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Piecewise line-search techniques for constrained
minimization by quasi-Newton algorithms

Jean Charles GILBERT!
September 1996

Abstract

Defining a consistent technique for maintaining the positive definiteness of the
matrices generated by quasi-Newton methods for equality constrained mini-
mization remains a difficult open problem.

In this paper, we review and discuss the results obtained with a new technique
based on an extension of the Wolfe line-search used in unconstrained optimiza-
tion. The idea is to follow a piecewise linear path approximating a smooth
curve, along which some reduced curvature conditions can be satisfied. This
technique can be used for the quasi-Newton versions of the reduced Hessian
method and for the SQP algorithm.

A new argument based on geometrical considerations is also presented. It shows
that in reduced quasi-Newton methods the appropriateness of the vectors used
to update the matrices may depend on the type of bases representing the tangent
space to the constraint manifold. In particular, it is argued that for orthonormal
bases, it is better using the projection of the change in the gradient of the
Lagrangian rather than the change in the reduced gradient.

Finally, a strong g-superlinear convergence theorem for the reduced quasi-
Newton algorithm is discussed. It shows that if the sequence of iterates con-
verges to a strong solution, it converges one step g-superlinearly. Conditions
to achieve this speed of convergence are mild; in particular, no assumptions
are made on the generated matrices. This result is, to our knowledge, the first
extension to constrained optimization of a similar result proved by Powell in
1976 for unconstrained problems.

Key words: constrained optimization, nonlinear programming, piecewise line-search, quasi-
Newton BFGS updates, reduced curvature condition, reduced Hessian method, SQP algo-
rithm, Wolfe’s line-search.

The paper is organized as follows. In Section 1, we give a succinct presenta-
tion of quasi-Newton algorithms for solving unconstrained and equality constrained
minimization problems. We recall what is the process to maintain the positive defi-
niteness of the updated matrices in unconstrained optimization and the difficulties
to extend this approach to constrained problems.

fINRIA Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France); e-mail: Jean-Charles.
Gilbert@inria.fr.



In section 2, we discuss the different choices of pairs (v, dx) that have been
proposed to update the matrices in the quasi-Newton versions of the reduced Hessian
and SQP algorithms. We also sketch the principles of the piecewise line-search
(PLS), further developed in Sections 4 and 5.

In Section 3, we present a new argument, based on geometrical considerations,
that can be helpful in determining the form of the pairs (v, dx) to use for updating
the matrices in reduced quasi-Newton algorithms. It is argued that, when ;. is
the change in the reduced gradient, the bases tangent to the constraint manifolds
should satisfy a so-called “zero Lie bracket bases” property, which is equivalent to
the existence of local parametrizations of these manifolds, whose derivatives give
the bases. If this property holds for the tangent bases computed by partitioning the
Jacobian matrix of the constraints, it is usually not satisfied when the tangent bases
are orthonormal.

Section 4 deals with the PLS technique for minimizing functions subject to equal-
ity constraints by reduced quasi-Newton algorithms. The technique is viewed as an
explicit Euler discretization of a smooth curve, along which a so called “reduced cur-
vature condition” can be satisfied, while decreasing a merit function. A new update
criterion is introduced, with which a strong g-superlinear convergence result can be
proved.

In Section 5, it is shown how the PLS technique can be used for the quasi-Newton
version of the SQP algorithm. A strategy to maintain positive definite the matrices
My, approximating of the Hessian of the augmented Lagrangian is presented. It is
based on two observations. The first one is that the penalty parameter can be set
to ensure d' Myd > 0 when d is not in the tangent space to the constraint manifold.
The second one is that the PLS can ensure the positivity of d'Md when d is in
this tangent space. The update scheme combines these two ideas without having to
switch between them.

We end the paper with a conclusion section listing a few open problems.

1 Quasi-Newton algorithms

In this section, we present quasi-Newton algorithms for solving unconstrained (Sec-
tion 1.1) and equality constrained (Section 1.2) minimization problems. We restrict
our presentation to line-search methods and to algorithms having the potential to
converge one step g-superlinearly (or one step g-quadratically, when second deriva-
tives are computed). We emphasize the similarities between the approaches.

1.1 The Wolfe line-search in unconstrained optimization

Consider the problem of minimizing a smooth function f : R™ — R, which we write:

min f(x). (1.1)



Descent direction algorithms solve problem (1.1) by generating a sequence of
approximations xj € R"™ of a solution z, of (1.1). These iterates are obtained by the
recurrence

Tpy1 = Tk + agdy,

where dj, is a descent direction of f at xj, which means that f’(x) - dp < 0, and
ap > 0 is a step-size found by a technique called line-search. The aim of this
technique is, in particular, to force the decrease of f at each iteration. Frequently,
this is controlled by requiring ay to satisfy the inequality

fzr + agdg) < flag) + wlaka(xk)Tdk, (1.2)

where w; € (0,1) is a constant and V f(z,) denotes the gradient of f at zj, associated
with the Euclidean (or ¢3) inner product. Since the last term in (1.2) is negative, f
decreases at each iteration.

The type of direction d characterizes the minimization algorithm. In quasi-
Newton methods, this direction takes the form

dy, = =M 'V f (),

where M}, is a nonsingular symmetric matrix approximating the Hessian of f at xy.
In practice, it is suitable to maintain M), positive definite, for two reasons that we will
meet again when we will consider algorithms for constrained problems. First, this is
natural since the Hessian of f is positive definite at a strong minimum, i.e., a solution
of (1.1) satisfying the second order sufficient conditions of optimality. Secondly, this
makes dj, a descent direction of f at xx: f'(vg) - dy = —Vf(2g) "M 'V f(xr) < 0,
when zj is not stationary.

The way of maintaining the positive definiteness of M}, is the central theme of
this paper. In unconstrained optimization, it is obtained by a nice combination of
ideas. First M} is updated by a formula that allows this property to be sustained
from one iteration to the next one. An example, which is very efficient in practice,
is the BFGS formula:

Mydpdl My ey
Sy M0y, ST

Mgy = My — (1.3)

In (1.3), v, and d; are two vectors of R™; 7 gives the change in the gradient of f
and ;. is the step between two successive iterates:

Ve = Vf(xre1) = Vf(xr) and 6 = pp1 — 2 = ody.
Since Mj41 defined by (1.3) satisfies the so-called quasi-Newton equation

Ve = Mj110, (1.4)



it incorporates information from the Hessian of f. On the other hand, taking the
inner product of the two sides of (1.4) with 0 gives ’ygék = 5£Mk+15k. Hence, if
M1 is positive definite, one has

i > 0. (1.5)

An interesting property of formula (1.3), which will play a key role in this paper, is
that the converse is true: when M}, is positive definite and (1.5) holds, then M}
is also positive definite. This implies that satisfying (1.5) is crucial for the success
of the algorithm.

