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Abstract

We present a novel approach to non-convex optimization with certificates, which han-
dles smooth functions on the hypercube or on the torus. Unlike traditional methods that
rely on algebraic properties, our algorithm exploits the regularity of the target function
intrinsic in the decay of its Fourier spectrum. By defining a tractable family of models, we
allow at the same time to obtain precise certificates and to leverage the advanced and pow-
erful computational techniques developed to optimize neural networks. In this way the
scalability of our approach is naturally enhanced by parallel computing with GPUs. Our
approach, when applied to the case of polynomials of moderate dimensions but with
thousands of coefficients, outperforms the state-of-the-art optimization methods with
certificates, as the ones based on Lasserre’s hierarchy, addressing problems intractable
for the competitors.

1 Introduction

Non-convex optimization is a difficult and crucial task. In this paper, we aim at optimizing
globally a non-convex function defined on the hypercube, by providing a certificate of
optimality on the resulting solution. Let h be a smooth function on [—1,1]¢. Here we
provide an algorithm that given %, an estimate of the minimizer x, of h

X, = argmin h(x),
xe[—1,1]4

produces an ¢, that constitutes an explicit certificate for the quality of X, of the form
Ih(x.) —h(®) < es,

with probability 1 — 6. The literature abounds of algorithms to optimize non-convex func-
tions. Typically they are either (a) heuristics, very smart, but with no guarantees of global
convergence [16,9] (b) variation of algorithms used in convex optimization, which can guar-
antee convergence only to local minima [3] (c) algorithms with only asymptotic guarantees
of convergence to a global minimum, but no explicit certificates [24]. In general, the meth-
ods recalled above are quite fast to produce some solution, but don't provide guarantees on
its quality, with the result that the produced point can be arbitrarily far from the optimum,
so they are used typically where non-reliable results can be accepted.

On the contrary, there are contexts where an explicit quantification of the incurred error
is crucial for the task at hand (finance, engineering, scientific validation, safety-critical sce-
narios [12]). In these cases, more expensive methods that provide certificates are used, such



as polynomial sum-of-squares (poly-SoS) [11,12]. These kinds of techniques are quite pow-
erful since they provide certificates in the form above, often with machine-precision error.
However, (a) they have reduced applicability since h must be a multivariate polynomial
(possibly sparse, low-degree) and must be known in its analytical form (b) the resulting
algorithm is a semi-definite programming optimization on matrices whose size grows very
fast with the number of variables and the degree of the polynomial, becoming intractable
already in moderate dimensions and degrees.

Our approach builds and extends the more recent line of works on kernel sum-of-squares,
and in particular the work of Woodworth et al. [31] based on the Fourier analysis. It
mitigates the limitations of poly-S50S methods in both aspects: (2) we can deal with any
function h (not necessarily a polynomial) for which the Fourier transform is known and (b)
the resulting algorithm leverages the smoothness properties of the objective function as [31]
rather than relying on its algebraic structure leading to way more compact representations
than poly-SoS. Contrary to [31], we fully leverage the power of the certificate allowing for a
drastic reduction of the computational cost of the method. Indeed, we cast the minimization
in terms of a way smaller problem, similar to the optimization of a small neural network
that, albeit again non-convex, produces efficiently a good candidate on which we then
compute the certificate.

Notably, our focus lies on a posteriori guarantees: we define a family of models that
allow for efficient computation of certificates. Once the model structure is established, we
have ample flexibility in training the model, offering various possibilities to achieve good
certificates in practical scenarios, while still using well-established and effective techniques
in the field of deep neural networks (DNN) [6] to reduce the computational burden of the
approach.

Our contributions can be summarized as follows:

e We propose a new approach to global optimization with certificates which drastically
extends the applicability domain allowed by the state of the art, since it can be applied
to any function for which we can compute the Fourier transform (not just polynomials).

e The proposed approach is naturally tailored for GPU computations and provides a
refined control of time and memory requirements of the proposed algorithm, contrary
to poly-SoS methods (whose complexity scales dramatically and in a rigid way with
dimension and degree of the polynomial).

e From a technical viewpoint, we improve the results in [31], by developing a fast
stochastic approach to recover the certificate in high probability (theorem[3), and we
generalize the formulation of the problem to allow the use of powerful techniques
from DNN, still providing a certificate on the result (section[3] in particular alg. )

e In practical applications, we are able to provide certificates for functions in moderate
dimensions, which surpasses the capabilities of current state-of-the-art techniques.
Specifically, as shown in the experiments we can handle polynomials with thousands
of coefficients. This achievement marks an important milestone towards utilizing
these models to provide certificates for more challenging real-life problems.

