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Causal nonseparability is the property underlying quantum processes incompatible with a definite
causal order. So far it has remained a central open question as to whether any process with a clear
physical realisation can violate a causal inequality, so that its causal nonseparability can be certified
in a device-independent way, as originally conceived. Here we present a method solely based on
the observed correlations, which certifies the causal nonseparability of all the processes that can
induce a causally nonseparable distributed measurement in a scenario with trusted quantum input
states, as defined in [Dourdent et al., Phys. Rev. Lett. 129, 090402 (2022)]. This notably includes
the celebrated quantum switch. This device-independent certification is achieved by introducing a
network of untrusted operations, allowing one to self-test the quantum inputs on which the effective
distributed measurement induced by the process is performed.

Introduction.—For both quantum and classical pro-
cesses, it is usually assumed that if two parties interact
only once with a physical medium, then only one-way in-
fluences are possible. Remarkably, this turns out to be
an unnecessary restriction on the possible observable cor-
relations. Formalised in the process matrix framework,
where quantum theory is taken to hold locally but no
global causal structure is assumed, some processes allow
parties to establish correlations incompatible with a def-
inite causal order [1].

Causal nonseparability, the property underlying such
processes [1, 2], bears a foundational significance and is
also the basis for advantages in a number of different
tasks [3-8]. It can be certified in a device-independent
(DI) way, i.e. requiring knowledge of the observed statis-
tics only, based on the violation of “causal inequali-
ties” by noncausal correlations [I, 9]. However, not
all causally nonseparable process matrices are noncausal
in this strong sense [10-12]. Indeed, a large class of
quantum-realisable processes cannot violate causal in-
equalities [13, 14], and it is still unclear whether any pro-
cess with a clear physical realisation is able to. This in-
cludes in particular the canonical “quantum switch” [3],
the resource behind most known advantages arising from
causal indefiniteness [3-8].

In a previous work [15], we showed (with another col-
league) that the quantum switch, as well as a large class
of bipartite causally nonseparable processes (and even
all of them under a reasonable additional assumption),
can display a new form of noncausality in a semi-DI
with quantum inputs (SDI-QI) scenario. In the present
work, we show how the gap between this SDI-QI certi-
fication and a fully DI certification can be bridged by
self-testing the quantum inputs in a network scenario,
where each party that receives a quantum input in the
SDI-QI scenario shares an additional uncharacterised bi-
partite state with an extra untrusted party. We call this
certification network-device-independent (NDI) to differ-

entiate it from the standard DI scenario based on causal
inequalities. This approach is motivated by the ability
to exploit self-testing to transform a universal certifica-
tion of entanglement in a SDI-QI scenario into a NDI
certification [16, 17]. The apparent analogy between en-
tanglement and causal nonseparability, however, was al-
ready seen to have severe limitations in the SDI-QI sce-
nario [15], making it unclear whether NDI certification
could be applied to this latter resource.

Causal (non)separability in the SDI-QI scenario.—The
approach we present is a general method for transforming
SDI-QI certification of causal nonseparability into NDI
certification, applicable to a range of scenarios. For con-
creteness and clarity, however, we focus our initial pre-
sentation here on the bipartite scenario, before making
some comments about its applicability to other scenarios
and processes later.

Two parties, Alice and Bob, control separate quantum
labs with input and output Hilbert spaces HA’ and HA©
for Alice, and HP and HBo for Bob. They may also
receive some auxiliary quantum states in Hilbert spaces
HA HB' 1 Let us consider the SDI-QI scenario intro-
duced in [15] where Alice and Bob are provided with
quantum input states pA € L(HA) and pB e L(HP'),
respectively, indexed by the labels z and w. They
each perform some fixed quantum operations described

1 All Hilbert spaces we consider are taken to be finite-dimensional.
Notations: £(HX) denotes the space of linear operators on HX;
superscripts are used to indicate on what spaces operators act;
we shall write concisely HXY = HX @ HY, HA = HA140 | etc.
Note that in [15], the auxiliary spaces in which the quantum
inputs live were denoted with tildes (e.g., 7-LA); here we switch to
primes: the tildes will be used for the untrusted physical systems
in the self-testing procedure below. Also, in [15] Alice and Bob’s
quantum input states were labeled by subscripts « and y; here
we change these to z and w, as x and y will be introduced later
as classical inputs for the self-testing procedure.
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FIG. 1. The SDI-QI scenario: A process matrix W4E con-
nects two parties who receive trusted (orange) quantum in-
puts pf/ and pgl, resp. They each perform an untrusted
(black) joint operation ((M;LVA)E and (Mf/B)b, resp.), pro-
ducing the classical outcomes a and b. The purple semicircle

represents the D-POVM (E(‘IA:;,B,)G,Z, induced by these instru-
ments and the process matrix.

as quantum instruments [I18], i.e., sets of completely
positive (CP) maps M, : L(HA A1) — L(HA°) and
My o L(HB'Br) — L(HBo), whose indices a,b refer to
some (classical) outcomes for Alice and Bob, and whose
sums Y M, and ), M, are trace-preserving (TP). Us-
ing the Choi isomorphism [19] (see the Supplemental Ma-
terial (SM) of [15], Sec. A), the CP maps M,, My, can be
represented as positive semidefinite matrices M;‘/A and
MP'B.

Within the process matrix framework, the correlations
established by Alice and Bob in such a scenario with
quantum inputs are given by the probabilities

Pa,blp’, pl ) = (M4 @ MPP) « (o2 @ pl @ WAP)
= BN s (o0 o) = e [(BAE) (020 o))

with
EAP = (M2 @ MP'P) « wAB. (2)

Here, WAB ¢ L(HAP) is the so-called “process matrix”,
a positive semidefinite matrix satisfying nontrivial linear
constraints in order to always generate valid probabil-
ities [1] (see e.g. [15], SM, Sec. B); and * is the “link
product” [20, 21], a convenient tool for calculations de-
fined for any matrices MXY € L(HXY), NYZ € L(HY?)
as MXY « NYZ = Try [(MXY ® 19)TY (1% @ NY7)] €
L(HXZ) (where Ty is the partial transpose over HY ; see
also [15], SM, Sec. A).? The family EA'P" = (E4,F"),,
defines an effective distributed measurement [22, 23

2 A full trace Tr[(MY)T NY] and a tensor product MX @ NZ can
both be written as a link product. Moreover, the link product is
commutative and associative.

on the quantum inputs, termed a “distributed positive-
operator-valued measure” (D-POVM); see Fig. 1. Note
that by choosing {p?'}, and {pB'},, to be tomographi-
cally complete sets of states, one can completely recon-
struct EAB” from the statistics obtained through Eq. (1).

The process matrix formalism makes no a priori as-
sumption of a global causal structure relating Alice and
Bob. In fact, assuming such a structure imposes further
constraints, due to the inability for a party to signal to
the causal past. Process matrices compatible, for ex-
ample, with Alice acting before Bob (denoted A < B)
are of the form WA=B = WA=Br g 150 and similarly
WB=A = WWB=A1 @ 140 for Bob before Alice (B < A),
with WA=Br ¢ L(HAB1) and WB=41 ¢ L(HA1B) being
themselves valid process matrices [1]. Process matrices
that can be written as a convex mixture of matrices com-
patible with A < B and B < A, i.e., of the form

WAB — qWA<BI ® ]lBO + (1_q) WB<A1 ® ]1A07 (3)

with ¢ € [0, 1], are said to be “causally separable”. They
can be interpreted as being compatible with a definite
(although perhaps probabilistic) causal order. Remark-
ably, there exist “causally nonseparable” process matri-
ces that cannot be decomposed as in Eq. (3), and are
thus incompatible with any definite causal order [1].

Causal nonseparability can always be certified in a
device-dependent manner using a “causal witness” [10,
24], while only some processes can be certified in a DI
way through the violation of a causal inequality [1, 10—
12]. Here, we start by considering a relaxation of this DI
scenario, by providing the parties with quantum inputs
instead of classical ones. In [15], we showed that causally
separable processes necessarily generate D-POVMs that
are themselves causally separable in the sense that they
can be written

EA'B" _ qEA’<B' + (1=q) EB =4 (4)

with ¢ € [0,1], where EA'=<B’ (EA=P"),, and
EB'<A" — (EB <A™, , are D-POVMs satisfying

S ENF =EN 91”7 Vo, Y EN =1, (5)

b
SEFY =EF @1t v, Y EF =17, (6)
a b

and are respectively compatible with the causal order
where Alice receives her quantum input and acts before
Bob (A" < B’) and vice versa (B’ < A’). Crucially,
some causally nonseparable processes which cannot vi-
olate any causal inequality in the DI setting can still
generate causally nonseparable D-POVMs. This causal
nonseparability—and hence that of the process matrix
inducing it through Eq. (2)—can then be certified by re-
constructing the D-POVM (as mentioned above) and ver-
ifying that it cannot be decomposed as in Eq. (4) or, more
directly, using these quantum inputs to violate a witness



inequality of the form [J > 0, where J denotes some lin-
ear combination of the probabilities P(a, b|p2", pB') [17].

NSDI-QI and NDI causal scenarios.—A bipartite SDI-
QI scenario can be transformed into a 4-partite net-
work scenario (NSDI-QI) where two additional sepa-
rated parties—Charlie and Daisy—remotely prepare the
quantum inputs. They control separate labs with in-
put Hilbert spaces H® and HP /, and share maximally

entangled pairs of d-dimensional states,? |¢+)C A" and

B'D’ . d—1. - . .
lot) (with |¢T) = %jzj:() |7,7)) with Alice and
Bob, respectively; see Fig. 2 (top). Charlie and Daisy
can then remotely prepare the quantum inputs pf/ and
pB ' by applying measurements with Choi representations

(M)e = (p€", 19 =pF") and (M7 )a = (ol , 17 —pl))

clz |w
on their shares of entangled qudit pairs. When they
observe the outcomes ¢ = 0 and d = 0 correspond-

ing to the POVM elements pgl and pgl, respectively,
then Alice and Bob receive precisely the desired quan-

tum inputs since p?’ MOC/ * |¢+)<¢+|CIA/ and pB’

|z

Mtﬁ; * \¢+>(¢+|B/D/. Thereby, the observed correlations

P(ec,a,b,d|z,w) = (MC/ ® E;L%Z,B/ ® Mf‘;))

clz
< (Io7)6"17 " @ lotiet ™) (1)

satisfy P(0,a,b,0]z,w) = P(0|z)P(0lw)P(a,b|p?’, pB")
and the causal nonseparability of EAB’ can be certified
by the violation of a witness inequality as in the SDI-QI
scenario.