In unconstrained optimization, (1.5) is realized by the line-search. The so-called
Wolfe line-search [50, 51] is the appropriate concept. It finds a step-size o > 0
satisfying (1.2) and

V fay + ardy) dy, > waV f () Tdy,, (1.6)

where w; < wy < 1. These two conditions (1.2) and (1.6) can be satisfied simulta-
neously under mild assumptions and there are specific algorithms that can realize
this; see [21, 36, 37, 2]. By subtracting V f(z1)"dy from both sides of (1.6), we see
that (1.6) implies (1.5), so that we finally have the series of implications:

(1.6) = 46, >0
= M1 is positive definite

== dp+1 is a descent direction.

All of this is described in detail in textbooks or review articles such as [31, 18,
22, 45, 19, 38, 23].

If satisfying inequality (1.5) is mandatory to maintain the positive definiteness
of the updated matrices, the way of satisfying it in constrained optimization is still a
subject of debate and research. In this paper, we describe a step-size determination
process that implies (1.5), so generalizing the Wolfe line-search. Note that, for
constrained problems, v is no longer the change in the gradient of f. Also, the
meaning of v and its size change according to the algorithm considered.

1.2 Two classes of quasi-Newton algorithms for constrained prob-
lems

Consider now the problem of minimizing a smooth function f : R™ — R subject to
equality constraints given by a smooth function ¢ : R” — R™ (m < n):

{ min £ (1.7



We consider problems with equality constraints only. Algorithms dealing with in-
equalities are often of two types: active set methods (see [31, 22]) or interior point
methods (see [7, 14, 17]). These algorithms may have to solve subproblems like
(1.7), so that algorithms for solving (1.7) are also interesting in that case.

The optimality conditions at a solution x, of (1.7) can be written: there exists
A« € R™ such that
Vil(zy,As) =0

(7, -

where £(z,)\) = f(x) + ATe(z) is the Lagrangian of the problem and V denotes the
gradient with respect to x. The existence of A, is ensured when the m x n Jacobian
matrix of the constraint at the solution A(z,) = (x4) is surjective. We assume
that A(z) = ¢(z) is surjective for all z € R™.

Remark 1.1. Below, more hypotheses will be made on the problem data. Some of
them are very restrictive when they are assumed to hold for all x € R™ (for example,
the existence of a continuous field of bases tangent to the constraint manifold). It
would be cleaner to specify the open set €2 containing x, on which these hypotheses
hold. However, the case when 2 # R" is more complicated to describe, since the
line-search has to control the step-size such that the next iterate is also in €2. To
avoid unnecessary complications, which would hide the essence of the algorithms,
we will not do so, knowing that simple modifications can take into account the case
when Q # R".

The SQP algorithm

The Sequential Quadratic Programming (SQP) method determines the search di-
rection dy at an iterate (zy, A\;) by solving the quadratic program in the variable
deR™

(1.9)

min Vf(:L'k)Td + %dTMkd
c(zy) + A(mk)d =0,

where My, is the Hessian of the Lagrangian evaluated at (zx, Ax) or an approximation
to it (see [22, 30, 5)).

It also makes sense to force M, to be an approximation of the Hessian of the
augmented Lagrangian

£, 0) = €, N) + S le(@)]3,

where || - ||2 denotes the fo-norm (see [34, 48, 49]). This is the point of view that
we take in this paper since, for 7 sufficiently large, V24, (x4, \,) is positive definite
at a strong solution of (1.7) (a solution satisfying the strong sufficient conditions of
optimality), so that it is reasonable to update positive definite approximations Mj.



As in unconstrained problems, another reason to maintain M), positive definite is
that the solution dj of (1.9) can be a descent direction of the merit function

Oq(x) = f(x) + alle(@)|», (1.10)

where o > 0 is a penalty parameter and || - ||, denotes an arbitrary norm on R™.
Indeed
O (ks di) = —dy Mydy, + (A7) e(an) — olle(zn)

where AZ" is the multiplier associated with the constraints in (1.9). Hence O/, (zy; dy,)
is negative if M}, is positive definite,

o> [N s (1.11)

and xy is not stationary for (1.7). We have used the dual norm

lull, = sup u'w.

l[oll p=1

For the globalization of the SQP algorithm, i.e., for forcing its convergence from
a remote starting point z;, the following property is important. When o > ||A\.]|,,
a strong solution of (1.7) is a strict local minimum of ©,: O, is said to be an
exact penalty function. In that case, ©, can be used to measure the progress to
optimality and to determine the step-size «j along the descent direction di. The
natural extension of inequality (1.2) is then

@Uk (Jfk + akdk) < @Uk (a:k) + wlak@;k (xk; dk) (1.12)

In this inequality we have allowed the penalty parameter op to change at each
iteration to satisfy (1.11). To ensure convergence, the step-size cannot be too small
and, for example, can be determined by backtracking [3]. Then, the next iterate is
set to

Tkl = g + apdg.

The reduced Hessian algorithm

The reduced Hessian algorithm is particularly useful when n—m < n, because, as we
will see, its quasi-Newton version, also called reduced quasi-Newton algorithm, needs
to update matrices of order n — m only, while the SQP method requires updating
matrices of order n.

An iteration of the reduced Hessian algorithm consists of two stages; see [11,
35, 26, 8]. Starting an iteration at zj; € R™, a tangent step tj is first computed by
solving the quadratic program in the variable t € R™:

{ min V f(zx) 't + 2t Myt (1.13)

A(mk)t = 0,



where M}, is again the Hessian of the Lagrangian or an approximation to it. This
problem is similar to (1.9), except that ¢ is now in the null space of A(z) which is
also the tangent space at zjp to the manifold

Mg, ={x e R": c(x) = c(zp) }.

Therefore, only the part of M), acting on this tangent space is visible by the algorithm
(M, is not used in the second stage of the algorithm). It is that part that will have
to be updated in the quasi-Newton version of the method.

Next, a Newton-like direction 7 for solving the second equation in (1.8) is de-
termined. For this, one uses a right inverse A~ (xy) of the Jacobian A(zy) (hence
A(xp)A™ (z) = I, € R™*™) and one computes

r = —A7 (z)e(xg + tg). (1.14)

Finally, in the local algorithm (without line-search), xx1 is set to xy + tg + rg.

Now, let Z~ (1) be a basis of the null space N (A(xy)) of A(zy), i.e., an nx (n—m)
injective matrix such that A(zg)Z~ (zx) = 0. Then, the solution of (1.13) can be
written

te = —Z~ ()G ' g(an), (1.15)
where G, = Z~ (1) MpZ~(x1,) is or approximates the reduced Hessian of the La-
grangian
Gz, \) = Z7(2)'V2(x,\)Z™ (z)
and
g(x) = Z (z)"Vf(x)

is the reduced gradient of f.

Note that for any choice of right inverse A™(z) of A(z) and basis Z~(z) of
N(A(z)), there exists an (n —m) X n matrix Z(z), uniquely determined by

A (2)A(x) + Z7 () Z () = L. (1.16)
We deduce from this that
Z(x)Z () = Ih—pm and Z(x)A™ (z) = O(n—m)xm>

so that Z~ (z) is a right inverse of Z(x).