1.1 Previous work

Polynomial SoS. In the field of certificate-based polynomial optimization, Lasserre’s hi-
erarchy plays a pivotal role [11,[12]. This hierarchy employs a sequence of SDP relaxations
with increasing size proportional to O(r4) (where d is the dimension of the space and ris a
parameter that upper bounds the degree of the polynomial) and that ultimately converges to
the optimal solution when r — co. While Lasserre’s hierarchy is primarily associated with
polynomial optimization, its applicability extends beyond this domain. It offers a specific
formulation for the more general moment problem, enabling a wide range of applications;



see [7] for an introduction. For polynomial optimization problems such as in eq. (), a sig-
nificant amount of research has been dedicated to leveraging problem structure to improve
the scalability of the hierarchy. This research has predominantly focused on exploiting very
specific sparsity patterns among the variables of the polynomial, enabling the handling
in these restricted scenarios of instances ranging from a few variables to even thousands
of variables [25, 29, 28]. There have been theoretical results regarding optimization on
the hypercube [1, [13], but there are no algorithms handling them natively. Furthermore,
alternative approaches exist that exploit different types of structure, such as the constant
trace property [14].

Kernel SoS. Kernel Sum of Squares (K-SoS) is an emerging research field that originated
from the introduction of a novel parametrization for positive functions in [15]. This ap-
proach has found application in various domains, including Optimal Control [2], Optimal
Transport [17] and modeling probability distribution [19]. In the context of function opti-
mization, two types of theoretical results have been explored: a priori guarantees [20] and
a posteriori guarantees [31]. A priori guarantees offer insights into the convergence rate to-
wards a global optimum of the function, giving a rate on the number of parameters and the
complexity necessary to optimize a function up to a given error. For example, [20] proposes
a general technique to achieve the global optimum, with error € of a function that is s-times
differentiable, by requiring a number of parameters essentially in the order of O(e~%/4),
allowing to avoid the curse of dimensionality in the rate, when the function is very regular,
i.e., s > d, while typical black-box optimization algorithms have a complexity that scales as
e~ 9. A-posteriori guarantees focus on providing a certificate for the minimum found by the
algorithm. In particular, [31], provides both a-priori guarantee and a-posteriori certificates;
however, the model considered makes it computationally infeasible to provide certificates
in dimension larger than 2.

To conclude, approaches based on kernel-SoS allow to extend the applicability of global
optimization with certificates methods to a wider family of functions and on exploiting finer
regularity properties beyond just the number of variables and the degrees of a polynomial.
By comparison, we focus on the computational performances of our model while retaining
an a posteriori certificate of optimality.

2 Computing certificates with extended k-SoS

Without loss of generality (see next remark), with the goal of simplifying the analysis and
using powerful tools from harmonic analysis, we cast the problem in terms of minimization
of a periodic function f over the torus, [0,1]¢ (we will denote it also as T4). In particular,
we are interested in minimizing periodic functions for which we know (or we can easily
compute) the coefficients of its Fourier representation, i.e.

fo=minf(z), f(z)= ) foe?™* VvzeTd (1)
z€eTd wezd

This setting is already interesting on its own, as it encompasses a large class of smooth
functions. It includes notably trigonometric polynomials, i.e. functions which have only a
finite number of non-zero Fourier coefficients f,,. Optimization of trigonometric polyno-
mials arises in multiple research areas, such as the optimal power flow [23] or quantum
mechanics [8]. Note that this problem is already NP-hard, as it encompasses for instance
the Max-Cut problem [26]. Even so, we will consider the more general case where we can
evaluate function values of f, along with its Fourier coefficient f,,, and we have access to its
norm in a certain Hilbert space. This norm can be computed numerically for trigonometric
polynomials, and more generally reflects the regularity (degree of differentiability) of the
function, and thus the difficulty of the problem.



Remark 1 (No loss of generality in working on the torus). Given a (non-periodic) function
h: [—1,11¢ — R we can obtain a periodic function whose minimum is exactly h.. and from which we
can recover x,. Indeed, following the classical Chebychev construction, define cos(2nz) as the com-
ponentwise application of cos to the elements of 2mz, i.e. cos(2mz) := (cos(2mz1), ..., cos(2mzq))
and define f as f(z) := h(cos(2nz)) forz € [0,119. It isimmediate to see that (a) f is periodic, and, (b)
since cos(2mz) is invertible on [0, 114 and its image is exactly [—1, 114, we have h,, = h(x,) = f(z,)
where
X, = cos(2nz,), and z, = min f(z).
z€T4d

We discuss an efficient representation of these problems in section [3.3]

2.1 Certificates for global optimization and k-SoS

A general “recipe” for obtaining a certificates was developed in [31] where, in particular, it
was derived the following bound [31, see Thm. 2]

foz sup c—|f—c—gl , 2)
ceR, geg ¢

where ||u/|; is the {; norm of the Fourier coefficients of a periodic function u, i.e.

