
HAL Id: hal-04139119
https://inria.hal.science/hal-04139119v1

Submitted on 23 Jun 2023

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution 4.0 International License

Locally Homogeneous Finite-time Stabilization of
Quasi-Linear Systems

Mericel Ayamou, Andrey Polyakov, Nicolás Espitia

To cite this version:
Mericel Ayamou, Andrey Polyakov, Nicolás Espitia. Locally Homogeneous Finite-time Stabilization
of Quasi-Linear Systems. The 62nd IEEE Conference on Decision and Control, CDC 2023, Dec 2023,
Singapore, France. �hal-04139119�

https://inria.hal.science/hal-04139119v1
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr


Locally Homogeneous Finite-time Stabilization of Quasi-Linear Systems

M. Ayamou, A. Polyakov, N. Espitia,

Abstract— In this paper, an algorithm of a local finite-time
control design is developed for a class of quasi-linear systems.
The design procedure is essentially based on the concept of
generalized homogeneity and the convex embedding technique.
The adjustment of control parameters is realized by solving a
system of linear matrix inequalities (LMIs). Theoretical results
are supported by numerical simulations.

I. INTRODUCTION

A. State of the art

A symmetry with respect to a dilation is known as
homogeneity [18], [7], [4]. In control theory, the homo-
geneity is utilized for stability/controlability analysis, con-
troller and observer design (e.g. [5], [13], [2], [12] and
references therein). The standard (Euler) homogeneity means
that a function f(x) is symmetric with respect to the
scaling of its argument f(esx) = eνsf(x),∀s, x ∈ R,
where the constant ν is called the homogeneity degree.
The generalized homogeneity is introduced by V.I. Zubov
in 1958 [18] using the weighted dilation (x1, x2, .., xn) →
(er1sx1, e

r2sx2, ..., e
rnsxn), s ∈ R, where the positive num-

bers r1, r2, ..., rn are the weights specifying the dilation
rate of each coordinate. Nonlinear (geometric) dilations are
studied in [8], [6], [14]. This paper deals with the linear
(geometric) dilation [11] given by x → eGdsx, where Gd ∈
Rn×n is anti-Hurwitz matrix1. Being a relaxation of linearity,
the homogeneity can provide an extra degree of freedom for
for advanced control design. In particular, the finite/fixed-
time stabilization can be guaranteed by a proper selection of
the homogeneity degree [3], [17].

As shown in [9], the finite stabilization of affine-in-control
systems can be realised using the Sontag’s universal formula
[15]. However, it requires a design of an appropriate control
Lyapunov function. The convex embedding approach for
homogeneous affine-in-control systems has been introduced
recently [16]. It essentially uses the homogeneity (symmetry)
of the vector field to define a stability condition in terms of
LMIs. This paper generalizes the latter approach to a special
class of locally homogeneous (quasi-linear) systems, which
consideration is important for control applications in fluid
mechanics. To the best of our knowledge, the homogeneous
finite-time controllers have never been designed for such a
class of systems.
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FR-59000, France (e-mails: mericel.ayamou(andrey.polyakov)@inria.fr,
nicolas.espitia-hoyos@univ-lille.fr)

1The matrix Gd ∈ Rn is anti-Hurwitz, if −Gd is Hurwitz.

B. Motivating Example

A quasi-linear Ordinary Differential Equation (ODE) may
appear as reduced order model of mathematical physics. For
example, the finite difference discretization of the viscous
Burgers or Navier-Stokes equations with controlled boundary
conditions provides nonlinear reduced order models (ODEs),
that are affine in control. Let us consider one dimensional
viscous Burgers equation

∂tv + v∂xv = ν∂xxv, t > 0, x ∈ (0, L) (1)

ν > 0, with the initial condition v(0, x) = f(x) and time-
varying Dirichlet boundary conditions:

v(t, 0) = v0 + ξ(t), v(t, L) = vL (2)

where v0, vL are positive constants and ξ is assumed to be a
positive control input. The positivity of the control inputs
is a specific feature of many real control problems. For
the models of fluid dynamics, the positive control may be
inspired by the use of air-blowers as actuators.

Let N be strictly positives integers, hx = L/N be the steps
of spatial discretization and xi = ihx, with i ∈ {0, . . . , N}.

