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Abstract

The objective of this work is to propose and analyze numerical schemes for solving
boundary control problems or data assimilation problems by observers for wave
propagation problems. The efficiency of the considered control or data assimilation
strategy relies on the exponentially stable character of the underlying system.
Therefore, the aim of our work is to propose a discretization process that allows
preserving the exponential stability at the discrete level when using high-order spectral
finite element approximation. The main idea is to add a stabilizing term to the wave
equation that dampens the spurious oscillatory components of the solutions. This term
is based on a discrete multiplier analysis that gives us the exponential stability of the
semi-discrete problem at any order without affecting the approximation properties.

1 Introduction

The aim of this work is to demonstrate an asymptotic exponential stability of a one-
dimensional wave-like system with boundary damping uniformly with respect to the
time and space discretization of the system. Such a system typically arises when
analyzing boundary control problems [15], data assimilation problem using boundary
data [306] or stabilization property of absorbing boundary condition imposed to initially
unbounded formulations [25].

Obtaining exponential stability results — through observability condition in most
cases — is a rather difficult result at the continuous level, which has been extensively
studied by the control community [18] and proved by various techniques, typically
multiplier techniques [2, 7, 20] or even Carleman estimates [26], spectral approaches
[5, 22], or microlocal analyzes [4]. However, discretizing the dynamics so that the
stabilization properties are preserved at the discrete level presents an additional difficulty
because of the presence spurious high frequencies that remain uncontrolled if one relies
on the classical discretization of the stabilization terms (|9, 18, 34, 37]). Several
strategies — either for finite element or finite difference discretizations — are presented
in the literature to compensate for the instabilities caused by high frequencies, namely
Fourier techniques ([13, 14, 17]), Tikhonov regularization [3], multi-grid finite difference
methods [16] or mixed finite element methods ([19] and their extension for nonuniform
meshes [29, 30]).

For dealing with high-performance wave propagation applications, high-order spec-
tral finite elements [12] are now considered indispensable — see for instance |6, 10,
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35| and for seismic wave applications [28, 31] — however, the above discretization
strategies cannot be easily extended to such high-order discretizations without losing
their advantages, in particular their convergence order and their efficiency.

Here we follow a strategy of including additional consistent stabilization terms in
the discretization to preserve the efficiency of the methods for possible extension to
high dimensions. The additional vanishing stabilization terms have a similar goal as
those found in [38]. However, here these additional terms are constructed in such a
way that the classical multiplier method, which proves stabilization in the continuous
method, can be continued at the discrete level, achieving uniform stabilization with
respect to the discretization parameters. Moreover, the stabilization terms are carefully
designed to preserve the consistency order. In particular, our result can extend the
discretization result for observers proposed in [33] to high-order schemes, which states
that using data, one can obtain discretization schemes that do not suffer from the
asymptotic time drift of the error.

Our proof is limited to the one-dimensional case, while an implicit mid-point time-
scheme is chosen for the time-discretization however the principles of our approach pave
the way for possible extension to higher dimensions and more efficient time schemes,
typically fully explicit approaches — that are nevertheless teted in this work..

This work is organized as follows. In Section 2, the motivations for this work
are stated. In Section 3 we lay out the continuous configuration and the method
for proving exponential stability. Section 4 proves the uniform exponential in A in
the semi-discrete configuration using a general abstract framework. In Section 5 we
present a semi-discrete convergence results for a data assimilation problem. Then,
Section 6 presents the fully discretized framework using an implicit scheme in time.
The numerical results are presented in Section 7, which is split into two parts. First, we
consider the eigenvalues of the operator belonging to our damped system to observe the
uniform exponential stability property. To obtain an efficient method, in a second step
we introduce an explicit scheme for discretization in time that preserves the properties
shown in the previous sections. Using this scheme, we can then present numerical
results that illustrate the interest of adding the damping terms.

2 Motivation of the observation problem

Let us study a model problem which shines a light on the difficulties that appear for
the stabilization of discretized problems.
Let Q© = (0,1) be the domain of propagation. We study a homogenous wave equation
formulated as a first-order system
Ou(z,t) + 0pv(z,t) =0, (z,t) € Qx(0,T), 1)
O (z,t) + Ogu(z,t) =0, (x,t) € Q2x(0,T).

We define the boundary conditions and the initial conditions of our wave equation. The
following boundary conditions corresponds to Neumann at point x = 0 and a Robin
condition at point x = 1. We exclude the degenerate case v = 1 which corresponds to
transparent conditions.

v(0,t) =0, te(0,7), v(z,0) =vo(x), =€ Q. @)

{u(l,t) =u(l,t) te(0,T), {u(x,O) = up(z), x€Q,
The study of such a system ((1) with (2)) allows to simulate the case of the study of a
system with absorbing conditions (at boundary x = 1). It can also be similar to the
study of an error system between a target system and a simulated system (which we
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would like to converge asymptotically in time toward the target trajectory). Namely, if
we consider having access to measurements (here v at = 1), and we can incorporate
by a feedback law in the boundary conditions the difference between the solution and
the measurements. To study the convergence of this system called observer system (see
[8, 32]) towards the target system, it is equivalent to show the exponential convergence
towards 0 of the error system that could represent ((1) with (2)). In all cases, the
convergence of these problems ((1) with (2)) is related to the exponential convergence
of a damped PDE (at # = 1 in this case). Furthermore, at the continuous level, one
can prove that this system is exponentially stable ([5] in 1D problem, [34]).

2.1 Parasitic waves

The question is to prove that such system — that is known to be exponentially stable
preserves its exponential stability property after standard high-order spectral finite
element discretization on space and explicit second order energy preserving time
discretization [12]. To illustrate the phenomenon of propagation, we will represent the
wave over time. We simulate our problem with finite elements (F.E.M.) P,— the set
of polynomials of degree r — and an explicit time scheme and on uniform mesh. We
initialize u as a Gaussian (see Figure 1 (Left)) and set v to 0 as initial condition.

g 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 01 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 1. Approximation of u obtained with P4 finite elements with h = 1/10 at time ¢t = 0
(Left) and at t = 2 (Right)

The boundary conditions of the wave propagation involve two effects. At the
boundary z = 0, the wave bounces while on the boundary x = 1, part of the wave
is absorbed, we should therefore have an exponential convergence to 0. We notice
the oscillations of the wave in the course of time, these are due to the presence of
high-frequency spurious waves (see Figure 2 with a change of scale).

1079 10°%

0.5 0.6 0.7 08 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2. Approximation of u obtained with P, finite elements with & = 1/10 and
dt =1/1000 at time ¢ = 2 (Left) and at time ¢t = 4 (Right)
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In order to show that the discretization taints this property of uniform exponential
stability, we represent the evolution of the energy of the system over time in log scale
(Figure 3). We notice that the decay is no longer linear after a certain time. This gives
an illustration of the loss of the uniform exponential stability property caused by the
high-order spectral finite elements discretization.

0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80
t

Figure 3. Approximation of In (||u(t)||? + ||v(t)||2)1/2 obtained with P4 finite elements with
h =1/10 and dt = 1/1000

2.2 Investigation of eigenvalues
As a key indicator of the behavior of the discrete system, we investigate the eigenvalues
of the generator of the corresponding semi-group. We formulate (1) as follows,

. _ (u (0 =0
z= Az, with z = (v)’ and A = <—8$ 0 ), (3)

where A : L2(Q) x L?(Q) — L?*(2) x L?(R) is an unbounded operator with domain
D(A) c HY(Q) x H'(2). The discrete approximation of the above systems is

Zn = Apzn,

where A, € L(V}) is an approximation of the operator A in a finite-dimensional
space Vj, that is a subspace of H'(Q) x H'(Q) obtained using high-order spectral
finite elements (|12]). Since we look for exponential stability we aim at constructing
approximations for which the eigenvalues of Ay lies in the complex plane not close to
the imaginary axis.

Spectrum of A oPy-F.EM. h = 1/200
o P,-F.EM. h = 1/200 APy F.EM. h=1/100
& Pl-F.EM. h = 1/400 OP,-F.EM. h = 1/50

Figure 4. Spectrum of Ay

We see in Figure 4 (Left) that the eigenvalues are close to the imaginary axis, which
implies that the exponential stability property is in the best case scenario, not uniform
in h, or even lost. By choosing h smaller, the consistency is improved, namely the
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smallest eigenvalues — in amplitude — are more and more well approximated, still the
uniform exponential stability property is not recovered, see Figure 4 (Right). In fact,
it has been shown — at least for P; finite elements, (see |9, 34|) — that the uniform
exponential stability property cannot be obtained at the discrete level without adding
additional dissipative terms. As mentioned the main contribution of this work is to
construct such terms that stabilized the system — in the sense where the uniform
exponential stability property is guaranteed — and preserves high-order accuracy that
is obtained with PP, finite elements.