When G}, is a quasi-Newton approximation of the reduced Hessian of the La-
grangian, it is interesting to maintain this matrix positive definite for two reasons
similar to those met in Section 1.1 for unconstrained problems and in this section for
the SQP algorithm. First, the reduced Hessian of the Lagrangian is positive definite
at a strong solution of (1.7). Secondly, when Gy, is positive definite and g(x) # 0,
the directional derivative

O, (zritr) = —g(xx) Gy g(an),

7



is negative, making t; a descent direction of O,, at .

Then, the globalization of the reduced quasi-Newton algorithm can be done along
the following lines [26, 28], similar to those followed above. Since the direction ry,
is computed by evaluating functions at two different points, xp and xj + tx, there
is no guarantee that ¢, + r;, will be a descent direction of ©,, at x;. On the other
hand, introducing

rp = — A~ (zp)c(a), (1.17)

we observe that
O, (z;tr + 1) = —g(ar) Gy g(wr) + Ma) Te(ar) — onlle(zi)| »,
where A\(x) is the multiplier estimate
MNz) = —A~ (2) V(). (1.18)
We deduce from this that t; + rQ is a descent direction of ©,, provided
o > Azl

and zy, is not stationary for (1.7). Therefore, if oy, is sufficiently large, one can force
the decrease of ©,, by determining a step-size aj, > 0 along the quadratic curve
joining xj and xj + ty + 7, and tangent to t + 7‘2 at xp,

a s pi(a) =z, + alty +19) + a’(ry — rY).
The step-size will be determined, for example by backtracking, so that
Ooy (Ph(r)) < Oy () + w1000}, (st +17). (1.19)

The next iterate is then set to zg11 = pY(ay).

1.3 Realizing ~/d;, > 0

If we compare the two algorithms of the previous section, with the unconstrained
algorithm of Section 1.1, we see that what is missing in the algorithms for constrained
problems is the counterpart of condition (1.6), which ensures the inequality 7,15;g >0
and by that the positive definiteness of the updated matrices.

In constrained optimization, realizing 7,15;g > 0 is a much harder task, at least
if one tries to mimic the Wolfe line-search used in unconstrained optimization. Re-
mark, however, that once this condition is realized and is compatible with the in-
equalities (1.12) or (1.19), the algorithms are quite simple to implement, since they
amount to do what is sketched in Section 1.2. In Sections 4 and 5, we dissect the
content of the black boxes, introduced in [29, 1], that realize the condition ’y,Iék > 0,
by means of a step-size determination process.



Regardless of the meaning of v, and 6, there is always the possibility to get
’ygék > 0 by using the modification of the BFGS formula suggested by Powell [43].
In that approach, the vector ~i is modified to 4y = 0y, + (1 — 6) My, where My,
stands for the matrix to update and 6 is the number in (0, 1], the closest to 1,
such that the inequality ) 0x > 1] M0y is satisfied (the constant € (0,1) is
usually set to 0.1 or 0.2 [41, 44]). Then 7 is used instead of 74 in the BFGS
formula (1.3). Powell’s correction of 4y is certainly the most widely used technique in
practice. Its success is due to its appealing simplicity and its usually good numerical
efficiency. We believe, however, that this technique is not satisfactory for at least
three reasons: (i) it is hard to figure out what part of the problem data is taken into
account by this modification, (i) the asymptotic r-superlinear rate of convergence
that can be proved in theory [42] is not as strong as one could expect; the stronger
g-superlinear convergence that is obtained by the BFGS algorithm for unconstrained
problems would be more satisfactory, and (7ii) the technique can yield artificial ill-
conditioning of the updated matrices, deteriorating the numerical efficiency of the
algorithms (see [46, p. 125] and [44]). These facts have motivated further studies
(see also [13, 33, 4, 15]).

2 Choices of 7, and ¢, for constrained problems

Let us now consider how to choose the vectors 7, and d; in the algorithms de-
scribed in Section 1.2. If we denote by M, the matrix at the optimal point that is
approximated by M}, what must guide us is the necessity to have

Tk — M*ék
[0k |

This estimate is required by the asymptotic analysis. Observe that this rule is
satisfied in unconstrained optimization, since M}, approximates V2 f(z;) and, when
the Hessian of f is Lipschitz continuous and x; — ., one has v, = V2f(x)6 +
O([I6k]1?) = V2 f(2:)dk + o([|0k ), when k — oo.

In this section, we limit the discussion on the choices of 4 and ¢ for algorithms
without line-search, since the line-search techniques described in Section 1.2 will be
modified anyway. Our aim is to give insight into what 4 and §; should be near the
solution and to make explicit the difficulties that are encountered.

— 0, when k& — oc. (2.1)

2.1 Vectors 7, and ¢; in reduced quasi-Newton algorithms

Let us consider first the choice of v, and d; in reduced quasi-Newton algorithms.
We observe that, since the reduced gradient is given by g(z) = Z7(z)'Vf(z) =
Z7(x)TVe(z, )\,), its derivative at a stationary point z, is

(@) =2 (x.) L, (2.2)



where L, = Vzﬁ(az*, A« ) is the Hessian of the Lagrangian with respect to x at (x., A«).

Since the updated matrices Gy, must approach the reduced Hessian of the La-
grangian at the optimal point, G, = Z7(x,) L. Z ™ (z,) = ¢'(x.)Z " (x4), the rule
(2.1) and formula (2.2) suggest to take

Ve = 9(zp + te) — g(zp)
{ O = Z(:Ek)tk. (2'3)

Indeed, with this choice t; = Z~ (zx)dr and, when ¢’ is Lipschitz continuous, we
have
= Z" (@) Lty + o(|[t]l) = Gu6k + o(||6k]]),  when k — oo. (2.4)

Another possibility is to take

{ %% = 2 () (Ve + ti ) = VE(ok, M) (2:5)

5k = Z(xk)tk,

where \; is A(z) or the multiplier associated with the constraints in (1.13). If f”
and ¢’ are Lipschitz continuous, we obtain the same estimate (2.4) when (g, \x)
converges to (T, Ax).

Other formulas are proposed in [12, 39, 9]. Close to a solution, they are all
equivalent, so that an asymptotic analysis cannot distinguish between them. Now,
their global efficiency can be very different. In Section 3 below, we bring a new
argument that can help in selecting one of these formulas according to the choice of
tangent bases Z~.

The choices of v and d; mentioned above are safe, since they yield (2.1), but they
can be very expensive in computing time. They require indeed linearizing functions
(i.e., computing V f, A and sometimes Z~) at the intermediate point xy + ), while
this linearization is not necessary in the local method of Section 1.2. Therefore,
researchers have suggested to avoid this linearization by taking

= glwes1) — glzr) or =2 (xx) (VOzr41, M) — VEze, M) (2.6)

and to update the matrix Gy only when the update with this new ~; looks safe.
The difficulty with these values of ~ is that the estimate (2.1) no longer holds. To
measure the appropriateness of an update, a possibility is to compare the length of
the tangent step t; to the length of the restoration step r;. An update can occur if
the update criterion

7l < it (2.7)

holds [39, 24]. The sequence {py} in (2.7) has to converge to zero if Gy, is updated
infinitely often. The aim of (2.7) is to select the iterations where the cheap v (given
by (2.6)) and the safe v (given by (2.3) or (2.5)) are similar because zj + ¢ and
Zr+1 are closer and closer to each other relatively to the distance between xj, and

10



xg +tg. It is not difficult to see that when (2.7) holds with pg — 0, v, given by one
of the formulas in (2.6) and d; = Z(xy)ty satisfy (2.1).

