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On finite-time observers for linear systems

*
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Abstract: This work deals with the problem of finite-time homogeneous observer design for
linear systems. Compared to other works, the stability conditions and parameters tuning are
formulated using linear matrix inequalities being less conservative. The proposed results are
based on the homogeneity property and Implicit Lyapunov Function method. The results are

supported with simulation examples.
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1. INTRODUCTION

The problem of nonlinear observer design remains to be
active research domain (e.g., Afri et al., 2017; Lopez-
Ramirez et al., 2018; Andrieu et al., 2009; Angulo et al.,
2013; Andrieu et al., 2008, etc.). State estimation with
time constraints (e.g., finite/fixed-time observers) is highly
demanded specially for fast control systems, for control
processes strongly restricted by time and for fault detec-
tion. Also, finite-time estimation is a simple way to realize
the separation principle, when the problems of observer
and control design can be considered and analyzed inde-
pendently.

This paper is devoted to the well-known problem of finite-
time observer design for the linear system

t=Ax, y=Czx, z€R"
010---0
001---0
A=), o=poo W
000---1
000---0

with the following homogeneous observer (Davila et al.,
2005; Perruquetti et al., 2008)

|1 — y|11+2“sign(£1 —v)
: |21 — | + Fsign(&y —y)
b= A# + diag {1}, . )

&1 —y[" T sign (@ — y)
where p € (=1/n,0), and the gains l; € Rfor i =1,...,n
to be determined. Many studies have been devoted to the
analysis of such and similar (for example, sliding-mode
observers with 1 = —1/n) observers. However, the existing
results have drawbacks, the main of which are listed below:

e most of the results are valid only for sufficiently small
i, i.e., for the case the observer (2) is close to the
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standard Luenberger observer (see, e.g., Perruquetti
et al., 2008);

e the proposed stability conditions of the observation
error system (observer parameters tuning) are too
conservative (including distributed-parameter linear
matrix inequalities (LMIs) in Lopez-Ramirez et al.,
2018);

e some results are presented only for a particular n
(e.g., finite-time differentiators Davila et al., 2005;
Angulo et al., 2013);

e some works do not provide the settling time estima-
tion (e.g., results based on homogeneous approxima-
tions).

Compared to other results, in this paper the stability con-
ditions and parameters tuning are formulated being less
conservative. The proposed conditions are based on the
use of homogeneity property and the Implicit Lyapunov
Function (ILF) method.

The structure of this paper is as follows. Notations used in
the work are introduced in Section 2. Section 3 considers
preliminaries used in the paper. The results on finite-
time observer design are presented in Section 4. Finally,
conclusions are given in Section 5.

2. NOTATION

Through the paper the following notation will be used:

e Ry = {z € R: 2 > 0}, where R is the field of real
numbers;

e R™ denotes the n dimensional Euclidean space with
vector norm || - ||;

e The symbol 1,m is used to denote a sequence of
integers 1, ..., m;

e The order relation P > 0 (< 0; > 0; < 0) for
P € R™ "™ means that P is symmetric and positive
(negative) definite (semidefinite);

e )\;(A) denotes i'h eigenvalue of a matrix A € R"*";

e The set of (nonnegative) diagonal matrices with di-
mension n x n is defined by (D7) D™,




diag{\;}?_, is a diagonal matrix with elements X;,
i=1,n;
O, xn denotes zero matrix with dimension m X n;

I, € R™*™ is the identity matrix;
T

ith

. =
es(i)=[0---0"1 0---0
s components

vector of the canonical basis of R?.

eR% s>1,isa

3. PRELIMINARIES
3.1 Finite-time stability

Let us consider the system
@(t) = f(x(t), 2(0)=mz, t=0, 3)

where z(t) € R™ is the state vector, f : R® — R" is a
nonlinear continuous vector field and f(0) = 0.

