +— compute}, True, ()
T

{Q— put(m)}, True, ()
print (m)

{P—put(m)}, 1+ 1)%N # £, (M[(1 + 1)%N] < m;1 + (14 1)%N) Q— getM[f])}, L#E£ (f« (f+ 1)%N)
push pop

Figure 2: OA for the prod-cons system using FIFO circular buffer.

array accesses; M is an array of N elements, from 0 to N—1. Finally, we use addition and modulo
operation (%) on integers. [

Open automata composition. OA are partially specified automata, the partiality arises from
the holes. A hole can be seen as a port in which we can plug an OA. The plugging operation
is called composition. The composition of OA was already implicitly defined by the means
of composition on pNets in previous work [I5]. We provide here a (new) direct definition of
composition for OA.

Definition 3 (Composition of OA). Let A, = (S¢, Soc, Ve, Ooc, Jey Te) be an OA and k one of its
holes, k € J.. Let Ay, = (Sp, Sops Vp, Oop, Jp, Ip) be another OA, the composition A.[Ap/k] that
fills the hole k of the context OA A. with the parameter OA A, is defined as follows:

AJApE] = (Se x Sy, (Soe, Sop), Ve w Vi, 00c W 00p, Jp w Je N {k}, T)

with

jeT,w
T= Bj yGe A Gp A ap = Br, Ve w Py

(Ses Sp) ae (Ses5p)

jeJlw{k} jeJ!
Bj 7€C7wc eTp /Bj p7gp7¢17 ETP}
Cy 7

Sc a, Se Sp ap Sp

A jeJ!,
U{( ﬂ; agcawc /85 796;1/}4: ETc,k¢Jé7SpeSp}

7
Se, Sp) ac (867 SP) Sca. Sc
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Refinements of Open Automata 7

{}, True, (m < new())
compute {}, True, ()

put (Res)

{}, True, () {}, True, (Res + f(m))

put (m) compute

Figure 3: (Left) A producer. It produces one item at a time and pushes it. (Right) A consumer.
It pops an item, does some work and pushes the result.

10
{Q— put(m)}, True, () f0 {}, True, (m + new()) {Q — put (m) }, True, ()
print(m)

print(m)

{Q— compute} True, ()

{Q — compute}, True, ()
{Qr getMI)}, 17 £ (F« (F+1)%N)
pop

{Q — get(M }lyéf (f (f+ 1)%N)
pop

{3, A+ 1)%N # £, (M[(1+ 1)%N] < m;1  (1+ 1)%N)
push

Figure 4: OA for prod-cons[P/producer|.

The first OA decides when the second can evolve by involving its hole in a transition: the
action emitted when A, makes a transition is synchronised with the action of the hole k in
transitions of A..

Example 2. Fig. [J shows a producer automaton and a consumer automaton that can be used
to fill the holes P and @ of prod-cons defined in Ezample[]

The OA on Fig. is the composition of the system in Fig. [] and the producer in Fig. [J
(left). The composition consists of two states (the product of the states of both automata). The
transitions from one state to another come from the synchronisation of the transitions of the
encompassing automaton with those of the producer filling the hole P. Transitions involving §
remain unchanged. [

2.3 Relations between Open Automata

Establishing semantic equivalences and simulation relations between different OA requires to
compare their states. For this purpose, we suppose that the variables of the two OA are disjoint
(a renaming of variables may have to be applied before comparing OA states).

Definition 4 (Relation on open automata configurations). Suppose Vi and Va are disjoint.
A relation on configurations of two OA (S1, so1, V1,001, J1,T1) and (Sa, soz2, Va, 002, J2, T2) is a
function R : S1 X Sg — Frwv,-

The idea is that two states are related depending on the satisfiability of the expression relying
their variables, i.e., if the variables of the OA verify a certain formula. In other words, to each
pair of states is attached a boolean formula that may refer to the variables of each of the two
OA, stating whether the two states are related or not. Additionally, we say that the relation R
relates the initial states of the automata if: og; w op2 - R(S01, S02)-
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8 Rabéa Ameur-Boulifa et al.

2.4 A Bisimulation for Open Automata

Bisimulation between OA was defined in [6]. We show below the principles of this bisimulation.
We first recall the usual definition of bisimulation. Bisimulation can be defined as follows for
standard transition systems:

Definition 5 (Classical Bisimulation). A bisimulation is a relation R such that if s R t then:

Vis, sbs = 3.8 Rttt

and conversely ) Z‘I R j
. . i.e. l
Vit t—>t = 3. Rt ns— & o R v

s and t are bisimilar, written s ~ t iff there is a bisimulation relation R such that s R t

A bisimulation relation relates pair of states and ensures that any behaviour of one automaton
can be performed by the other one while staying in relation. We informally explain here the
symbolic nature of the bisimulation for OA and the related complexity of its definition. The
presence of holes in fact raises no strong difficulty but the variables must be handled carefully.
Consider the two following simple OA:

ZEs0 @ ®
52 ~ 1o
{h—B(z)}, True, (z < x)

{h—B(x)},x <0, (y <= a(z)

a(x)

We should be able to consider these two OA as bisimilar. Both can input any S(z) input on
their hole and stores the value of x, emitting a(z) along the transition. The difference is the way
x is stored. We can then define a configuration relation R such that R(s, s2) is true and R(¢, t2)
holds when z > 0 and y = z, while R(¢,¢2) holds when z < 0 and y = —z. This illustrates
relation on configurations, but also shows that bisimulation on OA is more complex than in the
classical case. Indeed, we need two transitions on the left OA to simulate a single one on the
right OA. We should check that these two transitions cover all the cases accepted by the right
hand side OA, and of course that destination states are in relation. Formally, FH-bisimulation
is defined as follows [6]:

Definition 6 (Strong FH-bisimulation).
Suppose (51, so1, V1,001, J1,T1) and {(Sa, so2, Va, 002, J2, To) are OA with identical holes of the
same sort, with disjoint sets of variables (Vi n' Vo = &).

Then R, a relation on configurations of OA, is an FH-bisimulation if and only if for any
states s € S1 and t € So, we have the following:

/B'EJ

J
e For any open transition OT in Ti: w there exists an indexved set of open

s— s
ﬁjer
x

transitions OT;EX c Ty: —1 ’%2T”’¢OT” such that Va. J' = J, and there exists Predy .,

t—t,

such that (s',ty|Predy ;) € R and

R(Sat) N gor =

\/ (V4.8; = Bjz A gor, A a=ay AR (s tavorwior,))
zeX

Inria



Refinements of Open Automata 9

e and symmetrically any open transition from t in Ts can be covered by a set of transitions
from s in Ti.

Two automata are bisimilar if there exists a strong FH-bisimulation R that relates their initial
states.

