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A reduced basis method for frictional contact
problems formulated with Nitsche’s method

IDRIssA N1akH *' GuiLLaAuME DROUET? VIRGINIE EHRLACHER ¥, ALEXANDRE ERN f#

July 21, 2023

Abstract

We develop an efficient reduced basis method for the frictional contact problem for-
mulated using Nitsche’s method. We focus on the regime of small deformations and on
Tresca friction. The key idea ensuring the computational efficiency of the method is to
treat the nonlinearity resulting from the contact and friction conditions by means of the
Empirical Interpolation Method. The proposed algorithm is applied to the Hertz contact
problem between two half-disks with parameter-dependent radius. We also highlight the
benefits of the present approach with respect to the mixed (primal-dual) formulation.

Keywords — model reduction, variational inequalities, reduced basis method, contact problems,
Nitsche’s method, Tresca friction, Coulomb friction.

1 Introduction

The reduced basis method (RBM) is a model reduction technique [29, 5, 30, 19]. The goal is to reduce
the complexity of a parametrized model problem in computational studies where the parameters vary.
The idea is to replace the high fidelity (HF) discretization space, which is supposed to be of very
large dimension, by a small-dimensional subspace (called reduced space) which can be constructed by
sampling the HF model. This allows one to organize the calculations in two phases. The first phase,
called offline, is the construction phase of the reduced model. For this purpose, one considers a sample
of the parameter space (assumed to be sufficiently representative) for which expensive calculations
are performed by solving the HF problem for each parameter of the sample. The results of these
calculations are then used to construct a small-dimensional subspace of the HF space, and the reduced
model is built by replacing the HF space by the reduced subspace in a Galerkin-type approximation
of the model. The second phase, called online, is a phase in which a large number of new values of
the parameter are considered, for which accurate approximations of the HF solution are calculated by
using the reduced model. The online phase is where substantial computational gains are achieved.

In this work, we are interested in the application of the RBM to the contact problem formulated
with Nitsche’s method. We focus on the regime of small deformations and on Tresca friction. The
problem of mechanical contact [20, 34] with or without friction is present in many structural problems
encountered in several industrial fields. The variational formulation of this problem leads to a variational
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inequality of the first or second kind depending on whether there is friction or not [15, 13]. There
are different approaches to solve these variational inequalities. We can mention mixed (primal-dual)
methods [16, 21, 1] where Lagrange multipliers are introduced to enforce the contact and friction
conditions. In this case, the problem to be solved is a saddle-point problem where one seeks a primal
unknown (the displacement) and a dual unknown (the contact forces). One of the difficulties with these
methods is that they require the contact operator to satisfy an inf-sup condition. In the literature,
there is already some work on model reduction for the frictionless contact problem in the framework of
a mixed formulation. For example, [18] derives model reduction methods in the general framework of
variational inequalities including the unilateral contact problem. In [2], a projection-based method
is proposed to reduce the contact problem under small deformations. In [14], an application of the
hyper-reduction technique is presented for the contact problem under small deformations. We also
mention [4] where a new dual basis construction is proposed for the RBM applied to the unilateral
contact problem under large deformations. Finally, the recent work [27] proposes a stable and efficient
model reduction method for the unilateral contact problem. Let us also mention [35] where the authors
use the Progressive Generalized Method in order to build reduced-order models for problems with
multiple contacts, and [24] where the authors use a hyper-reduction approach based on a reduced
integration domain for the dual reduced basis.

In contrast to the mixed formulation approach, there are other methods to approximate the
mechanical contact problem which are purely primal, i.e., they do not require the introduction of
additional unknowns. These methods have the advantage of leading to unconstrained minimization
problems (thus easier to solve) but do not guarantee that the contact and friction conditions are strictly
satisfied. One example are penalty methods [32]. Here, we focus on another primal approach based
on Nitsche’s method [28]. This method was originally introduced for the reformulation of Dirichlet
boundary conditions and extended in [9] to the frictionless contact problem in the framework of
the finite element method. The main characteristic of Nitsche’s method is that it is consistent, in
contrast to classical penalty methods. In the last few years, many contributions have been made to
this approach. For example, in [6], the method is extended to the case of contact with Tresca’s friction;
in [11], symmetric and nonsymmetric variants are presented; in [26], an extension to Coulomb’s friction
and large deformations is discussed; in [7], a nonconforming high-order discretization is considered;
in [10], existence results for the contact problem with Coulomb friction are given in the context of static
and dynamic finite element formulations. A state of the art on recent advances on Nitsche’s method
can be found in [8]. To the best of our knowledge, there is no previous work on model reduction for
the contact problem formulated with Nitsche’s method.

In this paper, we propose to fill this gap for the frictionless contact problem and the contact
problem with Tresca friction. The main challenge is that the classical RBM leads to an inefficient
reduced model owing to the nonlinearity of Nitsche’s formulation (even with small deformations).
To overcome this problem, we propose a combination of the RBM with the Empirical Interpolation
Method (EIM) [3, 25]. The realization of this idea is by no means straightforward since one needs to
consider at the same time the parameter value and the iteration counter in the nonlinear iterative
solver. The second important point addressed in this work is the comparison of the present approach
with the inf-sup stable mixed formulation in terms of accuracy and efficiency. The two key advantages
offered by Nitsche’s method are the handling of unconstrained minimization problems and a higher
effectiveness of the RBM since it is well-known that the dual basis is particularly hard to compress, as
was highlighted in particular in [22].

The rest of this paper is organized as follows. In Section 2, we briefly recall the unilateral contact
problem with friction and its variational formulation under the assumption of small deformations. In
Section 3, we derive the formulation of this problem using Nitsche’s method in a form suitable to
the RBM. In Section 4, we present our main result, namely the procedure for building the reduced
model with Nitsche’s method using the RBM and the EIM. In Section 5, we provide numerical results



showcasing the efficiency and the robustness of the proposed procedure and comparing it to the
mixed formulation. We consider as test case the Hertz contact problem between two half-disks with
parameter-dependent radius. The extension to Coulomb friction is briefly discussed at the end of
Section 5.

2 Model problems

Let D C R™,m € N* := N\ {0}, be the parameter set. For all 4 € D, we consider an elastic body
whose reference configuration is the parameter-dependent domain Q(u) C R%, with d € {2,3}. The
boundary T'(i) := 0Q(u) is partitioned as I'(u) = TP (u) UTN(u) UT¢(u). The body is clamped at
the boundary I'P(u), free of traction at the boundary T'N(p), and T'°(x) denotes the potential contact
boundary with a given rigid support. We denote by n(u) the unit outward normal on I'(x) and by
() = [11(p) - - - 141 (1)] € R¥*(4=1) an orthonormal basis of the hyperplane orthogonal to n(y) in
Re. For simplicity, we just write n and 7 whenever there is no ambiguity. The body in its reference
configuration is located at some distance from a rigid support and we denote by g(u) € L*(T¢(u); R4)
the corresponding gap function. An external load £(u) : Q(u) — R? is applied to the body, and we
assume to be in the case of small deformations. For a generic R%valued displacement field v, the
R¥*d_valued linearized strain tensor £(v) and the R¥*“-valued stress tensor o(v) are given by

c(v) = %(va +voT), o(v) = Ce(v), (1)

with C the elastic coefficient tensor. At the boundary, we decompose the displacement field, v, and the
normal component of the stress tensor, o(v)n, in normal and tangential components as follows:

