N
N

N

HAL

open science

Network-Device-Independent Certification of Causal
Nonseparability
Hippolyte Dourdent, Alastair A. Abbott, Ivan Supi¢, Cyril Branciard

» To cite this version:

Hippolyte Dourdent, Alastair A. Abbott, Ivan Supié, Cyril Branciard. Network-Device-Independent

Certification of Causal Nonseparability. 2023.

hal-04193227v1

HAL Id: hal-04193227
https://inria.hal.science/hal-04193227v1

Preprint submitted on 1 Sep 2023 (v1), last revised 30 Oct 2024 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution 4.0 International License


https://inria.hal.science/hal-04193227v1
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr

arXiv:2308.12760v1 [quant-ph] 24 Aug 2023

Network-Device-Independent Certification of Causal Nonseparability

Hippolyte Dourdent,! Alastair A. Abbott,? Ivan Supié,® and Cyril Branciard?

YICFO-Institut de Ciencies Fotoniques, The Barcelona Institute of Science and Technology,
08860 Castelldefels, Barcelona, Spain
2 Univ. Grenoble Alpes, Inria, 38000 Grenoble, France
3LIP6, Sorbonne Université, CNRS, 4 Place Jussieu, 75005 Paris, France
4 Univ. Grenoble Alpes, CNRS, Grenoble INP, Institut Néel, 38000 Grenoble, France
(Dated: August 24, 2023)

Causal nonseparability is the property underlying quantum processes incompatible with a definite
causal order. So far it has remained a central open question as to whether any process with a clear
physical realisation can violate a causal inequality, so that its causal nonseparability can be certified
in a device-independent way, as originally conceived. Here we present a method solely based on
the observed correlations, which certifies the causal nonseparability of all the processes that can
induce a causally nonseparable distributed measurement in a scenario with trusted quantum input
states, as defined in [Dourdent et al., Phys. Rev. Lett. 129, 090402 (2022)]. This notably includes
the celebrated quantum switch. This device-independent certification is achieved by introducing a
network of untrusted operations, allowing one to self-test the quantum inputs on which the effective
distributed measurement induced by the process is performed.

Introduction.—For both quantum and classical pro-
cesses, it is usually assumed that if two parties interact
only once with a physical medium, then only one-way in-
fluences are possible. Remarkably, this turns out to be
an unnecessary restriction on the possible observable cor-
relations. Formalised in the process matrix framework,
where quantum theory is taken to hold locally but no
global causal structure is assumed, some processes allow
parties to establish correlations incompatible with a def-
inite causal order [1].

Causal nonseparability, the property underlying such
processes [1, 2], bears a foundational significance and is
also the basis for advantages in a number of different
tasks [3-8]. It can be certified in a device-independent
(DI) way, i.e. requiring knowledge of the observed statis-
tics only, based on the violation of “causal inequali-
ties” by noncausal correlations [I, 9]. However, not
all causally nonseparable process matrices are noncausal
in this strong sense [10-12]. Indeed, a large class of
quantum-realisable processes cannot violate causal in-
equalities [13, 14], and it is still unclear whether any pro-
cess with a clear physical realisation is able to. This in-
cludes in particular the canonical “quantum switch” [3],
the resource behind most known advantages arising from
causal indefiniteness [3-8].

In a previous work [15], we showed (with another col-
league) that the quantum switch, as well as a large class
of bipartite causally nonseparable processes (and even
all of them under a reasonable additional assumption),
can display a new form of noncausality in a semi-DI
with quantum inputs (SDI-QI) scenario. In the present
work, we show how the gap between this SDI-QI certi-
fication and a fully DI certification can be bridged by
self-testing the quantum inputs in a network scenario,
where each party that receives a quantum input in the
SDI-QI scenario shares an additional uncharacterised bi-
partite state with an extra untrusted party. We call this
certification network-device-independent (NDI) to differ-

entiate it from the standard DI scenario based on causal
inequalities. This approach is motivated by the ability
to exploit self-testing to transform a universal certifica-
tion of entanglement in a SDI-QI scenario into a NDI
certification [16, 17]. The apparent analogy between en-
tanglement and causal nonseparability, however, was al-
ready seen to have severe limitations in the SDI-QI sce-
nario [15], making it unclear whether NDI certification
could be applied to this latter resource.