Note that this definition matches an open transition ¢; to a family of covering open transitions
t2<X . Intuitively, this means that for every pair of related states (s, s2) of the two automata,
and for every transition of the first automaton from si, there is a set of matching transitions
of the second automaton from sy such that the produced action match, the actions of the same
holes and the successors are related after variable update. Technically, the following sections
do not rely on the definition of strong bisimulation on OA, but they follow the same principles
and in particular the same way to faithfully simulate an open transition by a set of other open
transitions.

2.5 Reachability

We finally define a new predicate abstracting state reachability for OA, it allows us to reason on
reachable states in an automaton. It can be seen as an abstraction of the reachable states under
the form of a predicate that must stay verified along the execution of the OA.

Definition 7 (Reachability). For any OA A = (S, s0,V,00,J,T), a reachability predicate V4 :
S — F is any predicate on states that is valid on initial state, and preserved across transitions:

oo va(so) A V= Me T,vars(t) - (Va(s) A g = va(s){v})

Sas

Reachability takes into account all paths, and can over-approximate the reachable configu-
rations. From an automation point of view, finding the most precise reachability predicate for
a given automaton is not decidable because of the symbolic nature of OA, but only an over-
approximation is necessary.

3 Simulation for Automata with the Same Holes

Similarly to FH-bisimulation [6] we are interested in finding simulation relations between con-
figurations of two OA that contain variables and holes. When dealing with open systems it is
common to define simulation in terms of a simulation relation. We rely on a classical notion of
simulation inspired from [6]. The idea is to consider two configurations related by a relation; if
one state can do a transition, then the other can also make this transition. Like for bisimulation,
a simulation relation characterises when two states are related, and this characterisation is ex-
pressed as a predicate on the variables of the two automata. Simulation defines conditions on a
relation R such that R(s1, s2) is a predicate (possibly involving variables of the automata) that
is true when the state s; of A; simulates the state sq of As.

However here we want to build a simulation relation that also guarantees that no deadlock is
introduced when refining the automaton. This property is quite frequent in simulation relation,
and referred to as lack of new deadlocks [18] or complete simulation [2I]. The notion of deadlock
should however be specialised to our OA. Indeed, the possible transitions are better characterised
by the guards of the outgoing transitions from a given state, rather than the simple existence of a
transition. We thus define a deadlock reduction criterion based on how the outgoing transitions
are guarded. As such, a simulation does not introduce deadlocks if in the conditions where no
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10 Rabéa Ameur-Boulifa et al.

transition is possible in the refined automaton, no transition were already possible in the more
general one. More formally, for any pair of states s; and s, we introduce a criterion of the form:

V(s1,82)€S51 %52, V1 w Vo - R(s1,82) A —( \/ guard(t1)) = —( \/ guard(tz))
t1€OT(Sl) tzEOT(SQ)

Which can be rewritten as:

V(s1,82)€S1 xS, Vi w Vo - R(s1,82) = ( \/ guard(ty)) v —( \/ guard(ts))
t1€OT(Sl) tQEOT(Sz)

Both statements being equivalent, as each of them may reveal more intuitive than the other in
different situations, we use them interchangeably. We can now state the definition of simulation
between OA that have the same set of holes.

Definition 8 (Hole-equal simulation). Consider two OA with identical set of holes: A; =
(S1, 801, V1,001, J1,Th) and As = (Sa, s02, Va, 002, J2, Ta) where J; = Ja, the relation on con-
figurations R : S1 x Sa — F,wv, S a hole-equal simulation from Ay to Ay if the following
conditions hold :

(1) 001 w oo2  R(So01, S02)
(2) V(Sl,SQ) € Sl X SQ,

: . zeX
ﬁJE'nghwl JE“]mgQ 777[]2
th _ Ual ..... ey OT(sy). 7 tow = 2y Jat) Fat € OT (s2).
S1 —>81
Viw Vs wuoars(ty) w U vars(tay)
xr
Oz = 0 A /\ij = Bin
R(s1,82) A g1 = jeJ
weX \ g2z A R(5Y, 8, ) {thor w Y1}

(8) Deadlock reduction:

V(s1,52) €81 %82, V1 w Va=-R(s1, 82) = (\/ guard(ty)) v —( \/ guard(tz))
t1€0T (s1) t2€0T (s2)

If there is a hole-equal simulation from Ay to Ao, then we say that As simulates Ay; we denote
it Ax < Aj.

The first and second conditions coincide with the natural way to prove inductively that an
automaton simulates another by starting with the initial state. The third condition ensures that
simulation prevents the introduction of deadlocks. Our definition captures a simple simulation
for OA with the same holes that is more expressive than a strict simulation since it matches a
transition with a family of transitions. For example, with such a relation we are able to check
the simulation between two OA that differ by duplicated states, removed duplicated transitions,
reinforced guards, different variables, etc. We will show in Section [5]that this simulation relation
has good properties in terms of transitivity, compositionality, and reflexivity.

Example 3. To illustrate the simulation of OA, we consider a variation on the prod-cons
example. Namely, we suppose that the two processes P and § communicate through a one-place
buffer. Fig. [J shows the OA modelling this simpler version of the system, that we refer to as
simprod-cons. We can easily check that this automaton simulates the one of Fig. . Indeed, one
can see that R = {(ro, s0)~1 = f, (ro,s1)~f = L+ 1%N} is a simulation relation. It follows that
prod-cons < simprod-cons. [

Inria



Refinements of Open Automata 11

The simulation relation defined above is insufficient in the setting of composition which is the
main advantage of the OA-based approach. Indeed, it should be possible to refine an automaton
by filling its hole, providing a concrete view of a part of the application that was not specified
originally. More generally, it should be possible to relate automata that do not have the same
holes because composition is a crucial part of system specification. However, filling holes can
result in a system with more or less holes than the original system because the plugged subsystem
can contain itself many holes. Next section defines a more powerful simulation relation able to
reason on automata with different sets of holes.

4 A Simulation Relation that Takes Holes into Account

This section extends the preceding relation to automata where the set of holes is not the same.
This is particularly useful to state whether the automaton after composition is a simulation of
the original automaton or not. Indeed, when composing the set of holes changes. Being able to
compare automata with only some of their holes in common seems useful in general.

One major challenge in the extension of simulation to different sets of holes is to maintain
a form of transitivity while being able to take into account the actions of some of the holes. A
naive definition of simulation would ensure that only the holes that are identical in the two OA
are taken into account in the simulation. Unfortunately, considering all the common holes does
not ensure transitivity of the simulation for the following reason. If A; simulates A and A,
simulates As, and one hole j appears in A3 and in A; but not in A then we have no guarantee
on the way A; and Aj take the actions of this hole into account, thus a simulation between and
Ay and Az would require conditions involving actions of the hole j which cannot be ensured.
The way we solve this issue is to remember in the simulation relation which holes have been
compared. This makes the relation parameterised by a subset of the set of holes that belong to
the two automata that we want to take into account. This way, in the example above, we would
have no guarantee on actions the hole j by transitivity but can state a simulation relation with
guarantees on the actions of the other holes.