V=0,n+ TV, (V)N = 0pp(v)N+ Top (V), (2)

with v, € R, v; € R 0., (v) € R and o, (v) € R¥L,
The frictionless contact problem (also called Signorini problem) consists in finding the displacement
field w(p) : Q(u) — RY satisfying, for all u € D,

—div(o(u(p))) = £€(n), in Qu), (3a)

u(p) =0, onTP(u), (3b)

o(u(p))n =0, on I (u), (3¢)

un(p) < (1), onn(u(p)) <0, onn(u(p))(un(p) —g(p)) =0, on I'(u), (3d)
onr(u(p) =0, onI(u). (3e)

In the case of contact problems with friction, the condition (3e) on I'°(x1) has to be replaced by a
condition depending on the considered friction law [21, 26]. Here, we focus on Tresca friction which
leads to the following conditions:

lonr(w(p)ll <'s, if ur(u) =0,

ur(p) : (4)
onr(u(p)) = —s————, otherwise,
n Fur ()]
where || - || denotes the Euclidean norm in R4~! and s > 0 is a given threshold, taken to be constant

for simplicity (units in Pa). The model problem consisting of equations (3a)-(3b)-(3c)-(3d) and (4) is
called Tresca frictional contact problem.
We introduce the finite-dimensional space V(u) and the admissible set IC(u) such that
V(p) C {v e H (Q(u);R?) | v=0o0onTP(u)}, (5a)
K() = {0 € V(1) | vn < g(u) on T}, (5b)



We notice that IC(u) is a non-empty convex set. The space V(u) is typically built as a finite element
space associated with a fine mesh of Q(u). The bilinear form a(y;-,-) : V(u) x V(1) — R associated
with the equilibrium equation (3a) in (u) is defined as

alpsu,v) = [ o(w) s =(v)dn), (6)

Q(p)

and the linear form f(u;-) : V(i) — R associated with the external load £(u) as
Fv)i= [ e vd2pw) ™
Q(p)

The weak formulation of the Signorini contact problem (3) consists of solving the following
variational inequality of the first kind: For all p € D, find u(p) € K(p) such that

a(p; u(p),v —w(p) = f(p;v —u(p), Vo ekK(u). (8)

For all © € D, Stampacchia’s theorem [33] ensures that there is a unique solution to (8) which is also
the unique solution to the following constrained minimization problem: Find w(u) € IC(u) such that

u(p) = argmin J (p;v), )
vEK (1)

where the energy functional J(u;-) : V(u) — R is defined as follows:

T (5:0) = salusv,v) — f(:v). (10)

In the case of Tresca friction, we need to consider the friction functional F such that
Fuo)i= [ =slorlldr(u). (11)
Pe(p)

This leads to the following variational inequality: For all u € D, find w(u) € K(u) such that

a(p;u(p),v —u(p)) + F(u;v) = Flpsu(p) = f(o —u(p), Yo e K(uw). (12)

3 Nitsche’s method

The main idea in the original Nitsche method [28] is the enforcement of Dirichlet boundary conditions
by means of a consistent penalty method. As shown in [9, 11, 8], it is possible to generalize this idea
to frictional contact problems. The main advantage of Nitsche’s method is that the problem to be
solved is unconstrained. Hence, in contrast to the mixed formulation, one does not need any additional
unknowns such as Lagrange multipliers. Moreover, a higher effectivity of the RBM is expected since it
is well-known that the dual basis is particularly hard to compress. The price to be paid, though, is
that the constraint is not exactly enforced.

To derive Nitsche’s method, we are going to assume that all the considered functions are smooth
enough so that the associated normal stress tensor can be defined pointwise at the boundary. Recall that,
for all u € D, the HF finite-dimensional space V(u) in (5a) results from a finite element discretization
of the Hilbert space H'(Q(u); RY). Hence, the above assumption is indeed met.



3.1 Frictionless case

Following [12], the starting observation is that the Signorini conditions (3d) can be equivalently
reformulated as follows:

Onn(w(p)) = [onn(u(p) — y(un(p) — g(w)] _, (13)

where [z]  := min(z,0) denotes the negative part of a generic real number z and where v > 0 is a
user-defined parameter (taken to be constant for simplicity). In practice, the parameter v should be
chosen large enough (see Section 5 for further discussion).

For all o € D, one introduces the energy functional JY*"¢(u;-) : V() — R such that

JNitsche(lu;,v) . ;v 2/ ’Unn 2dF( )

L1
2 Jre(u) v

(14)
[O'nn(v) —5(vn — (1)) dT (),

recalling that the energy functional 7 is defined in (10). Nitsche’s method consists in finding u(u) €
V() solution to the following unconstrained minimization problem: Find w(u) € V(i) such that

w(p) = argmin JY5M(u; v). (15)
veEV(1)

The first-order optimality condition associated with (15) reads
n 1 n n
ay(u; w(p),0) + | ( );[Py,g(M;U(M))LP%o(M;v)dF(M) = f(mv), YveV(u), (16)
“(u
with the bilinear form a®} (s, ) : V(u) x V(1) — R defined as

1
0" (1, v) = a(p; u, v) — /C(u) (W) (0) AT (). Vv € V(p), (17)

and the operators P2, (u;-), Pl'o(p;-) : V(i) = L*(T°()) defined as

PPy (15 v) 1= onn(v) — y(vn — g(1)), (18a)
Plo(p5) := onn(v) — Yun. (18b)

With this notation, we can rewrite the energy functional J™"s(y;-) as

. Lien @) drg). (1)

JNitsche(u; U) . ;v / |Unn 2dF( )
2 2 Jre(u v

The problem (16) is nonlinear. To solve it, we use an iterative method. Given ug(p) € V(i) and a
tolerance d,, € Ry, we look, for all £ > 0, for the solution w41 (p) in the form wy1(p) = wi (@) +0uk(p).
Ideally, we seek duy(u) € V(i) such that

aZ (p; k() + dug(p), v)

+ /w) i[Pﬁg(ﬂ; g, (1) + dup ()] _Pro(u; v) dU(p) = f(p;0), Yo € V(p). (20)

However, since the problem (20) is nonlinear, it is expensive to solve it directly. Therefore, we
approximate the solution duy(u) by linearizing the problem. In order to do this, we observe that



P ) B (1)) = Py (1 (1)) + P S (1)) anel approximate the term [P (s (1) +
duy(p))]  as follows:

(P2, (s g (i) + Oug ()]~ [P (s un ()] + H(=PF (15 ur () PYo(1; ug (1), (21)

where H(-) denotes the Heaviside function. Using this approximation in (20) (for simplicity, we keep
the same notation for the unknown dwuy(u)), we consider the following sequence of problems: For all
k >0, find duy(u) € V(i) such that

al (s Sug (i), v) + b2 (3 wp(p); Oug (), v) = —r2 (s ur(p);v), Vo € V(n), (22)
where
s 1 n n n
B s wiw,0) o= [ o 5 P ) P s ) o) 1), (23a)
(s wi ) = al (s w, ) + 05 (u;wi v) — fpsv), (23b)
(23c)
with 1
Oprwv) = [P )] P () UG (24)

We iterate on k until the following convergence criterion is reached:

w1 (1) — wr()llv

<9,. 25
Tare G Tvon u (25)

In what follows, we denote by k() € N* the number of iterations required to solve (22), for all u € D.
We denote the converged solution to the sequence of problems (22) as ucy (1) € V().