Causal (non)separability in the SDI-QI scenario.—The
approach we present is a general method for transforming
SDI-QI certification of causal nonseparability into NDI
certification, applicable to a range of scenarios. For con-
creteness and clarity, however, we focus our initial pre-
sentation here on the bipartite scenario, before making
some comments about its applicability to other scenarios
and processes later.

Two parties, Alice and Bob, control separate quantum
labs with input and output Hilbert spaces HA’ and HA©
for Alice, and HP and HBo for Bob. They may also
receive some auxiliary quantum states in Hilbert spaces
HA HB' 1 Let us consider the SDI-QI scenario intro-
duced in [15] where Alice and Bob are provided with
quantum input states pA € L(HA) and pB e L(HP'),
respectively, indexed by the labels z and w. They
each perform some fixed quantum operations described

1 All Hilbert spaces we consider are taken to be finite-dimensional.
Notations: £(HX) denotes the space of linear operators on HX;
superscripts are used to indicate on what spaces operators act;
we shall write concisely HXY = HX @ HY, HA = HA140 | etc.
Note that in [15], the auxiliary spaces in which the quantum
inputs live were denoted with tildes (e.g., 7-LA); here we switch to
primes: the tildes will be used for the untrusted physical systems
in the self-testing procedure below. Also, in [15] Alice and Bob’s
quantum input states were labeled by subscripts « and y; here
we change these to z and w, as x and y will be introduced later
as classical inputs for the self-testing procedure.
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FIG. 1. The SDI-QI scenario: A process matrix W4E con-
nects two parties who receive trusted (orange) quantum in-
puts pf/ and pgl, resp. They each perform an untrusted
(black) joint operation ((M;LVA)E and (Mf/B)b, resp.), pro-
ducing the classical outcomes a and b. The purple semicircle

represents the D-POVM (E(‘IA:;,B,)G,Z, induced by these instru-
ments and the process matrix.

as quantum instruments [I18], i.e., sets of completely
positive (CP) maps M, : L(HA A1) — L(HA°) and
My o L(HB'Br) — L(HBo), whose indices a,b refer to
some (classical) outcomes for Alice and Bob, and whose
sums Y M, and ), M, are trace-preserving (TP). Us-
ing the Choi isomorphism [19] (see the Supplemental Ma-
terial (SM) of [15], Sec. A), the CP maps M,, My, can be
represented as positive semidefinite matrices M;‘/A and
MP'B.

Within the process matrix framework, the correlations
established by Alice and Bob in such a scenario with
quantum inputs are given by the probabilities

Pa,blp’, pl ) = (M4 @ MPP) « (o2 @ pl @ WAP)
= BN s (o0 o) = e [(BAE) (020 o))

with
EAP = (M2 @ MP'P) « wAB. (2)

Here, WAB ¢ L(HAP) is the so-called “process matrix”,
a positive semidefinite matrix satisfying nontrivial linear
constraints in order to always generate valid probabil-
ities [1] (see e.g. [15], SM, Sec. B); and * is the “link
product” [20, 21], a convenient tool for calculations de-
fined for any matrices MXY € L(HXY), NYZ € L(HY?)
as MXY « NYZ = Try [(MXY ® 19)TY (1% @ NY7)] €
L(HXZ) (where Ty is the partial transpose over HY ; see
also [15], SM, Sec. A).? The family EA'P" = (E4,F"),,
defines an effective distributed measurement [22, 23

2 A full trace Tr[(MY)T NY] and a tensor product MX @ NZ can
both be written as a link product. Moreover, the link product is
commutative and associative.

on the quantum inputs, termed a “distributed positive-
operator-valued measure” (D-POVM); see Fig. 1. Note
that by choosing {p?'}, and {pB'},, to be tomographi-
cally complete sets of states, one can completely recon-
struct EAB” from the statistics obtained through Eq. (1).