and the sup is taken over G that is a class of non-negative functions. The paper [31] then
chooses G, to be the set of positive semidefinite models, leading to a possibly expensive convex
SDP problem. Our approach instead starts from the following two observations: (a) the
lower bound in eq. (@) holds for any set §.; of non-negative functions, not necessarily convex,
moreover (b) any candidate solution (g, c) of the supremum in eq. (Z) would constitute a
lower bound for f,, so there is no need to solve eq. (2) exactly. This yields the following
theorem

Theorem 1. Given a point & € T and a non-negative and periodic function go : T* — R, we
have
[F(%) = Fx I < [If = (%) — ol ®)

Proof. Since x, is the minimizer of f, then f(x,) < f(%). Moreover, since co = (%) and go
are feasible solutions for the r.h.s. of eq. (Z), we have

fR) =2 f(x) > sup c—|[[f—c—gllf =co—|f—co—goll,
ceR, ge§G

from which we derive that 0 < f(&) — f(x,) < [|f — f(R) — goll¢- O

In particular, since any good candidate g is enough to produce a certificate, we consider
the following class of non-negative functions that can be seen as a two-layer neural network.

Definition 1 (extended K-SoS model on the torus). Let K : T4 x T4 — R be a periodic function
in the first variable and let m,r € N. Given a set of anchors Z = (z1,...,2zm) € T and a matrix
R € R™™, we define the K-SoS model g with

vx €T, g(x) = |RKz(X)|[*, and Kz(x) = (K(x,21),...,K(xzm)) ER™.  (4)

The functions represented by the model above are non-negative and periodic. The
model is an extension of the k-S0S model presented in [15], where the points z1,...,zn
cannot be optimized. Moreover it has the following benefits at the expense of the convexity
in the parameters:



1. The extended k-SoS models benefit of the good approximation properties of k-SoS
models described in [15] and especially [19], since they are a super-set of the k-SoS,
that have optimal approximation properties for non-negative functions.

2. The extended model can have a reduced number of parameters, by choosing a matrix R
with k = 1 or k <« m. This will drastically improve the cost of the optimization, while
not impacting the approximation properties of the model, since a good approximation
is still possible with already k proportional to d [20, see Thm. 3].

3. The extended model does not require any positive semidefinite constraint on the matrix
(contrary to the base model) that is typically a well-known bottleneck to scale up the
optimization in the number of parameters [15]. In the extended model we trade the
positive semidefinite constraint with non-convexity. However this allows us to use all
the advanced and effective techniques we know for unconstrained (or box-constrained)
non-convex optimization for (two-layers) neural networks [6].

To conclude the picture on the k-5oS models, a critical aspect of the model is the choice
of K, since it must guarantee good approximation properties and at the same time we need
to compute easily its Fourier coefficients since we need to evaluate ||f —c — g|¢. To this
aim, a good candidate for K are the reproducing kernels defined on the torus [22]. We use
shift-invariant kernels, enabling a convenient analysis of the associated RKHS through their
Fourier Transform.

Definition 2 (Reproducing kernel on the torus). Let q be a real function on T4, with positive
Fourier Transform and q(0) = 1. Let K be the kernel defined with

Yoy €T Ky = qlx—y) = Y Gue?™ oy, )
wezd
Then, K is a r.k bounded by 1. We denote H its Reproducing kernel Hilbert Space (RKHS) and by
I||5¢ the associated RKHS norm

13 = > Huwl?/aw.

wezd

Define A(x) = q(x)?. We assume that we can compute (and sample from, see next section) Ao,
i.e., the Fourier transform of A, corresponding to (§ x §) w, for all w € Z4.

By choosing such a K, the models inherit the good approximation properties derived
in [15,19]. We conclude by recalling that shift-invariant r.k kernel have a positive Fourier
transform due to Bochner’s theorem [21]. The fact that K is bounded by 1 can be seen with
IK(x,x)| = 1q(0)] = >, dw = 1. Finally, note that the Fourier coefficients of an extended
k-SoS model can be computed exactly, as in shown e.g. later in lemmal[Il

2.2 Providing certificates with the F-norm

As discussed in the previous section our approach for providing a certificate on f relies
on first obtaining X using a fast algorithm without guarantees and solving approximately
eq. (@) to obtain the certificate (see theorem[I)). With this aim, now we need an efficient way

to compute the norm || - ||f. We use here a stochastic approach. Introducing a probability
Aw (that later will be chosen as a rescaled version of A, in definition ) on Z9 we rewrite
the F-norm | |
N 1 0
L e ©
wezd Aw Aw

which yields an objective that is amenable to stochastic optimization. From there, [31]
computes a certificate by truncating the sum to a hypercube {w; ||w||, < N} of size N4 and
bounding the remaining terms with a smoothness assumption on u = f — ¢ — g, which
enables to control the decay of {i,. We want to avoid this cost exponential in the dimension
so we proceed differently.
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Figure 1: f —f, is a trigonometric polynomial approximated by an extended k-50S model g.
The L, norm of the difference (blue) is upper-bounded by the F-norm (red), which is itself
upper bounded by the MoM inequality in theorem [B] with probability 98%, here showed
with respect to the number N of sampled frequencies. Shaded area shows min/max values
across 10 estimations.