The update criterion (2.7) works well in theory [39], even in a global framework
[25, 28], but in practice the numerical results are sometimes disappointing. Now, the
criterion (2.7) is rather crude because there is no need to have a small transversal
displacement 7y to update the matrix. This is particularly clear when formula (2.3)
is used for «,. We see that what is necessary for a safe update is to have g(zj11)
close to g(zx +tr), which can occur even if zj11 and xy, + ) are far from each other,
provided these two points are close the same reduced gradient manifold. In other
words, and this formulation of the remark is also valid when the step-size differs from
one, the useful information to update Gy is the tangent first order approximation
of the vector joining x; and the intersection of the constraint manifold and the
reduced gradient manifold. To our knowledge, there is no update criterion based on
this observation. We believe that this topic deserves more attention.

Now that the asymptotic criterion (2.1) has led us to appropriate formulas for
v and Jg, one can ask whether a line-search can help in getting 7,161€ > 0. The
answer is negative in general, even if a search is made along the tangent direction #j.
An example with (2.3) is given in [27]. Therefore, more sophisticated step-size
determination techniques have to be introduced. This is the matter of Section 4.

2.2 Vectors 7, and ¢ in the SQP algorithm

Let us now consider the case of the SQP algorithm and let us use the same criterion
(2.1) for determining ~yx and 0.

Since M}, may approximate the Hessian of the augmented Lagrangian, a first
possibility is to use

Tk = veT(xk—l—la )\?P) - vg‘l‘(‘rlm )\gp)
Ok = Tgt1 — Tk

where A\?" is the dual solution of (1.9) (see [34, 48, 32]). This approach has however
serious practical difficulties: (7) a priori knowledge of the threshold value of 7 making
positive definite the Hessian of £, at the solution is generally unavailable, (i7) large
values of 7 present severe numerical problems (examples are given in [48, 39]), and
(¢i7) far from the solution, there may be no value of 7 and no step-size along dj, that
make the inner product 7,15;g positive.

Some of the inconvenients of the preceding formula can be overcome by tak-
ing advantage of the structure of the Hessian of the augmented Lagrangian at the
solution:

V2, (24, M) = Ly + 7A(z,)  A(y). (2.8)

11



This suggests to take [49]

(2.9)

Ve = Vf(:l?k_i_l, )\gp) — Vf(:ﬂk, /\gp) + TA(ﬂjk)TA(ﬂjk)5k
Ok = Thy1 — Tk

The inner product of v and §j is then
-
Yok = (V@i AF) = Vi, AF)) 8 + 7| )3 |,

so that, one can get 7,161€ > 0 by taking 7 sufficiently large, as long as A(xy)dy # 0.
It is clear that this strategy does not work when A(xy)dy is numerically zero and
ygék is negative. In [10], Byrd, Tapia, and Zhang propose the back-up strategy
that consists in replacing A(zy)  A(z)d, by 6 in formula (2.9) when A(xy)dy is
small and ygék is not sufficiently positive. Then the positivity of 7/15;g can be
obtained as before by taking 7 sufficient large. Numerical experiment in [10] has
shown that this approach is numerically competitive with Powell’s correction of the
BFGS formula. They also proved that the convergence of the sequence {zy} implies
its r-superlinear convergence and even its g-superlinear convergence if the penalty
parameter 7 is eventually maintained fixed and sufficiently large. This nice result is
not completely satisfactory because the threshold value for 7 giving the g-superlinear
result is usually unknown.

An interesting aspect of the approach in [10] is to give an update rule for the
penalty parameter 7. Clearly, the technique appropriately deals with the transversal
component of the matrix M} (its action in the range space of A') by setting the
parameter 7, but it needs a backup strategy for its longitudinal component (its
action in the null space of A). In particular, when the constraints are linear and the
iterates are feasible and away from the solution, the back-up strategy may often be
active, which is not very desirable. It is clear that in this particular case Wolfe’s
line-search would overcome the difficulty. In Section 5, we will present a technique
combining the use of 7 for dealing with the transversal part of My and a piecewise
line-search that takes care of the longitudinal part of M.

2.3 Principle of the new approach

The piecewise line-search (PLS) techniques presented in Sections 4 and 5 are based
on the following principle. First, it is observed that a so-called reduced curvature
condition can be satisfied along a curve that is defined as the solution of an ordinary
differential equation. This condition implies the positivity of ’y,Idk, in the same way
as (1.6) implies (1.5). Computing a step-size by moving along this curve would be
computationally too expensive in general. Also, a piecewise linear approximation
of the curve is introduced, using an explicit Euler discretization. At each point
of discretization, the reduced curvature condition is tested. If it holds the PLS is
interrupted; otherwise, the search is pursued along a new direction.
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3 Geometrical considerations

When the pair (g, dr) used to update the matrix Gy, in the reduced quasi-Newton
algorithm is defined by (2.3), one has

Vi = </01 g (xr + aty) 2™ () d@) O

Therefore, (yg,0)) collects information from a matrix close to ¢'(x)Z~ (z). This
section addresses the question of the symmetry of this matrix. This is a very de-
sirable property. Indeed, the pair (y,0x) is used to update the symmetric matrix
Gy, so that it is better when (v, 0;) does not contain useless information from an
unsymmetric matrix.

The matrix ¢'(z)Z~(x) is clearly symmetric at the solution, because by formula
(2.2), ¢ (2.)Z () = Z~ (24) 'L Z () is the reduced Hessian of the Lagrangian.
But away from x,, this matrix may not be symmetric. An equivalent condition to
the symmetry of ¢'(z)Z~(x) is given in Proposition 3.1 below. It uses the following
definitions. For further details on the geometrical concepts used in this section, we
refer the reader to [47, 6, 16, 20].

A wector field on R™ is a smooth map X : R" — R™. The Lie bracket of two
vector fields X and Y on R" is the vector field on R", denoted by [X, Y] and defined
by

X, Y](2) = V'(2) - X(2) — X'(2) - Y (@),
In this formula, Y’(x) - X(z) denotes the usual directional derivative at z of the
function Y in the direction X (z). It is not difficult to show that if X and Y are
tangent to a submanifold of R” in an open neighborhood of a point x, then [X,Y]
is also tangent to this submanifold in this neighborhood.