The process matrix formalism makes no a priori as-
sumption of a global causal structure relating Alice and
Bob. In fact, assuming such a structure imposes further
constraints, due to the inability for a party to signal to
the causal past. Process matrices compatible, for ex-
ample, with Alice acting before Bob (denoted A < B)
are of the form WA=B = WA=Br g 150 and similarly
WB=A = WWB=A1 @ 140 for Bob before Alice (B < A),
with WA=Br ¢ L(HAB1) and WB=41 ¢ L(HA1B) being
themselves valid process matrices [1]. Process matrices
that can be written as a convex mixture of matrices com-
patible with A < B and B < A, i.e., of the form

WAB — qWA<BI ® ]lBO + (1_q) WB<A1 ® ]1A07 (3)

with ¢ € [0, 1], are said to be “causally separable”. They
can be interpreted as being compatible with a definite
(although perhaps probabilistic) causal order. Remark-
ably, there exist “causally nonseparable” process matri-
ces that cannot be decomposed as in Eq. (3), and are
thus incompatible with any definite causal order [1].

Causal nonseparability can always be certified in a
device-dependent manner using a “causal witness” [10,
24], while only some processes can be certified in a DI
way through the violation of a causal inequality [1, 10—
12]. Here, we start by considering a relaxation of this DI
scenario, by providing the parties with quantum inputs
instead of classical ones. In [15], we showed that causally
separable processes necessarily generate D-POVMs that
are themselves causally separable in the sense that they
can be written

EA'B" _ qEA’<B' + (1=q) EB =4 (4)

with ¢ € [0,1], where EA'=<B’ (EA=P"),, and
EB'<A" — (EB <A™, , are D-POVMs satisfying

S ENF =EN 91”7 Vo, Y EN =1, (5)

b
SEFY =EF @1t v, Y EF =17, (6)
a b

and are respectively compatible with the causal order
where Alice receives her quantum input and acts before
Bob (A" < B’) and vice versa (B’ < A’). Crucially,
some causally nonseparable processes which cannot vi-
olate any causal inequality in the DI setting can still
generate causally nonseparable D-POVMs. This causal
nonseparability—and hence that of the process matrix
inducing it through Eq. (2)—can then be certified by re-
constructing the D-POVM (as mentioned above) and ver-
ifying that it cannot be decomposed as in Eq. (4) or, more
directly, using these quantum inputs to violate a witness



inequality of the form [J > 0, where J denotes some lin-
ear combination of the probabilities P(a, b|p2", pB') [17].

NSDI-QI and NDI causal scenarios.—A bipartite SDI-
QI scenario can be transformed into a 4-partite net-
work scenario (NSDI-QI) where two additional sepa-
rated parties—Charlie and Daisy—remotely prepare the
quantum inputs. They control separate labs with in-
put Hilbert spaces H® and HP /, and share maximally

entangled pairs of d-dimensional states,? |¢+)C A" and

B'D’ . d—1. - . .
lot) (with |¢T) = %jzj:() |7,7)) with Alice and
Bob, respectively; see Fig. 2 (top). Charlie and Daisy
can then remotely prepare the quantum inputs pf/ and
pB ' by applying measurements with Choi representations

(M)e = (p€", 19 =pF") and (M7 )a = (ol , 17 —pl))

clz |w
on their shares of entangled qudit pairs. When they
observe the outcomes ¢ = 0 and d = 0 correspond-

ing to the POVM elements pgl and pgl, respectively,
then Alice and Bob receive precisely the desired quan-

tum inputs since p?’ MOC/ * |¢+)<¢+|CIA/ and pB’

|z

Mtﬁ; * \¢+>(¢+|B/D/. Thereby, the observed correlations

P(ec,a,b,d|z,w) = (MC/ ® E;L%Z,B/ ® Mf‘;))

clz
< (Io7)6"17 " @ lotiet ™) (1)

satisfy P(0,a,b,0]z,w) = P(0|z)P(0lw)P(a,b|p?’, pB")
and the causal nonseparability of EAB’ can be certified
by the violation of a witness inequality as in the SDI-QI
scenario.