Probabilistic estimates with the J{ norm. Given that the F-norm can be written as an
expectation in eq. (6), we approximate it with an emplrlcal mean S given with N ii.d
samples (Wi)1<i<n ~ Aw. Now, note that the variance of S can be upper bounded by a
Hilbert norm, as

N
[ w;l 1 [t | |uw| ]
; , sothat Var$S < N <Aw) N Z | ||51{A @)

N @i weza Ao
with H, the RKHS from definition 2] with kernel K(x,x") = 3 eza A 2@ (x=x')  This
allows to quantify the deviation of S from E[S] = ||u||, with e.g. Chebychev’s 1nequahty as

shown in next theorem.

Theorem 2 (Certificate with Chebychev Inequality). Let Aw)w bea probability distribution on
74,6 € (0,1 andga positive function. Let N > 0 and S be the empirical mean of [f ., — ¢ — §ao | /A
obtained with N samples wi ~ Ay,. Then, a certificate with probability 1 — & is given with

A

—S— Hf—C—QH}c)\ Szli |fwi_01wi:0_gwi
VN — Aw: '

fa (8)

WV

Proof. From its definition in eq. (6), we see that an unbiased estimator of the F-norm is
given by S. Then, Chebychev’s inequality states that S — [[u||; |* < Var $/& with probability
at least 1 — 5. Using the computation of the variance in eq. (7), it follows that ||ul|; <
S+lf—c—g| 5¢, / VN8 with probability at least 1 — 5. Plugging this expression into eq. @),
we obtain the result. O

Note that the norm in H, can be developed with (assuming for conciseness that (—c) is
comprised in the O-frequency of f)

2 fi(fw —2§w) 2
el = 3= 25— gl < (Mo, + e, ) ©)
wezd

Thus, theorem 2] provides a certificate of f, as long as we can (i) evaluate the Fourier
transform §, of g and (ii) compute its Hilbert norm in some r.k H, induced by Aw. In next
section, we detail the choice we make to achieve this efficiently, with kernels amenable to
GPU computation, scaling to thousands of coefficients.



Remark 2 (Using a RKHS norm instead of the F-norm). Note that since (Aw)ew sums to 1, the
associated kernel is bounded by 1. Hence |[ul|; < |[ull4,, and the latter could be used instead of
the F-norm in eq. (2)). There are two reasons for taking our approach instead. Firstly, the F-norm
is always tighter that a RKHS norm (see e.g.[31, Lem. 4]); secondly, we cannot compute |[ul|4
efficiently and have to rely instead on another upper bound. However, taking the number of samples

N = O(||u||§ck) alleviates this issue.

Exponential concentration bounds with MoM. The scaling in 1/1/8 in theorem 2] can be
prohibitive if one requires a high probability on the result (6 <« 1). Hopefully, alternative
estimator exist for those cases. The Median-of-Mean estimator is an example, illustrated in
theorem

Theorem 3 (Certificate with MoM estimator). Let (Aw)w be a probability distribution on 79,
and § € (0,1). Draw N > 0 frequencies wi ~ Ay, Define the MoM estimator with the following:
forKeNst. 5=e X8 andN=Kb,b>1, write B1,..., Bk a partition of [N]; then

f 1,.— .
MoM; (| tLe. [/Aw, ) :median{ > o, —¢ “’1 o 9“’1} ) (10)
1<

B Wi .
ie <K

A certificate on f, with probability 1 — & follows, with

log(1/98)

fio > ¢ = MoMs (L, |/Aw ) = 4V2 [ — e = gllgq, \/ =7

(11)

Proof. Using e.g. Theorem 4.1 from [4] we get that the deviation of the MoM estimator from
the expectation is bounded by

~ log(1/6
[l — MoMs (i, |/Aw, )| < 4V2 Var(\ﬂwl/%w)%

with proba. 1 — 5. (12)
Using the upper bound on the variance with the H, norm given in eq. (/) and plugging the
resulting expression into eq. (), we obtain the result. O

3 Algorithm and implementation

3.1 Bessel kernel

We now detail the specific choice of kernel we make in order to compute the certificate of
theorem[2or theorem Blefficiently. Our first observation is to use a kernel stable by product,
so that we can easily characterize a Hilbert space the model g belongs to. This restricts the
choice to the exponential family. That’s why we define, for a parameter s > 0,