3 Continuous setting

This section presents standard multiplier techniques [7] to show the exponential stability
property at the continuous level of System (1). We have chosen to present these classical
results, first for the sake of completeness, second because they will be reproduced at
the discrete level. To complete this last step the sought additional dissipative terms
will be needed.

3.1 Observability of the undamped system

First, we define the variational formulation of the undamped system (y = 0),

1 1
/ Oput do — / vOyu dx + v(1)u(l) =0,
0 0 4
1 1 (4)
Ot dx + / Oyud dx — u(1)o(1) =0,
0 0
where u(t),u € H*(0,1) and v(t),o € L?(0,1). For smooth initial data, it is standard
to show that (4) has a unique solution,

(u,v) € C1((0,T]; L2(0, 1) x L2(0,1)) N C°([0, T); H'(0, 1) x H'(0,1)).
System (4) is conservative, indeed, one can easily show, the following theorem.

Theorem 3.1. Let (u,v) solutions of (4), we have the energy conservation

d
< (I By + [0 301)) =0 5

The proof consists in choosing @ = u(t) and v = v(t) in (4) and summing the two
obtained equations. Note that, as an obvious consequence of the energy preservation
property we have

T
/0 Hu(t>HQL2(0,1) + ”U(t)H%?(OJ) dt =T (HU(O)H%Q(OJ) + HU<O)H%2(0,1)> : (6)

A first step towards our goal is to derive an observability inequality (the precise
meaning is given in the theorem below). This step is not a necessity to prove exponential
stability but should rather be seen as a useful intermediate step. The strategy to prove
the observability inequality relies on multipliers [7].

Theorem 3.2. Let (u,v) be solutions of (4). For T large enough, there exists C*{(T)
strictly positive such that

T
5 (1O B2+ POEx) < 0T [ at )
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Proof. The proof given below is separated in several steps that will all be mimicked at
the discrete level.

Step 1: We choose @ = —zv(t) and © = —zu(t) in (4) and sum the two obtained
equations, integrating by parts and neglecting negative terms we get, we obtain

d ! 1 1
_dt/o zuv dz < o ([u()[Z20.) + 0@ Z200,1) + 50°(1)-

Step 2: Integrating in time and using the energy conservation property of 3.1 and its
direct consequence (6) we get
T 1

! T 2 2 T 2
- | [ awwas] < =F (1O + 1Ol) +5 [ @ ®

Step 3: We use Cauchy-Schwarz, Young inequalities and Theorem 3.1 to show

1 1 1 1
< SOy + 3102201 = 1O a1 + 5100) 2,1

1
/ zu(t)v(t) dz
0

Finally, using this inequality together with (8) we obtain

T
(T =2) (O ) + 10O ) < [ 20) e

O]

Inequality (7) does not directly guarantee that the boundary damped system is
exponentially stable. It is however a good indicator since the damping term corresponds
to the right-hand side of (7). This will be used as a clue to define the required damping
terms at the discrete level.

3.2 Exponential stability for the damped system using Lyapunov
functional
We define the variational formulation associated with System (1) with (2)

/1 Oyut dx — /1 vo,u dx + v(1)u(l) =0,
9)

0 0
1 1

Oy dz + / B dz — 5(1)u(1) + vo(1)5(1) = 0,
0 0

We have existence and uniqueness of solutions for the above variational formulation,
we will now establish an energy relation for this system.

Theorem 3.3. Let (u,v) solutions of (9), we have the energy dissipation property

1d
3@ (”u(t)H%Q(O,l) + Hv(t)H%2(0,1)> = —y*(1). (10)

Proof. We choose @ = u(t) and o = v(t) in (9). Then, adding the two equations in (9),
we conclude the proof. O

Theorem 3.4. Let (u,v) solutions of (9). There exist two constants Cs > 0 and o > 0
such that

20,1y + 10201 < Coe™ (1000) 220,y + 0O)220) - (11
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Proof. The proof given below is separated in several steps that will all be mimicked at
the discrete level.

Step 1: We choose 4 = —zv(t) and © = —zu(t) in (9).

Summing the two equations and integrating by parts, we get

1

d ! 1 2 1 2 2 2
- /0 zuw dz = 03(1) = Sud(1) + (1) — 5 ()20 + o032 )

2
1
Moreover, thanks to Young’s inequality we have yu(1)v(1) < %UQ(l) + §u2(1), finally

we obtain
d ! 1+4° 1
_dt/o zuv de < =0 (1) = 5 (@2, + 0O ) -
Step 2: We add the energy relation (3.3) multiplied by a > 0.
d [« 1
A (WO, + 10O ) — [ otz

2
v +1 1
< (5 - o) ) - 5 (OB + OIEx.)

Step 3: Choosing « large enough such that
2

1
re ay <0,

we get

d [« 1

A (WMo, + 100 ) — [ vtz

1
< —5 (@20 + 0@ 3a) - (12
Step 4: We introduce the Lyapunov functional
1
«

Using Cauchy-Schwarz and Young inequalities, we prove the equivalence between the
energy functional

1
E(t) = S Iu(t) 320, + (B30
and the Lyapunov functional with o — 1 > 0.

(@—-1)
2

(81220, + I0(8)220.)) < £

a+1
< 5= (@ Ba + 0@z ) - (14

Using this equivalence in (12), we get
d 1
—L(t) < —
dt ()= a+1

Step 5: Integrating in time and using again the equivalence between the energy and
the Lyapunov functional we finally have

L(t).

1
a+1 — t
(el 20, + 0@ 20)) < ge @+ 1 (J1u(0) e + 10Oz -

O
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4 Semi-discrete setting

As mentioned we give a counterpart of Theorem 3.2 and Theorem 3.4 at the semi-
discrete level. This is achieved in an abstract framework. We then show — and this is
the most important part of the work — that the semi-discrete wave problem falls in the
described framework.

4.1 Abstract framework
Let Z;, be a family of finite-dimensional parametrized by h space associated with the
scalar product (-,-),. We consider the semi-discretized abstract first-order system for
zn € Zp,
Zn = Apzp, in [0, 7], (15)
21,(0) = zh0,
where Ay, € L(Z},) and ||Apl|5, — +00. We assume that the operator Aj, satisfies the

h—0
following property

(Ahzh,zh)h = 0. (16)

Furthermore, we have classically the existence and unicity of smooth solutions (up,, vp)
belonging to C*([0, T); Z,), for all k > 0. We start by presenting the discrete property
of energy preservation.

Theorem 4.1. Let zj, € Z;, the solution of (15), we have the discrete conservation

energy property

1d 5
§a||z||h =0.

Proof. We multiply (15) by zj, and since Ay, satisfies (16), the result follows immediately.
O

Let )Y}, be a finite-dimensional space. We have seen that in the continuous problem,
we have added a dissipative term that stabilizes the problem. By analogy, we therefore
introduce a perturbation by an operator C}Cy,, where C), € L(Z},, V),

zn, = (Ap —yCrCy) 2z, in [0,T], (17)
21, (0) = zp 0.
For this system, we have the discrete dissipation energy property.

Theorem 4.2. Let z, € 2, the solution of (17), we have the discrete dissipation
energy property

d1
Eg“zh”i% = —||Chzn -
Proof. Proof similar of the proof of Theorem 4.1. O

In order to demonstrate the observability property, we need a fundamental hypoth-
esis.

Assumption 1. Ja, 5, Cg > 0, independent of h and for all h, 31, symmetric
belonging to L(Z) and ||I1||;, < Cn with Crp > 0, such that, Vz, € 2,

(pAnzn, 20)n < || Crzalli — Bllzall7

From this assumption, we can establish the property that interest us: the observ-
ability property.
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Theorem 4.3. Let zy, be the solution of (15). Assuming Assumption 1, for T large
enough, there exists a constant C*Y(T) > 0 independent of h such that

T
lnoll2 < CoH(T) / |Chznl2 dt.
0

Proof. The proof is separated into the same steps as for the proof of observability at
the continuous level of Theorem 3.4.
Step 1: We multiply the first equation of (15) by IIj,zp.