Let denote vi(t) respectively the approximations of
v(t, xi). The system (1) can be discretized as follows:

v̇i(t) + vi(t)
vi+1(t)−vi−1(t)

2hx
= ν vi+1(t)−2vi(t)+vi−1(t)

h2
x

, (3)

with vi(0) = fi, and v0(t) = v0 + ξ(t), vN (t) = vL.
The obtained system has a rather specific structure: it is
affine in control and the finite dimensional vector field has
linear and bilinear/quadratic components. Notice that the
above approximates of partial derivatives have the second
order of approximation O(h2

x). The use of more accurate
approximates of partial derivatives (e.g., O(h3

x), O(h4
x), etc)

would lead to a system of the similar structure. In this paper,
we consider such a class of control systems, which covers
the above and many other examples of reduced order models
of fluid mechanics.

C. Contributions and organization

In this paper the problem of the finite-time set-point
tracking is studied for a class of quasi-linear systems.
The stabilizing feedback is designed using the concept of
linear (geometric) homogeneity and the convex embedding
approach. The control parameters tuning is based on solving
of the system of LMIs, which is feasible in the case of local
controlability of the system.

The paper is organized as follows. First, the problem
statement and basic assumptions are given. Next, prelim-
inaries about homogeneous systems are discussed. After



that, the finite-time control for the quasi-linear system is
designed. Finally, the numerical simulation results and some
conclusions are presented.

D. Notation

R+ = {a ∈ R : a > 0}; R̄+ = {a ∈ R : a ≥ 0};
|z| =

√
z⊤z is Euclidean norm of z = (z1, . . . , zn)

⊤ ∈ Rn;
∥z∥1 =

∑n
k=1 |zi|; we write P ≻ 0 (resp, ≺ 0,⪰ 0,⪯ 0)

if the symmetric matrix P = P⊤ ∈ Rn×n is positive (resp.,
negative,semi- positive , semi-negative ) definite; P 1/2 means
that P = P 1/2P 1/2 (always exists for symmetric positive
definite matrices);

II. PROBLEM STATEMENT

Let us consider the system

ẋ = (L+W (x))x+ (F +Q(x))ξ + g, x(0) = x0, (4)

where x ∈ Rn is the system state, ξ ∈ R̄m
+ is the control

input, which is assumed to be positive (due to the physical
constraints), g ∈ Rn is a known constant vector (inspired, for
instance, by the boundary conditions in the above motivating
example), L ∈ Rn×n and F ∈ Rn×m are known constant
matrices and W (x) ∈ Rn×n are state dependent matrices,
whose values can be computed for any x ∈ Rn.

Notice that the matrix-valued functions W : Rn 7→ Rn×n

and Q : Rn 7→ Rn×m are linear. The latter implies that
∃W̃ : Rn 7→ Rn×n and Q̃ : Rm 7→ Rn×n such that

W (x)y=W̃ (y)x, Q(x)ξ=Q̃(ξ)x, ∀x, y∈Rn, ∀ξ∈Rm.
(5)

Assumption 1: Given x∗ ∈ Rn let there exists ξ∗ ∈ Rm
+

such that

(L+W (x∗))x∗ + (F +Q(x∗))ξ∗ + g = 0.
The state x = x∗ is an equilibrium (possibly unstable) of
the system (4) with the control ξ = ξ∗. We consider α∗ as
a desired set point of for tracking by the system.

Given r > 0, x∗ ∈ Rn, ξ∗ ∈ Rm
+ , the control aim is to

design a finite-time stabilizing feedback ξ = ξ(x) such that
for any x0 ∈ Rn : |x0−x∗| ≤ r the trajectory of the closed-
loop system satisfies

x(t) → x∗ as t → T (x0), (6)

ξ(x(t)) ∈ R̄m
+ , ∀t ≥ 0, (7)

where T : Rn 7→ R̄+ is the settling-time function.

III. PRELIMINARIES ON HOMOGENEITY

A. Linear dilations

Let us recall that a family of operators d(s) : Rn 7→ Rn

with s ∈ R is a group if d(0)x=x, d(s)◦d(t)x=d(s+t)x,
∀x∈Rn,∀s, t∈R. A group d is

• continuous if the mapping s 7→ d(s)x is continuous,
∀x∈Rn;

• linear if d(s) is a linear mapping (i.e., d(s) ∈ Rn×n),
∀s ∈ R;

• a dilation in Rn if lim inf
s→+∞

∥d(s)x∥ = +∞ and

lim sup
s→−∞

∥d(s)x∥ = 0, ∀x ̸= 0.