Suppose that the function ¢ : R™ — R™ defining the constraints in (1.7) is smooth
and has surjective Jacobian matrices A(x), for all z € R™. Then, the set

M, ={yeR":c(y) =c(z)}

is a submanifold of R". Let be given a smooth map = € R" — Z~ (z) € R»*(—m)
such that the columns of Z~ (z) span the null space of A(x) (see Remark 1.1). We
denote by Z the vector field defined by the kth column of Z~. These vector fields

are tangent to the manifolds M, so that their Lie brackets [Z7, Z ] are also tangent
to these manifolds.

Proposition 3.1. The matriz ¢'(x)Z~ (x) is symmetric if and only if
Vi) L[Zy, Z7](x), forallk,le{l,....,n—m}. (3.1)

In particular, ¢'(x)Z~ () is symmetric when g(z) = 0.

13



Proof. Denoting by {ex} the canonical basis of R"~", we have

end (£) 27 (x)e; = gi(x) - Z7 (x).

)

Using gi(z) = Z3(x) 'V f(2),

erd (2)Z” (w)er = ((Z,)' (x) - Z () "V [ (2) + Z3(2) 'V f(2) Z] ().
Therefore ¢'(x)Z~ (x) is symmetric if and only if (3.1) holds.

When g(z) =0, Vf(z) is perpendicular to the tangent space to M, at x. Since
[Z7%: Z7](x) belongs to that space, (3.1) holds and ¢'(z)Z~ (z) is symmetric. O

Since at a non stationary point, V f is arbitrary, the only way to be sure to have
Vf(z) perpendicular to [Z7,Z7](z) is to choose tangent bases Z~ with zero Lie
bracket columns. As shown in Proposition 3.2, this last property is equivalent to the
existence of local parametrizations of the manifolds M, whose derivatives give Z~.
Before making this statement precise, we recall the definition of a parametrization.

A parametrization of the manifold M, around y € M, is a map ¢ : U —
M, defined on an open set U of R"™ such that y € ¢(U), ¢ : U — (U) is a
homeomorphism when ¥ (U) is endowed with the topology induced from that of R™,
and 7 o ¢ (i denotes the canonical injection from M, to R™) is smooth and has
injective derivatives (i o 1)’(u) for all u € U.

Proposition 3.2. Consider the vector fields on M, given by the columns of the
tangent bases Z~. The Lie brackets [Z,Z7|(y) =0 for k,l € {1,...,n —m} and
all y € My in a neighborhood of x z'f' and only if there exists a parametrization
YU = My of My around x such that for all u € U, (i o) (u) = Z~(¢¥(u))
(¢ denotes the canonical injection from M, to R™).

It is easy to see that the if-part of the proposition holds. For this, assume
the existence of a parametrization ¢ with (i o ¢0)'(u) = Z7(¢(u)) and let k,l €
{1,...,n—m}. Then, for v € U and y = ¥(u), one has

(o) (u) - ex = Z 3 (1h(u)),

)

(i) (u) - (ex,er) = (Z)'(y) - Z; (y)-

Therefore [Z7, Z7](y) = 0 by the symmetry of (v1,v2) — (i 0)"(u) - (v1,v2). The
only-if-part is more involved. For a proof, see [16, Theorem 4.3.1].

For the interpretation of the search algorithm described in Section 4, we will
need one of the two equivalent statements of Proposition 3.2, which we quote in the
form of an assumption.

14



Assumption 3.3 (zero Lie bracket bases). The tangent bases Z~ are such that
for all z € R™ there exists a parametrization ¢ : U — M, around x such that
(i o) (u) = Z=(¢p(u)) for all u € U (i denotes the canonical injection from M,
to R"). Equivalently, the Lie brackets [Z}, Z |(z) = 0 for k,l € {1,...,n —m} and
r € R".

Combining Propositions 3.1 and 3.2, we see that when Assumption 3.3 holds, the
matrix ¢'(z)Z~(x) is symmetric for all x € R™. In fact this statement is also a
consequence of the following simple calculation.

Proposition 3.4. Suppose that ¢ : U C R"™™ — M, is a parametrization of M,
around x such that (i o ) (v) = Z~(¥(u)) for all w € U. Then, for u € U and
y = ¥(u), one has

92 (y) = V*(f o) (u).
Proof. By definition of g, we have for u € U, y = ¢(u), and v, € R*™™

(fo) (u) v = f'(¥(u) - Z~ (¢(u))vr = g(eb(u)) v1.

Differentiating again in u in the direction v € R™™" gives

(f o) (u) - (vi,v2) = v g' () Z™ (y)va.
Hence the result. O

The question that arises now is whether the usual ways of computing tangent
bases give rise to matrices Z~ satisfying Assumption 3.3. The answer is positive for
the tangent bases obtained by partitioning the Jacobian A and is usually negative
for orthonormal bases, including those obtained by the QR factorization of AT. Let
us consider these two cases successively.

Since A(z) is surjective, it has m linearly independent columns, which, for sim-
plicity, will be supposed to be the first ones. Then, the Jacobian of ¢ can written

where B(x) is an order m nonsingular matrix. Clearly, the columns of the matrix

7 (2) = (_B ()N (“’)> (3.2)

In_m
form a basis of the null space of A(x).

Proposition 3.5. The tangent bases given by (3.2) satisfy Assumption 3.3. In par-
ticular, for these bases, ¢'(x)Z~(x) is a symmetric matriz.
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Proof. Let us partition the components of y € R" in (§,u), with £ € R™ and
u € R™ ™. Then, by the implicit function theorem, the nonsingularity of B(z)
implies the existence an implicit function u € U +— &(u) € R™, where U is an
open set of R"™™, such that ¢({(u),u) = ¢(z) for all w € U. The parametrization
satisfying Assumption 3.3 is ¢(u) = (£(u),u). Then, by proposition 3.4, ¢'(x)Z~ ()
is symmetric. O

The situation is completely different when the columns of Z~(z) are chosen to
be orthonormal, i.e., Z~(z)'Z~(x) = I,,_,, for all x, no matter how this matrix is
computed. To explain this, we use an argument from Riemannian geometry (see for
example [20]). Let z be a point fixed in R™. With the bases Z~, one can associate
a Riemannian structure on the manifold M, by defining the inner product of two
tangent vectors X = Z (y)u and Y = Z (y)v at y € M, by g(X,Y) = u'v.
If Assumption 3.3 holds, it gives parametrizations v, which are local isometries
between R”~™ and (M,,g). Indeed, 1)*g is the inner product of R"~™:

(¥*g)(u,v) = g(thsu, Yuv) == g(Z ™ (y)u, Z~ (y)v) = u'v,

where 1, and ©¥* denote the tangent and cotangent maps associated with . A
consequence of this is that the Riemannian curvature of (M,,g) is zero, as the
one of R"™™. Now, if the columns of the matrices Z~ (y) are orthonormal, the
Riemannian structure of (M, g) is also the one induced by R"™ on M, considered as
a submanifold of R", say (Mg, g, ). Indeed, for this induced Riemannian structure,
the inner product of X = Z~ (y)u and Y = Z~(y)v is the one in R™:

9,(X.Y)=X"Y =u'Z(y) Z (y)v=u"v=g(X,Y),

by the orthonormality of the columns of Z~(y). Therefore, always under Assump-
tion 3.3, we have shown that the Riemannian curvature of (M, g, ) is zero (it is the
same as the one of (M,, g)). This property is satisfied by very particular submani-
folds of R™. For example, it occurs when M, is an affine subspace of R” or a cylinder
(the product S' x E of the sphere of dimension one S' and an affine subspace E).
Therefore, when Z~ has orthonormal columns, Assumption 3.3 is rarely satisfied
and the matrix ¢'(z)Z~(x) is not necessarily symmetric.