(In2h, z0)n = (UpAnzh, 2n)n-
Using Assumption 1, we obtain

1d

ia(ﬂhzh; z)n < af|Crznlly — Bllznllh-

Step 2: We integrate in time and use the energy conservation property

1 1 T T
5 (Opzn(T), 21(T));, — 3 (Hpzn,0, 20,1), < a/ IChanllf, dt — »3/ Iz (8)]]7 dt.
0 0

The use of the energy conservation property of Theorem 4.1 leads to

1 1 T
5 (Hpzn(T), 21(T))), — 5 (Mh2zn,0, 20,1), < 04/ |Chznllf dt — BT ||z,(0) |17 dt.
0

Step 3: Since I, is bounded, we have

1 1 T
—gllﬂhllhIIZh(T)Hi - §||Hh||||2h,oH;2L < a/o |Chznlls dt — BT||z(0) |17 dt.

Using the energy conservation Theorem 4.1, we get

T
(BT — ITnlln) lz0nll7 < a/ ICh2nll, dt.
0

For T' > ||I}||53~!, we obtain the result. O

As for showing the observability property, we need a fundamental hypothesis to
establish the exponential stability property.

Assumption 2. 3y, k > 0, independent of h and for all h, 31T, € L(Z}) symmetric
such that, Vzp, € Zp,

Iy Anzn, zn)n — Y(Chns Chllpzn)n < X||Chznlly — &l 2nll7

We can now proceed to the main theorem of this work : the uniform exponential
stability property for the damped system.

Theorem 4.4. Let zp, be the solution of (17). Under Assumption 2, there exist two
constants Cs, 0 > 0 independent of h such that

1 _
Slen @1 < Csllznollre™".
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Proof. The proof is separated into the same steps as for the proof of exponential
stability at the continuous level of Theorem 3.4.
Step 1: We multiply the first equation of (17) and ITjz, (in the sens of the scalar
product).

(I 2n, zn)n = (I Anzn, 20)n — Y(Chzn, Chllpza)n.

We use Assumption 2 and we obtain

1d

537 @rzns 2n)n < XlIChznlly = #llznll7-

Step 2: Adding the dissipation energy identity of Theorem 4.2 times o > 0, we get

1d

T ((Mpzn, 20)n + all2all) < (x — @) |Chznll; — &l 207

Step 3: We choose « large enough such that y — ay < 0. Thus, we have

1d

> dr ((Mpzn, z0)n + ellzall) < —5llzallh-

Step 4: We introduce the following discrete Lyapunov functional
Ly(t) = (Mnzp, 20)n + ol z]l7-

Since IIj, is bounded, we can establish an equivalence between the Lyapunov functional—

1
and the energy functional &, (t) := §||zh(t)||%

(= IMalln + @) Iz < La() < (IMalla + @) [l2nll7- (18)
Using this equivalence with o > ||II} ||, we obtain

1d _
§E£h<t) < =k (|[pln + @) 7" La(t).

Step 5: Integrating in time and using again (18), we finally get

1

11
§th(t)”% < o+ [[Tn|n

2 ,—k([Thlnte) 't
Zh,0||R€ .
o — ||Hh||h|| I

4.2 Discretization with high-order spectral finite elements

In this section, we show how the semi-discretization in space using high-order spectral
finite elements of the wave propagation problem (1) enters the abstract framework
presented above. We introduce two discrete spaces U; and V; — where r is the order
of the finite elements used — defined by

Up = {up € C°10,1] | un|(z; 2:,,] € Pr s
and
Vi = {vn € L*(0,1) | vnjg,,0014] € Pr}-

Note that U; C V)" and we denote Z;, = U] x V;'. We consider a quasi-uniform
subdivision [z;, zi+1], for i € {0, N} of the domain [0, 1], namely we denote h; =
|zip1 — 24| for i € {0, N — 1}, and

h= sup hy,
i€{0,N—1}
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and there exists p > 0 such that

min h; < ph.
i€{0,N—-1}

The efficiency of high-order spectral finite elements stems from the fact that mass-
lumping can be achieved without loss of consistency using a quadrature rule based on
Gauss-Lobatto points. We represent the use of this quadrature by the symbol

F s [ o witn § flae i 33 havef o+ i)
0 0 0 ’

i=0 k=0
where and wy, are the quadrature coefficients and & € [0, 1] the Gauss-Lobatto interpo-

lation nodes.
Note that we have the following bounds (see [21]),

1 1 1
3Cy,¢cq > 0, such that Vu € P, cq/ uw?dz < % u? dz < Cq/ u? dz. (19)
0 0 0

The semi-discrete formulation of the damped system (9) reads: Find (up,vy)(t) € 2,
such that for (ay, o) € 2y,

1 1
/ Oyup iy, dr — / v Oz, dx + ’Uh(l)ﬁh(D =0,

1 1
/ Oyop Uy, do + / Ozupp, do — uh(l)ﬁh(l) + ’yvh(l)f)h(l) =0,
0 0
with initial data
un(0) = up),  vp(0) = vy,
Note that when v = 0 one recovers the semi-discrete variational formulation of the
undamped system (4). In order to relate to the abstract theory presented in Section

4.1, we reformulate the variational formulation (20) as an operator equation. To do so,
we introduce the scalar product in V)" by

1
V(Uh,f)h) S V]: X Vf:, (Uhaﬁh)h = % vpOp dx, . (21)
0

The scalar product in Uy C V" is defined similarly, finally we extend this notation for
2 = (un,vn)'s Zn = (Un, 0n)" € Uf x V7,

1 1
(Zh, 5h)h = % upty, dr + f vp Oy, dz.
0 0
The variational formulation (20) is equivalent to

{atuh — Ryvp, =0,

up, v)(0) = (up,vp) = zn,0, 22
Oyon, + Rpup, + vBpvp, = 0, (un, vp)(0) = (up, vp) h,0 (22)

where, for all (up, v, o)t € UL x V' x V[,

1
(Rpun, On)n = / Ozup®p dz — up(1)0p(1)  and  (Buvp, Op)p = vp(1) (1), (23)
0
Denoting z, = (up, vp)!, we can rewrite System (22) as

. 0 0 -

Zh = Zh — Zhs _ %

T TIN 0 By) T where Ay = <R 0h>. (24)
h

21 (0) = zn.0,

Note that the operator A, € L(Z},) satisfies, for all z, € Zp, (Apzn, zn)n =0, ie., it is
skew-adjoint.
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4.3 Discrete observability

Our objective is — in a preliminary step — to prove an observability property for the
system (24). To do so, Theorem 4.3, is used and therefore Assumption 1 is satisfied in
what follows by introducing an appropriate operator Iy, € L(Z},).

The strategy to define Il is based upon our analysis presented at the continuous level.
More precisely one want to have (see the proof of Theorem 3.2 in Section 3)

—xvp,
I}, 2y, ~ .
However, this later equation can not be an equality since zvy, ¢ U] and zup ¢ V. A
simple remedy is to introduce the following interpolation operator: x(-) : Uy — V} by

1 1
j{ Xn(up)vp dz = j([ zupvp dz, Yup € U7 v € V), (25)
0 0

and its adjoint xj (-) : V) — Uy} is given by

1 1
?{ X7, (vp)up, dz = j([ xvpup dx, Yuy € Uy, v, € Vi (26)
0 0

We define, for 2, = (up,vy)! and Zj, = (an, 0p)¢ the operator I, by

)2, = (_XZ(W) . (27)

—xn(un)

Note that it is easy to show that I, is self-adjoint and bounded using (19) uniformly
with respect to h. More precisely, there exists C independent of h such that Vz, € Z

[TTh2nlln < Cullznlls- (28)

We are interested in the discrepancy between the multiplier that we would like to use
(but cannot) and the one we are going to use, namely in the following discrepancy

thh — <_$uh> .
—xup,
It turns out that the operator C} — which appears in the fundamental assumption 1 —,

involves the local semi-norm H; of this discrepancy. That is why, for all uy, uy, € Uj,
and Vvy, v, € V), we define two bilinear forms dj, and dj, « as

N o i
dn(oun i) = 3 / By (wun — xn(un)) Do (@iin — xu(@n)) dz,  (29)
i=0 v Ti
and
N Tit1
dp«(Vp, Tp) 1= Z/ Oy (zvn, — X3 (vp)) Oz (20, — X7, (0r)) dz. (30)
i=0 V%

Proposition 4.5. Let dj, and dj, . be the positive and symmetric bilinear forms defined
by (29) and (30). Then, there exists a constant Cq > 0 depend only on r such that
V(up,vp) € Up x V7

1
dh(uh, uh) + dh,*(vh, vh) < Cd/ u% + 1)]% dz.
0
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318
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320
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Proof. Let us show first, that dj, is bounded. We use an interpolation property |24,
Chapter 4, Section 4, Theorem 4.4.4|. Since zuy, belongs to P,y (K) with K = [z;, x;41]
for some i € {0, N — 1}, we have

|zup, — xn(un)| i k) < i Crloun] gra iy,

where C,. > 0 depends only on r. However, as x € P;(K) and up € P,(K), the general
Leibniz rule leads to

S r+1
()™t =3 ( ~ ) Dy 1 = (4 1) (un) 7.
=0~ 7
Injecting this result in the equation above, we get
lzun — xn(un)lm gy < hiCr(r + 1)|un|gr k)

Thus, using an inverse estimate |24, Chapter 4, Section 5, Lemma 4.5.3], we have with
C, > 0, another scalar depending only on r,

|zun — xn(un) gk, < Crllunllp2x
Hence, finally we have
dp (un; un) < Cr?[lup 220,y
Since we can reproduce this inequality for dj, ., the proof is ended. O

We define the following operators Dy, € L(U},UJ) and Dy, , € L(V},V}") associated
with the bilinear forms dj, and dj, ,,

{(Dhumﬁh)h =dp(up,an),  Vup,ay € U, (31)

(Dh«Vh, Op)h = dp s (v, On), Yo, 0 € VY.