A continuous linear group in Rn admits the representation
[10]:

d(s) = esGd =

∞∑
j=1

sjGj
d

j! , s ∈ R. (8)

where Gd ∈ Rn×n is a generator of d. A continuous linear
group (8) is a dilation in Rn if and only if Gd is an
anti-Hurwitz matrix [11]. In this paper we deal only with
continuous linear dilations. A dilation d in Rn is

• monotone if the function s 7→ ∥d(s)x∥ is strictly
increasing, ∀x ̸= 0;

• strictly monotone if ∃β>0 such that ∥d(s)x∥≤eβs∥x∥,
∀s≤0, ∀x ∈ Rn .

The following result is the straightforward consequence
of the existence of the quadratic Lyapunov function for
asymptotically stable LTI systems.

Corollary 1: A linear continuous dilation in Rn is strictly
monotone with respect to the weighted Euclidean norm
∥x∥ =

√
x⊤Px, 0 ≺ P = P⊤ ∈ Rn×n if and only if

PGd +G⊤
dP ≻ 0, P ≻ 0. (9)

Any dilation in Rn defines an alternative topology (balls,
spheres, cones, etc) in Rn.

B. Canonical homogeneous norm

Any linear continuous and monotone dilation in a normed
vector space introduces also an alternative norm topology
defined by the so-called canonical homogeneous norm [11].

Definition 1 (Canonical homogeneous norm): Let a linear
dilation d in Rn be continuous and monotone with respect
to a norm ∥ · ∥. A function ∥ · ∥d : Rn 7→ [0,+∞) defined
as follows: ∥0∥d = 0 and

∥x∥d = esx , where sx ∈ R : ∥d(−sx)x∥ = 1, x ̸= 0
(10)

is said to be a canonical d-homogeneous norm in Rn

For standard dilation d1(s) = esIn we have ∥x∥d1
= ∥x∥.

In other cases, ∥x∥d with x ̸= 0 is implicitly defined by
a nonlinear algebraic equation, which always have a unique
solution due to monotonicity of the dilation. In some partic-
ular cases [12], this implicit equation has explicit solution
even for non-standard dilations. Since ∥d(− ln ∥x∥d)x∥ = 1
for x ̸= 0, then the operator

πd(x) :=

{
d(− ln ∥x∥d)x if x ̸= 0,

0 if x = 0,
(11)

is a projector of a nonzero vector x on the unit sphere ∥x∥ =
1. For the standard dilation, such a projector is defined as
πd1(x) = d1(− ln ∥x∥d1)x = x

∥x∥ for x ̸= 0. We have
πd(x) = sign(x) in the scalar case n = 1.

Lemma 1: [11] If a linear continuous dilation d in Rn is
strictly monotone with respect to a norm ∥x∥ =

√
x⊤Px

then



1) ∥ · ∥d : Rn 7→ R+ is single-valued, continuous on Rn

and continuously differentiable on Rn\{0}:

∂∥x∥d

∂x = ∥x∥dx
⊤d⊤(− ln ∥x∥d)Pd(− ln ∥x∥d)

x⊤d⊤(− ln ∥x∥d)PGdd(− ln ∥x∥d)x
, x ̸= 0.

(12)
2) for α =

λmax(P
1/2GdP

−1/2+P−1/2G⊤
d P 1/2)

2 and β =
λmin(P

1/2GdP
−1/2+P−1/2G⊤

d P 1/2)
2 it holds

∥x∥αd ≤ ∥x∥ ≤ ∥x∥βd, ∀x ∈ Rn : ∥x∥ ≤ 1; (13)

∥x∥βd ≤ ∥x∥ ≤ ∥x∥αd, ∀x ∈ Rn : ∥x∥ ≥ 1. (14)

C. Homogeneous functions and vector fields

Below we study systems which are symmetric on homoge-
neous cones with respect to a linear dilation d. The dilation
symmetry introduced by the following definition is known
as a generalized homogeneity [18], [7], [13], [3].

Definition 2: [7] Let d be dilation in Rn. A function
h : Rn 7→ R (resp., a vector field f : Rn 7→ Rn) is d-
homogeneous of degree ν ∈ R if

h(d(s)x) = eνsh(x), ∀x ∈ Rn, ∀s ∈ R.