Vx € T, qs(x) — es cos(27tx)— Z e SI\wI 27tiwx’ (13)
WEZ

with I}, (-) the modified Bessel function of the first kind [30, p.181]. Then, define K(x,y) =
ds(x—y) asin definition[2] and take a tensor product to extend the definition of K to multiple
dimension, i.e. Ks(x,y) = [To_; Ks, (X, ye) for any x,y € T4. We refer to this kernel as the
Bessel kernel, and the associated RKHS as J(. Itis stable by productas Ks(x,y) = Ks,2(x,y )2.
This is key to compute the Fourier transform of the model g, and in contrast to previous
approaches which used the exponential kernel with g, o e~/ [31,[1].

In the following, g is a K-SoS model defined as in definition [} with the Bessel kernel of
parameter s € R¢ defined in eq. (3).



Lemma 1 (Fourier coefficient of the Bessel kernel). For w € Z9, the Fourier coefficient of g in
w can be computed in O(drm?) time with

m d
= Z H ZS“I‘w” (2s cos m(zi¢ — zj¢) )e e Imwe(zietzie) (14)
i,j=1 e=1

Proof. From its definition in eq. (), we rewrite g as

Z RT ]HK X, 210) Ks (X, Zj¢). (15)

i,j=1

Now, from the definition of the Bessel kernel in eq. (I3), we have that for any (x,y,z) € T,
K(x,y)K(x,z) = e~ 2se2scos(2nly=z)/2) cos2n(x—(y+2)/2) By definition of the modified Bessel
function, the Fourier coefficient of this expression are given by I, (2s cos(2n(y — z)/2)).
Using this into eq. (15), we get the result. O

The second necessary ingredient for using the certificate of theorem [2]is computing a
RKHS norm for g. It relies on the inclusion of H,, into the bigger space of symmetric
operator 8(Js).

Lemma 2 (Bound on the RKHS norm of g). g belongs to Hs, and Hg|| 34, i bounded by the
Hilbert-Schmidt norm of 8(Hs), which can be computed in O(dm? + mr?) time, with

2 2
lgll5e,, < lgll5ac,) = Tr (RKs ,RT)2. (16)

Proof. Assume that d = 1; the reasoning can be extended to multiple dimensions with
the tensor product. From the computation of the Fourier coefficient in lemma [ and
the fact that I}, (2s cos(2m:)) < I;y(2s), we have that o, = O(I(2s)) hence g € Hys.
Finally, since the kernel is stable by product, 7s = Hs ® I, so we can use e.g.[18,
Thm. 5.16], with H; = H, = Hs and §(Hs) = Hs ® H,, with the operator A =
(¢(z1), .., @(zm)IRTR(@(z1), ..., @(zm))* € 8(I;). O

With lemma 2] we have that the model g belongs to H,s, so we will naturally use
Aw = Hﬁl:] e 25¢1,(2s¢) in theorem [} said differently, the space 3, introduced in eq. (7)
is simply H,, defined in eq. (13).

3.2 The algorithm: GloptiNets

We can now describe how GloptiNets yields a certificate on f. The key observation is that
no matter how is obtained our model ¢(R,z) from definition [T we will always be able to
compute a certificate with theorems Zland Bl Thus, even though optimizing eq. (§) w.r.t
(¢, R, z) is highly non-convex, we can use any optimization routine and check empirically its
efficiency by looking at the certificate. Finally, thanks to its low-rank structure it is cheaper
to evaluate g than evaluating its Fourier coefficient. This is formally shown in proposition[2]
in appendix [A] where a block diagonal structure for the model is also introduced. That’s
why we first optimize sup, ¢ —||f — gll,, where |||, is a proxy for the Ly, norm, e.g. the
log-sum-exp on a random batch of N pomt@

[f—c—gll ~ max [f(xi) —c - g(xi)l ~ LSE(f(xi) — ¢ — g(xi))ie(n)- 17)
This optimization can be carried out by any deep learning libraries with automatic differen-

tiation and any flavour of gradient ascent. Only afterwards do we compute the certificate
with theorems2land 3l This procedure is summed up in alg.[Il

1 Another detail of practical importance is that this loss can be efficiently backpropagated through; on the other
hand, the certificate is not easily vectorized, and the Bessel function involved would require specific approximation
to be efficiently backpropagated through.