This NSDI-QI scenario so far assumes the shar-
ing of maximally entangled states and trusts Char-
lie’s and Daisy’s quantum measurements in the “ref-
erence scenario” described above. However, these as-
sumptions can be relaxed by exploiting self-testing tech-
niques. Self-testing exploits the fact that quantum cor-
relations which maximally violate a Bell inequality can
sometimes be used to uniquely determine—up to lo-
cal transformations—which state and measurements pro-
duced them [25, 26]. To self-test the maximally entan-
gled states and Charlie and Daisy’s measurements, Al-
ice, Bob, Charlie and Daisy are all given (new) classi-
cal inputs z,y, z,w, resp., and perform untrusted oper-
ations (M44),, (MEB), (MS )., (MdD|w)d’ producing out-

alz bly clz
comes a,b,c,d, resp. on the process matrix WAB and
the untrusted auxiliary states {4 and PpZP to be self-
tested, which are now in the (untrusted) “physical”
Hilbert spaces HA, HE, HC, HP (denoted with tildes)—
that, a priori, may differ from those in the reference
scenario HA', 1B 1" HD' (with primes); see Fig. 2

3 Here d is the dimension of the quantum input spaces, which for
simplicity we assume to be the same for both parties (although
this can be easily relaxed without consequence).

FIG. 2.

From the NSDI-QI to the NDI scenario:
NSDI-QI scenario (top), the quantum inputs of the SDI-QI
scenario (Fig. 1) are prepared remotely by two other sepa-
rated parties—Charlie and Daisy—performing suitable oper-
ations on their part of a maximally entangled state shared

with Alice and Bob, so that pf/ ~ M(ﬁ; % |¢+><¢+|C'A’ and

In a

pB M(ﬁlu * |¢+><¢+|B P resp. (orange). These quantum

inputs can be self-tested (bottom): Alice, Bob, Charlie and
Daisy are given classical inputs x,¥, z,w, and perform un-
trusted operations that produce outcomes a, b, ¢, d, resp. Ver-
ifying that the correlations P(c,alz,z) and P(b,d|y, w) both
maximally violate a Bell inequality allows one to self-test the
preparation of the quantum inputs; from this, one can cer-
tify the causal nonseparability of the D-POVM (Efﬁr,y)a,b
(purple semicircle) for = y = %, and thus the causal non-
separability of the process matrix W4 in a NDI scenario.

(bottom). When applied to the process matrix, Al-
ice and Bob’s instruments generate a D-POVM E;“g =
AB AB
(Ea,~l)|z,y R Ea7b|1ay
(M2 © M) « WA similarly to Eq. (2). We will
show that in this scenario, the causal nonseparability of
a D-POVM generated from a causally nonseparable pro-
cess matrix WAL can be certified solely based on the
correlations P(c,a,b,d|z, z,y,w), thus achieving a NDI

certification of causal nonseparability.

Ja,p for each z and y with elements

NDI certification of causal nonseparability.—As sug-
gested above, the idea to achieve this goal is to com-
bine the SDI-QI certification with self-testing. For the
protocol we present to function, it will be necessary
for the quantum inputs in the initial SDI-QI setting to
be chosen such that that the reference measurements
(MSD)e = (p€", 19 =p") and (Mf,)a = (o), 17 =pl))

clz |w



of the NSDI-QI setting are precisely those involved in the
self-testing procedure we use. For simplicity, let us as-
sume that d = 2™ for some m > 1. This can be done
without loss of generality by embedding the reference ex-
periment, i.e., the spaces H and HP', into larger 2™-
dimensional spaces if needed (see Appendix A). We then
require not only that pf' and pP " form tomographically
complete sets, but more precisely that they are (projec-
tors onto the) eigenstates of orthogonal Pauli measure-
ments (or, beyond the 2-dimensional case, tensor prod-
ucts thereof). We will assume henceforth that this is
indeed the case.

When Alice and Bob receive generic classical inputs
x,y (other than the specific x,y = % that we shall con-
sider below), we interpret the experiment as a self-testing
round, in which the correlations are used to test a Bell
inequality: reaching its maximal quantum violation cer-
tifies that the untrusted states ll) , BD and measure-
ments (MS cz)es (Md‘“) have the form of those used in
the NSDI-QI setup. Such a statement can only be true
up to local transformations, but these transformations
relating the “physical”, uncharacterised, states and mea-
surements to their idealised “reference” counterparts can
be explicitly incorporated into the analysis. When they
both receive the special input x = y = %, we instead inter-
pret it as a certification round, in which one follows the
same procedure as in a NSDI-QI certification of causal
nonseparability using these self-tested quantum inputs.
Crucially, the aforementioned local transformations pre-
serve causal (non)separability, allowing the causal non-
separability of the physical process to be certified, despite
lacking any knowledge of the Hilbert spaces upon which
it acts.