Definition 1 (Bhat and Bernstein, 2000; Orlov,
2004) The origin of (3) is said to be globally finite-time
stable if it is globally uniformly asymptotically stable and
there exists a locally bounded function T : R™ — [0, +00)
such that any solution x(t,xo) of the system (3) for all
xo € R™ satisfies x(t, zo) = 0,Vt > T'(xg). The function T
18 called a settling-time estimate.

The following theorem presents the ILF method for finite-
time stability analysis.

Theorem 1 (Polyakov et al., 2015) If there exists a
continuous function

Q: R, xR" >R

(V.z) = Q(V, )
such that
C1) Q is continuously differentiable outside the origin;
C2) for any x € R™\{0} there exist V- € Ry and
V+ S R+I

QIV™,2) <0< Q(VT', x); (4)
C3) for Q = {(V,z) e R**1:. Q(V,z) = 0}
lim V=0% lim [z =0, lim V=+oo;
0 V=0T

T llzll—o0
(Vix)e

(V,z)eQ (V,z)eQ

C4) the inequality
9Q(V, x)
ov
holds for VV € Ry and Vo € R"\{0};
C5) the inequality
9Q(V, z) 9Q(V, z)

< 1—n
or @<=V v

holds ¥(V,z) € Q, where 0 < pn <1 and o € Ry are some
constants.
Then the origin of the system (3) is globally finite-time
stable with the following settling time estimate
0[14
T(mO) S O',u7

—00 < <0

where Vo € Ry Q(Vo, zo) = 0.

3.2 Homogeneity

The homogeneity is a symmetry property of an object with
respect to a group of dilations (Zubov, 1958; Polyakov,
2020; Kawski, 1991). A map d: R — R™*" is called a
linear dilation, where d(s) = ¢%4%, and the anti-Hurwitz
matrix Gq is called the generator of dilation.

Definition 2 (Kawski, 1991) A vector field f: R" —
R™ (a function g: R™ — R) is said to be d-homogeneous
of degree v € R if

f(d(s)r) = e"*d(s)f (x).

(resp. g(d(s)z) = " g(x),

vz € R\ {0},
vz € R"\ {0},

Vs € R.
Vs € R.)

(5)
The system & = f(x) is called d-homogeneous if f(x) is
d-homogeneous.

In the case when the matrix G4 is diagonal, the type of
homogeneity is called weighted.

Note that the homogeneity property implies robustness
to external perturbations, measurement noise and time-
delays (see, for example, Bernuau et al., 2013; Efimov and
Polyakov, 2021).

8.8 Stability analysis of homogeneous systems with sector
nonlinearities

Consider the system:

M
(t) = Aox(t) + Y A;fI(Uz(t)), t>0,  (6)

j=1
where x(t) € R™ is the state vector,
FUz) = (e (V). fllenmUn)", j=TM

are continuous functions ensuring existence of solutions of
the system (6) in forward time, f7(0) = 0, U and Ay, for
k =0, M are the matrices with dimensions R™*™.

It is assumed that the system (6) satisfies the following
properties:

Assumption 1 For anyi=1,n, j =1, M:
sfl(s) >0 VseR\{0}. (7)

Assumption 2 The system (6) is d-homogeneous of
degree p < 0 with the generator Gq, i.e.

M
d(s) (on + Z Ajfj(Ux)>

=t M
=e M| Aod(s)x + ZAjfj(Ud(s)m)> , Vs eR, Vz € R™;
j=1
A (8)
and there exists p € {1,..,M} such that f'(Uz) =
e **d(s)" 1 fI(Ud(s)z) are homogeneous of degree y for
J=1p.
Assumption 3 FEach row of the matriz U is a left
eigenvector of Gg, i.e., eL (i)U = u;(Gq) fori=1,n.

n
After proper re-indexing and decomposition of a nonlinear

system dynamics the sector condition (7) and homogeneity
property imply that:



e for any i = I,n, j = 1, the nonlinearities fZJ have
unbounded integrals, i.e.,

S
lim_ / f (o) dor = o0, (9)
where ¢ > p;
e due to negative homogeneity degree pu for any i = 1, n,
J=1Lp:

sfl(s) > wls® Vs € [s;,5]\ {0},
where ’(/Jg eRy and —oco <5, <0 <5 < 4o0.