Algorithm 1: GloptiNets

Data: A trigonometric polynomial f, a candidate z s.t. ¢ = f(z), amodel g, and a
probability 6.
Result: A certificate |f, — f(z)| < €5 with proba. 1 — 6.
/* Optimize g with function values */
for epoch = 1:nepochs do
Sample x1,...,xn € TY;
L, VL = autodiff(LSE(f(x;) — ¢ — g(xi))icn)) ;
z,R < optimizer(VL);

/* Compute a certificate */
Aw: probability distribution on Z4 with A, = [To_; e 251, (2s¢);

Sample O = (w1,...,wN) ~Aw;

Compute M = MOMZ—,(IﬂUi — 1w =0 — Jw://Aw)icm) and & = ||gls(s¢,);

Returns €5 = ¢ — M — 41/25/1os(1/5)/N;

3.3 Specific implementation for the Chebychev basis

As already observed in [1], a result on trigonometric polynomial on T¢ directly extends
to a real polynomials on [—1, 114. The reason for that is that minimizing h on [-1, 1]d
amounts to minimizing the trigonometric polynomial f = h((cos 27x1,...,cos2mx4)) on
T9. Note however that f is an even function in all dimension, as for any x € T4, f(x) =
f(X1y...,—Xiy...,xa). Thus, approximating f — f, with a K-S0S model of definition [I]is
suboptimal, in the sense that we could approximate f only on [0, 1/2]¢, which is 2~ ¢ smaller.
Put differently, the Fourier coefficient of f are real by design: it would be convenient to
enforce this structure in the model g. This is achieved with proposition[Il

Proposition 1 (Kernel defined on the Chebychev basis). Let q be a real, even function on the
torus, bounded by 1, as in eq. (§). Let K be the kernel defined on [—1,1] by

V(u,v) € (0,1/2), K(cos 27tu, cos 27tv) = %(q(u—kv) + qu—v)). (18)

Then K is a symmetric, p.d., hence reproducing kernel, bounded by 1, with explicit feature map given
by
V(x,y) € [=1,1,K(y) = 4o+ ) 28w Hw (X)Ha (y). (19)
weN

The proof is available in appendix[Bl It simply relies on expanding the definition of K in
eq. (18). The resulting expression in eq. (I9) exhibits only cosine terms (in the decomposition
of x — K(cos2mx,y)). This enables to directly extend the PSD models from definition [I]
with such kernels. Finally, when used with the Bessel kernel of eq. (13), we recover an easy
computation of the Chebychev coefficient, as shown in lemma[B] in O(drm?) time. This
enables to approximate any function expressed on the Chebychev basis.

4 Experiments

The code to reproduce these experiments is available at
github.com/gaspardbb/GloptiNets.jl

We perform experiments on random positive trigonometric polynomials. Note that this
is a restrictive analysis, as GloptiNets can handle any smooth functions (i.e. with infinite non-
zero Fourier coefficients). Polynomials are characterized by their dimension d, degree p,


https://github.com/gaspardbb/GloptiNets.jl

Certificate

.

_
9

1072 \.\\'_
# params
107 102 103

Figure 2: Certificate vs. number of parameters in g, for a given polynomial f. The more
parameters in the k-SoS model, the tighter the certificates obtained with theorem

Table 1: GloptiNets and TSSOS on random trigonometric polynomials. While TSSOS
provides machine-precision certificates, its running time grows exponentially with the
problem size. On the other hand, GloptiNets has constant running time no matter the
problem size, and its certificates can be tightened by increasing the model size.

TSSOS GN-small GN-big
d p n Certif. t Certif. t Certif. t
5 85 53-10" 1 3 73-1073 40 2.7-1073 102
3 7 231 471013 120 1.2-1002 31 44-1073 100
9 489 out of memory! - 131002 33 6.9-1073 104
3 33 3.1-10°1° 0.1 50-107%2 38 9.1-1073 167
4 5 225 4.8.10712 53 6.9-1072 30 1.4-107%2 138
7 833 outof memory! - 9.8-1072 33 3.1-107% 137

number of coefficients n, and their RKHS norm in 351 ,,. We first compare the performances
of GloptiNets to TSSOS, in its complex polynomial variant [27]. The latter is used with
parameters such that it executes the fastest, but without guarantees of convergence to the
global minimum f,: thus itis on an equal footing with GloptiNets. Further details regarding
the experiments are reported in appendix[Cl We highlight that for the time reported in this
section, the experiments needed to find a good set of hyperparameters was not taken into
account. The parameters tuned were the type of optimizer, the decay of learning rate,
and the regularization on the Frobenius norm of G. Finally, all results for GloptiNets are
obtained with confidence 1 — 5 =1—e % > 98%.