This NSDI-QI scenario so far assumes the shar-
ing of maximally entangled states and trusts Char-
lie’s and Daisy’s quantum measurements in the “ref-
erence scenario” described above. However, these as-
sumptions can be relaxed by exploiting self-testing tech-
niques. Self-testing exploits the fact that quantum cor-
relations which maximally violate a Bell inequality can
sometimes be used to uniquely determine—up to lo-
cal transformations—which state and measurements pro-
duced them [25, 26]. To self-test the maximally entan-
gled states and Charlie and Daisy’s measurements, Al-
ice, Bob, Charlie and Daisy are all given (new) classi-
cal inputs z,y, z,w, resp., and perform untrusted oper-
ations (M44),, (MEB), (MS )., (MdD|w)d’ producing out-

alz bly clz
comes a,b,c,d, resp. on the process matrix WAB and
the untrusted auxiliary states {4 and PpZP to be self-
tested, which are now in the (untrusted) “physical”
Hilbert spaces HA, HE, HC, HP (denoted with tildes)—
that, a priori, may differ from those in the reference
scenario HA', 1B 1" HD' (with primes); see Fig. 2

3 Here d is the dimension of the quantum input spaces, which for
simplicity we assume to be the same for both parties (although
this can be easily relaxed without consequence).

FIG. 2.

From the NSDI-QI to the NDI scenario:
NSDI-QI scenario (top), the quantum inputs of the SDI-QI
scenario (Fig. 1) are prepared remotely by two other sepa-
rated parties—Charlie and Daisy—performing suitable oper-
ations on their part of a maximally entangled state shared

with Alice and Bob, so that pf/ ~ M(ﬁ; % |¢+><¢+|C'A’ and

In a

pB M(ﬁlu * |¢+><¢+|B P resp. (orange). These quantum

inputs can be self-tested (bottom): Alice, Bob, Charlie and
Daisy are given classical inputs x,¥, z,w, and perform un-
trusted operations that produce outcomes a, b, ¢, d, resp. Ver-
ifying that the correlations P(c,alz,z) and P(b,d|y, w) both
maximally violate a Bell inequality allows one to self-test the
preparation of the quantum inputs; from this, one can cer-
tify the causal nonseparability of the D-POVM (Efﬁr,y)a,b
(purple semicircle) for = y = %, and thus the causal non-
separability of the process matrix W4 in a NDI scenario.

(bottom). When applied to the process matrix, Al-
ice and Bob’s instruments generate a D-POVM E;“g =
AB AB
(Ea,~l)|z,y R Ea7b|1ay
(M2 © M) « WA similarly to Eq. (2). We will
show that in this scenario, the causal nonseparability of
a D-POVM generated from a causally nonseparable pro-
cess matrix WAL can be certified solely based on the
correlations P(c,a,b,d|z, z,y,w), thus achieving a NDI

certification of causal nonseparability.

Ja,p for each z and y with elements

NDI certification of causal nonseparability.—As sug-
gested above, the idea to achieve this goal is to com-
bine the SDI-QI certification with self-testing. For the
protocol we present to function, it will be necessary
for the quantum inputs in the initial SDI-QI setting to
be chosen such that that the reference measurements
(MSD)e = (p€", 19 =p") and (Mf,)a = (o), 17 =pl))

clz |w



of the NSDI-QI setting are precisely those involved in the
self-testing procedure we use. For simplicity, let us as-
sume that d = 2™ for some m > 1. This can be done
without loss of generality by embedding the reference ex-
periment, i.e., the spaces H and HP', into larger 2™-
dimensional spaces if needed (see Appendix A). We then
require not only that pf' and pP " form tomographically
complete sets, but more precisely that they are (projec-
tors onto the) eigenstates of orthogonal Pauli measure-
ments (or, beyond the 2-dimensional case, tensor prod-
ucts thereof). We will assume henceforth that this is
indeed the case.

When Alice and Bob receive generic classical inputs
x,y (other than the specific x,y = % that we shall con-
sider below), we interpret the experiment as a self-testing
round, in which the correlations are used to test a Bell
inequality: reaching its maximal quantum violation cer-
tifies that the untrusted states ll) , BD and measure-
ments (MS cz)es (Md‘“) have the form of those used in
the NSDI-QI setup. Such a statement can only be true
up to local transformations, but these transformations
relating the “physical”, uncharacterised, states and mea-
surements to their idealised “reference” counterparts can
be explicitly incorporated into the analysis. When they
both receive the special input x = y = %, we instead inter-
pret it as a certification round, in which one follows the
same procedure as in a NSDI-QI certification of causal
nonseparability using these self-tested quantum inputs.
Crucially, the aforementioned local transformations pre-
serve causal (non)separability, allowing the causal non-
separability of the physical process to be certified, despite
lacking any knowledge of the Hilbert spaces upon which
it acts.

The general protocol can thus be described as follows.

e (Correlation generation) Alice, Bob, Charlie and
Daisy perform local operations and measurements
on their respective subsystems to obtain the statis-
tics P(c,a,b,d|z, x,y,w).

o (Self-testing) One certifies that the auxiliary states
each contain a maximally entangled state and that
Charlie and Daisy each effectively perform the de-
sired tomographically complete, orthogonal Pauli
measurements on their subsystems by verifying
that the distributions Py(c, a|z, z) := P(c, a|z, z,y)
and P, (b,d|y,w) := P(b,d|x,y,w) both maximally
violate a Bell inequality Z > 0 for some y and z,
resp.*

o (Causal nonseparability certification) One ver-
ifies that the correlations P(a,blz,w) =

4 Note that these distributions are independent of w and z, re-
spectively, due to the network structure: e.g., Daisy only shares
a (nonsignalling) quantum state with Alice, Bob and Charlie.
However, contrary to the scenario of entanglement certifica-
tion [16, 17], these may still depend on y and z, resp., as the
process matrix may allow for signalling.

P(a,blz, z=x, y=*,w,c=0,d=0) violate a wit-
ness inequality J > 0, thus certifying that the
process matrix is causally nonseparable.

Let us now explain these steps in more detail. We
use the fact that, for d = 2™, one can self-test a
d-dimensional maximally entangled state and orthogo-
nal Pauli measurements (or tensor products thereof, for
d > 2) by the maximal quantum violation of a Bell in-
equality Z > 0 [17]. Further discussion of the inequality
is provided in Appendix A, but its exact form (which
depends on d) is not important for the argument here.

The first step of the protocol simply consists in gener-
ating the correlations P(c, a, b, d|z, x,y, w), which can be
written as

P(c,a,b d|z x y7w)
CA AB o .,BD
= P(ClZ) ( ‘ ) a b\a:y (p?\z ® pﬁw) (8)

w1th the remotely prepared states sat1sfy1ng P(c|z) p4 Pl =
C|z >|<1j)CA and P(d|w) pdlw » ¥ VPP and with the
D-POVM elements EAZ = (MAA ® Mb‘y ) * WAB  as

a,blz,y alz
given above.

The second step is the self-testing procedure. The
players verify that the correlations Py(c,alz,2z) and
P,(b,dly, w) reach the maximum quantum violation of
the Bell inequality Z > 0. As we recall in Appendix A, it
is }qnown that if this is the case, then the physical states

4 and PpFPP and measurements (Mg"vz)C and (Md|w)
can be related to the ideal reference states and opera-
tions of the NSDI-QI scenario in the d-dimensional spaces
HE HA HE' HP vialocal isometries [16, 17]. We then
show (see Appendix A) that these local isometries also

relate the remotely prepared inputs® paz and pOBIw to

AT Cad e

. For example, for Alice’s

the reference quantum inputs pf/ x M

# gt

quantum inputs we prove that

= T ’ if
Pl = VA (p;“ ®& +

B/
and p,; o< M, o\w

()T o e ) VA 9)
where VA : HA - HA Y is an isometry and 564']{7 f‘ﬁ
are (subnormalised) “junk and flag” states on a Hilbert
space HAJf; a similar relation holds for Bob. This allows
us to write Eq. (8), when ¢ = d = 0, in terms of the
reference scenario as

P(0,a,b,0|z,z,y, w)
= P(0|Z) (0|’LU) Ea b\:c y (p? ® pg )7 (]‘0)

5 In fact, we show that each pf‘z and de‘w (for all ¢,d) can be
related to a corresponding state in the reference scenario, but

this stronger result is not needed here.



A'B’
where the Ea,b|x,y

(which EaA,ﬁ:E,y can likewise be related to through local
isometries; see Eq. (B3) in Appendix B). Eq. (10) thus
relates directly the observed correlations to those obtain-
able in the NSDI-QI setup.

The last step consists in certifying causal nonsepara-
bility. The self-testing step ensures that, when Charlie
and Daisy get the outputs ¢ = d = 0, Alice and Bob re-
ceive, up to local isometries, the desired quantum inputs
p2 and pB’ from the SDI-QI scenario. We thus focus on
the correlations observed when x = y = % which, in the
reference experiment, should correspond to the measure-
ments used to obtain a causally non-separable D-POVM.
These correlations, following Eq. (10), are given by

are elements of an effective D-POVM

Pi(a,blz,w) = P(a,b|z, z=x, y=*, w, c=0, d=0)
=END L x (02 ® ), (11)

which precisely defines, following Eq. (1), a distribution
P'(a,blp2', pB') in a SDI-QI setting with the reference
quantum inputs for the certification of the effective D-
POVM E4P" = (EAP ), In Appendix B we show

a,b|*,x

that if W4B is causally separable then E?f;B "is a causally
separable D-POVM. Hence, if P’(a,b|pf/,p5,) violates
the witness inequality, yielding J < 0, this certifies the
causally nonseparability of W4B. By following the ideal
reference protocol of the NSDI-QI scenario, one can thus
obtain such a NDI certification for any process that can
be certified in the bipartite SDI-QI scenario, i.e., which
can generate a causally nonseparable D-POVM.