In the following definition we add a parameter H which is the set of holes tracked by the
simulation relation and adapt the definition by ignoring actions of the holes that are not in H.

Definition 9 (Hole-tracking simulation). For two OA

Ay = (51, s01,J1, V1,001, T1) and Ay = (Sa, s02, J2, Va, 002, o), A1 is a simulation of Ay track-
ing holes H, noted A1 <y Ao, with H < Ji n Jo, if there is a relation on configurations
R : (51 x S2) = Frev, such that:

(1) 0p1 W 002 + R(SOhSOQ)

{P — put(m)}, True, (M < m)
{P +— compute}, True, () push

. /\ {P — compute}, True, ()
T

{Q — compute}, True, () {Q — compute}, True, ()
g
-
{Q— put(@m)}, True, () B {Q—
( put(m) }, True, ()
print (m) {a— ge;sg) } True, () print (m)

Figure 5: The simprod-cons OA: the system using one-place buffer.
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(2) V(Sl,Sg) € Sl X SQ,

jEJ/ je‘]/a: veX
VMEOT(SQ,H( 20" 920, V2 eOT(52)> :
S1 ar S1 S2 Qo Sox

(Vee X, Jp,nH=J nH)A
Vi w Vo woars(ty) -+

Q] = Qg N /\ ﬂlj = 52xjA
R(s1,82) A g1 = \/ jedb, nH
zeX goxr N R(Slla 5/%){{1#1 7 waB

(8) Deadlock reduction:

V(s1,52)€S1 x5, Vi w Vo - R(s1,52) = ( \/ guard(ty)) v —( \/ guard(tz))
tleOT(sl) f,QEOT(SQ)

Note that every action of the holes outside H is unconstrained according to the simulation
relation.

Property 1 (Relating simulations). Hole-equal simulation is a particular case of hole-tracking
stmulation when J; = Joy = H.

Example 4. Consider the automata of Examples[1] and [3 As we saw above, prod-cons <
simprod-cons, therefore prod-cons <{p,q Stmprod-cons.

Property 2 (Tracked holes). By construction, if an autormaton is the simulation of another one,
it is also a simulation by tracking less holes.

A1<HA2/\HIQH — A1<H/A2

Now that we have a simulation relation that takes both variable parameters and process
parameters into account, we would like to ensure that it has properties one would expect for a
simulation relation.

5 Properties of our Simulation Relations

Before reasoning on the properties of simulation, we need to introduce one additional notion that
characterises when the composition of two automata does not introduce new blocked transitions.

5.1 Non-blocking Composition

Unfortunately, the deadlock reduction property in the definition of simulation is not composi-
tional: the composition operator can itself introduce a deadlock. In other words, when filling
the hole of two related automata with a third one, even if there is a deadlock reduction between
the two original automata, there might not be a deadlock reduction in the composed ones. The
same problem may arise when two related automata are composed in the same hole of a third
one.

This creates a conflict between deadlock reduction and the properties involving composition.
We call non-blocking composition a composition that can safely be used to compose OA that are
involved in a deadlock reducing relation.

Inria
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Definition 10 (Non-blocking composition). Consider two OA:

A1 = <Sl, S01, Vl, 001, Jl, T1> and AQ = <SQ, 502, ‘/2, Jo2, J27 T2> Let A be the OA T@SUlting from
the composition A = A1[As/k] = (S, s0,V,00,J,T). The composition A1[Aa/k] is non-blocking
if A has a reachability predicate such that, for each reachable configuration, if there is a possible
transition in Ay then there is a possible transition in A:

Vs = (s1,82) €S,V w H—J vars(t) - | va(s) A \/ guard(t) = \/ guard(t)
teOT (s1) teOT (s1) teOT (s)

Like in the definition of simulation (Definition [§) we use guards to ensure that the transition
can occur. In general, one would not want to only consider non-blocking composition as it
may reveal a bit restrictive, but it is the best necessary condition that can be identified for
compositionality of simulation. It will be used to prove composition theorems given below. In
absence of non-blocking composition, simulation may also be checked specifically for a given
composed automaton.

5.2 Properties

We now state the properties of our simulation, their proofs can be found in the appendices.
We express these properties in terms of hole-tracking simulation because, thanks to Property
all the properties of hole-tracking simulation are also valid for hole-equal simulation. The first
crucial theorem of simulation is that it is a preorder on the set of OA. This latter enables stepwise
refinement.

Theorem 1 (Simulation is a preorder). Hole-tracking simulation is reflexive and transitive: it
is a preorder on the set of OA.

Proof sketch. The relation <y is reflexive, A <y A. This is shown by considering the relation
R such that R(s1,s2) = s1 = 83 A /\ v =v we can prove the conditions for Definition

vevars(sy)

Appendix [A] presents the proof of transitivity. It is done classically by identifying the relation
between A; and As that is a simulation. What is less classical is the definition of this relation
because it is a boolean formula. For each couple of states s; and s3 of A1 and A3 we build a
formula that defines the simulation. To do this, we take the disjunction of formulas relating s;
and s3, and passing by all states so of A3. More precisely, we define a relation of the following
form:

Ras(s1,83) = \/ (Ri2(s1,52) A Ras(s2,53))

SQESQ

We then prove that this relation is a simulation, according to Definition [0] O

The next theorem states that if two automata are in simulation relation and the same au-
tomaton is placed in the same hole of the two automata, then the simulation is preserved. This
is the first step toward proving that simulation is compositional in the sense that it is sufficient
to prove simulation for the composed automata separately to obtain a simulation relation.

Theorem 2 (Context refinement). Let Ay, As and As be three OA with A1 <y As. Let J3 be the
set of holes of As and suppose that k € H. Suppose additionally that A1[As/k] is non-blocking.
We have:

A1[A3/k] < jom iy A2[As/k]
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Proof sketch. The proof relies on a simulation relation that we consider is the one that makes
Ay and A similar, complemented with identity of configurations for As. Then, by construction,
all transitions of the composed automaton A;[A3/k] are specified by open transitions of A;. For
the transitions that do not involve hole k, the transition of A;[A3/k] is the same and simulation
between A; and A, allows us to conclude directly. If the hole & is involved the considered relation
implies that valuations in Aj are equal (i.e., the value for each variable are the same in both
valuations), after a transition we should obtain “equal” valuations because post-conditions are
deterministic. O

Example 5. Consider again the prod-cons and simprod-cons automata given in the exam-
ples above. Since prod-cons <(p g stmprod-cons, then according to Theorem @ we have
prod-cons[producer/P] <4 simprod-cons[producer/P].

The automaton of prod-cons[producer/P] is shown in Fig. |Z| The automaton resulting from
the composition of simprod-cons and producer is bigger and not shown here.