The conclusion of this discussion is that when the pairs (7, dx) used to update
the matrix Gy are given by (2.3), one should use tangent bases Z~ satisfying As-
sumption 3.3, in order to have ¢'(x)Z~ (x) symmetric. In particular, formula (3.2)
is suitable, but orthonormal bases are usually inadequate.

Finally, note that the question of the symmetry of ¢'(x)Z~ (z) does not arise when
one uses the pairs (7, 0x) given by formula (2.5), since these pairs collect information
from a matrix close to Z~(y) V24(y,\)Z~(y), which is always symmetric.

We believe that the comments given in this section could explain the much better
efficiency of the reduced quasi-Newton algorithm tested in [29], which uses the pairs
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(Vk, Or) given by (2.3), when the bases satisfy the zero Lie bracket bases assump-
tion 3.3. Further numerical tests should be necessary to confirm this impression.

4 PLS for reduced quasi-Newton algorithms

4.1 Longitudinal search

Suppose that Assumption 3.3 holds. Then, the parametrizations ¥ can be used to
interpret algorithms in R™ as piecewise linear approximations of the image by v of
algorithms defined in the reduced space R"~"™. For example, let ¥y, : U — My,
be a local parametrization of the submanifold M, around zj = ¥y(ug), up € U,
satisfying (i o ¢) (u) = Z~ (¢Y(u)), for all u € U. A quasi-Newton algorithm in
R™™ ™ whose search path has the form

o — up + ady (5k = —G;lg(ﬂjk)),

in R™"™"™  is transformed by 9y, in the curve o — pg (), solution of the differential
equation

Pi(a) = Z7 (Pr(a))

ﬁk(O) = T.

The first order approximation of the path a — pg(a) is a — zp + aty, where ¢y is
the tangent step (1.15) of the reduced Hessian algorithm.

The interest of this interpretation is that we know that under mild assumptions
the Wolfe conditions (1.2) and (1.6) can be satisfied in the linear space R”~" on the
function (f o ¢) along the direction ;. This implies that one can find a step-size
ag > 0 such that (0 < wy < wy < 1):

(f o tn)(ur + ardr) < (f o tp)(ur) + wiow(f o ¥p) (ur) - O,

(f o wk)'(uk + akék) . 6k > w2(f o q/zk)'(uk) . (5k (4.1)

Using the merit function ©,, defined by (1.10) and the properties of the parametriza-
tion vk, these conditions can be rewritten (note that ¢(px(a)) remains constant):

Ou, (P (k) < O, () + wiang(ar) ' 6k, (4.2)

9(Pr(ar)) "o > wag(wr) O (4.3)

The last inequality is called the reduced curvature condition. This inequality is very
interesting because it implies that (g(pr(ax)) — g(xx)) 6 > 0, which is the desired
inequality ’Y;I&c > 0, provided 7, is the change in the reduced gradient between the
points x and pg(ay).

Let us stress the fact that the step-size oy, satisfying (4.2) and (4.3) exists with-
out Assumption 3.3, as this can be observed by using the same argument as in
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unconstrained optimization (assuming the boundedness of ©,, from below on the
manifold M, ). This assumption was only used to view the path o — pi(a) as the
image by vy, of a straight line in the reduced space.

Two operations are necessary to derive an implementable algorithm from the
path pg. First a discretization of p;p must be introduced. This one can be done
such that a sufficient decrease of the merit function ©,, and the reduced curvature
condition hold also along the discretized path. Next, a restoration step rj (see
(1.14)) has to be added to complete the iteration, in order to force the decrease of
the norm of the constraints. This approach was developed in [27].

4.2 Longitudinal and transversal search

For some applications, the algorithm outlined in the last paragraph may be too
expensive to use. Indeed, even if a single step is performed in the longitudinal part
of the algorithm (formed by the discretization of the path pg), the functions have
to be linearized twice per iteration: at xj and xj + agti. In fact, one can view
this algorithm as a globalization of the local reduced quasi-Newton algorithm, in
which the matrix Gy, is updated with the pair (v, dx) defined by (2.3), requiring the
additional linearization at the intermediate point xj + tg.

A way of avoiding this additional linearization is to add a transversal component
(in the range space of A7) to the derivative of py and to define a new search path

Pr by
(@) = 27 (51(0))d — A= (s 0))e(s(0) )
pr(0) = zy,

where §, = —G,;l g(zk), as before. The first order approximation of this path is

o+ o + a(ty + 1), where r) is defined by (1.17). This is a simplified version of
the reduced Hessian algorithm, 7"2 being used instead of 7.
Under the assumptions

g A~ =0 and ¢ Z  is constant on the reduced gradient manifolds,

one has g(pr(«)) = g(pr()), as long as both paths py and py exist [29]. In this case,
the same interpretation holds for a search along py, and py: realizing g(py (o)) "0 >
wag(xy) "y is equivalent to realizing (4.1) in the reduced space. These conditions
are used to give an interpretation to the search along pi in terms of a search along
a straight line. Now they are not necessary to be able to find an adequate step-size
along py, as shown by the following proposition [29].

Proposition 4.1. Suppose that the path o — pr(«) defined by (4.4) exists for a
sufficiently large step-size a > 0, that O, is bounded from below along this path,
that o > [[AN(pr(@))||, whenever py(c) exists, and that we € (0,1). Then, the
inequalities

O0 (Pr()) < Ogy (i),

18



9B ()" Z(x)ty > wa g(wr) " Z (xp )t (4.5)

are satisfied for some o > 0.

Again, the reduced curvature condition (4.5) is very attractive, since after discretiza-
tion of the search path, it provides the desired inequality ’Y;I&c > 0, this time with
Yk = g(xp11) — g(x), hence without having to linearize the functions at the inter-
mediate point xj + t.

Like for the longitudinal search, it remains to discretize the path py to obtain
an implementable algorithm. Let us denote by ozg =0< oz,l€ << o =g
the discretization step-sizes, which are not given a priori but computed as explained
below, and by % the points approximating pr(ad) (with 20 = zy and z* = zp41).
An explicit Euler approximation gives

it = ol + (o —ad)dl, i=1,... 0 1,
where
k=2 (x})0k — A (x)c(p,)-
For i = 1,...,i; — 1, the step-size a‘f! is determined such that O, decreases
sufficiently:

Oo, (zh + (af —ap)dy) < O, (x}) +wi(a) —a}) 65, (a): dy).