The general protocol can thus be described as follows.

e (Correlation generation) Alice, Bob, Charlie and
Daisy perform local operations and measurements
on their respective subsystems to obtain the statis-
tics P(c,a,b,d|z, x,y,w).

o (Self-testing) One certifies that the auxiliary states
each contain a maximally entangled state and that
Charlie and Daisy each effectively perform the de-
sired tomographically complete, orthogonal Pauli
measurements on their subsystems by verifying
that the distributions Py(c, a|z, z) := P(c, a|z, z,y)
and P, (b,d|y,w) := P(b,d|x,y,w) both maximally
violate a Bell inequality Z > 0 for some y and z,
resp.*

o (Causal nonseparability certification) One ver-
ifies that the correlations P(a,blz,w) =

4 Note that these distributions are independent of w and z, re-
spectively, due to the network structure: e.g., Daisy only shares
a (nonsignalling) quantum state with Alice, Bob and Charlie.
However, contrary to the scenario of entanglement certifica-
tion [16, 17], these may still depend on y and z, resp., as the
process matrix may allow for signalling.

P(a,blz, z=x, y=*,w,c=0,d=0) violate a wit-
ness inequality J > 0, thus certifying that the
process matrix is causally nonseparable.

Let us now explain these steps in more detail. We
use the fact that, for d = 2™, one can self-test a
d-dimensional maximally entangled state and orthogo-
nal Pauli measurements (or tensor products thereof, for
d > 2) by the maximal quantum violation of a Bell in-
equality Z > 0 [17]. Further discussion of the inequality
is provided in Appendix A, but its exact form (which
depends on d) is not important for the argument here.

The first step of the protocol simply consists in gener-
ating the correlations P(c, a, b, d|z, x,y, w), which can be
written as

P(c,a,b d|z x y7w)
CA AB o .,BD
= P(ClZ) ( ‘ ) a b\a:y (p?\z ® pﬁw) (8)

w1th the remotely prepared states sat1sfy1ng P(c|z) p4 Pl =
C|z >|<1j)CA and P(d|w) pdlw » ¥ VPP and with the
D-POVM elements EAZ = (MAA ® Mb‘y ) * WAB  as

a,blz,y alz
given above.

The second step is the self-testing procedure. The
players verify that the correlations Py(c,alz,2z) and
P,(b,dly, w) reach the maximum quantum violation of
the Bell inequality Z > 0. As we recall in Appendix A, it
is }qnown that if this is the case, then the physical states

4 and PpFPP and measurements (Mg"vz)C and (Md|w)
can be related to the ideal reference states and opera-
tions of the NSDI-QI scenario in the d-dimensional spaces
HE HA HE' HP vialocal isometries [16, 17]. We then
show (see Appendix A) that these local isometries also

relate the remotely prepared inputs® paz and pOBIw to

AT Cad e

. For example, for Alice’s

the reference quantum inputs pf/ x M

# gt

quantum inputs we prove that

= T ’ if
Pl = VA (p;“ ®& +

B/
and p,; o< M, o\w

()T o e ) VA 9)
where VA : HA - HA Y is an isometry and 564']{7 f‘ﬁ
are (subnormalised) “junk and flag” states on a Hilbert
space HAJf; a similar relation holds for Bob. This allows
us to write Eq. (8), when ¢ = d = 0, in terms of the
reference scenario as

P(0,a,b,0|z,z,y, w)
= P(0|Z) (0|’LU) Ea b\:c y (p? ® pg )7 (]‘0)

5 In fact, we show that each pf‘z and de‘w (for all ¢,d) can be
related to a corresponding state in the reference scenario, but

this stronger result is not needed here.