Table[Ilshows the certificates and the execution times (lower is better, t in seconds) for
TSSOS, a “small” GloptiNet model with 1792 parameters and a bigger GloptiNets model
with 22528 parameters. The polynomial to optimize is of various degree p and number
of coefficients n, but has constant RKHS norm ||f||s,. The key hindsight is that although
GloptiNets does not match the performances of TSSOS on small polynomials, its certificate
does not depend on the number of coefficient in f. Thus, it can tackle problems which cannot
be handle by Polynomial optimization solver, with arbitrarily as many coefficients (n = co),
which is not the case with TSSOS which cannot handle problems with n € {489,833} in
table [l Secondly, note that a bigger model yields tighter certificate. This is detailed in
fig.2] where the same function f is optimized with various models. The dependency of the
certificate on the norm of f is shown in fig. Zlin appendix[C] along with experiments with
Chebychev polynomials.
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5 Limitations

One limitation of our GloptiNets is the trade-off resulting from its high flexibility for
obtaining a certificate as in alg.[Il While this flexibility offers numerous advantages, it also
introduces the need for an extensive hyperparameter search. Although we have identified
a set of hyperparameters that align with deep learning practices — utilizing a Momentum
optimizer with cosine decay and a large initial learning rate — the optimal settings may vary
depending on the specific problem at hand.

We highlight that our model is not competitive on problems which exhibits some al-
gebraic structure, as for instance term sparsity or the constant trace property. Typically,
problems with coefficients of low degrees (less or equal than 2), which encompass notably
the OPF problem, are really well handled by the family of solvers TSSOS belongs to. Finally,
GloptiNets does not handle constraints yet.

6 Conclusion

The GloptiNets algorithm presented in this work lays the foundation for a new family of
solvers which provide certificates to non-convex problems. While our approach does not
aim to replace the well-established Lasserre’s hierarchy for sparse polynomials, it offers a
fresh perspective on tackling a new set of problems at scale. Through demonstrations on
synthetic examples, we have showcased the potential of our approach. Further research
directions include extensive parameter tuning to obtain tighter certificates, with the possi-
bility of leveraging second-order optimization schemes, along with warm-restart schemes
for application which requires solving multiple similar problems sequentially.
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A Extensions

We explore additional extensions of GloptiNets that further enhance its appeal. We first
describe a block diagonal structure for the model for faster evaluation, a theoretical splitting
scheme for optimization, and finally a warm-start scheme.

A.1 Block diagonal structure for efficient computation

Without any further assumption, we see that a model from definition[Ilcan be evaluated in
O(drm) time; its Fourier coefficient given by lemma[Ilin O(dm?r); the bound on the RKHS
norm is computed in O(dm? + mr?) time thanks to lemma [2} all that enables to compute
a certificate, as stated in theorem 2] in O(Ndm?2r + mr?) time, where N is the number of
frequencies sampled. If the function f to be minimized has big J{; norm, we might need a
large model size m to have f — f, =~ g. Hence, we introduce specific structure on G which
makes it block-diagonal and better conditioned.

Proposition 2 (Block-diagonal PSD model). Let g be a PSD model as in definition [I| with
m = bs anchors. Split them into b groups, denoting them zi;, 1 € [b] and j € [s]. Compute the
Cholesky factorization of each kernel matrix T, Ty = K,, € R®*S. Then, define G as a block-diagonal
matrix, with b blocks defined as G; = RiR], Ry = T""Ry, and Ry € R™*S. Equivalently,

G= , st g(x ZHRT 2(X)]|7) Kgu(x) =Kz, X)1<j<s. (20)
RuRY
Then g can be evaluated in O (rbs3d) time, §, in O(bs?(dr+s)) time, and || gHé(st) in O(b?(rs?+
12s) + bs3) time. The model has (v + d)bs real parameters.

Proof. Having G defined as such, it is psd, of rank at most rb < sb = m. Written g(x) =

S % L IRTK, (x)||2, we can compute the Fourier coefficient by applying lemma [Il to each
of the b component. Adding the cost of computmg Gi = RiR{ results in complexity of

O(bs?(dr +s)). Fmally,notethatHgHS %) —HA||S g¢,) Where

*

A = ((©(z1j))jels)y - - > (@(Zvj))jels)) (Diag Gi)ico) ((©(215))jels)y - - - » (@(2Z5))jers)) -

Then, defining Q the matrix of b x b blocks of size s x s s.t. for j, k € [b], Qjx = K(zj,zx) €
Rs*$ we have

||A||§(:}cs) =Tr Q(Diag Gi)iem)Q(Diag Gi)ie) Z Tr G;Qjk Gk Qi (21)

jyk=1
and each term in the sum can be written Tr (RT Q;jxRi)(R] Qx; RT = RT QjxRi||#s, which
is computed in O(rs? 4+ r2s) time, plus O(bs? ) to compute the Cholesky factor. O

Denoting ¢, = (¢(zij))1<j<s, note that
02,Gi0;, = 0z, T, 'RiR{ (0, T, )" = EiRiR{ Ef, (22)

1

with E; = (pZ,LTf1 an orthonormal basis of Span(,,; )1<j<s as E{Ei = L. Thus, each
model’s coefficient is defined on an orthonormal basis, which makes the optimization
easier. Of course, this comes at an added s* complexity, which could be alleviated by using
e.. an incomplete Cholesky factorization instead.