To introduce the algebraic formulation, we assume that for all u € D, the HF (finite-dimensional)
space V(u) is such that

V() := Span({en (i) bneamry)- (26)

Notice that the dimension N of V(u) is parameter-independent. We illustrate in Section 4.1 how
to accomplish this property. Furthermore, we adopt the following decompositions for the sequence of
solutions to (22):

we(w) = Y. ulen(n),  Ui(p) = (@ ()epmry € RV (27a)
ne{l:NHF}

Swi(i) == Y. SuR(pen(n). AUk(p) = (Sui(w)peqmry € RV (27b)
ne{l:NHF}

The algebraic formulation of the sequence of problems (22) then reads as follows: For all k£ > 0, find
AU, (1) € RV such that

AT () AU (1) + BY (1, ui () AU (1) = — R (1, wi (), (28)

where for all n,m € {1:NHF},

(A% (1)) man = aZ (15 0 (1), P (12)), (29a)
(B (s wr (1)) ) mm 2= 05 (15 wp (1) o (1), om(10)), (29b)
(R (s wre (1)) = 13 (5 wg (1) om (1)) (29¢)



The convergence criterion for (28) is still (25) using the reconstructed functions (see (27)). We denote
the converged solution to the sequence of problems (28) as Ugy (1) € RN . Furthermore, let us denote
by ©F(u, w) (resp. F'(u)) the algebraic representation of the operator 07 (u; w;-) (resp. f(u;-)) such
that for all m € {LNHF},

(O (1, w))m = O3 (3 w5 om (1), (F(1))m = f (15 pm (1)) (30)
With this notation, we have the following decomposition:
R (g (1)) = AT () U (1) + 7 (1 g () — F(p). (31)

3.2 Friction case

For the Tresca frictional contact problem, we use the following reformulation of the friction conditions
given in [8]:

onr(u(p)) = [onr(u(p) — yu- (b)), (32)
where, for a positive real number r, the notation
x, if |z| <,
[:c]r = . ] (33)
Tl otherwise,

defines the projection of € R?~! onto the ball centered at the origin and of radius r. Let us introduce
the operator P7 (;-) : V() — L*(I(p); R™™!) such that

P7(;v) = opr(v) — yor. (34)

We start from the energy functional JF*"*(u;-) : V(1) — R defined as

J’}ltsche(u; U) = JNltsche(:u;’U) - 5 FC( ) ;HO-TLT(’(])HQ dr(u)
1 1 H 1 1 (35)
+*/ N P™ (v er = ZPT(v) — [PT (v 2dF '
2 Jregy 717 OIFADW) =5 | I8 (@) = [P ()], 7l ()

Nitsche’s method consists in solving the following unconstrained minimization problem: Find w(u) €
V() such that

w(p) = argmin JE*"(w; v). (36)
veV (1)

Let us consider the functional J : R¥~1 — R defined as follows:
1
J(@) = 5z = [=] " (37)

One easily verifies that this functional is Gateaux-differentiable and that its differential is given by
DJ(x) =« — [w}s for all & € R4, Therefore, using the same approach as for the frictionless contact
problem, we obtain the following Nitsche’s formulation for the Tresca frictional contact problem: Find
u(p) € V(p) such that

), 0) + [P )] Pg(uv) d ()

1 (38)
+ /Fc(“) ;[P;<M3u(ﬂ)>]gp;(:u5”) dU(p) = f(p;v), Yo € V()

7



where the bilinear form aZ7 (x;-,-) : V(u) X V(u) — R is defined as

2T (s u,v) = a(wu,v) — 1Uun-o'vn
a7 ww) = aGruw) — [ Co(un - o)ndl() (39)

The linearization of the problem (38) leads to the following sequence of problems: For all k£ > 0, find
dur(p) € V(p) such that

aZ™ (p; dug(p), v) + 037 (b wg(p); duk(p), v) = =37 (s ue(p);v), Vo € V(n), (40)
with
b7 (1 w; w, ) = b (15w w, v) + b7 (; wi w, v), (41a)
37T (s wsv) = alT (s w, v) + 03 (s w, v) + 07 (usw, v) — f(;v), (41b)
where
1
b7 (1 wi w, v) = / - (GS(PJ(M; w)) - P7 (s U))P»YT(M v) dI'(p), (42a)
re(u) Y
1
07 (5w, v) = [ 3 P )] PTG ) dr (), (42b)
“(u

and Gs(-), the differential of [ -] , is given by

Id—17 if ||ZD” <s,
Gol@) = - (43)
) {j;”(ldl - %), otherwise,

with 141 the identity matrix of order d — 1. The convergence criterion for (40) is still (25). We denote
the converged solution to the sequence of problems (40) as uey (1) € V().

The algebraic formulation of the sequence of problems (40) reads as follows: For all k£ > 0, find
AU (1) € RV™ such that

ATT () AUk(p) + BT (p, ug () AUk (1) = =R (1, ug (1)), (44)

where for all n,m € {L:NTF}

(AT (1)) mn = a7 (15 0 (1), (1)) (45a)
(BT (s wr (1)) )mn = b57 (13 wr (10); 00 (1), o (1)), (45b)
(BT (s wk (1)) = 157 (3w (1) om (1) (45c¢)

The convergence criterion for (44) is still (25) using the reconstructed functions. We denote the
converged solution to the sequence of problems (44) as Uey (1) € RV . Furthermore, let us denote by
BT (1, w) (resp. ©7(u, w)) the algebraic representation of the operator b (u; w; -, -) (resp. 67 (u;w;-))
such that for all n,m € {LNHF}

(B (1, W) mn := 07 (13 03 on (1), om (), (OF (1 w))m = 07 (1 w5 o (1)) (46)

With this notation, we have the following decompositions:

BYT (w, uk(p)) = BY (1, uk(p)) + B (1, ur (), (47a)
RET (s ui(p)) := AT7 (1)U (1) + OF (1, wie (1)) + OF (s w (1)) — F (). (47b)

8



4 Reduced-basis formulation

In this section, we derive the RBM. We describe the problem in detail for the frictionless contact
problem, and briefly highlight the (simple) adaptations needed to account for friction.

4.1 Geometric mapping

We recall that the dimension N of the HF (finite-dimensional) space V() is parameter-independent.
This is important since, in order to compress the space generated by the snapshots, it is necessary that
all the snapshots live in the same space. For this purpose, since the geometry is parameter-dependent,
we use a parameter-independent reference domain 0. We assume that for all u € D, there is a smooth
invertible geometric mapping h(y) : © — Q(u). We denote by I' := 9 the boundary of  and we
assume that it can be partitioned as [ =TPyUINUT® in such a way that, for all u € D,

~

TP = by (W) (TP (), TN i= by () (TN (), T o= h () (T(w)), (48)

with hg(p) = h(u)‘fD, b (1) := h(u)‘fN and h¢(p) == h(u)‘fc. Then, the mesh of Q(u) is generated

by generating a mesh of Q matching the partition of the boundary [ and applying the mapping h(u)
to the mesh of the reference domain ). The finite element basis functions are generated from the
reference basis functions by using a pullback.

4.2 Naive approach

The goal of this section is to present the naive reduced model resulting from the application of a
plain RBM to the contact problem formulated with Nitsche’s method and highlight the computational
inefliciency of such a formulation. This problem will be circumvented in the next section eventually
leading to a computationally effective RBM. The major difficulty comes from the nonlinearity of
Nitsche’s formulation.