The NDI certification of causal nonseparability de-
scribed above assumes that the self-testing is perfect: the
maximal quantum violation of the Bell inequality Z > 0
is obtained, meaning that noiseless maximally entangled
states and perfect measurements are realised (up to lo-
cal isometries). Such requirements are experimentally
unobtainable. However, the self-testing procedure and
subsequent certification of causal nonseparability can be
rendered robust to noise in a similar way to that of [17];
see Appendix C for further explanation.

Applications and scope.—The protocol described in the
previous section exploits a general approach to trans-
forming a SDI-QI scenario into a NDI one. Indeed, it
can be readily generalised to provide NDI certification
in settings beyond the basic bipartite one we described.
For instance, in [15] we showed that all bipartite causally
nonseparable process matrices can be certified in a SDI-
QI way if we assume an additional natural assumption
on the form of Alice’s and Bob’s instruments: that they
factorise as a joint measurement on one subsystem of
their quantum input and the system they receive from
the process matrix, and a channel taking the rest of their
quantum input into the process matrix. By assuming
the same “measurement device and channel independent”

(MDCI) structure for the physical instruments (M;“lf)a

and (I\/Iﬁ f” ), and using independent auxiliary sources to

self-test Alice and Bob’s quantum input subsystems, our
method here can readily be used to show that all bipartite
causally nonseparable processes can also be certified in a
NDI way (modulo these assumptions); see Appendix D
for details on the soundness of the NDI certification in
this MDCI scenario.

A process of particular interest is the quantum
switch [3], which can be described in either a “(2+F)-
partite” or “(P+2+F)-partite scenario” in which, in ad-
dition to Alice and Bob, a third party Fiona with no out-
put Hilbert space performs a measurement in their causal
future, and (in the (P+2+F)-partite scenario), a fourth
party Phil with no input Hilbert space acts in their causal
past. In the quantum switch, Phil prepares a target sys-
tem and a control qubit, the latter of which coherently
controls the order that Alice and Bob then act on the
target system, before both the target and control are re-
ceived by Fiona. (In the (2+F)-partite scenario, Phil’s
operations are fixed and absorbed into the process ma-
trix.) The quantum switch is the canonical example of a
physically realisable causally nonseparable process [13],
and the resource behind most known advantages aris-
ing from causal indefiniteness [3-8]. Certifying its causal
nonseparability is thus a key problem, and several exper-
iments have done this in a device-dependent way using
causal witnesses [27, 28]. In [15], the SDI-QI scenario
was extended to the (24 F)-scenario to certify the causal
nonseparability of the quantum switch, and the general-
ity of our NDI approach can again be illustrated in these
scenarios. In Appendix E we further extend the SDI-QI
framework to the (P+2+F)-partite scenario—in which
the SDI-QI approach can then be transformed into a NDI
one by having Phil and Fiona also share maximally en-
tangled states with additional parties, and following the
natural generalisation of our bipartite protocol. In fact,
for the quantum switch, in the SDI-QI setting it is not
necessary to provide all parties with a quantum input:
some parties may do with classical inputs, or no input at
all. For example, in [15] the case where only Alice and
Bob have quantum inputs was considered; in Appendix E
we show that one can also certify the causal nonseparabil-
ity of the quantum switch in a SDI-QI manner while pro-
viding only Phil with quantum inputs—a scenario that
can then be turned into a NDI one by introducing just
one additional party. We thus see that, despite its inabil-
ity to violate any causal inequality [10, 11], the quantum
switch can be certified in a particular type of DI scenario;
see also the discussion below.

Discussion.—As we emphasised, our certification of
causal nonseparability is device-independent, in the sense
that it does not assume any knowledge about the un-
derlying process or operations involved. Every element
involved in the protocol is treated as a (quantum) black
box with classical inputs and outputs, and all conclu-
sions are drawn from the observed correlations. How-
ever, we called it network-device-independent to differen-
tiate it from the standard approach to DI certification,
which requires the violation of a causal inequality [1].



Indeed, our approach differs from the standard one as
it assumes a network structure involving two separated
untrusted parties, each independently performing oper-
ations on a system that is independently shared with a
party involved in the process being certified. Moreover,
unlike the standard approach which certifies causal indef-
initeness in a theory-independent manner, our method
certifies the theory-dependent notion of causal nonsepa-
rability. Indeed, it is based on the violation of a witness
inequality by a causally nonseparable process matrix and
on the self-testing of quantum input states through the
maximal quantum violation of Bell inequalities. It thus
assumes the validity of quantum theory and of its ex-
tension through the process matrix formalism. This, and
the simple network structural assumption, is what allows
one to certify—without trusting any device—the causal
nonseparability of process matrices which cannot violate
a causal inequality, such as the quantum switch [10, 11].

Finally, we note that some recent works have also pro-
posed another approach to certify the indefinite causal
order in the quantum switch in a device-independent
way [29, 30]. In the scenario presented in [30] (also con-
sidered in [29]), an additional space-like separated party
is introduced along with Alice, Bob and Fiona, and an
inequality is derived based on the assumptions of “Def-
inite causal order, Relativistic causality, and Free inter-
ventions” (DRF). It is then shown that the correlations
generated from a quantum switch in which the control
system is entangled with the newly introduced party can
violate this “DRF inequality”. Notably, our approach al-
lows us to consider a scenario very close to that of [30] by
transforming a SDI-QI test of a (P+2+F)-partite quan-
tum switch, with only Phil (in the causal past) being
given a quantum input, into a NDI test (as briefly con-
sidered above, and further discussed in Appendix E).
It is then interesting to compare the assumptions and
conclusions one may draw from these two approaches in
which the causal indefiniteness of the quantum switch

can be certified in a DI manner (see Appendix F for fur-
ther discussion). A first important difference is that the
approach of [30], and the inequality they derive, is not
only device-independent, but also theory-independent—
like standard causal inequalities, but contrary to our ap-
proach. Furthermore, while [30] explicitly introduced
some form of no-signalling assumption at the ontologi-
cal level (“Relativistic causality”) between the new party
and those involved in the switch, we did not need such
an assumption. Instead, we make the simple network
structure assumption which implies just the weaker op-
erational notion of no-signalling. With a violation of a
“DRF inequality”, the conclusion that there is indefi-
nite causal order can hence be escaped by rejecting this
relativistic causality assumption; in our case, one would
need to reject entirely the network structure assumption
to salvage definite causal order (or, in both cases, one
could reject the “Free interventions assumption”, which
we indeed also made implicitly). It will be insightful to
further investigate the connections between the two ap-
proaches, possibly in different scenarios. Recall indeed
that our approach allows one to turn any SDI-QI certifi-
cation of causal nonseparability into a NDI one; it would
be interesting to see if the approach of [30] can similarly
be made more systematic.
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APPENDIX
Appendix A: Self-testing the quantum inputs

In this appendix we begin by recalling briefly the framework of self-testing [25, 26], before considering in more detail
the self-testing of maximally entangled states and tomographically complete sets of orthogonal Pauli measurements,
and how this can be used to self-test the remotely prepared quantum inputs in the NDI scenario.

We will focus here on Charlie and Alice, who share a quantum state {P¢4 and perform local measurements on their
share of the state described by POVMs (MSZ)C and (Mf‘w
can be derived in an entirely analogous way. o

The general goal of self-testing is to use the observed correlations P(c,a|z,x) to show that the state Pp§'4 and/or

e, (M4

alz

)a, respectively. The self-testing results for Bob and Daisy

the measurements (I\/Ié )a must be of a specific, desired form. More precisely, the observed correlations are

clz
given by the Born rule as®
P(e,alz,x) = (MCv & MA ) *ll)?A =Tr [(I\/Ié @ MA )z ?A], Vz,x,c a, (A1)

clz alz clz alz
in a “physical” experiment described by (LI)?A, (Mgz)c, (Mf‘m)a), which we would typically like to relate (in part or
wholly) to a “reference” experiment (|11 {11 \CIA/ (M), (MY

cl|z a|xr
experiment compatible with the observed correlationls, but orllly an equivalence class of such experiments. Indeed,
there are two classes of transformations of quantum states and measurements which do not change the observed
correlations. The first are local isometries, encompassing local rotations and embeddings in Hilbert spaces of higher
dimension. The other is a simultaneous transposition of the underlying quantum state and measurements. We thus
seek to show a relation between the physical and reference experiments up to such local isometries and transpositions.

)a). In general, one cannot identify a unique reference

Self-testing the maximally entangled state and Pauli measurements

For simplicity, let us focus here on the case of d = 2 where the quantum inputs are two-dimensional. We will discuss
at the end of the section how the self-testing procedure can be generalised to arbitrary d > 2.