The first intermediate point m}g is determined in a slightly different way, so that,
when the unit step-size is accepted, x}z = =z + tp + . and the local method is
recovered, allowing the g-superlinear convergence of the algorithm; see [28] for the

details. Once afjl has been computed, the reduced curvature condition is tested
at 2ttt
k

g 0k > wog(ak) "6y

If it holds the search is completed, otherwise the search is pursued along the new
intermediate direction dﬁjl. It can be shown that this PLS algorithm terminates in
a finite number of trials.

At the intermediate points x};, the functions defining the problem have to be
linearized. This may look expensive, but this impression have to be appreciated in
view of the following observations.

1. Even when intermediate linearizations occur, the displacement along dﬁC helps

in decreasing O, , so that a progress to the solution is done and this displace-
ment is not useless.

2. The PLS is only used when the update criterion is verified (see Section 2.1),
because there is no need to have 7,161€ > ( when the matrix G}, is not updated.
If an update criterion of the form (2.7) is used, the transversal part of the
displacement is small, so that the search path p; is close to the manifold
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M,,.. As for unconstrained optimization, we have observed that in practice
the unit step-size is then accepted most of the time, so that no intermediate
points are necessary. This fact is corroborated by the asymptotic result below
(Theorem 4.2, outcome (ii)).

To conclude this section, we mention a superlinear convergence result obtained
with the algorithm described above, equipped with an update criterion that we
describe now. This one is of the form (2.7) with a sequence {u} ruled by the
algorithm itself (not a sequence given a priori as in [39]). The idea behind this
criterion is the following. The sequence iy, in (2.7) need not be decreased too rapidly,
otherwise the matrix GG, would be rarely updated, which would prevent superlinear
convergence. This suggests not changing uy, i.e., taking pg11 = pg, when the update
criterion does not hold at iteration k. This strategy looks safe in particular in the
case when the update criterion is not satisfied after a given iteration, say kg. Then
Lk is constant for k > ko and t, = O(||rg||). It can be shown that the latter estimate
readily implies the superlinear convergence. More difficult is the case when Gy, is
both updated infinitely often and kept unchanged infinitely often. For dealing with
this situation, the following update criterion is suitable

(lle@ill + lletzs + ti)ll) < wlletoal 6] (4.6)

In (4.6), 4 > 0 is an arbitrary constant and e}, = x} — xy, is the step from zy, to the
first intermediate iterate z}. The index k © 2 is used to express that pu; = pllef ||
will not change when there is no matrix update. More precisely, k&1 is the greatest
index less than k£ at which an update occurred. Hence, (k + 1) © 1 (the greatest
index less than k£ + 1 at which an update occurred) is the same index as k © 1 if
there is no matrix update at iteration k. For technical reasons, it is not the index
k © 1 that must be used in (4.6) but £k ©2 := (k© 1) © 1 (the greatest index less
than k£ © 1 at which an update occurred).

Theorem 4.2. Let (x4, ) be a primal-dual solution of problem (1.7) such that
c(z,) =0, g(x,)=0, and Z (x,) L.Z"(x,) is positive definite.

Suppose that there is an open convexr neighborhood 2 of x., such that:

(a) f and c are twice continuously differentiable on §);

(b) the Jacobian matriz A(x) of ¢ is surjective on Q and the map z — (A~ (x),

Z~(x)) is Lipschitz continuous on §;

(¢) g is differentiable on Q with Lipschitz continuous derivative.
Suppose also that the reduced quasi-Newton algorithm with BFGS matriz updates,
PLS, and the update criterion (4.6) described above generates a sequence of points
{x?g}kzl,ogigik—l in Q different from x, and converging to x, in the sense that

( max ||z} — x*H) — 0, when k — oo.
0<i<ip—1
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Then, the following properties hold:

1 e sequences of matrices {Gg fx>1 an k>1 are bounded;
) th trices {Gg}r>1 and {G} '} bounded
11 e tdeal step-size is accepted eventually: 1 =1 and o =1 for k large;
1) the ideal st 2€ 4 ted tually: 1 1 and 1 fork
(7it1) the sequence {xk}kzl converges q-superlinearly in two steps to x.;
(tv) the sequence {xy, + ti}r>1 converges q-superlinearly to .

This result given in [28] is, to our knowledge, the first extension of a similar result
proved by Powell [40] for the BFGS algorithm in unconstrained optimization, at
least with hypotheses as weak as those listed above. This is not an obvious result.
For example, it may occur that the matrices G are not updated infinitely often,
although the sequence {zy + tx} still converges superlinearly. This theorem shows
that g-superlinear convergence with quasi-Newton methods for minimizing equality
constrained problems is possible with a single linearization of the constraints per
iteration (for a result with two linearizations per iteration, see [9]) and without
knowing the threshold value of the penalty parameter 7 making the Hessian of the
augmented Lagrangian positive definite (a superlinear result with this hypothesis
for the SQP method is proved in [10]).

5 PLS for quasi-Newton-SQP algorithms

We have seen in Section 1.3 that, when (74, ;) € R?" is given by (2.9), the penalty
parameter 7 can be used to ensure the positive definiteness of M1 (by means of
7/15;g > (), the matrix approximating the Hessian of the augmented Lagrangian,
provided dx = zr11 — zp is not in the tangent space to the constraint manifold. A
back-up strategy is proposed in [10] to deal with the case when A(zy)dy is relatively
near zero. In this case, 0 is almost tangent to the constraint manifold and we have
seen, with the longitudinal search of Section 4, that the PLS is appropriate to find
a longitudinal displacement that can ensure the positive definiteness of matrices
approximating Z~(x.)' L.Z~(z,). Here, we follow [1] and show how to combine
the two ideas: controlling the “transversal part” of My, by 7 and its “longitudinal
part” by the PLS algorithm.

The description of this approach requires some preliminaries. First, the presen-
tation is simplified if we introduce the right inverse ﬁ,; () of A(z) associated with
the quadratic program (1.9). Assume that the matrix My € R"*"™ is positive definite
in the null space of A(x). Then, the quadratic program

{ min %dTMkd

c+ A(z)d = 0. (5.1)

has a unique solution, which is given by the optimality conditions of (5.1): for some
A €R™,

{ Myd + A(z)'A=0 (5.2)

A(z)d = —c.
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This shows that the solution d is a linear function of the vector ¢ € R™. We denote

-~

by —A, (x) the n x m matrix representing this linear function (it depends on My,
hence the index k in /Al,; (x)). Then, the solution of (5.1) can be written —Eg (x)e.
Substituting this quantity in the second equation of (5.2) shows that ﬁ,; (x) is a
right inverse of A(z). Suppose now that a tangent basis Z~(x) is given and that we
denote by Zj,(x) the unique (n — m) X n matrix satisfying

Ay (2)A(x) + Z7(2) Zy(x) = I,
Multiplying the first equation of (5.2) by Z~ ()" leads to
Z7(x) "My A; (z) = 0,
so that the solution of (1.9) can be written
di = Z~ () Z(wr)di — Ay (wr)e(ar),

where Zk(a:k)dk = —(Z (xp) "My Z~ (z1)) " Lg(xp).
It is also useful to compute the derivative of the multiplier estimate A defined by
(1.18). One has A(z) = —A~(2) "V f(x) = —A(2)'VL(z, \,) + A, so that

N(z.) = =A™ (x4)" Ly (5.3)

We are now ready to present the approach of [1]. Since My has to approximate
the Hessian of the augmented Lagrangian, (v, dx) should verify

Ve =~ Lo + TA(xk)TA(a:k)ék,

at the first order (see (2.1) and (2.8)). The first term of the sum in the right hand
side is approximated, in (2.9), by the change in the gradient of the Lagrangian.