A'B’
where the Ea,b|x,y

(which EaA,ﬁ:E,y can likewise be related to through local
isometries; see Eq. (B3) in Appendix B). Eq. (10) thus
relates directly the observed correlations to those obtain-
able in the NSDI-QI setup.

The last step consists in certifying causal nonsepara-
bility. The self-testing step ensures that, when Charlie
and Daisy get the outputs ¢ = d = 0, Alice and Bob re-
ceive, up to local isometries, the desired quantum inputs
p2 and pB’ from the SDI-QI scenario. We thus focus on
the correlations observed when x = y = % which, in the
reference experiment, should correspond to the measure-
ments used to obtain a causally non-separable D-POVM.
These correlations, following Eq. (10), are given by

are elements of an effective D-POVM

Pi(a,blz,w) = P(a,b|z, z=x, y=*, w, c=0, d=0)
=END L x (02 ® ), (11)

which precisely defines, following Eq. (1), a distribution
P'(a,blp2', pB') in a SDI-QI setting with the reference
quantum inputs for the certification of the effective D-
POVM E4P" = (EAP ), In Appendix B we show

a,b|*,x

that if W4B is causally separable then E?f;B "is a causally
separable D-POVM. Hence, if P’(a,b|pf/,p5,) violates
the witness inequality, yielding J < 0, this certifies the
causally nonseparability of W4B. By following the ideal
reference protocol of the NSDI-QI scenario, one can thus
obtain such a NDI certification for any process that can
be certified in the bipartite SDI-QI scenario, i.e., which
can generate a causally nonseparable D-POVM.

The NDI certification of causal nonseparability de-
scribed above assumes that the self-testing is perfect: the
maximal quantum violation of the Bell inequality Z > 0
is obtained, meaning that noiseless maximally entangled
states and perfect measurements are realised (up to lo-
cal isometries). Such requirements are experimentally
unobtainable. However, the self-testing procedure and
subsequent certification of causal nonseparability can be
rendered robust to noise in a similar way to that of [17];
see Appendix C for further explanation.

Applications and scope.—The protocol described in the
previous section exploits a general approach to trans-
forming a SDI-QI scenario into a NDI one. Indeed, it
can be readily generalised to provide NDI certification
in settings beyond the basic bipartite one we described.
For instance, in [15] we showed that all bipartite causally
nonseparable process matrices can be certified in a SDI-
QI way if we assume an additional natural assumption
on the form of Alice’s and Bob’s instruments: that they
factorise as a joint measurement on one subsystem of
their quantum input and the system they receive from
the process matrix, and a channel taking the rest of their
quantum input into the process matrix. By assuming
the same “measurement device and channel independent”

(MDCI) structure for the physical instruments (M;“lf)a

and (I\/Iﬁ f” ), and using independent auxiliary sources to

self-test Alice and Bob’s quantum input subsystems, our
method here can readily be used to show that all bipartite
causally nonseparable processes can also be certified in a
NDI way (modulo these assumptions); see Appendix D
for details on the soundness of the NDI certification in
this MDCI scenario.

A process of particular interest is the quantum
switch [3], which can be described in either a “(2+F)-
partite” or “(P+2+F)-partite scenario” in which, in ad-
dition to Alice and Bob, a third party Fiona with no out-
put Hilbert space performs a measurement in their causal
future, and (in the (P+2+F)-partite scenario), a fourth
party Phil with no input Hilbert space acts in their causal
past. In the quantum switch, Phil prepares a target sys-
tem and a control qubit, the latter of which coherently
controls the order that Alice and Bob then act on the
target system, before both the target and control are re-
ceived by Fiona. (In the (2+F)-partite scenario, Phil’s
operations are fixed and absorbed into the process ma-
trix.) The quantum switch is the canonical example of a
physically realisable causally nonseparable process [13],
and the resource behind most known advantages aris-
ing from causal indefiniteness [3-8]. Certifying its causal
nonseparability is thus a key problem, and several exper-
iments have done this in a device-dependent way using
causal witnesses [27, 28]. In [15], the SDI-QI scenario
was extended to the (24 F)-scenario to certify the causal
nonseparability of the quantum switch, and the general-
ity of our NDI approach can again be illustrated in these
scenarios. In Appendix E we further extend the SDI-QI
framework to the (P+2+F)-partite scenario—in which
the SDI-QI approach can then be transformed into a NDI
one by having Phil and Fiona also share maximally en-
tangled states with additional parties, and following the
natural generalisation of our bipartite protocol. In fact,
for the quantum switch, in the SDI-QI setting it is not
necessary to provide all parties with a quantum input:
some parties may do with classical inputs, or no input at
all. For example, in [15] the case where only Alice and
Bob have quantum inputs was considered; in Appendix E
we show that one can also certify the causal nonseparabil-
ity of the quantum switch in a SDI-QI manner while pro-
viding only Phil with quantum inputs—a scenario that
can then be turned into a NDI one by introducing just
one additional party. We thus see that, despite its inabil-
ity to violate any causal inequality [10, 11], the quantum
switch can be certified in a particular type of DI scenario;
see also the discussion below.