(resp., if f(d(s)x) = eµsd(s)f(x), ∀s ∈ R, ∀x ∈ Rn.)
Formally, to avoid a collision in the above definition for n =
1, a vector field g should be defined as g : Ξ 7→ TΞ, where
TΞ is the tangent space for Ξ. Since the tangent space of Rn

can be associated with Rn, we simply write g : Rn 7→ Rn.
The homogeneity of a mapping is inherited by other

mathematical objects induced by this mapping. In particular,
solutions of d-homogeneous system2

ẋ = g(x), t > 0, x(0) = x0 ∈ Rn (15)

are symmetric with respect to the dilation d in the following
sense [18], [7], [3]:

x(t,d(s)x0) = d(s)x(eµst, x0), (16)

where x(·, x0) denotes a solution of (15) with x(0) = x0 ∈
Rn and µ ∈ R is the homogeneity degree of g. The solution
symmetry (16) implies that any asymptotically stable homo-
geneous systems of negative degree are finite-time stable [3].
The latter property holds for locally homogeneous systems
as well [2]. We follow the idea of local homogeneity for
the finite-time stabilizing feedback design and we adapt
the control design procedure, developed originally for linear
plants in [17], to the quasi-linear system (4) .

IV. CONTROL DESIGN

Let us derive first the error equation and denote

ξ = ξ∗ + u, z = x− x∗, (17)

2A system is homogeneous if its is governed by a d-homogeneous vector
field

where u ∈ Rm is a new (virtual) control such that ξ∗ + u ∈
R̄m

+ . We derive

ż = (L+W (x))x+ Fξ∗ + Fu+Q(x)ξ∗ +Q(x)u+ g

= Lx+W (x)x− Lx∗ −W (x∗)x∗ + Fu

−Q(x∗)ξ∗ +Q(x)ξ∗ +Q(x)u

= Lz +W (x− x∗)x+W (x∗)z + (F +Q(x))u

+Q(x− x∗)ξ∗. (18)

Therefore, from (18) and using (5) we obtain the following
bilinear system:

ż = Az +Bu+D(z, u)z, (19)

with
A = L+ W̃ (x∗) +W (x∗) + Q̃(ξ∗), (20)

B = F +Q(x∗), (21)

and
D(z, u) = W (z) + Q̃(u). (22)

A finite-time stabilizing feedback for a linear plant can be
designed if and only if the pair {A,B} is controllable. The
homogeneous controllers for this case can be found in [17],
where, in particular, it is shown that for any controllable
{A,B}, there exists a solution Y0 ∈ Rm×n, G0 ∈ Rn×n of
the linear algebraic equation

AG0 −G0A+BY0 = A, G0B = 0 (23)

such that the matrix Gd := In+µG0 is anti-Hurwitz for any
µ ∈ [−1, 1/ñ], where ñ is a minimal natural number such
that rank[B,AB, ..., Añ−1B] = n, and the matrix A0 =
A+BK0 with K0 := Y0(G0 − In)

−1 satisfies the identity
A0Gd = (Gd + µIn)A0, GdB = B. (24)

The above property of the matrix A0 guarantees that the
vector field z 7→ A0z is d-homogeneous of the degree µ, so
the feedback K0z “homogenize” (in the generalized sense)
the linear part of the system [17].

Theorem 1: Let the pair {A,B} be controllable, the ma-
trices K0, Gd be defined by solving the equation (23) and
µ ∈ [−1, 0). If

1) GdQ(z) = Q(z) for all s ∈ R and all z ∈ Rn, where
d(s) = esGd is the linear dilation.

2) if for some ρ, β, ω1, ω2 ∈ R+ the matrices X = X⊤ ∈
Rn×n and Y ∈ Rm×n satisfy the LMIs

A0X+XA⊤
0+BY+Y ⊤B⊤+ρ(GdX+XGd)+(ω1+ω2)X⪯0,

(25)(
ω1X rY Q(hk)

⊤

rQ(hk)Y ω1X

)
⪰ 0, k = 1, n (26)(

ω2X rX(W (hk)+Q(hk)K0)
⊤

r(W (hk)+Q(hk)K0)X ω2X

)
⪰ 0,

(27)(
0.5ξ∗jX e⊤j K0X

XK⊤
0 ej 0.5ξ∗j

)
⪰0,

(
0.5ξ∗jX e⊤j Y

Y ⊤ej 0.5ξ∗j

)
⪰0, j=1,m,

(28)
2(2β − µ)X≻GdX+XG⊤

d ⪰2βX, (29)

r2

n In ⪰ X≻0, (30)



where λj ≥ 0, hk = (0, . . . , 1, . . . , 0)⊤ is the unit
Euclidean vector in Rn, ej = (0, . . . , 1, . . . , 0)⊤ is the
unit Euclidean vector in Rm and ξ∗j is the j-th element
of the vector ξ∗ ∈ Rm