Unfortunately, the definition of the operator C}, — appearing in Assumption 1 — requires,
in this case, to define the jump of the variable vy,. For this purpose, we introduce the
notation, for all 7 € {1, N — 1},

[vi] :== v —v;, where v]” = vy (2]) and v; = vp(z;). (32)
Then, we define the jump operator
N-1 1 _
(Jnvn, On)n Z —[vi][9:], where h; = min(h;_1, h;). (33)
i=1 h

In the theorem below, we check that the multiplier IIj satisfies the Assumption 1. We
can then apply Theorem 4.3 and prove the observability inequality. Note that since the
operators Jy, By, Dy, and Dy, , are self-adjoint and positive, it is possible to consider
their roots. We define the operator Cy, € L(Zp,, Uj x [V[]?) — equipped with the scalar
product (-, -)p, inherited from V;" — by

D)/ 0
0 J1/2
C), = "ol 34
h 0 B (34)
0 D1/2

h,*
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325 Theorem 4.6. Let z, = (up,vy) € Z, = Uj x V) be the solutions of (24) with v = 0.
s26  Then, Iy, defined by (27) satisfies Assumption 1 namely

(T, Apzn, 20)n < @||Chzallz — Bllznllz, a, B > 0 independent of h,
s27 with the operator Cy, is given by (34).
Proof. By definition, we have
(InAnzn, 20)n = (Anzn, azn)n

1 1
= —/ ROz X3 (vp) dz + v,%(l) + / Opup X, (up) do — u,%(l)
0 0

Inserting v, — xvy = 0 in the first term of the right-hand side, we get

Tit1 Tit+1
(Apzn, Upzn)n 2/ ROy (v, — X7, (vp)) do — Z/ R0z (zvp) dz

+02(1) + /0 OpupXn(up) do —ui(1). (35)

s2s  Let us focus on the second term in the right-hand side.
Tit+1 Ti+1 Tit+1
_2/ ondy (n) Z/ vhdm—Z/ ) da.

Integrating by parts, we get

Tit1 Ti+1 Ti+1
— Z/ VRO (x0p,) Z/ v do + = Z/ v} dx
N-1

_—vh fZ:m —a:z(v;)z.
=1

N[ —

Using the algebraic identity a® — b? = (a — b)(a + b), we obtain

X1 Ti4+1
/ ROz (xvp) do = —Z/ v dz — —v3(1)

N—

,_.

.
—_

320 We define the average of v, for € {1, N — 1} by

{vi} = u, where v = vy (2]) and v; = vp(z;).

330 Using the jump definition (32) and for the last term, we obtain

N ) N ) N-1

- Z/xz+1 Uham(:m}h) dp — _% Z /;:ﬁl UI% de — %’U%(l) _ Z ZCz{{’UzB’[[’UzH

i=0 Y ¥i i=0 Y ¥i i=1
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Injecting this result into (35), we get

Ti41 . 1 1
(Ane, Thhen)n = z / s (aon = xi(on) dz = 5 [ o s
0

2
L5 1 ~ la d 2(1
+ 5ur(1) - ;xi{{vi}}[[vi]]+/0 pupXh(up) dz — up(1).

Injecting zup — zup = 0 in the penultimate term in the right-hand side, then we get
it Lty L,
(Anzn, Mpzp)n Z/ U0y (zvp, — X3 (vn)) dz — 2/0 v, do + gvh(l)
s

_ Z xifv }oi] — 2/ o (zup, — xn(up)) Opup dz

1 /1
+2/0 20, (us) daz — ui (1).

We integrate by parts, we have

Ti+41 1 1 1
(Apzp, Hpzp)n = Z/ vp Oz (xvp, — X3 (vp)) do — / v% dr + fvi(l)
2 Jy 2

N o pxi
- Z zifvi }vi] — Z/ (zun — Xn(un)) Ozup dz
i=1 i=0 Y ¥i

1 [t 1

We integrate by part and use the property that the terms involving the difference
between xuy and its interpolation are zero at the boundary. This leads to the following
important inequality

Tit1 1 1 1
(A Tz = Z / e (aon = X)) do = 5 [ oot JoR(1)
2 Jo 2

- N Ti41
— Z zifvi }ui] + Z/ upOy (xup — xp(up)) do
i=1 i=0 v T

Lty L s
—— [ wpdr— -zup(l). (36)
2 Jo 2

Using Cauchy-Schwarz and Young inequalities, we obtain with A > 0
1 1 x7,+1
(Apzn, Opzp)n < ~5 (1=2M) / up + vl de + — Z/ (zvn, — x5 (vp))]? da
0

1 N Tit1 )
)\2/ [0 (wup, — xn(up))]” do
i=0 v i
N-1

v (1) =z} vl (37)

=1

+

N | =
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331

332

333

334

335

336

337

338

Let us focus on the last term. Using Cauchy-Schwarz and Young inequalities and
bounding x; by 1, we get with >0

N-1

1
- Z xz{{vz}[[vz 27

1\3\‘:

l
E

N—
Z hif{vi }2.

Using the definition of the average and using (a + b)? < 2(a® + b?), we obtain

||P1Z

N-1 1 N-1 1 /JN—I
2 7 —\2
_ ; 1'7,{'01} 'Uz]] S 27 g iT + Z - 7 Ui ) ) . (38)

On the segment [0, h], we classically have the trace inequality

1
FOP < lonllzzion (5 1onliom + 2000l )

Using an inverse estimate |24, Chapter 4, Section 5, Lemma 4.5.3], we get, with C, > 0

depending only on r
1+ 2C,
FOP < (2575 ol

This inequality is generalized on each mesh, so we have

1+2C, ,
lvj|2<< 5 )H ol 22y an s 1€ LN = 1]

- 1+ 2C, ,
|v; I2S< ot )th!!L2 (e ELN—1].

71—

Summing the two equations and using the definition of h;, we get

_ ~ 142C, 14+ 2C,
. +\2 2
h'L ((/Uz ) + (vi ) ) S h’ hz HU}ZHLZ [xl 1‘1+1D + h’l hlfl thHL2 [.’Zl 1 (El])

< (14200 (00l ey + [0 )

We use the above inequalities in (38) to get

N-1

N-1
1 +2C,
- Z zifv }ui] < 2w Z [vi]® + (2)||Uh\|L2 (0,1)°

=1

s

Injecting this result in (37) we obtain
1 ! 1 !
(Anzn Tz < —5 (1 - /\)/ e~ (1A (1Lt 200)/ o2 da
0 0
1 al Titt * 2
+ o 2_4; | e i) e

o3 /m1 e (zup, — xn(up))]? dz

N | =
| —

_l’_

>

| Nl
vi(1) 4+ — Z [vi]?.
21 i1
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346
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348

349

350

351

352

353

We recognize the expression of the bilinear forms dj, and dj, . defined by (29) and (30).
Using (19) for the first and the second terms in the right-hand side, we get

1 1 !
Apzp, 1T —(1— (1= X—p(1+2C, 2
(Anzn, Mpzp)n < 2 C]{uhdiv 20( A u(+0))7€ vj, do
N-1
1 1 1 1
¥ — 1 — =— 1'2.
2)\dh (Vn, vn) + 2)\dh(uhyuh)+ 2’Uh( )+ 20 2= T, [vi]
We choose A and p small enough such that
1—A>0and 1 —X—pu(1+4+2C,) > 0.
We obtain the fundamental multiplier inequality
1
Apzp, 1T < —— (1= X —p(142C, 2+~
(Anzn, Mpzn)n < 2Cq( A= p(142C)) |lznllz + 2>\dh(uh,uh)
N-1
1 1
2)\dh*(vh>vh) + Uh ﬂ 2 IZ 39)
Thus,
(hAnzn, 20)n < | Crznllz — Bllzalli, (40)
where
6] ! (1—-X—pu(l1+2C,)) and @ = ma L 11
= — — — r = X
2C, H 2\ 202
O

Corollary 4.7. Let zp, = (up, vy) belonging to Uy x V) be the solutions of (24). For
T large enough, there exists CS{(T) independent of h, such that

T T
lan ()12 + [en(O)2 < C(T) [jﬁ inCuncun)at+ [ dafonmya (@

TN 1
—I-/ vi (1 dt—l—/ vz]]Zdt

where dp, and dy, . are defined respectively by (29) and (30).