Discussion.—As we emphasised, our certification of
causal nonseparability is device-independent, in the sense
that it does not assume any knowledge about the un-
derlying process or operations involved. Every element
involved in the protocol is treated as a (quantum) black
box with classical inputs and outputs, and all conclu-
sions are drawn from the observed correlations. How-
ever, we called it network-device-independent to differen-
tiate it from the standard approach to DI certification,
which requires the violation of a causal inequality [1].



Indeed, our approach differs from the standard one as
it assumes a network structure involving two separated
untrusted parties, each independently performing oper-
ations on a system that is independently shared with a
party involved in the process being certified. Moreover,
unlike the standard approach which certifies causal indef-
initeness in a theory-independent manner, our method
certifies the theory-dependent notion of causal nonsepa-
rability. Indeed, it is based on the violation of a witness
inequality by a causally nonseparable process matrix and
on the self-testing of quantum input states through the
maximal quantum violation of Bell inequalities. It thus
assumes the validity of quantum theory and of its ex-
tension through the process matrix formalism. This, and
the simple network structural assumption, is what allows
one to certify—without trusting any device—the causal
nonseparability of process matrices which cannot violate
a causal inequality, such as the quantum switch [10, 11].

Finally, we note that some recent works have also pro-
posed another approach to certify the indefinite causal
order in the quantum switch in a device-independent
way [29, 30]. In the scenario presented in [30] (also con-
sidered in [29]), an additional space-like separated party
is introduced along with Alice, Bob and Fiona, and an
inequality is derived based on the assumptions of “Def-
inite causal order, Relativistic causality, and Free inter-
ventions” (DRF). It is then shown that the correlations
generated from a quantum switch in which the control
system is entangled with the newly introduced party can
violate this “DRF inequality”. Notably, our approach al-
lows us to consider a scenario very close to that of [30] by
transforming a SDI-QI test of a (P+2+F)-partite quan-
tum switch, with only Phil (in the causal past) being
given a quantum input, into a NDI test (as briefly con-
sidered above, and further discussed in Appendix E).
It is then interesting to compare the assumptions and
conclusions one may draw from these two approaches in
which the causal indefiniteness of the quantum switch

can be certified in a DI manner (see Appendix F for fur-
ther discussion). A first important difference is that the
approach of [30], and the inequality they derive, is not
only device-independent, but also theory-independent—
like standard causal inequalities, but contrary to our ap-
proach. Furthermore, while [30] explicitly introduced
some form of no-signalling assumption at the ontologi-
cal level (“Relativistic causality”) between the new party
and those involved in the switch, we did not need such
an assumption. Instead, we make the simple network
structure assumption which implies just the weaker op-
erational notion of no-signalling. With a violation of a
“DRF inequality”, the conclusion that there is indefi-
nite causal order can hence be escaped by rejecting this
relativistic causality assumption; in our case, one would
need to reject entirely the network structure assumption
to salvage definite causal order (or, in both cases, one
could reject the “Free interventions assumption”, which
we indeed also made implicitly). It will be insightful to
further investigate the connections between the two ap-
proaches, possibly in different scenarios. Recall indeed
that our approach allows one to turn any SDI-QI certifi-
cation of causal nonseparability into a NDI one; it would
be interesting to see if the approach of [30] can similarly
be made more systematic.
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