(10)

Define ¥/ = diag{y?}7,
u; = u;(Gq) for compactness. Define Z € R"*"
{ sign(uiujr), if uj;,u; are parallel

€ D%, j = 1,p and denote
1Ly =

. fori,j =1,n.
0, otherwise ornJ e

Introduce an ILF candidate in the form
QV,z) = z7d" (~nV)Pd(—=InV)z

M n - ruwd(—InV)z (11)
DB F(s)ds = x
j=1i=1 0
where AJ = diag{AJ}7, € D%, P € R"™™ is a symmetric
positive semi-definite matrix, and x € Ry.
Theorem 2 (Zimenko et al., 2021) Let Assumptions

1, 2, 8 be satisfied. Let a, 1,10 € Ry be chosen such that
the LMI system

P>0; T >0; L1P+UTZ<:AjU>O; (12a)
=1
PGdJ+ GIP >0; (12b)
Ut i MU + 15(PGq + GEP) > 0; (12¢)
=1
J Q1+ Qs+ aQy <0, (12d)

is feasible for some P = PT ¢ R"*"; AJ ¢ DY, j=1,M,
0 <2 =2T ¢ RIMEUnX(M+D)n - yphere for X = P +
?:1 UTAIWIU and Ag = Ay + Z?:l Aj\I/jU

XAHAT X xA+ATUTA? XApN+ATUTAM
ANMUAAT X AvA+ATUTAY o AtvAy+ATUTAM
Q1= . . . ;

AMUAAHAT, X AMUAHAT UTAY o AMUAN+AT UTAM

XGa+GIXUTAN'H --- UTAMH
HA'U O

U Yo m
YTim

Q2 =

HAMU
Yoo UTYo1 -
Yo1U Y1

TU,'J\lU T?JW T]V'[,M
H = diag{\i(Ga)}i=1, Yo,0 = Onxn, Yo: € D}, Tiy =
Tg:i c Rnxn’

>0, ifey (n)Zen()=1
ten(MYigen(l)q <0, if el (n)Ten(l)=—1

=0, otherwise

fori=1,M, j=i,M,nl=1n.

Ti,j e R*n

Then the origin is globally finite-time stable and

T(ao) < -,

where Q(Vp, xo) =0 for
X < 1 min {57, 57 } Amin (X) U] 72

i€l,n

As shown in the following section, the error equation
for the observer (2) can be represented in the form (6).
However, in this case the LMI system from Theorem 2 for
n > 3 is unfeasible. The present paper extends the result
of Theorem 2 for stability analysis of the observation error
in (2) for any n > 1.

4. MAIN RESULT

Consider the problem of state estimation for the system (1)
with the observer in the form (2).

For e = & — x the error system takes the form
lex | *#sign(er)
lex|"*2#sign(er)

é = Ae+diag{l;};, , €(0) =eg. (13)

lex|" ™ sign(eq)

Note that the system (13) is homogeneous of degree u < 0
with Gq = diag{1+(i—1)u}}_,, i.e., the system is weighted
homogeneous.

Note that a qualitative robustness analysis for such ob-
server based on the homogeneity property is provided
by Lopez-Ramirez et al., 2018 (the observer is Input-to-
State Stable with respect to exogenous disturbances and
measurement noises). Thus, in this paper we consider the
disturbance free case.