T
ZCWﬂ/H%%ﬁ%
0

Proof. Since IIj, defined by (27) satisfies Assumption | by Theorem 4.6, we can apply
Theorem 4.3 where Cj, and Ay, are defined by (34) and (24). O

Following what was done in Section 3, (41) is a guideline to build an exponentially
stable problem. Using the operator C}, — defined in the above section by (34) — to

damp the dynamics (24), we construct an exponentially stable dynamics uniformly in
h.

4.4 Exponential stability

We incorporate in the system (24) the dissipative terms C}, in the observability con-
ditions. In other words, we introduce a perturbation of system (24) by the operator
~vC} Ch, which gives us the following system

{zh — Apzp —yCiChzp, in [0,T], (12)

21,(0) = zn.0,
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354

355

356

357

358

359

360

361

where A, and C}, are respectively defined by (24) and (34). We will be able to expose
our main result, namely the uniform exponential stability property in the semi-discrete
case. First, as for the observability property, we will check that our multiplier IIj
satisfies the fundamental Assumption 2.

Theorem 4.8. Let C}, be defined by (31). Let zp, = (up,vp) € Zp, be the solutions of
(42). Then, 11}, defined by (27) satisfies Assumption 2 namely
(pAnzn, 2)n — Y(Chzn, Chllnzn)n < XIIChznlly — £l 2all7,
where x,k > 0 are independent of h.
Proof. Let clarify the expression of (Chzp, Crllpzp)p.

N-—
— (Chzn, Cpllpza)n Z IDxn(un)] + v (1)un(1)

:‘1‘ —

+ dp(un, X (vn)) + dn s (Vn, Xn(un))-
At a point, zu, has the same value as its interpolation. Therefore, as uy is continuous

(and consequently its jump is zero), then xp(up) has a zero jump too. Then, thanks to
(36), we have

(IIn Apzn, 20)h — Y(Chzn, Cpllpzn)h

1 1
= —/ VRO X, (vp) do + / Opupxn(up) dz — uh(l) + vh(l)
0 0

+yon(Dun(1) + vdp(un, x5, (vn)) + vdn (v, xn(un))-

Following the proof of Theorem 4.7, one can show

(IpAnzn, z2n)n — Y(Chzh, Crllpz)n

1
<——(1=X—pu(l1+20C, 24 —d —dp, . (vp,
< 2Cq( (1 + ))thHthz)\ n(up, up) + oy I (Vn, vn)
2 N—
v +1 1 1
Ty 2 Zﬁ 2 e (un, X5 (0n)) + vdnw(Vny Xn(un)),

where \ and p are parameters that can be chosen as small desired. Thanks to Cauchy-
Schwarz and Young inequalities for last terms, we get with 6 > 0

(I Anzn, 2n)n — Y(Chzh, Crllpzi)n

1 1
< g (= A= (1 +26) [l + (2A 25) (dn(oan un) + (01, 0n)
2+1 1= Ly 5
+ 15 +on Z Il + 20 (on). X))+ S O ) ().

Thanks to Proposition 4.5 and (28), we obtain

(I Az, 2n)n — Y(Chzn, Cpllpzp)n
_ ( 1A u(l+20) 75CdC' >

Cq ?(1 N Cq

+ (21)\ + 25) (dp(up, up) + dp *(Uhavh))

41

t vi(1) + L Z i[[vz]]2
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ss2  We choose A\, u, d sufficiently small so that
10X p(142C)  y6CsC -
Cqy G Cy 2 '
Thus, finally we show that the Assumption 2 is satisfied
(T Anzns zn)n = ¥(Cnzns Cullnza)n < XI|Chznlli — #llzall7,
363 with )
1 oy 1 1
X_max<2x+25’ 2 +2’2u>’
364 and
L A u(1+20C,) ~76C,C%
K= — — — — — .
Cy 4 Cy 2
365 ]

366

367

368

369

370

371

372

373

374

375

376

377

378

379

We can deduce from this theorem the uniform exponential stability property for

the damped wave equation (42).

Corollary 4.9. Let z, = (up,vp,) belonging to € Ul x V) be the solutions of (42).

There exist two constants Cs > 0 and o > 0 independent of h, such that

lun@I7 + lva ()l < Cse™" (lun(0)l17 + lvn(0)]I7) -

Proof. Using Theorem 4.8, we have that the multiplier IIj, defined by (27) satisfies

Assumption 2. Therefore, we apply Theorem 4.4 where C}, and is defined by (34).

4.5 Further properties of the stabilization operators

O]

It is possible to interpret that the dissipation term dp, defined by (29) corresponds to
element-wise r-laplacians operators. In what follows we introduce the notation

Ti + Tit1
—

Tiy

NI

Proposition 4.10. For uy € U] then

N-1 )
dp(up,up) = Cp > I ’“g) (xi-i-%)’ v
i=0

where Cy 1s a positive scalar depending only on the finite element order r.

Proof. To show that stated result, it is sufficient to study the following term for u; € P,,

— (zup — xn(un)) .

dx
Since uy, € Uy, we have that u; := Uh|[xi,x,~+1} € P, hence
r—1 .%'k & "
ui(x) = ﬁug )(mz) +7ri(x) where ri(x):= Ful(r)
— k! !

Moreover, one can show that

X ()| (e 20,0) = Li(zun)
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where, I; is the interpolation operator on the Gauss-Lobatto points {x; + hi&k}j_, it
is a projection operator over P,.. Therefore, one can deduce that

(r)
(zun — Xn(Wn)) (e 20 = 2ri(z) — Li(ari(z)) = ﬁ(wrﬂ —L(z"))  (43)

Using this result and a simple change of variable one can show that

x; (r)\2 hi
i+1 ui 7
/m |0z (zup, — xn(up)) |* = ("”'2)/0

i

2
% (ZL'T—H — I, (:L‘TH)) dz, (44)

where T, is the interpolation operator on the Gauss-Lobatto points {h;&;};_,. We
introduce now the following change of variable,

[07 1] - [07 hZL

b €z = hit.

Thus, we have
(In, (@) 0 63) (6) = D un(O)& A+,
k=0

where {¢1(£)}}._, are a basis for P, such that (§) = dx¢. The use of the above
identity, the composition of (43) and ¢; leads to

d (e 1 1 d :
= (T — I r+ ;= — r+ler4+1 r+lpr+l )
( o @ I (@ ))) b= (h 3 k§:0: Ur(€)& N
Finally, (44) is rewritten as follows,

Tit1 . 1
/ 9 (wrun = xn(un)) [P = Cr ()" 132,

2
. de. O

1 st
where C, = — /
0

i (57““ -3 m(&)sg“)
k=0

Of note, in the work of [23] a Laplace operator us used as a viscous term for
stabilization of finite elements of order 1. Therefore, in some sense our work generalizes
these results by showing that an element-wise r-laplace operator — scaled with the
appropriate power of h — can be used for stabilization of high order finite elements.

The same result cannot be obtained straightforwardly for dj, .. In fact, due to the
discontinuous nature of the space V), jump terms are involved.

Proposition 4.11. For v, € V} then

N-1 9 N-1
dp s (vn, vp) < CF (Z hrt ‘”;(:) (‘TH%)‘ th Zﬂ”iF) )
i=0 i=1

where C) 1s a positive scalars depending only on the finite element order r.