Theorem 3 (Congruence). Let Ay, Ay and Az be three OA with Ay <y As. Let J; be the set
of holes of A1 and suppose that k € Jy. Suppose additionally that the composition A1[As/k] is
non-blocking. We have:

Ar[Ao/k] < wm iy A1[As/k]

Consequently, as the simulation is transitive we can compose the previous theorems and state
the following:

Theorem 4 (Composability). Let Ay, A, As and Ay be four OA with Ay <y As and Az <g
Ay. Suppose that k€ H. We have:

Ar[As/k] <pon gy A2[As/k]

Example 6. As an example of the use of this theorem, if we design a refined version of
the producer process of Ezample [ called Refproducer. According to Theorem we have
prod-cons[producer/P] <(g simprod-cons[Refproducer/P].

Note that the substitution operation can be extended to a multiple substitution that fills
several holes at the same time, and the theorems can be adapted accordingly.

6 Related Work

The origins of refinement are in the approach of programming that aims to provide solid founda-
tions for building correct programs [12]. Many work contributed to the development of elaborated
notions of refinement in various area (e.g. [7, [I, 10, ®]). In the context of process algebra, refine-
ment between processes can be defined in terms of simulations relation (e.g. ([I'7} 20]). However,
the concept of simulations presented so far has focused on the refinement of systems that are
inherently closed, i.e., systems which are bounded and without environment,

The simulation ensures the preservation of safety properties as deadlock-freeness and, more
generally, all linear temporal logic properties [IL [I8]. The difference between the existing refine-
ment principles have been studied in [13], for example the authors explain in what sense failure
semantics is different from (bi)simulation in the compared systems and properties ensured. In
this paper we particularly focus on the compositionality of simulation-based refinement.

There are not a lot of works that study refinement for open systems. Defining refinement
of open systems as trace inclusion is addressed as a notion of subtyping in type theory (e.g.
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[14,[9]). The definition of refinement is based on a connection between session types and commu-
nicating automata theories — a notion of session automata based on Communicating Finite-State
Machines, that are used for modelling processes communicating through FIFO channels. The
refinement of open systems is also defined in terms of alternating simulation [4] [3]. Alternat-
ing simulation is originating from the game theory [2], it allows the study of relation between
individual components by viewing them as alternating transition systems. In particular, a re-
finement of game-based automata expresses that the refined component can offer more services
(input actions) and fewer service demands (output actions). However, the composition of such
automata may lead to illegal states, where one automaton issues an output that is not acceptable
as input in the other one. The theory of alternating simulation provides an optimistic approach
to compute compatibility between automata based on the fact that each automaton expects the
other to provide legal inputs, i.e., two components can be composed if there is an environment
where they can work together. Our approach has some commonalities with the above mentioned
simulation [3]: both are process-oriented approaches even if they are not based on the same
notion of simulation, and both include in the model how to compose and interact with processes
that are accepted as parameters. Nevertheless, they differ in that our approach focuses on the
compositional properties of the simulation, and not on the fact that entities can be composed.

Previous works on OA focused on equivalence relations compatible with composition. In
[16], a computable bisimulation is introduced, while in [6] a weak version of the bisimulation
is introduced. In this paper we tackle the refinement relation in the form of simulation, as is
the case for the corresponding relations on labelled transition systems [§]. Unlike the standard
simulation we deal with symbolic and open models. In [23], the authors exploit transition systems
to reason about the systems that are partially specified by using variables, making the state space
potentially infinite.

Some work target component-based refinement with the concern of preserving deadlock free-
dom (e.g. [II} I8]). These works are not concerned with the theory of open symbolic systems,
and therefore do not focus on the same modularity as we do, in particular we provide preservation
of refinement by composition.

7 Conclusion

In this article we investigated the notion of refinement for a symbolic and open model: open
automata. OA are convenient for compositional software verification. Indeed, OA model parallel
systems that are parameterised both by the use of variables and by the possibility to compose
automata. The formalism supports compositional specification through the simulation paradigm.
In this paper, we introduce a refinement relation between open automata. It relies on a simulation
relation between the two automata; it specifies that the refined process must follow the behaviour
of the simulated one. We finally showed that simulation is a preorder that is preserved by
composition, both when filling a hole and when placing automata in comparable contexts.
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A Proof of Transitivity for Refinement (Theorem [1))
If A1 <y As and Ay <g+ Az, then A1 <y g’ As.

Proof. If A1 <y A, then there is Rq2 a relation between states of Ay and of As; If Ay <y Az
then there is Ro3 a relation between states of Ay and of A3. We build a relation between states
of Ay and of Ag as follows: for each pair of states si, s3, for each state sy such that Ri5 relates
s1 and s, and Rog relates so and s3. Let R13 be the relation:

Ris(s1,s3) = \/ (Ri2(s1,52) A Ra3(s2,s3))

SQESQ

We will show that Ay <gyg~pg As by exhibiting R13 as a hole-tracking simulation of A; by
As.

We have to prove that the relation R;3 satisfies the three conditions of the definition of a
refinement of OA.

1. Firstly, we have to Ri3 satisfies initial configurations:
o01 W 003 - Riz(So1, 503)

By knowing that substitutions only have an effect on the variables of the OA they belong
to, they also produce terms containing only variables of the OA they belong to. We have:

(001 W 002 - Ri2(s01,502)) A (002 W 003 - Ras(so2, S03)) —
Ri2(s01, 502){o01 w 002} A Raz(soz, s03){o02 w 003} —
R12(801, 802){{001 W o2 W 003} N R23(8027503){{001 W 0p2 W 003}} =

Ri2(501,502) A Ra3(s02,503) {001 W 002 w 003}

= R13(501,503)
Since 0p2 has no effect on variables of sg; and sg3 thus we get the expected result.
2. Secondly, we need to prove that for any open transition ¢; in 7T} originating from sy:
jeJ]
1 LI YL e OT(sy)
S1 %1 S1

there exists an indexed family of OTs originating from ss:

Viw Vs wwvars(ty) -
a1 = az; A /\ Bij = BajzA

Ri3(s1,83) A g1 = j€Js, n(HNH")
ez \ 93: A Ria(sh, s5.) {vn w 3.}

The proof of this simulation step follows the same principles as the one given in [6] for the
proof of transitivity of bisimulationﬂ It relies on the fact that one open transition of A; is
simulated by a family of open transitions of A, and one open transition of A, is simulated
by a family of open transitions of As. Transitivity leads to a doubly indexed family of
simulating open transition.

2In particular, the bisimulation relation exhibited for proving transitivity is the same.

Inria



Refinements of Open Automata 19

3. Lastly, we have to prove the satisfaction of the deadlock reduction condition. To build Ri3
we need to rely on the disjunction of all possible paths to relate s; and s3, which leads to

Rus(s1,53) = \/ (Riz(s1,52p) A Raa(s2p,53))

peP

Consider any (s1,s3) € R13 there is a set of states (szp)pEP of Aj relating s; and s3.