Remark 1 For Ay = A, M =1, Ay = diag{l;}]_,, d=0,

1 0 --- 0
e N
1 0 --- 0
le1|""#sign(er)
lex|"**sign(er)
fH(Ue) = . (14)
lea| " sign(er)
the system (13) corresponds to (6), i.e.,
é= Ae+ A fH(Ue). (15)

However, for the system (15) the LMIs (12) are not feasible
for n > 3, i.e., Theorem 2 is not applicable for stability
analysis of (15). Compensation of this drawback is the
main result of this paper.

Denote fi(s) = fis) — s, i = I,n and f(s) =

K2

[£1(5), ..., fn(s)]T. Note that according to (14) we have
0 < fi(s) < fig1(s) for any s € [0,1], ¢ = 1,n — 1. Then,
taking it into account, define the matrices Yo, € D7,
Ti1= TlTJ € R™*"™ guch that
T
§ T
|:On><n U T0,1:|

Onflxn
2 To U 7T
f(S) 0,1 1,1

S
On-1xn| >0, Vs €[0,1],

f(s)
16)



i.e., some elements e ()Y jen(n2), M1,m2 € 1,n of the
matrlces T;;,1€0,1,7 =1 can be selected to be negative
if there are positive elements of Y;,, l,¢ € 0,1 that

correspond to multiplication of terms fn3(s) and fm (s),
13,M4 € 1,n with the same multipliers, where

Jns (8)Jna(8) 2 [y () fa ()3
and the sum of these elements is greater or equal than

the sum of absolute values of negative counterparts that
correspond to terms with slower dynamics. For example,

for n = 3 the matrix [.?O“IXI}‘ U;TSI} can take the form
000 &1 & &3
000 0 0 O
Onxn UTT0)1:| _ 000 0 0 0
Yol Tix |7 &1 00 —2(6+83+8+8) & &6
& 00 &s —264 &4
§00 &6 &0
gi Z 07 Z = 767

where the following inequalities f;(s) < fi11(s) fori = 1,2
and sf;(s) > [f1(s)]? for j = 2,3 are taken into account.

In line with (11), let us introduce an ILF candidate in the
form V e Ry : Q(V,e) =0, where

Q(V,e) = edT (= InV)Pd(—InV)e
n Ai
2
+ ; 24u

0<PeR™™ AecDy, x e R,

(17)

_1el|2+iu _

Now we are ready to present our main results.

Theorem 3 Let a,ty,t2,€ Ry and 3; > 0, i € 1,n be
chosen such that the LMI system

P>P>0; (18a)

uP+UTAU > 0; (18b)

PG4+ GLEP > 0; (18c¢)

UTAU + 15(PGq + G P) > 0; (18d)

Q1+ Q3+ Qs+ aQ2 <0, (18e)

is feasible for P,A eD", P,E >0, where for Ag = Ag +

AU, Ay = diag{l;}?_,, P, = \\(P) and X = P+ UTAU:
0 - XAg+ATX XA+ AJUTA
VTAUAG 4+ AL X AUA + A UTA
Oy = XGaq+GEX UTAGq
2T GaAU Onxn |’

_= Onxn UTTO,l
QS ==t [TOJU Tl,l ’

_ Q41 On><n
Q4 o |:On><n Q42 :| ’

n 14+-L .
. 1 i 14+ip _ ~
=Y -8 : pP— RP),
Qu 2 5W<1+w> ( B) )
Q42 = — pl + 2 Y Aj dzag {ﬂz}n .
T

and To1 € DY, T1; = TIT)l € R™ ™ are in accordance
with (16). Then the observer (2) provides finite-time con-
vergence of the observation error and

V—M
T(eo) < - ; )
ap

where Vy € Ry Q(Vm@o) =0 for x = Pl + 221 1 2+w

By Implicit Function Theorem (Courant and John, 2000)
we have

() &
oV 8J3

=2V | eTd(—InV)(PGq + GaP)d(—InV)e

n —1
+2u Z Ai/\i(G’d)Vflelfil (uVlel))
i=1

d(-InV)(XGq + GEX)d(~InV)e
—1

x |eTd(~InV)Xd(—InV)é + Z Aifi(uV_lel)uV_1é1]