+ , then the system (19) with the
feedback control

u = K0z + ∥z∥1+µ
d Kd(− ln ∥z∥d)z, (31)

K0 := Y0G
−1
d , K := Y X−1,

is locally finite-time stable with the invariant ellipsoid

E(X) := {z ∈ Rn : z⊤X−1z ≤ 1}; (32)

belonging to the attraction domain. Moreover, for
|z(0)| ≤ r, we have

0 ≤ ξ∗ + u(z(t)), ∀t ≥ 0,

z(t) → 0 as t → T (z(0)),

where T (z(0)) ≤ ∥z(0)∥−µ
d

(−µρ) with the canonical homoge-
neous norm ∥ · ∥d induced by the weighted Euclidean
norm ∥z∥ =

√
z⊤X−1z.

Proof. Using (12), for V = ∥z∥d we derive

V̇ = ∥z∥d z⊤d⊤(− ln ∥z∥d)X
−1d(− ln ∥z∥d)(Az+Bu+D(z,u)z)

z⊤d⊤(− ln ∥z∥d)X−1Gdd(− ln ∥z∥d)z
.

(33)
Using the homogeneity (namely, A0d(s) = eµsd(s)A0 and
d(s)B = esB) we derive (see, [17] for mode details)

z⊤d⊤(− ln ∥z∥d)X−1d(− ln ∥z∥d)(Az +Bu)

= ∥z∥µdz
⊤d⊤(− ln ∥z∥d)X−1(A0 +BK)d(− ln ∥z∥d)z,

(34)

which in conjunction with condition (25), we obtain from
(33) the following estimate:

V̇ ≤ −ρV 1+µ+

−(ω1+ω2)∥z∥µ
d+z⊤d⊤(− ln ∥z∥d)X

−1d(− ln ∥z∥d)D(z,u)z)

z⊤d⊤(− ln ∥z∥d)X−1Gdd(− ln ∥z∥d)z
.

(35)

Notice that the term D(z, u)z can be rewritten as follows:

D(z, u)z =W (z)z +Q(z)u

=W (z)z +Q(z)K0z

+ ∥z∥1+µ
d Q(z)Kd(− ln ∥z∥d)z.

(36)

Hence, using d(s)Q(z) = esQ(z) we obtain

z⊤d⊤(− ln ∥z∥d)X−1d(− ln ∥z∥d)D(z, u)z

=z⊤d⊤(− ln ∥z∥d)X−1d(− ln ∥z∥d)(W (z) +Q(z)K0)z

+ ∥z∥µdz
⊤d⊤(− ln ∥z∥d)X−1Q(z)Kd(− ln ∥z∥d)z.

(37)

Taking into account z⊤d⊤(− ln ∥z∥d)X−1d(− ln ∥z∥d)z =
1, and using Cauchy-Swartz inequality we derive

z⊤d⊤(− ln ∥z∥d)X−1Q(z)Kd(− ln ∥z∥d)z ≤ ω1 (38)

provided that K⊤Q⊤(z)X−1Q(z)K ≤ ω2
1X

−1.
Let us show that for ∥z∥1 ≤ r, one has

K⊤Q⊤(z)X−1Q(z)K ≤ ω2
1X

−1. (39)

Indeed, using the Schur complement, inequality (39) can be
rewritten as follows:(

ω1X rY Q(z/r)⊤

rQ(z/r)Y ω1X

)
⪰ 0, (40)

By Carathéodory lemma on convex hull, for any z such that
∥z∥1 ≤ 1, there exist scalars α±

k ≥ 0 such that
∑n

k=1 α
+
k +

α−
k = 1 and

z =

n∑
k=1

(α+
k − α−

k )hk. (41)

where hk = (0, . . . , 1, . . . , 0)⊤ ∈ Rn is the unit Euclidean
vector. Hence, for ∥z∥1 ≤ r we derive(

ω1X rY Q(z/r)⊤

rQ(z/r)Y ω1X

)
=

n∑
k=1

α+
k

(
ω1X rY Q(hk)

⊤

rQ(hk)Y ω1X

)
+ α−

k

(
ω1X rY Q(−hk)

⊤

rQ(−hk)Y ω1X

)
,

(42)

Taking into account Q(−z) = −Q(z),∀z ∈ Rn we derive
that (26) implies (38) for any z : ∥z∥1 ≤ r.