First, according to the relation between 4; and As OA, for all (s1, s2,) € S1 x Sz we have:

Vi Vb RoGus) =\ gquend(n) v —~(\/ guand(iz))
tleOT(sl) t2p€OT(52p)

Second, according to the relation between A; and Az OA, for all (sgp,s3) € Sa x S3 we
have:

Voo w Vi3 Ros(sp,s3) = \/ guard(tap) Vv ﬁ(\/ guard(ts))
t1€0T (s2p) t3€O0T (s3)

With the conjunction of both, we get:

Vi w Vo w Vs = Ria(st, s2p) A Ras(s2p,83) =

\/ guard(t) v —( \/ guard(ts))

t1€0T (s1) t3€OT (s3)
This is valid for all sa, € (s2,)P¢F, then we have:

ViwVow Vs \/ (Ri2(s1, s2p) A Raz(s2p,83)) —

peP

~~

R13(s1,53)

(\/ guard(ty)) v —( \/ guard(ts))

t1€0T (s1) t3€0T (s3)

By removing the Ay variables that have not effect on Ay et As, we get the desired result:

Viw Vs Ris(si,ss3) = (\/ gquard(t)) v ﬁ(\/ guard(ts))
t1€0T(s1) t3€OT (s3)

O

B Proof of Context Refinement (Theorem [2))
Suppose that A; <y As, k € H and that A;[A3/k] is non-blocking. We have:

Ai[As/k] <jom iy A2[As/K]
Pictorially, the theorem states the following result:
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@ ED-P G

Proof. Let us denote by A3 (resp. Asz) the OA resulting from A;[As/k] (resp. As[As/k]),
to prove the theorem it is sufficient to prove that there exists a relation between states of the
two OA that satisfies the conditions of Definition @ We denote Ay = (51, so1,J1, V1,001, T1),
A2 = <SQ, 502, JQ, VQ, 0'02,T2> and A3 = <53, 503, Jg, V3,0’03,T3>. The pI‘OOf requires to rename
the variables of one instance of the two As automata to avoid clashes in variable names (this
is required by the definition of refinement). In practice we will use superscripts ' and 2 to
distinguish elements of the two instances of Aj.

Let R be the refinement relation relating states of A; and As. Let us denote with ¢! and ¢2
the elements of A; and As respectively. Consider any two states s13 = (817 s%) and sg93 = (32, s%)
(s3 and s% are the same with renaming). We define a relation R’ relating states of s13 and sa3
as follows:

R'(s13,523) = R(51,52) A Va,;(s13) A /\v% = V3 A 83 = S5
’U3€V3

We want to prove that (R', H w J3 \ {k}) is a hole-tracking simulation of Aj3 and Asz. In
the following we denote H' = H U J3 ~\ {k}.

1. First, we have to prove the relation for initial states:
0013 @ 0023 - R/ (5013, 5023)

; 1 2 1 2
with 0013 = 001 W 03, 0023 = T02 W T3, So13 = (S01, S3), and so23 = (So2, Sp2)-
By using the fact that R relates initial configurations of A; and As, we have:

(001 @ 002 — R(501, 502))

Considering that initial valuations o}, and oZ; associate the same values to the “same”
variables modulo renaming, so the following holds:

( /\Ugl) = ’1}32) N Sé = 8%) {{0’63 @ 0'83}}

v3eV3

Additionally, because the domains of the substitution function are disjoint, the substitution
function has an effect only on the related elements, we get:

(001 w 002 - R(S01, S02))

= R(s01, S02){001 W 002} A ( /\v% =03 A sh = s§> {obs w g3}

v3€EV3

1 2 1 2 1 2
— <R(801, S02) A /\v3 = V5 A S5 = 53) {{001 W Op2 W Og3 W 0h3 W 0013}}
v3€V3

/
= 0013 W 0023 = R (5013, 5023)

The last step comes from the additional fact that va,,(so13)-
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2. Second, we need to prove for any open transition ¢13 in 733 originating from si3:
jeJ].
1550 913, Y13 ¢ OT(s13)

513 a3 S13

there exists an indexed family t23, of OTs originating from so3 that simulate it:

ﬁjejéaw " reX
23z 79231; 23z c OT(SQS)

523 sz, S23z

such that (Va € X, Jjs, n H' = J{3 n H') and
Vis w Vas w vars(t13)

a1 = 0230 A /\ Braj = Basaj A
!
R'(s13,823) A g13 = \/ J€J55, NH'
zeX 923z N R,(S/137 sl23m)g'¢)l3 Y w23m}

Recall that by definition of composition and OA refinement we have:

Vis =Viw Vs and Vo3 = Vo w V5
H c J3w (Jinde) N {k} = (Jzw Jy ~{k}) n (J3w Jo ~ {k})

First of all, we have by hypothesis A; <y As, then for any open transition t; in T}
originating from si:

jeJ]
B g o OT(s1)

S1 aq S1

there exists an indexed family of OTs originating from ss:
jEJéz zeX
( 2uj 1920, P20 o OT(52)>
82 ag, S2z

such that Ve € X, J}, n H = J{ n H and

V1w Vo wuvars(ty)
a1 = Qog A /\ B1j = BaxzjA

R(s1,82) A g1 = jedb,nH (%)
zeX 920 N R(Sllv Sém){{% W o}

Consider any transition ¢13 in A;3. Based on the definition of composition ¢13 can be
obtained from two different cases, we will consider the two cases separately.
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First case: Both automata perform a transition. The transition t;3 is obtained by

the composition of transitions t; = M € OT(s1) and

S1 o S1

1\jeJ3’ 1 1
th = (531—,7) . ’?3’% e OT (sé) when k € J;
53 al 83

The result is:

jeJi~{k} 1 \jey 1 1 1

517 e W (st)ge 3,91 A gs Aag = Bk, Y1 w3
t13 = 1 s 1!
(51»53) ap | $1,83

We then obtain a family of OTs by the simulation of A; by A, (as stated above). By
hypothesis we have k € H, so in the case where k € Jj, we deduce that k € Jj, we can then
build a family of OTs ¢55X with the same transitions of A3 (up to renaming) as those used
to build tlg.

where k € J]

X
JE€Jh,~{k} 2 \jeJ 2 2 2\ %€
+ <62’EJQT (53;‘)]6 3,922 A g3 A a3 = Bogk, Yoo W Y3 )
23z =

2 / 2/
(527 53) age |\ S22, 83

Recall that in this case k € J], so Vo € X we have

Joze OV H' = (T3~ {k}) @ J3') 0 (H @ J3 ~ {k})
(30 0 (H @ J3)) @ (J3' 0 (H @ J5))) ~ {k}
(T 0 H) w0 (3 0 ) ~ R}
since Jy N Jy, = Jand Hn JY = &
((Jboy 0 H) w JZ') \ {k} since J < Js
(J; n H)w J3') N {k} since J3' = JZ and J, n H = Jy, n H
(J; n H) w (J3' n J3)) ~ {k} since Ji' € J3
(T (s ) (I (s o B~ (E)
since JsnJ, = @ and H n J3 = &