= oy ltw (eT
+2¢7d(~ I V)UTAGa f(Ud(~InV)e))
X [er(—an)XAUd(—an)e
+eTd(—In V)X A, f(Ud(—1nV)e)
+ Vel d(— I V)UTAf(Ud(—InV)e)]
= 2V (37 Qay) ' [eTd(~InV)X Apd(~InV)e
+ eTd(—=In V)X A, f(Ud(—InV)e)
+eTd(—In V)ATUTAf(Ud(—InV)e)
+ f(Ud(_1nV)e)TA1UTAf(Ud(_1nV)e)]
_ oyl @y TQuy

yTQay’
(19)

where

v= | foamne)

and according to Remark 1, the matrix @)1 is not negative
definite. The main technical step that allowed us to extend
the result of Theorem 2 to the system (15) with n > 3 is
the use of the inequality

InV)e)]?
)HT u?

[fi (Ud(—

< —ip (qu
P1 +2u2 Z

eTdT (—InV) (P—ﬂRﬁ)d(—m Ve.
=1 2+2;L 2

(20)
Indeed, using @4 based on (20) (i.e., yTQ4y > 0 hold), one
can obtain in Q1+Q3+Q4 a stable matrix in the lower right
quadrant (due to the form of the matrix U the lower right
quadrant (7 + Qs has non-negative eigenvalues), while
the positive definite matrix @41 is added to the upper

1
1+ﬁ

— 0as pu— 0 (le,

left quadrant. Since —iu (1 Jrlw
the undesirable effect of the matrix Q41 decreases as |yl
decreases) the inequality (18d) is feasible for sufficiently
small |p]. As shown in the following example, the sys-
tem (18) may be feasible for u close to the limit value
—1/n.

Example 1 Consider the 3rd order system (1) and
the observer (2) with 4 = —0.3. Let us choose A; =

05 0 0 ]
0 -03 0 (the matrix Ag is Hurwitz). The
0 0 —0.025

system (18) is feasible with o = 0.005, 81 = 0, B2 = 0.06,
B3 = 0.03 and



0 00 147643 6.4945 3.2112
0 00 0 0 0
0 00 0 0 0

Qs = 14.7643 0 0 —189.9629 68.2185 17.0571
6.4945 0 0 68.2185 —24.3751 12.1875
3.2112 00 17.0571  12.1875 0
The results of simulation are shown in Fig. 1.
1
J =

o] A

Fig. 1. Simulation plot of e

Remark 2 Note that the term 237 | 2_?;% (uV ~tey)2Tin
in (17) allows to weaken inequalities. Indeed, for Example
1, where A = 0 (in this case ILF takes the same form as
considered by Lopez-Ramirez et al., 2018), the system (18)

is feasible only for p ~ —0.1.

To accelerate the convergence rate one can refer to the
following result.

Theorem 4 (Accelerated convergence) Let all con-
ditions of Theorem 3 be satisfied. Then the observer

|21 — y|" T sign(z1 — y)
. A &1 — y|' TP sign(d1 — y)
Z=AoZ + diag{l;}; diag{u'*}]_; . ,

|81 — y|' T sign(@1 — y)
(21)
provides finite-time convergence of the observation error
to 0 for any u € Ry. Moreover, a smaller u € Ry implies
a faster convergence.

Example 2 Consider the observer (21), where A; is the
same as in Example 1. The results of simulation with
accelerated convergence are shown in Fig. 2.

1u |

Fig. 2. Simulation plot of In ||e||

5. CONCLUSIONS

This paper is devoted to stability analysis and parame-
ters tuning for the finite-time homogeneous observer (2).
Compared to other works, the stability conditions and pa-
rameters tuning are less conservative. The obtained results
are based on the use of homogeneity property and the ILF
method. Extension for MIMO systems can be considered
as an important problem for further research.
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