Similarly, we derive

z⊤d⊤(− ln ∥z∥d)X
−1d(− ln ∥z∥d)(W (z)+Q(z)K0)z

ω2∥z∥µ
d

≤ 1 (43)

provided that∥∥∥ 1

ω2∥z∥−µ
d

d(− ln ∥z∥d)(W (z) +Q(z)K0)z
∥∥∥ ≤ 1.

The inequality 2(2β − µ)X≻GdX+XG⊤
d guarantees that

the matrix Gd̃ = (2β − µ)In − Gd is anti-Hurwits and the
dilation d̃(s) = esGd̃ is monotone with respect to the norm
∥ · ∥. Hence, we have∥∥∥∥z∥2β−µ

d d(− ln ∥z∥d)
∥∥∥ = ∥d̃(ln ∥z∥d)∥ ≤ 1 (44)

for all z : ∥z∥d ≤ 1 (which is equivalent to ∥z∥ ≤ 1). Thus,
the inequality

∥ω−1
2 (W (z/∥z∥βd) +Q(z/∥z∥βd)K0)z/∥z∥βd∥ ≤ 1 (45)

implies (43). The LMI GdX+XG⊤
d ⪰2βX implies ∥z∥ ≤

∥z∥βd (see Lemma 1) provided that ∥z∥d ≤ 1. In this case,
for ∥z∥ ≤ 1 the inequality (45) follows from ∥ω−1

2 (W (z) +
Q(z)K0)z∥ ≤ ∥z∥2 ⇐

(W (z) +Q(z)K0)
⊤(W (z) +Q(z)K0) ≤ ω2X

−1. (46)

Repeating the above consideration, we derive that LMI (26)
implies (43) provided that ∥z∥ ≤ 1 and ∥z∥1 ≤ r. Therefore,

V̇ ≤ −ρV 1+µ, (47)

where ∥z∥1 ≤ r and ∥z∥ ≤ 1. Since r2n−1In ⪰ X , then

∥z∥1r−1 ≤
√
n
r |z| =

√
r−2nz⊤z ≤

√
z⊤X−1z ≤ 1,

for ∥z∥ ≤ 1. Therefore, the closed-loop system is locally
finite-time stable and the ellipsoid E(X) = {z : ∥z∥ ≤ 1}
belongs to the domain of attraction. Moreover, since |z| ≤
∥z∥1 ≤ r for ∥z∥ ≤ 1 then |z(0)| ≤ r ⇒ z(t) → 0 within
the finite time T (z(0)) ≤ (−µρ)−1V (z(0))−µ.



The LMI (28) and the inequality z⊤X−1z ≤ 1 guarantees

z⊤K⊤
0 eje

⊤
j K0z ≤ (ξ∗j )

2/4

or, equivalently, |e⊤j K0z(t)| ≤ ξ∗j /2 for all t ≥ 0. Similarly,
taking into account z⊤d⊤(− ln ∥z∥d)X−1d(− ln ∥z∥d)z =
1, we derive

z⊤d⊤(− ln ∥z∥d)X−1Y ⊤eje
⊤
j Y X−1d(− ln ∥z∥d)z ≤ (ξ∗j )

2

4

or, equivalently, |e⊤j Kd(− ln ∥z(t)∥d)z(t)| ≤ ξ∗j /2 for
all t ≥ 0. Since ∥z∥d ≤ 1 then ξ∗j + e⊤j K0z +
∥z∥de⊤j Kd(− ln ∥z(t)∥d)z(t) ≥ 0 for all t ≥ 0 The proof
is complete.

The feasibility of the system (25)-(29) can be studied
similarly to [17].

Remark 1: Given r > 0, the system of LMIs (25)-(29) is
feasible for µ sufficiently close to 0 provided that |rW (hi)|
and |rQ(hi)| are small enough but ξ∗j ∈ Rn

+ is large enough.
Indeed, taking β = −3/4 and any X ≻ 0 once can see
that the LMI (29) is fulfilled for µ sufficiently close to 0.
The controllability of {A,B} implies the feasibility of (25)
(see, [17] for mode details). For any fixed ω1, ω2 ∈ R+ and
X ≻ 0, the LMIs (26), (27) are feasible if |rW (hi)| and
|rQ(hi)| are small enough. For any fixed X ≻ 0, the LMI
(28) is feasible if ξ∗j ∈ R+ is large enough.