= (1w J5") N {k}) 0 ((J3 @ H) N {k})
=J3nH

In this case the composition gives:
G13 = g1 A g5 A ad = By and goze < gox A g3 A QO3 = Bk
As k € H we have (1 = B2, then we deduce:
93 Az = Biy < g3 A af = Bogk
The proof of the rest is based on the following facts:

(a) By construction of t13 and ta3, we have ayz = a1 and a3, = aa,. So we deduce:
Q1 = Qg = (13 = 23

Inria



Refinements of Open Automata 23

(b) By composition we have also:
jeJ; jeJ; ~{k} e gl jeJ, jeJb, ~{k} e g2
Pis; " = Byt w (/Béj)]EJB and By, = B5,;° W (ng)gng
Therefore, we have for all j € Ji4 (recall that Ji3 = Jjq):

Brsj = Basej = (j € J1 A Brj = Baay) v (j € J3" A B3 = B3;)

(c) Considering 3; and (33; are the same (up to renaming) we have:
Vi w Vi w vars(tiz) - /\vgl, =v] = /\ﬁgl,j = ng

v3€V3 jeJy
Then we compose by disjunction with the following hypothesis (part of formula (*)).

Vi w Vo wvars(th) - /\ B1j = Boxj

jeJs, nH

ViwVow V31 W V32 w vars(tiz) + vé = vg - /\ Bij = Pozj Vv /\ﬂéj = ng

v3EV3 jeJy, nH jeJy
1 2
= Vig w Vog wvars(tis) - [\vs = v3 = /\ B13; = B2zaj
v3€V3 je(JhynH)wJ2
1 2
= Vi w Vo wvars(tiz) = /\v3 = v; = /\ B13; = B23a;
veeVs Je(Jy nH) 0 JZ)~{k}
1 2
= Vi w Vag wvars(tiz) = /\vz = v; = /\ B13j = Bo3aj
v3EV3 JE(Jhs,nH")

We can extend the valuation context of the variables to cover the variables of the transitions
t3 and the variables in V3 and Vi in the formula (x). By using the statements resulting
from the cases (a), (b) and (c), we get:

Vis w Vag w vars(tys)

R(s1,82) A (91 A gy Ay = Blk) A /\vé =v: =

’U3€V3

03 = Q23z A /\ B13j = Pogaj A , ,
je(Jésme’) AN gz N Qg = ﬁQl‘k
reX g2a N R(Slla ng){wl Y ¢2r}}

That can be re-written as follows:

Vis w Vaz w vars(tis)

) ) Q13 = Q23 N /\ 5133' = 523:,31'/\
R(s1,82) A g1z A /\v3 =U3 =~ \/ JE€ 55, NH'

v3€V3 wex \ 923z A R(s],s5,) {11 @ vos}
Moreover, we have for any transition ¢3 in As relating s3 and s5 the following:

Vis w Vag w vars(tis) -

Nos =i nsi=s5 = Nbis(vi) = v1s(ef) A sy = 3

v3eV3 v3€EV3
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Furthermore, according to the Definition [7| (reachability applied to the composed automa-
ton A1 [Ag/k]) we have, for all ti3 € Th3:

vars(tis) = (Va, (513) A 913 = vVa,, (s13) {t1s})

Thus, we get:

Vig w Vo w vars(ty) m vars(tis) —
R(s1,82) A g13AYA,(513) A /\vé =3 Ash =52 =
v3€eV3

013 = Qo3z A /\ Bisj = Bozaj A gose A R(sT, shy ) {1 w var}

\/ J€Jg3, NH
Vol Avas (sis) fasha \ vis(vd) = vis(v3) A sY = 3
v3€V3

From the two previous formulas, we get:

V13 ) V23 & vars(tlg) (o

2
R(s1,82) A g13 A Va5(s13) A /\Ug = "’3 N 53 =83 =
v3€V3

Q13 = Q235 A /\ Bi3j = Basaj A 9230 A Vay, (s13){tis)a

\/ J€J33,NH

S | REL ) @ ok A Nbis(v3) = d1s(03) A 53 = 57
v3€V3

Because of the independence of the substitution domains, we simplify and get the expected

formula:

Vis w Vo w vars(t13)
/ Q13 = a3z A /\ B13; = B23aj A
R'(s13,523) A g13 = jeThy, nH'
vex \ 9230 A R(S13, Shap) {113 © Yo3s }

Second case: Only the encompassing automaton performs a transition. ;3 is

obtained by the transition ¢; = M alone with the state s} unchanged, if k ¢ J;
S1 (<21 Sl

J!
,3]6 L9111

(51, 55) o (5%, 55)

t13

As stated above, from the simulation of A; by Az we get a family of OTs ¢25X. The
composition of this family of OTs with the same transitions of As (up to renamlng) as

those used to build #;3 produces a family of OTs 35X in the form:

P X
JEJIo z€
t23$ — < ( 6213 792237}7&258 ) )

32783) g (Swasg
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By hypothesis we have k € H, since k ¢ .J{, we deduce k ¢ J;,.
VY € X we have:

Jyae N H' = J5, 0 (J3w H \ {k})
= (Jj, 0 H) since Jy, nJs = B Ak ¢ Js,
= (J{ nH) since J{ nH =J;, nH
= (Jisn H') since Jsn J{ = F Ak ¢ J]
The proof of the rest of the formula follows the same steps as the previous case the only
argument that change is that by composition we obtain: g;3 is the same as g; and go3,, is the
same as g, and the actions of a3, resp. a3y, is the same as aq, resp. ao,. Similarly Bi3;

and foss; that are the same as 81; and Bay; respectively. We also apply the reachability
definition but only on the automaton A,

3. Lastly, we have to prove the satisfaction of the deadlock reduction condition, i.e., for all
(513,523) € S13 x Sa3

Vis w Vas B R(s13,823)~n  —( \/ gquard(ti3)) = —( \/ guard(taz))
tlgeoT(Slg) t23€OT(823)

By hypothesis the composition A;[A3/k] is non-blocking, then according to the Definition
[T0] we have for all state s13:

Vis w H—J vars(ty) + VArs(s13) A \/ gquard(ty) — \/ guard(t13)
t1€OT(Sl) t1€OT(Sl) t13€OT(Sl3)

From this we can infer:

Vis w L—l_—J vars(ty) +— —( \/ guard(tys)) = ﬂ(\/ guard(t1)) vV —vVa,,(s1s)
tleOT(sl) tlgeoT(Slg) tleOT(sl)

Furthermore, from the second hypothesis stating that A; <y As, we have for all (s1, s2) €

Sl><SQ

Viiw Voo = R(si,s2)A  —( \/ guard(t1)) = ﬁ(\/ guard(ta))
tleOT(sl) t2€oT(S2)