In order to self-test the remotely prepared quantum inputs, we will first show how Alice and Charlie can self-test the
>C 4= (J00) +]11))/+/2 and that Charlie’s reference

)c effectively correspond to the tomographically complete Pauli measurements o, 0y, 0.

fact that they effectively share a maximally entangled state |¢™

!
measurements (MCC‘Z

Although the physical state lbfm that Charlie and Alice share may not be pure, it will be convenient to work with
CAR of lblé A

a purification [y) , where H is a purification system that the measurements (Mcélz)C and (Mf‘x)a act,

by definition, trivially upon. Since no operations act nontrivially on this space, we will generally, in a slight abuse

of notation, omit writing explicitly this space, writing simply |1J)1>CA and leave identities acting on H implicit. For

simplicity, we will also assume in what follows that the physical measurements (MCC‘ .)e and (MA ), are projective.

alz
Although common in self-testing proofs (and justifiable on reasonable grounds [20]), this assumption is not a funda-
mental one in our NDI protocol, and could be removed using the techniques of [31] to derive this projectivity from

the maximal violation of a Bell inequality.
The self-testing of a maximally entangled state and the three mutually orthogonal Pauli measurements can be

obtained using an extended form of the CHSH inequality, as shown in Lemma 1 of [16, 17]. Here we simply restate
the elements of the results necessary for what follows, directing the interested reader to the proofs in [16, 17].
Let us consider an experiment involving three measurements for Charlie and six for Alice, labelled z = 1,...,3

and z = 1,...,6 respectively, all of which are binary valued, and denote &, , = P(c = a|z,z) — P(c # a|z,x) the
expectation value of the correlation between the outputs ¢ and a for inputs z and z. Starting from the extended
CHSH inequality

E = 51,1 + 51,2 + 52’1 — 52,2 + 51,3 + 51’4 — 53,3 + 53,4 + 52’5 + 5276 — 53,5 + 53,6 <6 (AQ)

6 Note that as we work here with the Choi representation, the measurement operators are transposed with respect to those that one would
usually write (e.g., the Choi representation for a projector onto a state |¢) is (|¢)¢|)T). This also explains the presence of transposes

on (Mflz)T and (Mg;)T in the self-testing statement of Eq. (A5) and in the subsequent equations below, compared to the notations

used in the literature [16, 17].



obtained by the sum of three CHSH inequalities, each with a local bound of 2, let us consider the Bell inequality
Z=6—E& > 0. In the experiment we consider (described by quantum theory), the correlators &, , are obtained as

5 _(MO\z 0|:v) .q)CA ( ﬁz l\w) ll) ( g\z 1|a:) lb ( ﬁz 0|z) l]) . (AS)

Since £ is the sum of three CHSH inequalities, its maximum quantum value is £g = 61/2, and the maximum quantum
violation of Z > 0 is Zg = 6 — 64/2 < 0. If this value is reached by Alice and Charlie’s correlations P, (c,alz,x) (for
some input y of Bob) in their physical experiment, then by Lemma 1 of Refs. [16, 17] there exist local isometries

C.pqCl 5 YT and VA HA o HAAA where CF and A are “junk” systems and Cf and Af are (2-dimensional)
“flag” systems, such that

Ve VA [p) = 1617 016) 7 © 10007 + 167 © 16)7 Y @ 1) (Ad)
and
veovA (( clz) |l|)1>éA) = ((Mc(\}z/)T |¢+>C/A/) ® ‘fo>chi ® |()()>CfAf + (Mccl‘z’ |¢+>C/A') ® |€1>CJAJ' ® |11>CfAf’
(A5)

where we omit identity operators acting on Alice’s side, the junk states |§0>CJAJ and |§1>CJAJ satisfy || |€o) |2+ |€1) || =

1, and Charlie’s reference measurements Mgz are precisely the tomographically complete set of projectors

(M = 3@+ (~1)0z),  (MF)" = 5L+ (=1)0x), (MF)" = 51+ (~1)°0y). (A6)

From this self-testing result, we can determine how the remotely prepared inputs p o MA * ll) 1 relate to the

clz
corresponding reference quantum inputs p4 CI , X M('C|; |¢)+><¢+| , which here are precisely the tomographically
)T specified in Eq. (A6). Multiplying Eqs. (A4) and (A5) by velg VAT, and recalling

that 11)?4 = Trg 1)}y |CAR (with the implicit purification space made explicit here, but left implicit below on both
the state and in the partial trace), it follows that (again with some implicit identity operators)

complete states pf‘ (M<

c|z

MG, 5 W = Trg ((MG)T )| “7)

i T N c'A i Al £Af
= VAT T | V© (g™ 16 Ko™ 1) @ il @ Iy | ve | | va
k,1=0,1

= VA [ Trgeser [VEVET [0 ((ME)™ 67Kt ) @ ledal ™ @ ki@ | | | VA, (A7)

k,1=0,1

where (-)Tfc denotes the “transpose to the power k := 1 — k”. Noting now that yeyct effectively acts as the identity
on the state of Eq. (A5), it can be removed from the previous equation. The partial trace then kills the cross terms
with k& # [ and we obtain

T Al if
k=0,1
with A =  AIAf, ;;“'f = Tros 6)EICY @ [REY such that Y, Tr(6) = 1, and Plclz)pd, =

/ c'A
Tror (M7 |6 Ko7 ) = MG« 6ot |7
By the symmetry of the c0n51dered network scenario (cf. Eq. (8) and Fig. 2), we obtain a similar self-testing
statement for Bob and Daisy: provided that their correlations P, (b, d|y,w) also violate the Bell inequality Eq. (A2)

7 One may note that up to a proportionality constant, p is formally the same matrix as MS_, in the space A’ rather than C. (This

C\
can indeed be interpreted as some form of quantum teleportation from system C’ to system A’.)

\Z’
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up to its quantum maximum (for some input z of Alice), there exists a local isometry of the form VB : HB _ yB'B"
such that we can write

7 T ’ jf
P(dfw) plf,, = M7, +$5P = P(dw) VB | 3 (o) @ ¢ | VB, (A9)
1=0,1

with 37, Tr(¢P") = 1 and P(djw) pf,, = Trp (M, D/>T\¢+><¢+|B'D')= MP, * 16 %*|” 7

Thus, we have shown that both remotely prepared 1nputs p ol l.l)CA and p% dlw X M d|w *11)23’:_’ can be related

c|z
to the reference quantum inputs p’} ‘ Mc‘z «|¢t) et and pd‘w d‘w « |¢) o+ |” P via local isometries.
That is, we are able to turn the self-test of the maximally entangled state that Charlie and Alice share, along with
Charlie’s tomographically complete set of orthogonal Pauli measurements, into a self-test of the quantum inputs used
in the reference NSDI-QI certification protocol (and likewise for Bob and Daisy). Note that in the NDI protocol
presented in the main text, we assumed that Charlie’s (tomographically complete) quantum inputs in the reference
scenario are obtained as the remotely prepared states when ¢ = 0 for the different inputs z, whereas here the ¢ = 0
outcomes only give one projector for each measurement, which is not quite a tomographically complete set. This
detail can be overcome by considering some additional measurements in the NDI protocol obtained by relabelling
some of the above measurements’ outcomes, so as to complete the set of reference quantum inputs (and likewise for
Daisy’s measurements).

Finally, while the above approach, presented explicitly for the case of two-dimensional quantum inputs (i.e., d = 2),
crA 1

it can be readily generalised to d = 2™, for m > 1. Indeed, the maximally entangled state |¢) =7 Z \ Jy3)s
for d = 2™, can be self-tested through the parallel repetition of the extended CHSH inequality (A2) [17]. In this
case, Charlie has 3™ measurement settings corresponding to the nontrivial tensor products of orthogonal single-qubit

Pauli measurements, each of which has 2™ outcomes so that the Mg; one self-tests are precisely the projectors onto

the 6™ eigenstates of m-fold Pauli measurements. As in the d = 2 case, the quantum inputs prepared on the ¢ = 0
outcomes can be extended to a tomographically complete set by adding some additional measurements with relabelled
outcomes.

For d # 2™, the above procedure can again be utilised by first embeddmg the reference scenario into some d’-
dimensional spaces for some d’ = 2™ > d. By writing the D-POVM EAB" in these d’-dimensional spaces (and taking

HC" and HP' to hence also be d’ -dimensional) one can then proceed using the general approach described above for
d’ = 2™ before restricting ourselves to quantum inputs in the d-dimensional subspace of interest.

Appendix B: Certifying causal nonseparability in a network-device-independent manner

The self-testing statements above allow us to directly relate the observed correlations to those of the ideal reference

" At A 1 Aif 1 Aif

systems in the NSDI-QI setup. To see this, let us define for convenience \VAT» =3, i)y 4" g yal |i>A AT
/Ajf

1At
where {|i)**"}; is the computational basis of 44", With these notations one can write, using the link product,

A'ATA

’

’ k it ’ k it AlAFA it Tﬁ/
VAT (4™ @ gt VA = ATIVATT T e o™ @ 6t] = (IVATIVATT T Tag) 0l BY)

A'AA

B'B'B o N
in a similar way to |[V*') above. From

B’

and similarly for VBT[(pdlw)Tl ® CBJf]VB, introducing |VBT>>
Egs. (A8) and (A9), the correlations P(c,a,b,d|z, z,y, w) can then be written as

P(e,a,b,d|z,z,y,w) = (M ® Ma|z ® Mb‘y ® M ) (leA ® WAB ®1|)

< 3 VAT ()™ et VA> ® < S VB E ) @] VB>

k=0,1 1=0,1

+ + A’ A A " T T B’ _]fB . TL ,
(Z(IVA WA s ,g“) *pc> ( (IVEDMVETT T ) ok,
k 1=0,1

=0,1

— P(c|2) P(d|w) ( Aemi ) L WAB

= P(cl2) P(djw) ELF, , +

= P(cl2) P(dlw) ELE, + (ol @ of1) (B2)
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with the “physical” D-POVM elements E a~ b~‘ oy

acting on the “reference” quantum input states

1 AR Tk 1 RIf B Tl/
ey + TAAJfA if Al 1 _‘_BBJB if B
B4 = EAR . l S (|VA oA ) e s (e T ) T )
1

k=0, 1=0,1

= (MAA ® Mb|y ) * WAEB and the new D-POVM elements effectively

alz

The correlations (cf. Eq. (11))
P _ e — 0 J— Ao B\ _ pr A B
(a,blz,w) = P(a,b|z, x=*, y=, w, c=0,d=0) = Ea bl* N (pz ® P ) = P'(a,blpl , py ) (B4)

thus describe precisely the correlations in a SDI-QI setting with the reference quantum inputs pf/ and pg and the
effective D-POVM EAB" = (EAP' ), , involving the D-POVM elements defined in Eq. (B3).

a,b|*,x
We now show that the local transformations used in this self-testing procedure preserve causal separability, thus al-

lowing us to certify the causal nonseparability of the physical D-POVM EAB = (EAB )a,p—and hence the underlying

a,b|x,x
physical process WAB —despite lacking any knowledge of the Hilbert spaces upon which it acts.