Proof. The proof is based on an adequate decompostion of any function v, € V). More
precisely we introduce wy, € Vh1 defined by

wp(0) = wy(1) =0, wi = j:[[l;]], ie{l,--- ,N—1} and  wy;2,,4] € Pt
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We then defined wj, = vy, — wy,. It can be verified that u;, € Uy. We have
dh s (Vny vn) < 2dp s (un, up) + 2dp 4 (wh, wh).
Using Proposition 4.5 and the property that w;, € U; we obtain the estimation

1
dh,*(vh, 'Uh) < th(uh, uh) —+ QCd/ w,% dz,
0

hence, using Proposition 4.10,

N-1 9 N=1 g
dh,*(vha Uh) <20, Z h?H_l ’u](;) (332-4-%) ’ + 2Cy Z / w% dz.
i=0 i=0 Y%

It is then possible to show that

N=1 gy N-1
> [ uide<n Y P,
i=0 v Ti i=1

finally we observe that ug) (:ci+;) = (up, + wh)(” (xH_;) = v,(f) (xi+;) by construction.
2 2 2

O]

Remark 4.12. In the numerical results, we used the following simplified expression
instead of the term dj, .

N-1
dp«(Vh, Op) = Cy Z h?”l v}(f) (ZL‘H_%) f),(f) (a:2+%) . (45)
i=0
Propostion /.11 allows us to show that Theorem /.6 and Theorem /.8 hold with
D)/? 0
_ 0o g7
Ch - 1/2 . (46)
0 Bh/
~1/2
0 Dh7*

where ﬁh,* s associated with Jh,*, thus showing the exponential decay behavior of the
system

Zn = Apzp — ’}/C;;ChZh, n [03 T]7

21, (0) = zp 0.

5 Observer system: Semi-discrete convergence result

In this section we follow the approach of [33] and aim at defining at the semi-discrete
level an observer of the solution z = (u, v)! of the system (4) with the assumption that,
forall T >0

z = (u,v) € CH([0,T); H™1(0,1)%).

It is shown below that the constructed observer as the property to converge asymptoti-
cally in time to the solution of z up to an order related to the space discretization — typ-
ically in O(h"™) — but bounded in time. For the sake of simplicity and conciseness we di-
rectly introduce the interpolation on the of z denoted 2 (t) = I2(t) = (Ly, u(t), Iv, v(t)),
it is solution of the system

Zn = AnZn +en,  Zn(0) = 20h = In2o,
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420 where €y, is the consistency error and is assumed to be smooth in time and space and

enlll == sup |len()llL2(0,1)2 < Ceh', (47)
te[0,7]

421 where C; > 0 is independent of T. Moreover, the interpolation operator satisfies, for
22 0</<kandO0<k<r+41,

N-1

2
Vw € H™(0,1)?, (Z | Thw — wﬁﬂ(wm)Q) < CrhF Y wll ey (48)
=0

a3 We refer to |11, 21, 24] for more details on how these properties can be obtained.The
a24  system for the observer is constructed as follow: we assume v(1,t) is available/measured
a2s for t € [0, T]- which is equivalent to having acess to (I} v)(1,¢) — and solve,

: ) D 0 . 0 0\,. _. .
Zh:AhZh_'Y<0h D, +Jh>zh_7<0 Bh) (20— Zn), 2n(0) =0.

426 Note that observer systems — and more precisely, state estimator — are very well studied
a2z at the continuous level, we refer the reader to |1, 32, 39]. In short, one expect that
a8 Zp(t) — Zp(t) ~ z(t) asymptotically in time , thus alleviating the mismatch in the
a20 initial data between the observer and the interpolation of the solution z(t) of (4). The
430 error

en = Zn — Zh,

as1  satisfies, with A, , = Aj — ’yéﬁéh,

Dy, 0

_ 5 0) = 205
0 Dh,*+Jh> Zn+en, en(0) =20

én = Ay nen +7 (

432 Lemma 5.1. There exists a constant Cp > 0 independent of h, such that
Vue H™*0,1), [|Dulu,ulli20,1) < Coh'|lullgro,),
433 and
Yve H0,1), Julyv =0, [|Dhudv,vllz2(0.1) < Coh [0l mro,)-

Proof. We show the first identity. From the Proposition 4.10, we have

N—-1
2
ATy, Tpyu) = Cp 3 2+ ‘(IUhu)(’") (:c +%)(
=0
N-1 Tit1
=G > / hZ"

i=0 Y Ti

N-1

2 2
< C,.h" Z ‘IUhu|HT(:ci7J3i+1)'
=0

(1,0 (2.0 ) [

a3 Using (48) and a triangular inequality, we get the existence of a constant C, such that
dh(IUhu’7IUhu) < éThQTHuH%{T(O,l)‘

w3 The analysis of || Dy Iy, v £2(0,1) is the same as the previous one. Finally, note that
a3s since v is smooth, we have that Iy, v is continuous and therefore Jj, Iy, v = 0. ]
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453

454

Theorem 5.2. There exists a positive scalar Cs > 0 such that, for any T > 0, we have

sup_[[2(t) = 24 (8)[| 220,12 < Cst (¢ [lz0lln + h") -
t€[0,T]

Proof. By triangular inequality and using (19), we have that

12(t) = 2 220,12 = 12(t) = 20 + Zn — 20 ()l 2(0,1)2
\

2(t) = Znll 20092 + ¢ 2120 — 20 () |In-

Using the interpolation property (48), we obtain that there exists a positive scalar Cyg
such that
12(8) = 20(®)ll 220,12 < Csth” + ¢ 2120 = 20(D) In- (49)

Let us focus on the error e, = zj — Zj, it satisfies

én = Ay pep + ép,

g D 0 Zh + €
= ~ z .
"IN 0 Dpatdy) TR

where

Using Lemma 5.1, (47) combined with (19), we have that there exists C independent
of h such that
[llgnlll < Cseh”

From the Duhamel formula, we have
t
en(t) = eMrhzg ), +/ elt=9) 4z, () ds.
0

Using the exponential stability of the operator A, (Corollary 4.9), we have

s€[0,t]

t
len(@)lln < Ca <6_”t||20,hHh + sup |6_h(8)||h/ e =) d8> :
0

As a consequence, we finally have that there exist a constant Cy > 0 independent of A
and t such that

—0 1 —0 T
len(®)ln < Cut (& hanall + 51 =),

which combining with (49) proves the desired result. O

It is worth noting that the preceding theorem states, in particular, that an observer
Zp, initialized from an interpolated initial condition with an accuracy of order h" then
remains at a distance A" from the true solution without error drift with respect to time.
This is due to the fact that the constant Cs; does not depend on time. Therefore, in
the context of numerical analysis by semi-discretization, this result extends [33] to high
order schemes.
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6 Time discretization

6.1 Abstract results

In this section, we are interested in the discretization of System (17) with an implicit
midpoint scheme. THe operator C}, or C, can be used indifferently (we have chosen
to use C}y, in what follows for the sake of clarity). We verify that the use of this time
discretization does not alter the stabilization properties.
z;L“rl —zp _ Ahzzﬂ/z 'yC*C’ Zn+1/27
At
22 = zh,O'

(50)

It is easy to show that the energy conservation property is preserved in the fully discrete
case.

Theorem 6.1. Let {z}'}n>0 € 2 be the solutions of (50), we have the discrete
dissipation energy property

Lllzn ™05 = Nzl _

n+1/2
v ~ACuz 2R, ¥ = 0. (51)

Proof. We multiply (50) by zn+ 12 Since Ap, satisfies (16) and using the difference of
square formula, we obtain the result O

Following the same reasoning as in the semi-discrete case, we start by demonstrating
the observability property for the undamped case v = 0.

Theorem 6.2. Let {2}'}n>0 € 2 be the solutions of (50) with v = 0. Assuming
Assumption 1, for T large enough, there exists a constant C*{(T) > 0, independent of
h, such that

N
—+1/2
lznoll} < CHT)IAL S [|Chzp 212,
n=0

Proof. The proof of this theorem is very similar to that of Theorem 4.3 with v =0, in
particular, it follows the same steps.

Step 1: We multiply the first equation of (50) (with v = 0) by thn+ /2 , and we get

2L g
h h _n+1/2 . n+1/2 n+1/2
(Hhm’zh - (Mndn 2, 77),

We decompose the half-sum in the left hand-side to find, using Assumption 1,

1 +1/2 _n+1/2
thZJrl,zZJrl)h A (pzy, 2), = (HhA 2z / 2y /)h’ (52)

< ofChz,

= I7-

Step 2: Summing (52) over n we get,

1 1 +1/2 Y12
o (T 200) = o (W, 29), <azuch” )2 - 5211 n2)2

The fully discrete energy conservation property of Theorem 6.1 with v = 0 gives

1 +1/2
AL (12 Zév“)h 2At (29, 29), <aZHC /202 gN 11))20)2.
n=0
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Step 3: Since 1l is bounded, by Cauchy-Schwarz theorem and using again the energy
conservation theorem 6.1 with v = 0, we have

(5(N+ DAt — HHhHh> lIzo,ull7, < aZAtHCh .
n=0

Choosing (N + 1)At = T > ||II, |53, we obtain the result. O

In the same way as in the semi-discrete case, we obtain the exponential stability
property for the damped system.