From the two previous formula can deduce:

Vizw Vo w E-J vars(t1)
t1€0T(s1)
R(s1,s2)n —( \/ gquard(t13)) = —( \/ guard(t2)) v —va,,(s13)
t13€0T (s13) t2€0T (s2)

By definition of the composition of open automata, each guard of automaton Ass is of the
form guard(tas) = guard(tz) A t, thus we have:

Vas — —( \/ guard(ts)) — —( \/ guard(tas))

tleoT(Sg) tngOT(823)
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From the two previous formula and by introducing the following tautology

(/\v% =v§ /\sé =S§>,W€ get:

v3EV3

Viz w Vaz ER(s1, 82) AvVia,5(813) A ( /\vézvg A sé:s?))) /\ﬁ\/ guard(t13)

v3EV3 t13€OT(513)

R'(513,523)

= [ — \/ gquard(taz) v —va,,(s13) | A vVa,s(s13) = — \/ guard(taz)

t23€0T (s23) t23€0T (s23)

which gives the expected result. [

C Proof of Congruence (Theorem [3))

Suppose A <y Az and k € H. and the composition A;[As/k] is non-blocking. We
have:

Ar[A2/k] <7 wm iy A1[A3/K]

Pictorially, the theorem states the following result:

Proof. Let us denote by Aqa (resp. Ajz) the OA resulting from A;[As/k] (resp. Ai1[As/k]), to
prove the theorem it is sufficient to prove that there exists a relation between states of the two
OA that satisfies the conditions of the Definition [

We denote A1 = <Sl, S01, Jl, ‘/1, g01, T1> and A2 = <Sg, 502, JQ, VQ, gp2, T2> and A3 = <53, 503, J3, Vv37 go3, T3>.

Let R be the refinement relation relating states of A, and Az. Let us denote with ¢? and ¢
the elements of Ay and Ajs respectively. Consider any two states s12 = (s{, s2) and s13 = (s7, s3)
(s1 and s? are the same with renaming). We define a relation R’ relating states of s12 and s13
as follows:

R/ (s12, 813) = R(82,83) A vVa,,(512) /\v1 =v2 A8l =57
v1eVy

Let us denote H' = H u J; \ {k}. We want to prove that (R’, H') is a hole-tracking simulation
of A1 and Aj3. As for the previous proof we deal with cases:

1. First, we have to prove the relation for initial states:
o012 W 0013 — R'(S012, S013)

. 1 2 1 2
with o912 = 04, W 003, 0013 = 05, W 003, S012 = (541, S02), and So13 = (851, 503)-
The proof of this point is similar to that of Theorem [2}
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2. Second, we need to prove for any OT t¢15 in T35 originating from si

JjEJIo
12; 2912, V12 o OT (s12)
S12 @12 S12

there exists an indexed family ¢13, of OTs originating from s;3 that simulates it:

,ngJisz " veX
13zj 79131; 13z c OT(SL})

513 13, S13z

such that (Vz € X, Jj5, n H = J{, n H') and

Vig w Vig w vars(tiz) -

a1z = 0za A J\ Pr2j = Brsaj A
!
R'(s12,513) A g1z = jeT| g, nH'
sex \ G130 A R (812, 813,) {1012 w Y130}

By definition of composition and OA refinement we have:

Vie =V} w Vs and Viz = V2w V3
H =HwJi~{k} S Jiw(J2n J3) N {k} = (J] w o~ {k}) 0 (J§ w J3 ~ {k})
= Jia N Ji3

We have by hypothesis As <y As, then for any open transition ¢o in 75 originating from
S9:

jeJh
21 9292 ¢ OT (s,)

82 gy S2

there exists an indexed family of OTs originating from ss:

jEJ;,:,J; reX
( 3xj 7g3$aw31 c OT<S3)>

53 a3, S3z

such that Vo € X, J},. n H = J, n H and

Vo w Vs w vars(ta)
Qz = Qg A /\ B2j = Bzazj A

R(s2,83) A g2 = jed,, nH (%)
zeX \ 93z A R(sh, 5, ) {2 w s}

Consider any transition t15 in A15. Based on the definition of the composition ¢15 can be
obtained from two different cases, we will consider the two cases separately.
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First case: Both automata perform a transition. The transition ¢15 is obtained by
jeJsh

2
the composition of transition to = & and a transition
S92 s So
L (ﬂlt)jeJll’ gt ! v
ty =L sl when k € J;
S1 a% S1
The result:
1 jeJi ~{k} jedi 1 1 1

B w (B2; 2,91 A g2 Aaq = Pak, b1 @ o /
by = U (B2)"2,91 7 g ! i where k € J}

(Si 52) a% (Silz S/2>

We then obtain a family of OTs by the simulation of As by As (as stated above). By
hypothesis we have k € H, so in the case where k € JI', we deduce that k € Jj, we can
then build a family of OTs #¥§X with the same transition, up to renaming, as the one used

to build t1 (i.e., t1), where s%/ is the same as s}/ up to renaming.

2 \jes? je b, ~{k} 2 2 2\ TEX
" <(ﬂ1j)]€ b w /3:]‘395]‘3 S gss A gL A af = Baak, Yss W 7
13z —

(8%7 53) a% (Sf’, Séz)
Recall that in this case k € JI', so Vo € X we have:

Tiaw VI = (T~ (K)) & J2) 0 (H @ Jy ~ k)
((J3 0 (Hw J1)) w (J7 0 (H w J1) ~ {k}
(J5z 0 H) w (J7 0 J1)) ~ {k}

since Jy nJs, = Fand HnJ¥ = &
((Jh, 0 H) w J&') ~ {k} since J¥ < J;
((Jy 0 H) w Ji") ~ {k}

since J{' = J and Jsn H = J,, n H
= ((Jy nH)w (JI' 0 J1)) ~ {k} since J{' < J;
= (Jon (Jiw H))w (L' 0 (J1w H)) ~ {k}

since J1 nJy = and Hn J' =&

— (o I {K)) A (o H) ~ (kD)
=J,nH

In this case the composition gives:
912 < g1 A g2 A ) = Bog and g1z < g7 A g3a A O = Baak
As k € H we have al = o2 then we deduce:
g1 Aot =P = g1 Aot = By
The proof of the rest is based on the following facts:

(a) By construction of t1 and t13, we have aja = ai and a3, = af. Since of and of
are the same (up to renaming) we deduce: a1 = 3,.
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(b) By composition we have also:
o
s

.l T icJ!
= (BLY N w (By;)75%2 and Big, 0

e g2 jeJs . ~{k
_ (B%j)]eJl ~{k} W ngj:s.,\{ }

Therefore, we have for all j € Ji, (recall that Ji, = Ji5):

Braj = Brsaj = (j€ JI' A BY; =

B3) v (G € Jy A Baj = Baaj)

(c) Considering 3}, and (7, are the same (up to renaming) we have:
Vo V2w vars(tia) - /\vl =] = /\ﬁh = B%j

v1eVy jEle/

We compose by disjunction with the following hypothesis (part of formula (x)).