To build the reduced basis (RB), the starting point is to compute (in the offline phase) a family
{Ucy(1p) peqr:py C RV of HF solutions to the frictionless contact problem (28) by using a training
subset Diyain := {up}pe{h py C D of cardinality P € N*. Using the Proper Orthogonal Decomposition
(POD) [17, 23] based on the canonical inner product of H'(€;R%) and the geometric mapping h(),
one can construct an orthonormal family {Z,},c(1.n) C RV™ of N e N* (N < P) vectors. Let us
denote by Vv the reduced space generated by the family {E,},c(1.n}, i-€.,

Vi := Span({E,},eny) CRV . (49)

In algebraic form, the RB formulation of the sequence of HF problems (28) reads as follows: For
all k > 0, find AUy x(p) € RY such that

2N () AUN k(1) + BY N (1, B)AUN k(1) = —RY N (1, k), (50)

where
n () = ZT AT (i) Z € RV, (51a)
B2 (1, k) = Z " B, un (1) Z € RV R (k)= ZT R (1, une(p)) € RY, (51b)

with Z := [E;---Ex] € RV""*N. The convergence criterion for (50) is still (25) using the recon-
structed functions (see Remark 4.1 for more details).
At this stage, the RBM consists of the following two stages:



— Offline stage

1. Select a training subset Dirain := {ip}pefi:py C D-

2. Compute the snapshots {Ucy(ttp) }peqi:py C RV™ by solving (28).
3. Compute the reduced space Vi by using POD on snapshots.

— Ounline stage: For any u € D\ Dirain,

1. Compute A7 v (p) using (51a).
2. Loop on k > 0,
(a) Compute BT y(u,k) and RZ y(p, k) using (51b).
(b) Solve (50).
(c) Check convergence; if not, set k <— k + 1 and go back to (2a).

It is crucial to derive a reduced problem that is independent of the high-fidelity dimension NMF in order
to obtain an inexpensive online stage. This condition is not yet satisfied with the current formalism.
The main issue is the manipulation of large-dimensional arrays in (50). We propose in Section 4.3 a
procedure to overcome this issue in order to construct a computationally efficient RBM.

Remark 4.1 (Reconstructed functions). Let us introduce the following reconstructed functions:

En(p) = Y Ehei(p) € V(u), Vne{L:N}. (52)
i {1AHF)

With this notation, solving the RB problem (50) in algebraic form leads to the following reconstructed
solutions:

unp(p) = Y uR()éa(n) € V(p), Un (i) == (uh s (1) neqiiny € RY, (53a)
ne{l:N}

Suni(p) = Y Sulp(wén(p) € V(n), AUng() = (ul(1))neqiny € RY. (53b)
ne{l:N}

4.3 Computationally efficient approach

In this section, we describe the strategy to avoid the manipulation of large-dimensional arrays in the
problem (50). The idea consists in introducing appropriate affine parametric decompositions of the
parameter-dependent and “parameter/iteration”-dependent operators involved in the problem by using
the Empirical Interpolation Method (EIM) [3, 25].

Specifically, our goal is to separate the dependence on u and k from the dependence on the indices in
the large-dimensional arrays A% (), BY (1, un k(1)) and RZ(p, un k(p)). This operation is performed
during the offline stage. For this purpose, using the EIM, we obtain the following approximations:

Ay~ BT = Y ol (AL, AL eRVTNT al"(n)eR, (54a)
se{l:5™}

By (poup(w) ~ E” (u k)= Y ol (wk)By,, By e RNl (k) eR, (54b)
se{1:5v™}

O up(w) ~ B (k) == Y ol (m k)%, O, e RV, al"(uk) €R, (54c)
se{1:59™}

Fu)~  El(w:= Y ol(uF, F, e RN af(u) R, (54d)
se{1:5f}
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where the large-dimensional arrays A o7 and Fs are now independent of the parameter p

Y. Byss
and the iteration counter k, whereas the functlons " and of (resp., " and ") only depend on p

(resp., (i, k)). We obtain the following approximation of the residual:

R (i (1) ~ ™ (. k) i= B (Ui () + E”" (1, k) — EY (1), (55)
To build the large-dimensional arrays Av s Bl (927 . and Fy , we respectively use the training sets
Qi E L ES L and Etram defined as follows:

ggraln = ggraln = Dtraim g*g:aln = gt?:aln = { M? | w € Dtralm k S {1 k,cv >}} (56)
Notice that a different training set (possibly richer) than Dyrain can be used instead. We introduce the
index subsets {(ngnvmgn)}se{lea"}v {(ngn7mgn)}se{123b"} C {LNT} x {1, {mgn}se{lzsen} -
{1:NHFY and {m]} se{t.sfy C LN HEY of cardinality S?", S, S, and S7 respectively, corresponding
to the indices selected by the EIM for the approximation of A%, B, ©F and F, respectively. Then,

the functions a2, a?”, a?" and af are such that

Vi € Erainy (B (1) ngnmgn = (A5 (1) g mgn Vs € {1:57"}, (57a)
V(i k) € Easns, (B (1K) = (B (e (1))t Vs € {1:87}, (57b)
(1, k) € Eratn, (B (1, k) gm = (O (1, (1)) g vs € {1:57"}, (57¢)
Vi € Elrains (B (1)), = (F(1),1 Vs € {1:57}, (57d)
and B (u), B (u, k), E?" (u, k) and E(p) defined in (54). Notice that we use the HF solution w (1)

instead of the RB solution uy () to compute the functions ¥ and a?".
In the online phase, for every new value of the parameter pair (u, k) € D x N, the functions a2,
o/;", agn and a£ are approximated by functions af N7 o al]’V, o O‘?V, , and ozf\,’ s Which solve the following

linear systems:

QUaf (W) =T" (1), T () = ((AZ(1)am e ) e 5oy € RS (58a)
Uk (k) = TV (o k), T (k) o= (B2 (s ()i i) s progomy €RS 0 (58b)
Q" ol (k) =T (), T (1 ) i= (O (1t w b (10)))m) s rsgomy € RS (55¢)
Qo (w) =T/ (u), T (1) = (F(),0) e 1,5y € RS (584)

where the vector-valued functions a?\?, 0/]’\7, a?\? and 0‘{\7 are such that
oy (1) = (A% o (1)) seqrigemy € RS (592)
ol (k) = (0% (1)) seqrgmy € RS (59b)
ol (1, k) = (a o(1)) seuusomy € RS (59¢)
o (1) = (o, (1)) seprsry € RS (59d)

Notice that here, in the online phase, we use the RB solutions uy ;(x). The parameter-independent
interpolation matrices Q%" € RS" x5 QM ¢ RS xS , Q" € RS” *S”" and Qf e RS S are such
that

QT )is = (A% ) pampyom, Vi, s € {157}, (60a)
(Q")is = (By ) ypmpum,  Viys € {15}, (60b)
(Q")is = (©%.0),om Vi,s € {1:57"}, (60c)
(@)is = (F¥), 1 Vi, s € {1:57}. (60d)
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By construction, these matrices are lower-triangular with unit diagonal. Consequently, these matrices
are invertible and their inverse can be easily computed once and for all during the offline phase.
Combining (51) with (54), we obtain the following approximate decompositions:

Sn = BN ()= Y ol (AN SN =2 AR Z € RV, (61a)
se{1:94™}

Pl k)~ BY (k)= Y a (kBN By, =2 B}, Z RV, (61b)
se{1:50™}

Sl k) = EY (k)= Y ol (k)OS N, Oy, =205, eRY, (61c)
se{1:59™}

Fx(y~  EL(w) = > ok, (1)Fns, Fns:=Z"F, eRV, (61d)
se{1:5f}

which lead to an efficient offline/online decomposition since the parameter-independent arrays A;ﬁ N.so
B;" Nt 927 ~s and Fiv s are small-dimensional and can be computed once and for all during the offline
phase. Finally, using the approximations from (61) in (50) (for simplicity, we keep the same notation
for the unknown AUy (1)), we consider the following sequence of problems: For all (u, k) € D x N,
find AUy k(1) € RY such that

EY () AUN (1) + EX (1, k) AUN k(1) = —Ey (1, k), (62)

where E% (11, k) is given by

EY (1, k) = BY (W)U (1) + ES (1, k) — EX (). (63)

The convergence criterion for (62) is still (25) using the reconstructed functions. We denote the
converged solution to the sequence of problems (62) as Uy cv(1t) € R and the associated reconstructed
solution as uncv(p) € V(1.