Let us for that assume that the process matrix is compatible with the causal order A < B. Such a process
matrix takes the form W = WA=Br @ 180 with Trg, WA=Br = WA @ 140 and TrW4? = 1. Using the fact that
> I\/Iﬁ x1Bo = Yo Tre, Mb|y = 1BB1 according to the overall trace-preserving condition for a quantum instrument,
we have

Z Ea blz,y Z (Malx Mb\y ) * WA<BI & ]lBO = (Malx ]lBBI) WA{BI = E & ]lé (B5)
b

b

alz

= MAA

with E4 ale * TrB; WA=BI = Tr Mg‘l’;‘ * WAL (such that (EA‘ )o forms Alice’s marginal POVM applied to her

physical quantum input). From Eq. (B3), we then obtain®

AiE 7 S\ T, I Bif B T
> (lVA*>><<vA*|“ " ) DY (lvB*>><<vB*|” e B) 1

k=0,1 1=0,1

alz

A'B" B
> BN, =ELo1®s
b

/Bt T
n + B'BB it
o % (ms )" <)

1=0,1
A @15 (B6)

’ if A Tk/
+ 4 AATA ) A
el 30 (|vA AT e

k=0,1

=FA
with

7 if A Tk/
$ 4 ATATA A
BL =€l « Y (|VA YV z;‘) , (B7)

k=0,1
which now forms a single- partite POVM acting on Alice’s reference quantum input (one can in particular check that
YL Bl =14and 3, E4 =14,

Thus, from Eq. (B6) we can conclude that, starting from a causally ordered W = W4=Br @ 150 compatible with
A < B, we obtain a D-POVM (E4 A b‘x y)a » compatible with the order A’ < B’. Similarly, from a process matrix
compatible with the causal order B < A we obtain a D-POVM (E“,B" ), , compatible with the order B’ < A’. We

can then conclude that any D-POVM (Efbﬁc y)a,b induced by a causally separable process matrix is causally separable,
as defined in [15].

ab\Ty

B'BifB B'BifB 5
8 Here we use the fact that Tr |VBT))((VBT\ = (VBVBT)T,so that Tr 5 |VBT>>(<VBT\ CBJf = Trpje (VBVBT(JIB/@CZBJf))T.

To evaluate this further, note that yayat acts as the identity on the state of Eq. (A5), and therefore on the state obtained after tracing
out over C’C¥f—that is, on Ek(p )Tk ® fk for some tomographically complete set of states pf‘; The same holds on Bob’s side, so
that VBVBI[S, (58T @B = ()T '@¢P" for all pB'. Tt then follows that Tr [( 3, (Tr g [VB (v BT BT B =
T [, Trpn (VBVE! 18 o¢f")T pB'] = Ix [VBVEI[S, (o) ®¢Bﬂn =T [S(02) ™ ©¢P"] = (TepP')(5, Tr P") = Tr P’
for all pP, which implies that >, (Tr |VBT))(<VBT\ BB CBJf) =15

B'BIfB
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This is the case, in particular, when z = y = %, so that the effective D-POVM EA B — (Ea b‘*/*) b is causally

separable whenever W#P is causally separable. As a result, the correlations P’(a,b|p?’, pB') defined in Eq. (B4)
obtained from a causally separable process WAE must satisfy any witness inequality J > 0. If these correlations
violate such an inequality, giving J < 0, then this therefore proves the causal nonseparability of the process in a NDI
manner.

Such a violation—and hence NDI certification—can moreover be obtained for any process W42 that can (for
appropriately chosen reference instruments (MA'4), and (M F),) induce a causally nonseparable D-POVM EA'B" =
(Eg";B,)a’b in the reference scenario, i.e., which cannot be decomposed according to Eqgs. (4)—(6). Indeed, as outlined
in [15], the causal nonseparability of EAB" can always be witnessed by a family S4B = (S{f’ ;B/)a,b of operators (a

“witness”) such that Za bS’A B’ E(f;)B/ < 0 only if EA'B is causally nonseparable. Concretely, writing S;‘l’;B/ =

ZZ w s((:bw)pz & pw using the tomographically complete sets of states from the NDI-protocol, one obtains the witness

inequahty

= Y s Pl o) >0 (BS)

a,b,z,w

By implementing precisely the reference NSDI-QI protocol, one simply has EA B — E;“bﬁ/* EAB bl
that the reference, effective, and physical D-POVMs all coincide, and the witness inequality can indeed, as expected,

be violated.

for all a,b so

Appendix C: Robustness of the procedure

The exact self-testing conditions (i.e., strictly reaching the maximal quantum violation of the Bell inequality under
consideration) are never met in any realistic scenario. Thus, to make self-testing applicable in practice one needs to
ensure that it is “robust”. In particular, the reference and physical experiments should be sufficiently close if the
self-testing correlations are approximately reproduced by the physical experiment. In this section we discuss how our
NDI certification procedure is affected if the states shared by Alice and Charlie and by Bob and Daisy approximately
reproduce the self-testing correlations.

The robust self-testing of the maximally entangled pair of qubits (resp., qudits) is discussed in Appendix B (resp.,
E) of [17]. Let us restrict ourselves again here, for simplicity, to the case of qubits (for qudits one can adapt the
approach of [17] in a similar manner). The robust self-testing statements—i.e., the robust version of Eq. (A5)—then
take the form"

Ve v (37 1))

(05071697 ) @160 @100) 7 + (M 10 ) @)™ ™ )| <0, c)

where 6 depends on the distance between observed and reference correlations (e.g., in the d = 2 case, if the violation

of the Bell inequality (A2) reaches some value 61/2 — ¢, one can take 6 = ky/e, for some multiplicative factor & [17]).
Denoting by [¥,).) the state in the right-hand side of Eq. (A5) (in the noiseless case), this equation can be rewritten
as

> CA oI AT AT C'CitAl AT
Ve VA ((MI)T 1)) = 12.) + |welz) : (C2)

where |w,|.) is an unknown state with vector norm smaller than or equal to 6. Eq. (A8) then becomes, in the noisy
case,

A o S A T
P(C|Z) p?|z = Mf\z *lbch = VA TrC’CJ'f ((|JICIZ> + ‘WCIZ>)(<WC\Z‘ + <WC\ZD) VA

T ’ k jf
=Plcl) VAT [ D (o))" & | VA + 54, (C3)

k=0,1

9 Recall that we assume, for simplicity, that the physical measurements (MSZ)c and (Mf‘m)
projectivity property cannot be derived directly by using the techniques of [31], which require the maximal violation of a Bell inequality,
although we expect that the noise-robust statements of [31] should still allow one to evade the strict requirement for the projectivity

assumption (working out the details is left as an open question).

o are projective. In the noisy case this
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with
i i
5ﬁz —yA Treo it (\LDC‘ZXQ}C‘A + |we 2 XPe) 2| + |wc|z><wc|z|) VA, (C4)

The norm of this correction term can be bounded in the same way as it is done in Appendix G of [17]. Namely, using
the triangle inequality and noting that || [,.) || = %, we get

i 1§\/§9+027 (C5)

where || - ||; is the trace norm.
Similar statements can be made on Bob and Daisy’s side, allowing one to write M2 djw * * PPP in a similar way to

Eq. (C3), in terms of a correction term 5ﬁw whose trace norm is also upper-bounded as in Eq. (C5) (for simplicity

we take the same value of 6 on both sides). The observed correlations P(c,a,b,d|z, z,y, w), following Eq. (B2), then
become

P(c,a,b,d|z,z,y,w) = Ea by ((Mc|z * q)?fi) ® (M?\w * IPQBD)>

A A A i\ Th
—Eff, s (Pl X (AhAT ) 4ol

k=0,1 ,
o (Paw) (" e ) ot o8
1=0,1
= P(cl2) P(dlw) EXE, + (0 @ ol ) + Pl BN« (o @ 68,
+ Pldlw) EAF, , + (64, @ o5,) + EXE,, + (0. @ 0F,) (C6)
with the “physical” D-POVM elements defined as Efﬁw y = (Mfl‘;‘ ® M bly ) * WAB | the D-POVM elements Ea b‘z y

acting on the “reference” input states as given in Eq. (B3), and with the new D-POVM elements effectively acting on
the “reference” and the “physical” quantum input states

" § ATAITA o Th
Ea b|»L,y Ea ,bla,y Z (|VA >><<VA | *€I?J> 3
k=0,1
/ f # B'B'B i\ Th
Bl =Bty > (IVBIVETT T TPy (c7)
1=0,1

The correlations Py (a,b|z, w) used in our protocol to certify causal nonseparability are then

Pi(a,blz,w) = P(a,b|z, 2=, y=*, w, c=0,d=0)

63
=P A’ EA - o
(Cl, b|pz va ) +E, b‘* * (pz © P(0|’LU)
. i N | cas %o %
+ EfB* X 0]z ® Pﬁ + Eg\B* Lk 0z ® 0w , C8
bl <P(0|z) e\ PO]z)  P(Ow) “

with P’(a,b|p?’, pB') = EA B (pf/ ® pfl). We can bound the second term in the right-hand side of Eq. (C8) as

a,blx,
() o ot ) = sty (= 265 <
i
1

<
~ P(Ow)
where in the first inequality we used the fact that |Tr(A)[ < Tr[A| = [[A[[1, the second one follows from Hélder’s

v 0F
pz® -

w

P(0|w)

(v2o+ 92) (C9)

Tr

Ea ,b|x, %

Al
Pz

‘1 H(S(ﬁ“’H1 = (O|w)

inequality, in the third inequality we used the fact that the maximal eigenvalue of EA cannot be larger than 1,

,bl*,x
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and in the last inequality we used the normalisation of pf/ together with the analogue of the bound (C5) above, for