Here, we split this term in two parts, for a reason that will be clear below. Using
(1.16), (2.2), and (5.3):

L., = Z(mk)TZ_(xk)TL*5k—|—A(xk)TA_(xk)TL*(5k
~  Z(xk) (g (20) - 0) — Alr) (N () - k)
~  Z(x) (9(@re1)—g(xr) — Alze) (A(@pe1)—Ma)),

provided dx ~ xp4+1 — xx. This approximate computation leads us to the following
formula:

W = Z(xr) (g(xps1)—9(zr) — Alzr) T (M@pg1)—Ma)) + TA(z) T Az) S,

where 7 has to be adjusted.
The inner product of ~y, with & is

WOk = (9(xne1)—g(@n)) 2 (@) — (Mwpsr) = Alwr)) " Aler) 3y + 7| Alar) 0k 3.
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Like for formula (2.9), one can make ’y,Iék positive by taking 7 sufficiently large,
provided A(zg)dx # 0. Recall that, when dy, is tangent, the approach in [10] requires
a back-up strategy. Here, when A(xy)dx = 0,

WOk = (9(wr1) — 9(x1)) " Z (k) (5.4)

so that the positivity of ’Y;I&c can be obtained by choosing the next iterate such
that g(2zp41)" Z(21)0k > g(21) " Z(x1)0). This reminds us of the reduced curvature
inequality (4.5) satisfied by the PLS in reduced quasi-Newton method. Here, this
inequality may not be feasible, because Z(x)d; may not be a reduced descent
direction, meaning that g(x;)"Z(z;)dr may not be negative when A(z;)d; # 0.
Therefore, we ask instead to realize the following reduced curvature condition

9(@rs1) Zi () di > wag(wr) " Zi () di,

where dj, is the SQP direction. Note that Z(xy)dr = Zk(xk)dk when A(x)dr = 0,
so that ’ygék > 0 when A(zg)dr = 0 and 0y, is parallel to di. The following result is
similar to proposition 4.1.

Proposition 5.1. Suppose that the path o +— pr(«) defined by

{ Ph(a) = Z (p(e) Zi () dy — Ay (pr(@)elpr(@))
P(0) =

exists for a sufficiently large step-size o > 0. Suppose also that Oy, is bounded from
below along this path, that o > |IAZ" (pe())||l, whenever py(a) exists, that My is
positive definite, and that wo € (0,1). Then, the inequalities

O, (Pr(a)) < Ogy (k)

~

9ok (@) Zi(ak)dy > wo g(zk) " Zi(k)dy

are satisfied for some a > 0.

Like for the reduced quasi-Newton algorithm, an explicit Euler discretization of
the path pg is introduced: ag =0< a,l€ < e < 042’“ = qj are the discretization
step-sizes determined as explained below and the points z} are approximations of

pr(ad) (with 29 = 2 and 2}* = 2411) given by

i+l _ i i+l i . ,
o =ap+ (o —ap)dy, i=1,...,9 —1,

where

~

di, = Z (2},) Zi(wi)dy — A~ () e(x},)-
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For ¢ = 0,...,4, — 1, the step-size a?jl is determined such that @qk decreases
sufficiently (o}, may need to be adapted before the determination of a?jl, in order

to make di. a descent direction):
Oy (2, + (o™ —a})d}) < O (w)) +wi(ag™ —a})Oy (2 dj).

Once afjl has been computed, the reduced curvature condition is tested at a:};rl:

~

g(a;?’l)TZk(a;k)dk 2 wgg(azk)TZk(a:k)dk. (55)

If it holds the search is completed, otherwise the search is pursued along the new
intermediate direction dﬁjl. It can be shown that this PLS algorithm terminates in
a finite number of trials.

Let us describe more precisely how d; is computed. On the one hand, we have
said that it is necessary to take dp ~ xpr1 — k. On the other hand, one needs
to control the positivity of ’y,Iék, even when A(zy)d; = 0. In our algorithm, ’y,Iék
is given by (5.4) and the positivity of this inner product is not guaranteed by the
reduced curvature condition (5.5) when d; = x;11 — 2k, since this vector may not be
parallel to dj. Therefore, we prefer to take the following approximation of xy11 —xk:

6k = akZ_(xk)Zk(a:k)dk — 042;{]; (a:k)c(a:k), (56)
where
tp—1 ) ' ;
af = Y (af ~aj e
=0

This formula aims at taking into account the fact that the value of ¢ at azz is used in
the search directions di,, while c(zy) is used in 8. It is based on the observation that
along the path pg, we have c¢(px(a)) = e %c(xy), which gives after discretization:
c(zh) ~ e~ %c(wy).

Let us now check that the form (5.6) of 0y is appropriate. Suppose that A(xg)d, =
0. Then, c(zx) =0, § = akZ_(a:k)Zk(a:k)dk, and

WO, = (9($k+1)—9($k))TZ(fzk)5k
= o(g(@pr1)—g(xn) " Zi(xy)dy,
> 0,

by the reduced curvature condition (5.5), which is satisfied for ¢ = i — 1 (in which
case T = zp11).

The conclusion of this discussion is that for any k& > 1, one can find a (finite)
7 > 0 such that 7,161€ > 0, either because A(zy)dr # 0 or because A(zy)dr = 0 and
’Y;I&c > 0 by the reduced curvature condition (5.5). More details, including a global

convergence result and numerical experiment, are given in [1].
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6 Conclusion

By way of conclusion, we list some open problems and questions raised in this paper.

First, it would be very useful to have an update criterion based on the difference
between g(xg41) and g(x+ty) instead of the criterion (2.7) based on the comparison
between the norm of the tangent step ¢, and the norm of the restoration step r, as
explained in Section 1.3.

Another problem that would deserve more attention is to give a geometrical
interpretation to the piecewise line-search introduced in Section 4 and 5, in the case
when Assumption 3.3 does not hold. The PLS can still find a step-size satisfying
reduced curvature conditions but its interpretation as a usual search along a straight
line in the reduced space no longer holds.

As shown by the discussion in Section 3, v; given by formula (2.5) or the second
formula in (2.6) may be more appropriate, in particular when the tangent bases are
chosen orthonormal. In this case, can we still use the PLS approach presented here
for a i, given by (2.3) or the first formula in (2.6)7

The g-superlinear convergence of the BFGS version of the SQP algorithm is still
an open problem, for hypotheses similar to those of Theorem 4.2. Can a technique
ensuring 7,15;g > ( at each iteration, such as the PLS technique, be helpful in getting
this result?
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