To summarize, our RB procedure is organized as follows:

— Offline stage

L. Select a training subset Dirain = {ftp}pef1:p} C D.

2. Compute the HF snapshots {Ucy(pip) }peqi:py C RV™ by solving (28) until convergence on
k.

. Compute the reduced space Vy by using POD on the snapshots.

7,87 2,83

3
4. Compute the high-dimensional arrays A7 ., BY ;, ©F . and Fs by using the EIM.
5. Invert the interpolation matrices Q*", Q*", Q%" and Q7.

6

n

. Compute the small-dimensional arrays A% ., B v, ©F v o and Fi s by using (61).

— Online stage: For any p € D\ Dirain,

1. Evaluate 7% (u) and T (u) and compute a4} (1) and a{v(u) by using (58a) and (58d).
2. Evaluate E% (1) and EJ{,(N) by using (61a) and (61d).
3. Loop on k > 0,

(a) Evaluate T%"(u, k) and T%" (u, k) and compute oy (1, k) and ofy (u, k) by using (58b)
and (58c).
(b) Evaluate EY; (u, k) and E{ (u, k) by using (61b) and (61c).

12



(c) Solve (62).
(d) Check convergence; if not, set k < k + 1 and go back to (3a).

For the contact problem with friction, the RB formulation is obtained in exactly the same way. We
simply replace the forms aZ(u; -, ), b7 (1; 5+, ) and 77 (y; -5 -) by the forms a2 (p; -, -), W57 (1155, ) and
T (1455 +). Notice that for the EIM approximation, additional affine parametric decompositions are
performed on the large-dimensional arrays BT (u, k) and ©7 (u, k).

5 Numerical results

We consider the Hertz contact problem between the two half-disks as represented in Figure 1. The
upper half-disk occupies the deformable domain Q4 (i) C R? of parametric radius

Ri(p) :=p  with p € D:=[0.7,1.3] (m), (64)

and the lower half-disk the rigid domain Qs C R? of fixed radius Ry := 1m. The initial gap between
the two half-disks is equal to go > 0. We impose a displacement of —d on T'{°"(u) of Q4 (p) with
d > go. The initial gap go and the imposed displacement d are, respectively, set to gg := 0.001lm and
d := 0.09m. This latter value, which is less than 10% of the maximum value of Ry(u) allows us to
remain within the validity of the small deformation assumption. Notice that since €5 is rigid and
fixed, we only mesh the domain Q4 (u) and set Q(u) := Qi(p) to build the HF space. The material
parameters are E := 15Pa for the Young modulus and v := 0.35 for the Poisson coefficient. A first

L (1)

I Q1 (1)

Fgot
Figure 1: Frictionless Hertz test case: Configuration.

training set is typically chosen as Dirain := {0.7 + 0.0075i,0 < i < 60} (m) (altogether P = 61 points),
and the validation set Dya1i4 is generated by choosing 30 elements in D randomly with a uniform
distribution. A second richer training set (with P = 201 points) will also be considered.

We consider the reference domain Q; := € (1) and introduce the geometric mapping hy (1) : Q1 —
Q) (1) defined as hy(p)(z) := pa, for all @ € €, with the origin located at the center of ;. We use a
mesh composed of 1956 nodes with 633 nodes on the potential contact manifold f‘i which is the part of
the half circle fi of angle 6 € [—%’r, —%ﬂ] with respect to the horizontal axis. For all u € D, we equip
the space V(u) with the norm || - [ly,,,) defined as follows:

=

Iollvi = (1013200 + PIV0I320) s Yo € Viw), (65)
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where the characteristic length 7 :=1 is the radius of ; and is introduced for dimensional consistency.
The HF and RB computations use the python library of the finite element software getfem [31].

5.1 Frictionless case

We first consider the frictionless Hertz contact problem.

5.1.1 Results using Nitsche’s method

For the discretization, we use Py Lagrange finite elements leading to N'HF := 14918 degrees of freedom.
We choose v := 32 with 7o := 50pM2m¢ wwhere h := 2.5mm refers to the mesh size and p#m¢ .= ﬁPa
refers to the second Lamé parameter.

Figure 2 displays the deformed configurations resulting from the HF displacement fields w(u) for
= 0.7m (left panel) and for © = 1.3m (right panel). We can see that we use a symmetric mesh. This
is important because it guarantees the symmetry of the HF snapshots. Indeed, if the snapshots are not
symmetric, the resulting POD modes will not be either. Consequently, the reduced model looses this
symmetry property, leading to reduced solutions of poorer quality. Moreover, we have discretized a
complete half-disk instead of a quarter-disk to avoid some difficulties when enforcing the symmetry
condition at the lowest point of () in the case of the frictional contact problems (see Section 5.2).

Figure 2: Frictionless Hertz test case, Nitsche’s method (HF): w(p). Left: p = 0.7m; Right:
p=1.3m.

Figure 3 displays the superposition of the normal stress opp(u(p)) and its Alart—Curnier reformu-
lation [P, (u;u(pt))]  (Row 1) and the gap on the deformed configuration un (1) — g(u) (Row 2) as
a function of the abscissa along I'*(u) for 4 = 0.7m (Column 1), 4 = 1m (Column 2), and p = 1.3m
(Column 3). We see that the normal stress is of good quality (with almost no spurious oscillations) and
matches very well with its counterpart [P}, (u;u(p))]  resulting from the Alart-Curnier reformulation.
We also see that the negativity condition on the gap uy, (1) — g(p) is satisfied on the whole potential
contact manifold T'°(x). To have a better look at Signorini’s contact conditions, we display in Table 1
the relative error on the Alart—Curnier reformulation of Signorini’s contact conditions defined as follows:

[onn(w(p)) — [P35 w())] [l 2 re ()
lonn (@)l ez (re ()

ehc(p) = : (66)

where the discrete £2(I'°())-norms are sampled at the mesh nodes located on I'°(). For the three
values of the parameter p € {0.7,1,1.3}(m), we consider three values of the mesh size h, namely
h = bmm (coarse), h = 2.5mm (medium) and h = 1.25mm (fine). We notice that the relative error
eRo(p) is smaller than 1.5% for the three parameters values and for the three mesh sizes. Moreover, we
see that the error decreases when h decreases, thereby indicating the convergence of the approximation.
More precisely, we observe a convergence of order 1 for the approximation of oy (w(p)) (with a slight
order reduction for the larger value of ). Thus, we can say that the Signorini contact conditions are
globally satisfied with a good accuracy although they are not strictly enforced.
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Figure 3: Frictionless Hertz test case, Nitsche’s method (HF). Row 1: op,(u(n)) and
[P, (s w(p)] - Row 20 up(p) — g(p). Column 1: p = 0.7m. Column 2: g = 1.0m. Column 3:
@=1.3m.

p(m) 0.7 1 1.3
h(mm) 5 2.5 1.25 5 2.5 1.25 ) 2.5 1.25

era (%) 1 0.52 0.28 1.45 0.72 0.33 1.17 1.1 0.43

Table 1: Frictionless Hertz test case, Nitsche’s method (HF): Relative error e%(u) for p €
{0.7,1.0,1.3}(m) and the mesh sizes h € {5,2.5,1.25}(mm).