Héole . In a similar way, for the last two terms in Eq. (C8), we can write

A
(Ea B, *)T (Pi%rz) ® P5>

(V20+06%), (C10)

_ 1
~ P(0]z)

and

Tr

|SP(0|U))(|)(\[9+9) . (Cll)

AB T 6O|z 60|w
(E23.) ( o) © <0|w>>

Consider now a witness inequality of the form of Eq. (B8), Jef. := > =W pr

a,b,z,w a b

(a,blp?', pB') > 0. Evaluating
the same witness expression with the experimentally obtained probabilities Py (a,b|z,w) instead of P’(a,b| p;“/, pw,),

50 as to define Joxp. := D442 0 s((;,;w)P*(a, bz, w), we can write
jexp. = Jref. + Jcorrection (012)
with
5B . 54 54 5
_ 5% w) A 0w AB’ 0]z 0]z 0w
Feomction = D, 52 {Ea bnie (Pz ® P(0|w)> * oo * <P(O|z) ® Pu ) + Bl ( P]s) (0|w>> } '
(C13)

max

The previous analysis allows us to bound Jeorrection 88 |Jeorrection]| < Jomo tion

with an upper bound J25% on

orrection
the maximum correction that can be evaluated explicitly given (5((1 bw))a’b,z_,w using Egs. (C9)-(C11), and that is (for
small 0) of order O(0)—with Jeorrection = 0 when 8 = 0. Given the witness inequality Jier. > 0, which implies

jepr 2 - crgg)éctiona (014)

we thus find that a violation of Eq. (C14) certifies causal nonseparability in a manner that is robust to noise.

Appendix D: “Network-MDCI” certification of all causally nonseparable process matrices

It was shown in [15] that all bipartite causally nonseparable process matrices can be certified with trusted quantum
inputs, if we assume that Alice and Bob’s (trusted) ancillary Hilbert spaces have a bipartite structure of the form
HA = HAT40 and HB = HB1Bo and that their instruments have a specific structure as well—namely, that they
factorise as a joint measurement of system A’ together with the system A; received from the process matrix, and
a channel taking system Ay, into the system Ao that is fed into the process matrix (and similarly on Bob’s side).
For this certification, it suffices to use separate (product) quantum inputs in systems A} and Ay (and in systems
B} and Bf,). This certification, called the measurement-device-and-channel-independent (MDCI) certification, can
be transformed into a NDI certification by making similar assumptions on the (now untrusted) physical spaces and
instruments.

Let us first recall that the above assumptions imply that the Choi matrices of Alice’s instruments decompose as

Ma|r Mﬁ;}AI ® MlAOAO for some POVM (MAlgAf)a and a channel MQOAO, and similarly for Bob. Given that the
channels MQOAO and I\/Ig °Bo must be trace-preserving, these decompositions imply that
Trap MAA = MACA @ 140 Trp, MED = MB1B1 @ 150 (D1)

for all a,b, with > M;L‘l;A’ = 14141 and Do MBIB’ 1B81B1. To obtain our results below, it is in fact sufficient to

assume that Eq. (D1) holds, for some particular Values of a and b.
Consider a causally ordered process matrix W = WA=Br @150, The structure of Eq. (D1) implies that the physical

D-POVM elements Ea by (Mfl‘;‘ ® Mb|y ) * WAB satisfy

i g 4 BiBry , A So _ pAB :
38, = (M3 o T, M) A9 — (W2 M) W40 190 —Effy 1% (o)
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with EABT  — (MA4 @ MB1Br) 5 A<B:,

a,blz,y alz bly
Moving on to the NDI scenario, let us focus, for now, on the MDCI assumption on Bob’s side. Instead of introducing
just one source shared between Bob and Dalsy, we now introduce two independent sources shared between Bob and

two new parties, Daisy;, with Hilbert space H D , and Daisy,, with Hilbert space HDo (we use the same notations

as before, just adding the subscripts ; and ¢ appropriately). Self-testing the quantum inputs in spaces HB1 and HBo
separately, we can write, similarly to Eq. (A9),

~ ~ ~ o~ + B’ l B.if
P(di|wr) o, =M, #0500 = P(dw) VB LS (pn )T @ | VB
1=0,1

~ ~ -~ o~ _i. B’ g ij
P(dolwo) p}j%,., =ML, + W53P? = P(dolwo) VB | >~ (py9,,)" @62 | VBe, (D3)
1’=0,1

for some reference quantum input states plelwz € L(HPBT) and deg‘wo € L(HBo).

Then as in Eq. (B2), and still for a causally ordered W = WA4<Br @ 1Bo  the -correlations
P(c,a,b,dy,do|z, z,y,wr,wo) can then be written (using the above equations together with Eq. (A8)) as

P(c,a,b,dy,dolz,,y, wr, wo) = (Mc|z®Ma|:E®Mb|y @MPr  gMPo ) ( ®WA-<BI®]IBO®1I)2BIDI®II)BODO>

d]\wj do|wo

: 5 f FAATA i\ Ta
= P(cl2) P(dslw) P(dolwo) (EMF @ 150) « ( SO (vATVATTT gty ot

By BB it Th ; /
© 30 (W B )

drlwr
1=0,1
+ BLBLB it TV,
@ Y (IvPelwee| T gl ) e deé’w)
1’=0,1
A’'B/, / ’ B’ B/
— P(c|2) P(d;|wr) P(do|wo) (Emm{y ® 130) . (pgz 0o, ® pdglwo) (D4)

with

IRTE Tk, ! pif B . Tl/

A'B) t FAATA e\ t t/ BiBrBr  pit\ "1

By = Enbley * [ 2 (lVA VAT gl )@ 0 (IVBIVET g . (D)
k=0,1 1=0,1

! ijBO Jf T
ore Bo ) ILBO cf. Footnote 8.

B
where we used the fact that )", (Tréo |VBOT>><<VBOT| * () ©
Hence, we see that for a causally ordered W = WA=Br g 150 the structure Efﬁxy = Efﬁ;y ® 1580 that
the MDCI assumption (on Bob’s side) implies on the physical D-POVM elements EAB gets transferred to the

a,blz,y
A'B’ A'Bj
effective D-POVM elements E =F
ablz,y ablz,y

structure preservation applies for a causally ordered W = WE=4r @ 14¢ (using the MDCI assumption on Alice’s
side, introducing now two independent sources shared by two new parties Charlie; and Charliep). It follows that for
a causally separable process matrix W4E = ¢ WA=Br @ 180 4 (1—q) WB=41 @ 140 the D-POVM elements acting

on the reference input states (in some reference Hilbert spaces HA,I, HAb, HBT and ’HBb) decompose as

® 1580 that act on the reference input states. By symmetry, the same

A71Ao BB
ablz,y

AL AL
a,blz,

A! By Bl
ablz,y

=qEN P 9150 4 (1-q)E ® 140, (D6)
In this scenario (involving all four additional parties Charliey, Charliep, Daisy; and Daisy, together with Alice and
Bob), the correlations

P*(a, b|Z, U)) = P(a b‘Z], 20, L=k, Y=x, w], wo, C[:O7 CO:O, d[:(), dOZO)

A,Al B B, B,
= Ea b|** © x (Pz, ®pz ®pw ®pw8> (D7)
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then define a distribution P’(a, b| pf,,’, p?éj , pg;’, pgé) in a SDI-QI setting with the reference quantum inputs, that must
respect any witness inequality for correlations induced by D-POVM elements of the form of Eq. (D6). Now, we have
shown in [15] that any bipartite causally nonseparable process matrix can violate such a witness inequality. We thus
conclude here that any bipartite causally nonseparable process matrix can be certified in the scenario considered here,
which combines the NDI approach with the MDCI structure assumption—i.e., in a “N-MDCI” (“Network-MDCI”)
manner.

Recall that in [15] we also studied MDCI certification in the “(2+F)-partite” scenario (which involves an additional
party, Fiona, in the causal future of Alice and Bob and who has no output Hilbert space), showing that a similar result
holds for all “TTU-" and “TUU-noncausal” processes as defined in [32]—that is, causally nonseparable processes that

can be certified with trusted operations for Alice and Bob (but not for Fiona), or for Alice only. In particular, we
showed that all “TTU-” and “TUU-noncausal” processes could be certified in a “MDCI-MDCI-DI” and “MDCI-
DI-DI” manner, respectively, when imposing the extra assumption of Eq. (D1) to the parties with formally trusted
operations (and still with trusted quantum inputs). Following the same arguments as above, we can conclude that
all such processes—including the quantum switch—can also be certified in a N-MDCI manner for those parties, thus
relaxing the need for trusted quantum inputs.

Although we leave it as an open problem, we expect it to be rather straightforward to further generalise all these
results to the (P+42+F)-partite scenario, which also includes a party in the global past and that we will consider in
Appendix E.

Appendix E: SDI-QI and NDI certification of causal nonseparability in the “(P+2-+F)-partite” scenario

We consider here the “(P+2+F)-partite” scenario introduced in the main text, which extends the (24 F)-partite
scenario (considered in particular in [15]) by adding a new party, Phil, in the causal past of all other parties. Phil is
only connected to the process matrix through his output Hilbert space H¥ (he has no input Hilbert space). We shall
first recall the definition of causal nonseparability in this scenario, before considering its SDI-QI certification when all
four parties receive quantum inputs, as well as when only Phil does, and applying this to the quantum switch. As in
the bipartite scenario, this SDI-QI certification can be readily transformed into NDI certification, and we will briefly
discuss this transformation, which is performed analogously to the bipartite case, at the end of the section.