Therefore, the only critical restriction in the above the-
orem is GdQ(z) = Q(z), but it may be fulfilled in some
practical cases, for example, for a discretization of the
one-dimensional viscous Burgers equation controlled on the
boundary.

Remark 2: The closed-loop system (19), (31) is locally
homogeneous and locally asymptotically stable so it is lo-
cally ISS in the view of results [2] with respect to a rather
large class of perturbations (in particular with respect to
measurement noises and additive disturbances).

V. NUMERICAL EXAMPLE

Let us consider the error system (19) with the parameters

A=

(−2 1 0 0 0
1 −2 1 0 0
0 1 −2 1 0
0 0 1 −2 1
0 0 0 1 −2

)
, B=

(
0.5
0
0
0
0

)
, Q(z)=ε

(−0.5z1
0
0
0
0

)
,

W (z) = ε · diag

{( 0 1 0 0 0
−1 0 1 0 0
0 −1 0 1 0
0 0 −1 0 1
0 0 0 −1 0

)
z

}
,

where z = (z1, z2, z3, z4, z5)
⊤ ∈ R5 and diag{v} denotes

the diagonal matrix with the components of the vector v ∈
Rn on the main diagonal.

Solving the algebraic equation (23) we derive

K0 = ( 20 −88 220 −330 264 ) ,

G0 =

( 0 −8 6 −4 2
0 −1 −6 4 −2
0 0 −2 −4 2
0 0 0 −3 −2
0 0 0 0 −4

)
.

The dilation is given by Gd = I5+µG0 where µ ∈ [−1, 0).
Obviously, GdQ(z) = Q(z) so the first condition of the main
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Fig. 1: Evolution of the states of the open-loop system (u =
0)
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Fig. 2: Evolution of the states of the closed-loop system

theorem is fulfilled. The pair {A,B} is controllable, so the
LMIs (25)-(27),(29),(30) feasible for small enough ε > 0 (in
this example, the control restrictions are omitted). Solving
(25),(29),(30) for µ = −0.1 we derive

X =

( 148.1977 5.4546 −28.9205 −2.0518 9.0251
5.4546 25.7547 0.2926 −4.9821 0.0481

−28.9205 0.2926 6.3759 0.1808 −2.3111
−2.0518 −4.9821 0.1808 1.0161 −0.1000
9.0251 0.0481 −2.3111 −0.1000 1.0000

)
,

K = (−18.0000 65.0431 −210.9065 272.6945 −257.9888 ) .

The simulations results for the open-loop (u = 0) and the
closed-loop systems for ε = 0.1 are shown on the Figure 1
and 2. The simulation results are obtained using the explicit
Euler method with the sampling period 10−3. Application of
the homogeneous control (31) requires a computation of the
canonical homogeneous norm ∥ · ∥d by means of the special
numerical procedure [17]. Homogeneous Control Systems
(HCS) Toolbox for MATLAB [1] is utilized for this purpose.

The comparison of the decay rates of the open-loop and
the closed-loop systems is given on the Figure 3. The
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Fig. 3: Comparison of the decay rates of the open-loop and
closed-loop systems in the logarithmic scale
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Fig. 4: Dependence of the settling time on the variation of
the norm of the initial state

system with the homogeneous controller demonstrates the
behavior typical for the finite-time stable system. According
to simulation results the settling time for the chosen initial
state z(0) = z0 := (1,−1, 0, 1, 0)⊤ is about 8 units of time.
The dependence of the settling time of the initial condition
can be observed from the simulation results depicted on
Figure 4.

VI. CONCLUSIONS

In this paper, an algorithm for the finite-time stabilizing
control design is developed for the class of quasi-linear
systems. The design procedure uses the linear approximation
as the reference mode to design a homogeneous controller.
The parameters of the controller are tuned in such a way that
allow the stabilization of the original (quasi-linear) system as
well. The convex embedding technique is utilized in order to
derive the control parameters from linear matrix inequalities.
The obtained LMIs are shown to be feasible under conditions
of controllability of the linear approximation. However,

they are still rather conservative. Further relaxation of the
restriction to the quasi-linear system and derivation of less
conservative LMIs are interesting problems for the future
research.
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