Let us consider the relative POD projection error defined as follows:

NI

(S Mg — Ty el )
epop (V) 1= peitr) i - , (67)

(= WalilBu)’

pe{l:P}

where IIy, denotes the orthogonal projection onto Viy C RV™ and W(pp) the Gram matrix of the
inner product associated with H'((u,); R?). We consider two different training sets, the first with
cardinality 61 and the second with cardinality 201. Figure 4 shows the relative projection error epgp (V)
produced by the POD algorithm as a function of the number of vectors composing the reduced basis
for both training sets. In all cases, we notice that the projection error decreases sufficiently fast so
that indeed the linear spaces generated by the snapshots can be approximated by small-dimensional
subspaces. We also observe a fast decrease of the POD error for the first 15 modes before a slower
decrease occurs at error levels between 107> and 1076 (resp. 107° and 10~7) for the first (resp. second)
training set.

For the EIM approximation, we use the training set Dirain of cardinality 61, and the training
sets £ . and £Y . introduced in (56) are then of cardinality 897. We fix a tolerance dgry := 107°
to bound the errors resulting from (54). With this choice, we obtain S*" = 619 <« NHF x AHF
and S = 281 « NHF. Notice that in the present test case, we do not need to perform an EIM
decomposition on A’;(u) since this matrix is already linearly dependent on p; moreover, F'(u) vanishes
since we only use an imposed displacement for the load. Figure 5 shows the relative EIM interpolation
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Figure 4: Frictionless Hertz test case, Nitsche’s method: Relative POD projection error epgp (V)
as function of N, for |Dirain| = 61 and |Dirasa| = 201.

errors for the tangent matrix B (u, ux (1)) (left panel) and the residual vector ©F(u, ug(p)) (right
panel) as a function of the rank S or S i.e., we plot

B E¥ (11, ) || goo (s
. max A 1B (1, wie (1)) — E7 (11 k)|l e== (i)
S = T e s B )l o)
pEDs ke{1:k (1 J

max max ||@ (,U,Uk(,u)) " (u, )l e ()
(

HEDx ke{l:kV(u

a a @” u oo
max ke{{r}kg( 11©2 (12 wr (1)) [l oo

el (89" Dy) = : (68b)

where for a generic matrix (resp. vector) M € RV XN (regp. vV e RV,
M| poo 45y := max M;,; 69a
H HZ (47) (i.)E{ NP }x {1 | z]|7 ( )
Vporsy ;= max |V; 69b
Ve = _max, Vil (69b)
and with D, either equal to Dirain Or to Dya1ig. Let us first consider the training set Dirain. We
observe that both errors decrease fast enough to allow accurate approximations. For the tangent
matrix BT (p, uk(p)), we notice a quasi-uniform decrease of the relative error (S Dirain) with an
acceleration at error levels between 107% and 107°. For the residual vector O (u, uy (1)), we observe
a fast decrease of the relative error €91, (S?", Dirain) for ranks S between 1 and 40 yielding errors
between 1 down to 102, and then a significant drop of the error at about S?" = 40 before a slower
decrease occurs at error levels between 1072 and 1076. Cons1der1ng the validation set Dya1iq, We
additionally plot the relative EIM approximation errors ebg (S?") and ezIMCV(Sen) defined as

max HB (M,ucv( )) Ebn(uvkcv( ))”foo(lj)

b cV  ab™ 1EDya1ia
e (57 )= ; (70a)
ué%%ﬁm”B (12 ey (1)) [l 0o (i)
max (|02 (u, ey (1)) — B (11, K (1)) [l g 5)
e (5" 1= M D Rl | (70b)
max ov o
NE/D%alld 'u ¢ (J

These errors correspond to the relative EIM approximation error at convergence of the iterative algo-
rithm, d.e., when k = k(). For the tangent matrix BY (1, uk(u)), considering first e (S, Dyatia),
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we notice a quite modest decrease of the error for ranks S between 1 and 100 with errors values
between 0.95 and 0.7, and then a stagnation of the error at around 0.65. Considering eg;g,fv(S ™), we ob-
serve instead a rather uniform decrease of the error, with values quite close to those of el1,(S?", Dirain),
before a stagnation occurs at a value of about 1073, For the residual vector OF (1, uk(p)), considering
first efy(S?", Dyar1a), We observe a stagnation of the error for ranks S between 1 and 80 with error
values between 1 and 0.9, and then a slower decrease at error levels between 0.8 and 5 - 10~2 with some
stagnation phases. Considering eg;P’,ICV(SQn), we instead observe a stagnation at about 0.5 for ranks %"
between 2 and 80, and then a slower decrease with error values between 0.3 down to 1072, We conclude
that the EIM approximation is not very accurate for p € Dya1i4 and small values of k, whereas the
accuracy becomes more satisfactory as k — k°V(u). Therefore, we may expect some difficulties in
achieving convergence in the iterative solvers applied to reduced problems, but if convergence is indeed
achieved, the accuracy should be reasonable.

error

error
=
53

—— EIM-TRAIN 1 —— BMTRAIN
] == EM-vaLD —— EIM-VALID
—— EIM-VALID,conv 1076 4 —— EIM-VALID,cv

6 160 260 360 460 560 660 6 5‘0 160 lT;D 260 2.’;0
50 58
Figure 5: Frictionless Hertz test case, Nitsche’s method: Relative EIM approximation errors as
a function of the rank S*" or S%" of the approximation. Left: €5, (5" Dirain); €4gu(S”", Dyaria)
b eV qb™Y. Right. o0 ( QO™ om ([ qom 0" ey qom
and egry (S”); Right: egy(S”, Dirain), €gm(S”  Dyaria) and egni (S).