Theorem 6.3. Let {2}'}n>0 € Z), be the solutions of (50). We assume that there exists
C. >0 and 0 < B < 1 such that for all h > 0, At is chosen so that

At|[Chlln < Ce, (53)

and

At
— I14nlln < 5 <1. (54)

With this assumption and Assumption 2, there exist two constants Cs, o > 0 independent

of h such that ,
12717 < Csllznollpe 7 Fmas,

Proof. The proof is separated into the same steps as for the proof of exponential

stability at the continuous level of Theorem 4.4.

+1/2

Step 1: We multiply the first equation by (50) and thg , and we get

n+1 _n
(H"m’zﬁﬂ/Q) = (M Anzy ™2 ) = Ao, Ol
h

Using (a + b)(a — b) = a® — b* and Assumption 2, we have
1

1 +1/2 +1/2
oz Mz 2, = o (Mafh 20y < xllCnzp 205 = sllz 211
Step 2: Using the energy identity of Theorem 6.1, we get with o > 0,
1 1 [z A B
+1 _n+1 hllh
AL (Mpzp ™, 201, — AL (Ipzp, 21)), + AL
+1/2 +1/2
< (x = a) Gz I = wllz - (59)

H|2 —||z1|2. Note that this intermediate

+1/2

We intend to bound the last term by — ||z}

necessary step is specific to the time discretization. Decomposing ZZ in a well-chose

way, we have

2

+1

YA S C i
2 4

At

n+1/22 n+1
=z, I

I7 = *II 2

h

Using the scheme (50) and Cauchy-Schwarz and Young inequalities, we obtain with
e >0,

(At)?

H n+1/22
4

*II Cian i

T weo

v(At)?

T DICHR ez

_l’_
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495

496

497

498

500

501

502

503

504

505

By triangular inequality and Cauchy-Schwarz inequality and using hypothesis (53), we
get

n+1/2 1 (At2 n n
S +Mug—2ﬁ—4)u+mmm@(w+wVWQM)
CQ
+7c

(1+ e D|Cuzp )2,

1 1
We choose € = 37 3 > 0, using the condition (54), we obtain

1
e < =5 (0= 82) (U R + 2R 1)

C? 22 n
+4 (”*1ﬁ )\@z+”wn

Using the above equation in (55), we get

1
2A¢

1 Hzn—H

— |7
2At (thh,zh) + « ”h H h”h

(thnJrl ZZ+1)h A7

C? 232 n K n n
< (74 (1 +7 _52> +x - m) ICnh 215 = 5 (1= 8%) (=7 + N12R17) -

C? 232
Step 3: We choose «a large enough such that o > = + — <1 + 5) Thus, we
Y

) 4 1- 32
ave
1 1 Iz 3 = Nzl
+1 +1 h hllh
TAt (th}TLL az}rf )h - TAt (th;llv zZ)h + 2At

K
<=5 (=) (I Ik + I2717) - (56)
Step 4: We introduce the fully discrete Lyapunov functional
Ly = (Wpzy, z)y, + all2 7,

1
and we can also show that it is equivalent to the energy functional &' := 5\\23[!% using

the bounded nature of II;, and choosing « sufficiently large.
(o = ITa w2317 < L5 < (a+ [Mln) 23117 (57)

Using the above equivalence between the Lyapunov functional and the energy, we
obtain

AT (cptt —cp) < - (1 — 8% (IMallp + @)=t (L3 + L7

Rearranging the terms, we have
Ly < 5(At )Ly

AtE(1- ) //1+Z”§0—6%

We denote 6(At, ) = | 1 —
(At el +a Melln+a
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sos  Step 5: By induction and using again (18), we obtain

o+ IIHhHh

P
<

H2 nln(§(At, a))

We must now specify the constant In(d). Bounding from below A by 0 and using a
series expansion we get

Atk (1— %)
i S e
In(6(At,a)) =In | 1 — Hﬂhﬂlh_{—a <In l—AtM
At= (1-p?) [Tk ln + o
1_|_ 2—
IMalln + «
eIl Ut >+0<a>-
so7  Finally, we can conclude,
a+||Hh||h> 2 —onAt
n < e z e on. ,
14218 < (St ) Nanolf
: 2 (1= 5%)
sos with o(1 — %) = ——= >0
«
509 O

s Remark 6.4. In many situations, when we consider an unbounded operator C, we can
s write C = CA where C is bounded. So for all h, there exists C independent of h such
s12  that,

1Chlln < Call Anlln, (58)

si3 and in this case, we can get rid of condition (53) and condition (54) is sufficient for
sia Theorem 6.3. We recognize "CFL" condition usually encounter with explicit scheme.
s15s  Nevertheless, it allows us to obtain the exponential stability property.

516 Under the same two assumptions as in the semi-discrete case, we obtain the
s17  properties of observability and exponential stability.

sis 6.2 Application: 1D fully discrete wave problem
s10  We can now present the observability theorem in a totally discrete framework.

Theorem 6.5. Let {u}, v }n>0 belonging to U] x V) be the solutions of (50) with
v =0. For T large enough, there exists C*'(T) independent of h such that

N
lunollt + llomollf < CHT) D2 At [d (w72, ™ 2) s (w7742, 0717

n=1
+ (UZH/Q 1) ) dat + Z n+1/2 ] ’

s20 where dy, and dj are defined by (29) and by (30).

s21 Proof. Since 1Ij satisfies Assumption 1, we can apply Theorem 6.2 and the result
522 follows immediately. O
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Theorem 6.6. Let {uj, v} }n>0 belonging to Uj x V) be the solutions of (50). We
assume that 36 > 0 independent of h and At, Vh, At is chosen small enough such

At

5 IBalln < 5 < 1. (59)
There exists two constants Cs > 0 and o > 0 independent of h such that
n)

Proof. In order to prove Theorem 6.3, we need to show that the conditions (54) holds.
Since we have the following property

W7 + 1oR 1 < Coem 20720 (

| Anlln < CallRulln, Ca >0,

if (59) holds, then (54) is satisfied.
In order to apply Remark 6.4 — and thus to get rid of the condition (53) —, it only
remains to show that

IChlln < Ce||Rulln, Ce > 0.
It is well known that we have the following inequality
h < | Rplln, o >0,

st
with C* > 0. Let us compute the operator

so we only need to show that ||Cy||n <
norm of C}. By definition of the operator C}, we have for z, € Z;,,

”ChZhHi = dh(uh,uh) + dh'*(Uha =+ vh + Z ’Ul]]Q.

We only treat the last term because it is the most difficult. Using Proposition 4.5 and
the same kind of computations as in the proof of Theorem 6.3, one can show that

N-—1
—[ul*<2) ——— y2y
; h =0 h"Lh || h||L2 [zl w1+1]) ; hihz—l || hHL2 [xl laitz])

Since we have a quasi—uniform discretization, we obtain

Nl], [yl t 20
Z iLf 2h2 ||Uh||L2 (0,1)"

We can therefore bound ||Cy||, by 1/h,

1+ 2C 214+ 2C,
”ChHh§< Cd+\/+ ¢ + Vit C)-

v ph ph

Furthermore, Vh, At chosen small enough such that
At”RhHh < B < 1,

satisfies the condition 54 of Theorem 6.3. Since IIj satisfies Assumption 2 and (58)
and (54) holds, we can apply Theorem 6.3 and the result follows immediately. O

In perspective, adapting the previous result to the observer analysis, as we did
for the semi-discretization in space, should allow us to extend the fully discretized
numerical analysis proposed in [33] to high order schemes. This would then imply that
we can propose an observer that avoids the asymptotic temporal error drift by using
data while remaining compatible with the state of the art of high order discretization.
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7 Numerical results
We compare the numerical results of Section 2 and those obtained with our method.
First we make an analysis of the eigenvalues by comparing our method and other
existing methods in the literature. In a second step, for the sake of efficiency of the
method, we will introduce a leap-frog scheme which preserves the energy dissipation
property of the previous sections. Then we compare the shape of the solution of the
damped system with the solution of the undamped system of Section 2. Note that
in all the section the term Dh,* is the operator associated with the bilinear form Jh,*
defined by (45) namely

(Dh’*’l}h, {7h)h = dh,*(vh, ﬁh), Yoy, U, € V,: (60)
7.1 Eigenvalues analysis
We look at the effect of adding the new dissipative terms on the spectrum. We start
by doing a comparison with methods used in the literature. A first idea is to penalize
the jump as seen in [27]| for Maxwell’s equations. Thus, we add a dissipation term
Jy, corresponding to this penalization of the jump of the second variable which is
discontinuous.