Vo w Vs w vars(tz) - /\ B2j = B3xj

jeJémmH
Vow Vaw Vi w VE wwars(tiz) - /\vg = v?
’U1€V1
1_ .2
= Vis w Viz wvars(ti2) - /\vy = v}
’U1€V1
= Vio w Viz w vars(tiz) - /\vi = v}

’L)1€V1

= ViwViow ’UCLT’S(tlg) = U% = ’U%

’L)1€V1

P = /\ B2j = B3aj v /\ﬂb‘ = B

jedj,nH jeJ¥
= /\ Bi2j = Bi3aj
je(Jh,nH)wJ?
—  /\ Bz = Bisaj

J€((Jip nH)w J7)~{k}

and /\ 512;‘ = 513zj

jE(J{&EﬂH/)

We can extend the valuation context of the variables to cover the variables of the transitions
t; and variables Vi! and V2 in the formula (*). By using the statements resulting from the

cases (a), (b) and (c), we get:

Vis w Vig w vars(ti2) -

R(s2,53) A (92 A g1 A o] = Par) A /\v% =0 =

’U1€V1

a1z = anze A\ Brzj=PusesA

g3z A R(sh, s5,) {2 w 3.}

zeX

That can be re-written as follows:

Via w Vi w vars(ti2)

R(s2,83) A g12 A /\v% =0 = \/

v1eVy reX

2 2
AGL A QT = Bk

Q12 = 13z A /\ Bi2j = Bizzjn
jeJigme’

9132 A R(sh, 85, ) {2 w ¥s.}

Moreover, we have for any transition ¢; in A; relating s! and s!’ the following:

Vig w Vig w vars(tiz) -

1_ .2 1 _ 2
/\vl—vl/\sl—sl

v1eVL

RR n°® 9517

= /\¢12(U%) = 130 (v]) A sy’ =57

v1€V1



30 Rabéa Ameur-Boulifa et al.

From the two previous formula, we get:

Via w Vis w vars(ti2)
1 2 1 2
R(s2,83) A g12 A /\v1 =vi AS] =8 =
’U1€V1
Q12 = i3z A /\ Bi2; = P13zi A g13z A

Jj€Ji3, nH
\/ R(Séasgm){w@ W P} A /\1/’12(1)}) = Y132 (v7) A 51’ = s

zeX
v1EVY

Furthermore, according to the Definition [7] (reachability, applied to the composed automa-
ton A;[Az/k]) we have, for all ¢15 € Tyo:

vars(tlg) = (‘/Alz (312) AN di2 = ‘/A12 (5/12){{1/)12}})
Thus, we get:

Vig w Viz w vars(ti2) -
2
R(s2,83) A g12 A Va,,(s12) /\vl =viAsi=52 —
v1eVy

013z A /\ Bi2; = Biszj A J13z A

j€J13zr\H'
N/ | RO5bs5) 102 0 i} A v (1) twr2)
zeX A /\1/)12(11%) = Y132 (v]) A 57" = 7

v1eVL

12

Because of the independence of the substitution domains, we simplify and get the expected
formula:

Vig w Vig w vars(ti2) - R'(s12,513) A g12 =

\/ ( g = Qi3z A /\ Bi2j = Bisej A G130 A R (19, 130) {112 @ 130 } )

jEJ 3. NnH'
e X 13z

Second case: Only the encompassing automaton performs a transition. t;5 is

1 yjeJd 1 1

(513‘) 91,1
1 17

S1 al S1

obtained by the transition ¢} = alone with the state sy unchanged, if

ke g
(/311 )JEJl aglawl

81782) 04% <51 s 852

t1o = (

The hole is not involved we can define ¢13 with the same transition ¢; of A; (where elements
of t; are the same as above modulo renaming of variables):

(5% )JEJl ) 91 ) 1/11

81783) a% <51 » 83

t13=(
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We thus take (£13,)"% = {t13}. Vo € X we have J|5, = J2' and trivially:

Jjae " H = J¥ 0 (J1 w H~ {k})
=J n (Jy w H~ {k}) since JZ = .7}
= (J{Q mH’)

Moreover, we have by definition

Thus, because transitions t1 and t? are the same:

i /
R'(s12,513) = R(s2,53) A Va,,(s12) A /\v% =viAs] =50
’U1€V1

R/ (s2:813)
Moreover, we have the following:

Vie w Viz w vars(tiz)

ot =i nsi=sf = Nbn@l]) = vi(f) A st = s

v1 EVl U1 €V1

Furthermore, according to the Definition [7| (reachability, applied to the composed automa-
ton A1) we have, for all t19 € T1o:

vars(ti2) = (‘/Alz(512) A gl = Vg, (5,12){{7/)12}})
Because a2 and ag3 are the same, and also 812 and (13 are the same (modulo renaming
of variables), we deduce from the above the expected formula (instantiated with X a

singleton):

Vig w Viz w vars(tiz) = R (s12,513) A 12 =

a1 = a1 A J\ Py = Bisin gis A R (512, 815) {12 @ i3}

jeJ snH’

3. Lastly, we have to prove the satisfaction of the deadlock reduction condition, i.e., for all
(512,513) € S12 X Si3

Vio w Vis +  R'(s12,813)A  —( \/ guard(tis)) — —( \/ guard(t3))
t12€0T (s12) t13€0T (s13)

Let’s start with the hypothesis of the theorem stating that As <py As, thus we have for all
(82,83) € SQ X S3

Vo w V3 Rsa,s3)n  —( \/ guard(ts)) — ﬂ(\/ guard(ts))
tQEOT(Sz) t3€OT(S3)
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By hypothesis the composition A;[Ay/k] is non-blocking, then according to the Definition
[T0] we have for all state s1a:

Vi w H—J vars(ty) + VAia(s12) A \/ guard(ty) = \/ guard(t12)
tleOT(sl) tleOT(sl) t12eOT(512)

Which implies
Vis w L—ﬂ vars(ty) - \/ guard(ti2) — VA (s12) V ﬂ\/ guard(ty)
t1€OT(81) t12€OT(512) t1€OT(51)

Additionally, each transition t13 of OT(s13) is of the form g; A g3 A g with g1 a guard of a
transition ¢; of OT(s1). Thus we have

- \/ guard(t;) = —( \/ guard(ti3))

tleOT(sl) t13€OT(513)
Thus we have, as R contains the reachability of state syo:

Vio w Vig - R/(s12,513) A —( \/ guard(tis)) =

t12€0T (s12)

‘/A12(812) A _"/A12(812) v _'( \/ guard(tlu?’)) e _'( \/ guard(tlg))

t13€0T (s13) t13€0T (s13)
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