We denote by e} (1) (resp. eR?*(u)) the relative RB approximation error on the displacement (resp.
normal stress) defined as

u ( ) — HuCV(N) - uN,cv(M)HV(u)

w foes () e e
(1) = |onn (ev (1)) — Unn(uN,cv(N))HZZ(FC(u))’ (71b)
| onn ey (1)1 e2(re ()
and introduce the relative error measures ey, .. and ej/ . defined as
eﬁmax = max ey(u), e%’fmax = max en'(u). (72)

WEDya1ida HEDyalia

Figure 6 displays e} ,,, (left panel) and e}f} .. (right panel) as a function of the number of vectors

composing the reduced basis. We only consider RB dimensions N larger than 10. Indeed, for smaller
values, the iterative algorithm does not converge for some values of the parameter p. This can be
explained by the poor quality of the EIM approximation of the tangent matrix B ~ (i, k) for small
values of N due to the fact that the RB solution at the first iterations of the iterative algorithm on
the reduced model is quite far from the HF solution on which the training of the EIM is performed.
We also observe some convergence difficulties for values of the parameter p larger than 1.2m. For this
reason, we consider a validation set Dya1i4 restricted to the interval [0.7,1.18](m). In Figure 6, we
superpose the plain RBM approximation error (without any EIM, thus computationally inefficient)
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and the RBM-EIM approximation error. We observe that similar errors are obtained for plain RBM
and RBM-EIM. This confirms the good quality of the EIM approximations at convergence as claimed
above. With both approaches, we notice a stagnation of the relative error at about 10~4 from about
40 modes, in agreement with the stagnation observed on the POD projection error.

i —+— Plain RBM
1077 RBM-EIM —+— Plain REM
—— RBM-EIM

error
error

6x1073

4x1073

e : . . . . .
10 T T T T T T 10 20 30 40 50 60
10 20 30 40 50 60 I
N

Figure 6: Frictionless Hertz test case, Nitsche’s method: RBM approximation errors for
|Dtrain| = 61. Left: e%,max; nght ehmn

N,max"*

5.1.2 Comparison with the mixed formulation

For the comparison, we consider the primal-dual formulation employed in [27] with P9 finite elements for
displacement and P; finite elements for the Lagrange multiplier. With this choice of the discretization,
we can compare on a fair basis the HF displacements obtained with the mixed formulation and with
Nitsche’s method. We display in Figure 7 the HF energy J (u;u(u)) (see (10)) for all g € Dirain. We
notice that we obtain (in the eyeball norm) the same values for the two methods for all i € Dirain.
Thus, although the constraints are not strictly imposed with Nitsche’s method, we obtain a satisfactory
accuracy for the quality of the solution in comparison with the mixed formulation. We can also see
that the energy decreases with the parameter radius p of the half-disk Q(u). The complementary

—— Mixed
—— Nitsche

0.0115 4

0.0110 4

minimum energy

0.0105 4

0.0100 4

:
ME Dtran

Figure 7: Frictionless Hertz test case: Comparison of the HF energy J(u;w(u)) between the
mixed formulation and Nitsche’s method for all € Dirain.

condition is not reported since it is on the order of the machine precision (107N /m) as expected with
the primal-dual formulation since the constraints are exactly enforced.
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In contrast to Nitsche’s method, in the mixed formulation, it is necessary to stabilize the RBM in
order to ensure inf-sup stability for the pair of primal/dual reduced spaces. For this purpose, we use the

Projected Greedy Algorithm (PGA) algorithm from [27] with a tolerance dpgp := ian % = 0.047
UEDrrain

so that the stability condition established in [27, Prop 3.1] is fulfilled (the quantities fur(n) and
cur(p) are defined therein). We denote by e}y p(1) (vesp. ef‘v’ r(p)) the primal (resp. dual) relative RB
approximation error defined as follows:

u lu(p) —un(@llve 5 [A () = Ar()lle2re ()
e w) = , € w) =
Mals) lw(m)llvw walt) A ez (re )

, (73)

and introduce the relative primal (resp. dual) error measure e .. (resp. ey g .,) defined as

A A
elltf,R,max ‘= Inax CKLR(M)a €N,Rmax -— 1ax eN,R(M)- (74)
1EDyaria HEDyarid

Figure 8 displays the quantity ey p ... (resp. e?‘\a R.max) O1 the left (resp. right) panel as a function
of the dimension of the reduced primal basis (after stabilization) for three values of the dimension of
the reduced dual basis R, namely R = 10, R = 30 and R = 40. In addition, we plot the relative error
€N max (1€SP. €Ny ) in the left (resp. right) panel in order to compare the displacement (resp. normal
stress) error between the mixed and Nitsche approaches. Considering the mixed approach, we notice a

—— R=10 —— R= 10
—« R=30 —— R=30
—— R=40 —— R= 40

—— Nitsche —r— Nitsche
1072 9 1071 4

error
error

10734

10744

Figure 8: Frictionless Hertz test case, mixed method: RBM approximation errors. Right:
displacement errors €}y ... and e} .; Left: normal stress errors ej\\h Romax and ey
stagnation for all errors after a certain number of primal modes N. For the primal error, there is a
clear decrease of the error as a function of the dimension of the dual basis R. However, for the dual
error, although the error decreases, we observe some oscillations for certain values of the dimension
of the primal basis N (compare the errors for R = 30 and R = 40). This can be explained by the
fact that the dual basis obtained with the mCPG algorithm is not orthonormal (owing to the sign
constraints on the Lagrange multiplier, since an orthonormalization process cannot be performed).
Moreover, the higher the number of vectors in the dual basis, the more the orthogonality property is
lost, and this fact introduces noise in the reduced model. In terms of accuracy, we observe that we have
a better approximation for the primal variable (error of the order of 10~*m) than for the dual variable
(error of the order of 10~2Pa) in the mixed formulation. These results illustrate the fact that it is very
difficult to reduce the dual space, and therefore further motivate the use of purely primal methods like
Nitsche’s method in the RBM framework applied to contact problems. Finally, comparing the mixed
and Nitsche formulations, we observe that the displacement error for the latter is better than for the
former for the three values of the dimension of the dual reduced cone. Instead, comparing the error on
the normal stress, we observe that the error for the former is slightly better when R = 40, but the
dimension of the primal reduced space is much larger owing to the need to ensure inf-sup stability.

19



5.2 Friction case

Let us now consider the Tresca frictional Hertz contact problem. We choose a threshold s = 0.1. The
parameter v and the mesh size h are the same as for the frictionless case (see Section 5.1.1).

Figure 9 displays the superposition of the tangential stress opr(u(r)) and its Alart—Curnier
reformulation [P] (u;u(u))]s as a function of the abscissa along I'*(x) for p = 0.7m (Column 1),
p = 1m (Column 2), and p = 1.3m (Column 3). We observe that the tangential stress matches very
well with its counterpart [PJ (u;u(p))]s resulting from the Alart—Curnier reformulation. However, we
observe some oscillations on oy, (u(r)) at the end of the effective contact zone (contact/non-contact
transition zone) and at the end of the potential contact zone. We also notice that the tangential stress
is not zero outside the effective contact zone, which is consistent with a known (undesirable) feature
of Tresca’s model, namely to predict friction without contact. To have a better look at the friction
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Figure 9: Frictional Hertz test case; Nitsche’s method (HF). opr(u(p)) and [P7(p;u(p))]s.
Column 1: g = 0.7m. Column 2: g = 1.0m. Column 3: p = 1.3m.

conditions, we display in Table 2 the relative errors on the Alart—Curnier reformulation of the Tresca
friction conditions defined as follows:

ne,  llonr(u(p) — [PJ(M;U(M))]sHﬂ(FC(M))'

S Tomm (@l o) (75)

For the three values of the parameter p € {0.7,1,1.3}(m), we consider three values of the mesh size
h, namely h = bmm (coarse), h = 2.5mm (medium) and » = 1.25mm (fine). We notice that the
relative error eXE’T(,u) is smaller than 6% for the three parameters values and for the three mesh sizes.
Moreover, we see that the errors decrease when h decreases, thereby indicating the convergence of
the approximation. More precisely, we observe a convergence of order % for the approximation of
onr(u(p)). Notice that this order is different from the one observed in the frictionless case (order 1).
Thus, we can say that the Tresca friction conditions are globally satisfied with a good accuracy as for

the Signorini contact conditions although they are not strictly enforced.

p(m) 0.7 1 1.3
h(mm) 5) 2.5 1.25 ) 2.5 1.25 ) 2.5 1.25
enmT(%) | 549 | 333 | 2.36 | 55 | 335 | 233 | 576 | 34 | 237

Table 2: Frictional Hertz test case, Nitsche’s method (HF): Relative errors ey (u) for pu €
{0.7,1.0,1.3}(m) and the mesh sizes h € {5,2.5,1.25}(mm).