1. Causal (non)separability in the “(P+2+F)-partite” scenario

Given that Phil is in the global past of the process, and that Fiona is in the global future, the only relevant orders
in this scenario are P < A < B < FFand P < B < A < F. The causally separable process matrices are those that
can be decomposed as [2]

WPABF _ yyP<A<B=F  pyP<B<A<F (E1)
such that
Trp WP-<A-<B-<F _ WP-<A-<BI ® ILBO7 Trp WP-<B-<A-<F — WP-<B-<A1 ® ]le’
Trp, WP=A=BI _ jyP=Ar o ILAO7 Tra, WP=B=Ar _ yyyP=B1 g 180,
Ty, WP=AT L Trg, WP=Br = 1P, (E2)

Withppé)sitive semidefinite matrices WFP=A=Br ¢ p(HPABr) WP=B=Ar ¢ p(YPBAL) WP=Ar ¢ p(yPA) WP=B1 ¢
L(H"PT).

Note that in general WF=A=B=F and WFP=B<A=F are not necessarily valid (subnormalised) process matrices
themselves (unless Tra, WP=41 oc 17 and Trg, WP=B1 o 17). Indeed causally separable processes allow for the
order between Alice and Bob to be influenced by Phil’s action (in a classically controlled manner [13]), rather than
involving only convex combinations of processes with the fixed orders P < A < B < Fland P < B < A < F. This
explains why Eq. (E1), contrary to Egs. (3) and (D6), does not include convex weights, which would otherwise suggest
such a combination.

2. SDI-QI certification with quantum inputs for all 4 parties

In a general (P+2+F)-partite SDI-QI scenario, all four parties Phil, Alice, Bob and Fiona receive some quantum
inputs pf”, pA’, pB" and pf” in some Hilbert spaces L(H'), L(HA), LIHP') and L(HT") respectively; see Fig. 3.
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PA

p.ab,f

\a f AD
ﬁ\ EPABF

FIG. 3. (P+2+F)-partite SDI-QI scenario with quantum inputs for Phil, Alice, Bob and Fiona. The trusted quantum inputs

(orange) pf’ € L(HT), p2" € LHA), pE" € L(HP), pE € L(H"") are prepared and effectively measured by the D-POVM

(Ei;f‘b/,?/w)p,a,b,f generated by Phil, Alice, Bob and Fiona’s untrusted operations on the process matrix W4B¥

Generalising the bipartite case introduced in the main text, the correlations established by the four parties are
P(p,ab, flof o2 s pg oy ) = (My P @M A @ MPP @ M{F) « (pf @ pf @ pg @ p; @ WPAPT)
=Byt (ol @t @py @py ), (E3)
where we introduced the D-POVM elements
EPAET = (M @ MM @ MP'P @ M'T) « WPABE, (E4)

Assuming that WFABF is a causally separable process matrix satisfying Eqs. (E1)-(E2), the induced D-POVM

P/AIB/F/ _ PIA/B/F/
E = (E, /b7 Jpabf also decomposes as

I AT ’ ’ ’ ’ ’ ’ ’ ’
EPABF :EP <A'<XB'<F +]EP <B'<A'<F <E5)

. ’ ’ ’ ’ ’ ’ ’ ’
with EP <A'<XB'<F" _ (EP <A'<XB'<F )

/ 7 ’ ! / ! ! !
EP <B'<A'<F (E'P <B'<A'<F
p,ab, f

poab,f and b f )p.a.b,f Such that

P'<A'<B'<F' _ P'P A'A B'B F'F P<A<B<F
E, vy =(M, "@M; @M, M ")xW ,

P'<A'<B'<F' _ P'P A'A B'B P<A<B;r F' _ pP'<A'<B’ F’
Ep7a7b7f —(Mp @M, ®Trp, M, )*W ®1 —Ep%b ®1°,

P'<A'<B’ P'P A'A P<A B’ P/<A’ B’
BYSASBE = (MP'P @ Tra, MY 4) « WPAT @ 15" = EP =4 @17

STERA = MEP Tey WPA @14 = B APl g1 (E6)

a

analogously for Ef fof, <A'<F" and the order P < B < A < F, and with

EP'AB] f gPIB=A] _ ApP'P oy 1P = Trp MEP'P (E7)

such that, since Y MIf,P is a CPTP map,

P’ [A<B P’ [B=<A]\ _ 1P’
> (B A g Bl = 1 (ES)
p
. .. .. . . . ’ ’ ’ ’ ’ ’ ’ ’ , , , ,
Note that the individual sets of positive semidefinite matrices EF <A <B <F" — (Elfa'iAf'w SEY g, BE B SASE
P/_<B/_<A/_<F/ P/<A/<B/ _ P/_<A/_<B/ P’<BI<A, _ P/_<B/_<A/ PI<A/ _ P/<A/
(B bt Jp.ab.fs E = (BV 3P )pan, E = (BF 354, 0p, E = (BXSY), 0,
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DA

EP

,
p.a,b,f|zw,v

FIG. 4. (P+2+F)-partite SDI-QI scenario with quantum inputs solely for Phil. The trusted quantum input (orange) p: €
[,(’H.P/) is prepared and effectively measured by the D-POVMs (EP' )p,ab,¢ generated by Phil, Alice, Bob and Fiona’s

p,ab, f|z,w,v
. . PABF
untrusted operations on the process matrix W .

EP'<B = (E;;fB,)p,b, EP'[A=<B] — (Ef/ [A<B])p, EP' [B=A] = (EII,D, [B<A])p are not D-POVMs as they do not sum

to the identity in general. On the other hand, the set EP' [A=<B] U EP' [B=4] formed by all elements of EX' [4<B] and
R [B=A] taken together forms a valid POVM.
Analogously to the bipartite and (24 F)-partite cases, this leads us to the following definition.

Definition 1. A (P+2+F )-partite D-POVM EFP'A'B'F" — (Eg;‘j‘;’?/p)p,a’b,f that can be decomposed in the form
EP’A’B’F/ _ EP/-<A/-<B’-<F’ + IEP’-<B’-<A’-<F’7 (EQ)

where EP’<A’<B’<F’ _ (EP’<A’<B/<F’

Iy )p b f and EP/<B’<A’<F’ _ (EP’<B’<A’<F’
p,a,o, &y Uy

p,a,b, f )p,a,b,f satisfy

P'<A’<B'<F' _ pP'<A'<B’ F’ P'<A'<B’ _ pP'<A’ B’ P'<A" _ P [A<B] A’
Ep bt =E oy ®17, Y B =E M o1, Y BN =E) ®17,
f b a
P'<B'<A'<F’' P'<B'<A’ F’ P'<B'<A’ P'<B’ A’ P'<B’ P’ [B=<A] B’
Epab,t =E b @17, Y By =B, o1t Y B =k ®17,
f a b
’ ’ /
E (EZJ)D [A<B] + ‘E‘é3 [B-<A]) _ ]lP (ElO)
p

(with all operators E: > 0) is said to be causally separable.

As noted above, a causally separable (P+2+F)-partite process matrix can only generate a causally separable
(P+2+F)-partite D-POVM. A contrario, if one finds that, for some choice of operations for each party, the induced
D-POVM is causally nonseparable, this certifies in a SDI-QI manner that the process matrix that generated it is itself
causally nonseparable. Similarly to the bipartite and the (24 F')-partite cases, one can construct a causal witness—and
associated witness inequality—that can be measured by providing tomographically complete quantum inputs to the
parties, thereby allowing one to certify the causal non-separability of (P+2+F)-partite D-POVMs [10, 15, 24].

3. SDI-QI certification with quantum inputs only for Phil

SDI-QI scenarios can also be considered, where not all parties receive quantum inputs: some may receive classical
inputs (or no input at all). For example, in [15] we considered the (24 F')-partite case where only Alice and Bob (but
not Fiona) receive quantum inputs—a situation that could readily be extended to the (P+2+F)-partite case.

Let us here consider instead the case where only Phil receives quantum input states p!’ e L(HF '), while Alice, Bob
and Fiona are given classical inputs z, w and v respectively; see Fig. 4. Conditioning their instruments explicitly on
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the classical inputs,'? the correlations established by the four parties are given here by

P(p.ab, flof  zw,v) = (MFF @ M, @ Mj, ® M)« (pf @ WPABF)

alz
= Ezl):,)a,b,ﬂz,w,v * pf ) (E]_l)
with the D-POVM elements'!
’ _ P'P A B F PABF
pya,b, flzaww = (Mp ® Ma‘z ® Mb|w ® Mf\v) *W . (E12)
Assuming that WFABF is causally separable, one obtains a similar decomposition to Eqgs. (E5)—(ES8), for the whole
family of D-POVMs {IEIIZIw o = (Ef; bof|ow J)p.ab.ftzww (i-€., involving the D-POVMs for all classical inputs z,w,v).

Similarly to the previous case, we introduce here the following definition.

Definition 2. A family of (P+2+F )-partite D-POVMs {Eﬁ/w,v = (EZI)D; b flzww)pasb,f Y zwo that can be decomposed
in the form

P’ _ mP'[A<B] P’ [B<A]
E\Z,wav - E\z,w,v + IE|z,w,v ’ (El?’)
P'[A<B P'[A<B P’ [B<A P’ [B<A .
fOT all Z, W, v, where ]E\z,i),v ] = (Ep,aEb,ﬂz,]w,v)Pva@f and ]E\z,zE),v ! = (Ep,a,[b,f|z,]w,v)1’vaab7f satzsfy

P'[A<B] _ P'[A<B] P'[A<B] _ P'[A<B] P'[A<B] _ P’ [A<B]
ZEp,a,b,flz’w»v — pablzw?’ ZEp,a,blzyw - Ep,alz ’ Ep,a\z = £y ’
f b a
P’ [B<A] 2P’ [B=<A] P’ [B<A] _ 2P’ [B=<A] P'[B<A] _ P’ [B<A]
Z Ep,a,b,flz’w,v — Tpablzw? ZEp’a’blz,w - Ep,b\w ’ Enblw =Ep ’
f a
Z(Ef/ [A<B] | Efl (B=Al) — 17’ (F14)
p

(with all operators E > 0) is said to be causally separable.