oPy-F.EM. h = 1/200
aPy-F.EM. h = 1/400

A

—1.2 -1 —0.8 —0.6 —0.4 —0.2

0

500

oP-F.EM. h = 1/200
aPy-FEM. h=1/100
oP,-FEM. h=1/50

-{ 500

-| =500

Figure 5. Spectrum of A, — J,,

We see in Figure 5 (Left) that this method is adapted for finite elements of Py,
but that the decay rate is not as good as the continuous one. As soon as we go to
higher finite elements in Figure 5 (Right), we find eigenvalues close to the imaginary
axis. We also represent the spectrum obtained viscosity is added — as a classical
stabilization strategy, (see [23]). We denote by V}, the discrete Laplace operator on the
first component.

oP-F.E.M. h = 1/200
APy-F.EM. h = 1/100
OPF.EM. h = 1/50

—0.8 —0.6 —0.4 —0.2

0

500

oPy-F.EM. h = 1/200
sPy-F.EM. h = 1/100
0P, F.EM. h = 1/50

[n] 1T
o Ry,

-{ 500

—0.8 —0.6 —0.4 —0.2

Figure 6. Spectrum of A;, — J, — h?Vj, (Left) and of Ay, — J, — h"1V}, (Right), 1 is the order

of the method

se7 Thus, as we can see in Figure 6 (Left), a second order perturbation gives the expo-
nential stability but with a wrong decay for finite elements of order greater than PP;.

568
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Furthermore, the consistency is really deteriorated. If we soften the impact of the
viscous term — Figure 6 (Right) —, for instance by replacing the scaling h? by h™ ™! with
the order r of the finite elements, then the exponential stability is not satisfied anymore.

P;-F.EM. h = 1/200

*Py-F.E.M. h = 1/200

aPy-F.EM. h =1/100
oPy-F.EM. h =1/50 1 500 | 2,000
-
D’ﬂé‘u ADMDA& o - 1,000
Jo o
O, Bl ok Foke ok
A 4 -{ —1,000
mjﬂ%m L 4
- —500 | —2,000
L Il Il Il Il Il Il Il Il Il

—1.2 -1 —0.8 —0.6 —0.4 —0.2 0 -1 —0.8 —0.6 —0.4 —0.2 0

Figure 7. Spectrum of A;, — J, — Dy, — f?h’*

We now use our method. Note that we penalize the jump with the addition of the
term Jj, as in Figure 5.

We preserve the consistency, and we have the uniform exponential stability with
a constant which has the same order as what we had at the continuous level as we
can see in Figure 7 (Left). When refining — see Figure 7 (Right)—, the consistency
is improved. In the end, we found dissipative terms that exponentially stabilize the
system while preserving consistency.

7.2 A numerical example with an explicit leap-frog scheme

One of the objectives being to have an effective method, we present the leap-frog
scheme used in the numerical simulations that guarantees the energy conservation and
dissipation properties for damped and undamped systems respectively. We consider the
damped wave equation (42) discretized with an explicit scheme where the dissipation
terms are off-centered.

un+1 _ un i 4172
h Ar h —thZ / +vDpuy =0
n+3/2  n+1/2
Yn Atvh — Ryt 4 4Byt (61)
32 L /2 )
+yJp 2 5 . + WDh,*UZHﬂ =0.

The scheme is almost fully explicit thanks to the mass-lumping strategy and off-centering
of the newly added dissipative terms Dy, and Dy, ,.
Note that:

e the centering of the jump term involves, at the algebraic level, to solve (N — 1)
linear system of size 2 x 2 at each iteration, where IV is the number of elements

o off-centering does not imply here loss of consistency in time since it is used
on terms that are small when apply to interpolation of smooth solution of the
problem.
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To show the energy identity, we rewrite the scheme using the following trick
Aty ! —uj

2 DA

UZ+3/2 _ UZ+1/2

At ’

n __ n+1/2
Dyuy = Dpuy, —

. At -
Dpoy 1 = D™ = = D

)

so4 thus, we obtain
M uz—l—l un
h
At
3/2 1/2
Un—l- /2 Un—l- /

]\th,* h A7 h —|—Rhu’,1+ + vBp, v”+ + ~vJp v”+ —i—’th*v”‘H 0,

iy n+1/2+ ~Dh, un+1/2 0
(62)

sos  where At A
Mh =1- ’y?Dh and Mh,* =1- ’)/713;1’*.

s06 The energy identity for System (61) involves a new energy functional that is given

so7  below: for uj € Uj and v"+1/2 eVy,

1/~ At
g}?,ea::§<MhUZ,UZ>h+ (Mh*UnJrl/Q’ Z+1/2)h = (Rh ul, Z+1/2>h' (63)

Theorem 7.1. Let {u}, v} }n>0 belonging to Uy x V) be the solutions of (62). The
following energy identity holds,

gn+1 n

hexAt h,e;r . (Bhv"+1 Uz+l)h (thn+1 Z—H)h

— (Dh *U"H vﬁ“)h — (Dhuz+1/2, uz+1/2>h 4+
sos  Moreover if Vh, At is chosen small enough such that
At At~
1_77||DhHh>0 andl—fy?\|Dh7*Hh > 0, (64)

500 and A
1= = lIBnlln >0, (65)

600 then 5,’;‘761 > 0 and the scheme is stable.

Proof. We only show here the energy identity. The positivity of the energy and related
stability of the scheme are well-known results. We multiply the two equations of (62)

by u"H/ % and U"H respectively and we obtain,
_ ot _gn gt g g w4 s s
JV h Up h % n+ /2 Up h (D n+1/2  n+l/ )
( h At 5 9 . R ) 2 h+7 huh 7uh b
. M UZ+3/2 . UZ+1/2 'U;LH—3/2 + U;LL—I—I/Q " un+1 U}TLL+3/2 + UZ+1/2
h,* At ) 2 \ h ) 2 .

+ (Bt n+1)h7 (Jpot, n+1) i (Dh RYaas UIZL+1)h —0.
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We use the follow identity

el n+3/2 n+1/2
(R* ni1/2 U F UL +uh> + (RthH, v )
h

2 2

Riv n+1/2 n) <R* n+3/2 n+1>
< 7uh h 7uh h’

to obtain

1
2At

n n 1 1 n+3/2 | n+3/2
(M G uh+1)h 2At (Mhuh’uh> 2At <Mh o ", Ch : )h

1 ~ At At
L (Mh . Z+l/2,vﬁ+1/2)h il (Rhu’ﬁ“wif””)h -5 (Rhuz, UZ+1/2)

T 2At 2 h

(Bhvn+1 TL-‘rl) + v (J’hvn+1 UZ+1)h
PN <Dh oL U;Lz+1> —y <Dhu2+l/2, “Z+1/2>h-

so1  We recognize the expression of the explicit energy (63). This concludes the proof. [

02 Remark 7.2. Note that since Dy, and Dy, . are bounded, condition (64) is not a CFL
603 condition. On the other hand, condition (65)corresponds to the classical CFL condition
604 for explicit schemes.

605 As in Section 2, we now look at the evolution of the shape of the solution and of
606 the energy over time, with the added damped terms. The numerical pollution due to
607 parasitic waves has completely vanished. We can observe on Figure 8 a totally smooth
s0s wave that is not oscillating anymore.

1078 1078
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Figure 8. Solution u discretized with P4 F.E.M. with h = 1/10 and dt = 1/1000 at time
t = 2 (Left) and at time t = 4 (Right)

609 While the system without the damping terms had an energy that became constant
610 in long time (Figure 9 in pink), we notice that with the addition of these dissipative
611 terms, we obtain a linearly decreasing energy (in logarithm scale) as can be seen on
612 Figure 9 in blue. This confirms the result of Theorem 6.6, we succeeded in making the
613 system uniformly exponentially stable.

s 8 Conclusion

615 By penalizing the jump and introducing an additive dissipative term consistent with
616 high-order finite element schemes, we can adapt multiplier techniques at the fully
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Figure 9. In ([[u(t)|2 + [o(t)][2)"/?

discrete level to obtain exponential stabilization results that are uniform with respect
to the discretization. The main perspective is to extend the results for 2-dimensional
dynamics. The main obstacle lies in the difficulties observed at the continuous level,
namely that the variable vy, must be defined as a gradient on each element, which may
not be the case for a weak formulation of the equation. Moreover, we need the discrete
energy uniform distribution property for the first order formulation. Finally, it would
be necessary to introduce a numerical treatment of the boundary conditions.
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