Figure 10 shows the relative projection error epgp(/N) produced by the POD algorithm (see (67))
as a function of the number of vectors composing the reduced basis. We notice that the projection
error decreases sufficiently fast so that indeed the linear spaces generated by the snapshots can be
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Figure 10: Frictional Hertz test case, Nitsche’s method: Relative POD projection error epgp (V)
as function of N, for |Dirain| = 61.

approximated by small-dimensional subspaces. We also observe a fast decrease of the POD error for
the first 15 modes before a slower decrease occurs at relative error levels between 10™° and 107°.

Let us discuss the EIM approximation for which the training sets £2...  &€0" . and &7, are of
cardinality 898. We fix a tolerance dgmy := 1075, With this choice, we obtain S b7 — 630 <« NHF x NHF
S0 =291 « NHF and S = 3 < NHF. For the same reason as for the frictionless case, we do
not need to perform an EIM decomposition on A7 (1) and on F(u). Figure 11 shows the relative

EIM interpolation errors for the tangent matrix BY7 (u, ur(u)) (left panel) and the residual vector
O (1, ug(p)) (right panel) as a function of the rank SU" or S, i.e., we plot ef1,(S?", Dy) defined
in (68b) and

BnT — b7 O oo s
6bn_’_(5bn, by E%%)i ke{{r:lkacg’{(u)} I y (o, ug () (15 ) Il (i4) (76)
EIM y ) 1= Bnr o0 (454 ’

max ke{rl?k%?’((u)}n 27 (s wi (1) || o= (i)

with D, either equal to Diyain or to Dya1iq- For the validation set Dya1i4, we additionally plot the
relative EIM approximation errors

max || BI7 (p, ey (1)) — B (11, K (1))l 0o 35)
7CV(Sb"" ) — #E€Dyva1ia

7 (77)

Mg%)%iid HBTYLT(/M ucv(u)) ”f"o(ij)

6™ cv

and egpy " (S%") defined in (70b). Notice that for Tresca friction, we perform the EIM on the tangent
matrix BY7T(u; ug(p)) instead of performing it separately on the tangent matrices BY (u; ug(p)) and
BT (1; ug(p)). We see that the result is close to the one obtained for the frictionless case because the
contribution of BY (u; uk(p)) is negligible. Indeed, as can be seen in Figure 9 (Row 1), the Alart-Curnier
reformulation of the tangential stress is equal to £s almost everywhere (except at 3 nodes) which
results in the nullity of Gs(PJ (14; uk (1)) almost everywhere. For the same reason, the dependence of
the residual vector ©F (i, u(p)) on (i, k) is almost of rank one and therefore its EIM approximation
is very simple (5’97 = 3); hence, its relative EIM approximation error is not reported. Altogether, the
behaviour of the residual vector ©7(u, uy (1)) remains similar to that observed in the frictionless case.
We denote by e} (1) the relative RB approximation error on the tangential stress defined as

6’"7'(,u) = ”O'nr(ucv(u)) - UnT(uN»CV(M))HeQ(FC(M))
N HO’nT(ucv(M))HZQ(FC(#))

: (78)

21



error

—— EIM-TRAIN
| = EIM-VALID
—— EIM-VALID,cv

error

-6 { —+— EIM-VALID,cv

3 —— EM-TRAIN

—— EIM-VALID

Figure 11: Frictional Hertz test case, Nitsche’s method: Relative EIM approximation errors as a

function of the rank S or S" of the approximation. Left: €51y (S*"", Dirain), €ogm (S”", Dyaria)
nT . n n n gn n

and eboy CV(Sb ); Right: €%7,(S?", Dirain), €0my(S?", Dyaria) and egpy” (S9°).

and introduce the relative error measure €7, defined as

nrT N
eN max ‘=

79
nax en (1)- (79)

Figure 12 displays for Tresca’s friction the relative errors ey .. (left panel) and e}, .. (right panel)
as a function of the number of vectors composing the reduced basis. As for the frictionless case, we
only consider RB dimensions NV larger than 10 and the validation set Dya1iq is restricted to the interval
[0.7,1.18](m). In Figure 12, we superpose the plain RBM approximation error (without any EIM)
and the RBM-EIM approximation error. As for the frictionless case, we observe that similar errors
are obtained for plain RBM and RBM-EIM. This again confirms the satisfactory quality of the EIM
approximations at convergence.

—+— Plain RBM
10-3 4 —»— RBM-EIM

—— Plain RBM
—3— RBM-EIM

1.8x 1072

1.75% 1072

error
error

1.7x 1072

1.65x 1072

Figure 12: Frictional Hertz test case, Nitsche’s method: RBM approximation errors for |Dirain| =
61. Left: 6N max? nght eN max"*

5.3 Toward Coulomb friction
A more realistic model for friction is given by Coulomb conditions which read as follows:

lonr (w(p)l] < vrlonn(w(p))l, if ur(p) =0,
ur(p)

(30)
—rlomn ()| T

onr(u(p)) = otherwise,
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where vz > 0 is a given nondimensional coefficient (which can be taken to be constant for simplicity). A
rather well-established approach to solve the Coulomb frictional problem is to use a fixed-point method
on the Tresca frictional problem. Specifically, one introduces the mapping ¢(u;-) : V(u) — V()
defined for all v € V(i) by requiring that ¢(u;v) solves (38) with the threshold s := s°(p;v) with
s v) = vr| [P;fg(u; v)] _|. It is shown in [10, Thm 4.3] that, under certain conditions, the mapping
¢ (p; -) is contractive. Thus, the Coulomb frictional problem can be solved by means of a nested loop,
where the outer iteration index, say n, refers to the fixed-point iteration on ¢(u;-), and the inner
iteration index, say k, refers as in (38) to the iterative solution of the Tresca frictional problem.

HF solutions for the Hertz test case obtained using the above nested loop can be obtained to
generate snapshots for the parameter values from the training set. Three snapshots are illustrated in
Figure 13 (compare with Figure 9). Moreover, the set of snapshots can be compressed by using POD,

—— onptu()
AR

00 ~ ~ 02 -01 00 01 02 03 04 04 02 00
xerm xermw xeru

Figure 13: Frictional Hertz test case with Coulomb friction law, Nitsche’s method (HF).
nr(u(p)) and [P (15 w(p))]se(uu(uy)- Column 1: g = 0.7m. Column 2: y = 1.0m. Column 3:
p=1.3m.

leading to similar results to those obtained for Tresca friction (see Figure 10). The main challenge
within the current approach lies in the realization of the EIM since the nested iterative loop now
requires to separate the dependencies on the triple (i, n, k). To overcome this difficulty, one possibility
is to consider only converged solutions for the inner iteration (index k) when computing the EIM
decompositions of the tangent matrix and the residual. However, these decompositions turn out to be,
so far, rather inaccurate at the early stages of the iterative procedure, thereby hampering convergence.
This difficulty will be further investigated in future work.
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