As always, a causally separable (P+2+F)-partite process matrix WFA4BF can only generate a causally separa-
ble family of (P+42+F)-partite D-POVMSs, so that obtaining a causally nonseparable family of (P+24F)-partite
D-POVMs (which can be verified using some form of causal witnesses) certifies in a SDI-QI manner the causal
nonseparability of WFABF,

4. SDI-QI certification of the quantum switch in the “(P424F)-partite” scenario

The quantum switch [3] is the canonical example of a quantum process with indefinite causal order, which can be

understood as a quantum circuit with quantum control of causal order [13]. Despite being causally nonseparable,
however, the quantum switch can only generate so-called causal correlations [10, 11], so that its causal nonseparability
cannot be certified in the standard DI way.

As recalled previously, in [15] we showed that the causal nonseparability of the quantum switch could nevertheless

be certified in a (2+F)-partite SDI-QI scenario where Alice and Bob receive quantum inputs. This scenario can be
seen as a particular case of a (P+2+F')-partite one, with a trivial role for the past party Phil. Introducing a nontrivial
P allows one to also provide the latter with quantum inputs. We will show here that the causal nonseparability of
the quantum switch can still be certified if only Phil receives quantum inputs.

In the most general form of the quantum switch, as described in the main text, Phil sends and Fiona receives both
“target” and “control” systems, in spaces H't, HPe, HF+ and H'*, respectively. Here, let us take the target system
to be initialised in the state |0Y0|™ € £(H™) and traced out in the future space H*, and the qubit control system

10 Classical inputs can also be fitted into the framework with quantum inputs by using orthogonal quantum input states. In-
!
deed, one can encode (e.g., for Alice) the classical inputs into some orthonormal basis {|z)* }., and introduce the instruments
’ A/
(M0 = (3, o)l @ M

alz
classical inputs z, w, v, and to thereby justify the decomposition in Definition 2—and in particular, the “no-signalling constraints” (e.g.,

that 3°; EFIA=Bl _ pP'IA<B] 4,00 ot depend on v, that 3, EFIA<B] _ pP'[A<B]

pa,b, flz,w,v p,a,b|z,w , p,a,blz,w T Tpalz
11 While the D-POVM acts on a single Hilbert space HF, accessed by Phil only, it is still distributed in the sense that the classical inputs
and outputs are associated with distributed parties, even if no quantum systems are associated with them.

)a [15]. One can use this, for instance, to obtain the analogous constraints to Egs. (E5)-(E8) for

does not depend on w, etc.).
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Ea,b,f|z,w

FIG. 5. D-POVM generated by the quantum instruments of Eq. (E17), which can be used to certify the causal nonseparability
of the quantum switch in a SDI-QI manner.

to be prepared by Phil in the global past and given to Fiona in the global future. The quantum switch can then be
written as a (P+2+F)-partite process matrix as

Was = [0X0]™ * Trp, (JwgsXwqs|” 4P, (E15)
with
lwas) AP = |0y (1) AT L) Ao B ay Bt o) 4 1) L) P [ay P [uy Aot (E16)

where |]l>>XX, => iy @ |i>X, (and with implicit tensor products) [13].12
Let us then consider the operations

MPP = [T M, = Ja)al ™ @200, M, = Y61 @ fww| O, MLy = N, (B17)

alz

which can be interpreted as follows (see Fig. 5): Phil simply implements an identity channel that directly forwards
the quantum input into the quantum switch, with no (or just a trivial) output p. Alice and Bob measure the target
system (taken here to be a qubit) in the computational basis with classical outcomes a,b = 0,1, and re-prepare it in
the computational basis state that corresponds to their input z,w = 0,1. Fiona has no (or just a trivial) input v and
she simply measures the control qubit in the {|+) = %(|0> +11))}+ basis.

As it turns out, when implemented on a quantum switch, these instruments generate a causally nonseparable family
of D-POVMs {Eﬁ/’w = (Ef’;’f‘zﬁw)a,b’f}z’w, according to Definition 2 (with the trivial p and v omitted in this special
case). Indeed, using a semidefinite programming approach, we can show that these D-POVMs cannot be decomposed
as in Egs. (E13)—(E14), and a causal witness can be constructed to test this [10, 15, 24]. More specifically, we find

that a “depolarised” version of the quantum switch Wqg(r) = ﬁlr(WQs + r1°), obtained by mixing it with some

fully white noise described by the process matrix 1° = 17°4BF /8 (by some amount 7 > 0), induces with the above
instruments a causally nonseparable family of D-POVMs for all 7 < 2 — /2 (up to numerical precision).

Hence, as we claimed, the quantum switch can be certified in a SDI-QI manner by simply letting Phil receive
quantum inputs. Of course, providing more parties with quantum inputs (or here, also providing Fiona with some
input, or letting Phil also have outputs) could only make the certification more efficient.

Finally, as for any SDI-QI scenario considered in this work, the SDI-QI certification of a causally nonseparable
process in the (2+F')- and (P+2+F')-partite scenarios can readily be turned into a NDI certification by introducing
new parties that share maximally entangled states with whichever parties receive quantum inputs, and by self-testing
these states and the new parties’ measurements. For the quantum switch, in the case where only Phil receives a
quantum input that he directly feeds into the quantum switch, as considered above (see Eq. (E16)), this leads to a
very similar scenario to that considered in Ref. [30], which we shall discuss in the next appendix.

. . . . . . . A X .
12 When considering isomorphic Hilbert spaces #X and HX', we take their computational bases {1iy*"" }4 to be in one-to-one correspon-
dence.
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Appendix F: Comparing the NDI and DRF certifications of the quantum switch

In this appendix we provide some further comparison between our NDI certification of the causal nonseparability
of the quantum switch and the DRF certification of Ref. [30]. This complements the discussion in the main text of
the underlying assumptions behind these two approaches.

As mentioned at the end of Appendix E4, the SDI-QI certification of the quantum switch described therein can
be transformed into a NDI certification by following the same procedure as for the bipartite scenario discussed in
detail in the main text. In particular, the SDI-QI certification is transformed first into a NSDI-QI certification by
adding an extra separated party, Emily, who shares a maximally entangled state with Phil and remotely prepares his
quantum inputs p! /, and then into a NDI certification by self-testing both the state Phil and Emily share, and Emily’s
measurements. The certification is then obtained by violating a witness inequality using the observed correlations
Pi(p,a,b, flt, z,w) := P(p,a,b, flu=*,t,z,w,e=0) = P'(p,a,b, f|pf,7 z,w), analogously to the bipartite setting. This

NDI scenario is shown in Fig. 6.
PA AQ ﬁf AD

EP

p.ab,f|u,zw

FIG. 6. Scenario for the NDI certification of the quantum switch with a global past. The remote preparation of a quantum
input pf is self-tested by first self-testing the (untrusted) shared state PP (to contain a maximally entangled state) and
Emily’s measurements Mf‘t (to effectively be tomographically complete projectors) from the correlations P(p, e|u,t) shared by

Phil and Emily. One can then certify the causal nonseparability of the family of D-POVMs {(Ef: asb,flu,zaw)p.ab f Fu,zw and
thus the causal nonseparability of the process matrix W 4B,

As we already noted, Ref. [30] showed how to device-independently certify the causal indefiniteness of the quantum
switch by the violation of an inequality derived from the assumptions of Definite causal order, Relativistic causality,
and Free interventions. The structure of the “DRF scenario” they considered is very similar to that of our NDI
certification, but there are some important differences. In the DRF scenario, a (space-like) separated Emily is also
added to a standard quantum switch scenario. However, the scenario contains no Phil and, in contrast to the NDI
certification, Fiona must be provided with a classical input (which we could also have done, but did not need to).
By having Alice share an entangled state with the control system in the global past of a quantum switch (directly
incorporated in the process, instead of being provided by Phil), the parties can generate correlations violating the
DRF inequality.

The DRF inequality itself, rephrased here in notation consistent with Fig. 6 and with v denoting Fiona’s classical
input, has the form [30]

Iprr = P(e=0,b=zt=0)+Ple=l,a=w|t=0)+ P(fde=vtlz=w=0) < (F1)

el =1

One can interpret this inequality as certifying (i) a space-like separated “control of causal order” (the first two terms
of Iprr), and (ii) the non-classical, indeterministic behavior of the control (the last term of Zpry). The latter of these
can be interpreted as a CHSH inequality tested between Fiona (acting after the quantum switch, and who is thus
provided with inputs) and Emily. It can be violated if the control system passes transparently through the process,
which can be ensured to be the case if Alice and Bob perform appropriate operations (on inputs z = w = 0). On the
other hand, while the NDI certification also relies on the violation of a Bell inequality, it is tested between Emily and
Phil—who is in the causal past of the quantum switch and has classical inputs and outputs—to self-test the quantum
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state they share. Fiona, in this case, needs no classical input and performs a fixed measurement. Curiously, however,
we were able to obtain NDI certification using exactly the same measure-and-prepare instruments for Alice and Bob
(see Eq. (E17)) as were used to violate the DRF inequality of Eq. (F1) in [30].

Finally, although we saw that our approach can, in the SDI-QI setting, certify the causal nonseparability of the
quantum switch even in the presence of substantial noise on the quantum switch, the NDI certification is less tolerant
to noise on the entangled state shared between Phil and Emily. Indeed, although we saw in Appendix C that the
NDI certification is “robust”, the actual reduction in Bell-inequality violation that can be tolerated in the self-testing
procedure is typical small in absolute terms [17].! The DRF inequality, on the other hand, appears to be much
more robust to noise on the entangled state shared between Emily and Fiona after passing through the quantum
switch, as any violation of the classical bound of 3/4 of the last term in Zprp (corresponding to a CHSH inequality
between them) can potentially lead to a violation of the DRF inequality. A more precise quantitive comparison of the
robustness of the NDI and DRF certifications under different noise models would be an interesting direction of future
study.

13 We leave it as an open question to calculate the exact robustness, e.g. for the optimal witness inequality for the certification of the
D-POVM obtained from the quantum switch from the operations of Eq. (E17). Note, however, that with a noiseless maximally entangled
state shared between Phil and Emily, the NDI certification can tolerate the same amount of noise on the quantum switch as the SDI-QI
certification.
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