Remark 3 (Relation to Term Sparsity in POP). The successful application of polynomial hier-
archies to problems with thousands of variables rely on making the moment matrix M having a
block structure [29, 28]. If the monomial basis has size m, the constraint M > 0 is replaced with
M = (Diag Mi)ierp) and My > 0. This enables to solve b SDP of size at most s instead of one of
size m. Our model in proposition2lfollows a similar route for having a lower computational budget.
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A.2 Global optimization with splitting scheme

While GloptiNets can provide certificates for functions, it falls behind local solvers in terms
of competitiveness. The challenge lies in the fact that finding a certificate is considerably
more difficult than finding a local minimum, as it necessitates the uniform approximation
of the entire function. However, we present a novel algorithmic framework that has the
potential to enhance the competitiveness of GloptiNets with local solvers while simultane-
ously delivering certificates. Our approach involves partitioning the search domain into
multiple regions and computing lower bounds for each partition. By discarding portions of
the domain where we can certify that the function exceeds a certain threshold, the algorithm
progressively simplifies the optimization problem and removes areas from consideration.
Moreover, such an approach is naturally well suited to parallel computation.

The algorithm relies on a divide-and-conquer mechanism. First, we split the hypercube
(—1,1)4 in N regions, where N is the number of core available. We compute an upper
bound with a local solver. For each region, we run GloptiNets in parallel, computing a
certificate at regular interval. As soon as the certificate is bigger than the upper bound, we
stop the process: we know that the global minimum is not in the associated region. We can
then reallocate the freed computing power by splitting the biggest current region, which
yields an easier problem. We stop as soon as the region considered are small enough. This
is summarized in alg. 2} where (P) indicates the loop run in parallel.

Note that minimizing f on a hypercube of center p and size 0 amounts to minimizing
x = f((x — p)/0) on [—1,1]4, which is another Chebychev polynomial whose coefficients
can be evaluated efficiently thanks to the order-2 relation every orthonormal polynomial
satisfy. For Chebychev polynomials, that is He11(x) = 2xHe (x) — He—1(x).

Algorithm 2: Splitting scheme with GloptiNets

Data: A Chebychev polynomial f with a unique global optimum, a probability o, a
number of cores N and a volume p < 1/N.

Result: A certificate on f: f, > C;s(f) with proba. T —35,.
/* Initialization: upper bound and partition */
I = partition([—1,1]4,N), 5, =0;
@ ub = min <1y {localsolver, ¢, f(x)};
/* Iterate over the partition */
(P) for 7 € 1, While length(TT) > 1 do

while Cs(f;) < ub do

| Continue optimization;

Split biggest part: 7y = arg maxxcrm Vol(m); (71, 72) = partition (7o, 2) ;

If Vol(7t1 ) < p: end this process ;

Update upper bound: ub = min{ub, localsolver,cn, ,f(x)};

Update search space and b,: TT =TT\ {7, o} U {m1, 72}, 6, =1 — (1 = 6,)(1 —5);

/* A single region in TT remains */
Returns TT = {7}, C5(f), Os;

A.3 Warm restarts

Our model distinguishes itself by leveraging the analytical properties of the objective func-
tion, rather than relying solely on algebraic characteristics. This approach offers a notable
advantage, as closely related functions can naturally benefit from a warm restart. For ex-
ample, if we already have a certificate for a function f using a PSD model g, and we seek
to compute a certificate for a similar function f ~ f, we can readily employ GloptiNets by
initializing the PSD model with g. Indeed, if f — f, ~ g, we can expect f — f, ~ g, so we
can expect the optimization to be faster.

15



In contrast, P-SoS methods, which rely on SDP programs, cannot directly adapt to new
problems without significant effort. For instance, if a new component is introduced, an
entirely new SDP must be solved. Our model’s ability to accommodate related yet distinct
problems could prove highly valuable in domains with a frequent need to certify different
but closely related problems. In the industry, the Optimal Power Flow (OPF) problem
requires periodic solves every 5 minutes [23]. With GloptiNets, once the initial challenging
solve is performed, subsequent solves become easier assuming minimal changes in supply
and demand conditions.

A.4 Optimizing the certificate directly

As explained in section 3.2 where GloptiNets is introduced, we optimize a proxy of the L,
norm rather than the certificate of theorems2land Bl This proxy is the log-sum-exp on a
random batch of N points. The reason for this is that evaluating an extended k-SoS model
g(x) on x € T¢ requires O(drs) time, while evaluating §,, on w € Z% requires O(drs?)
time. Yet, optimizing the certificate directly could probably help obtaining higher-precision
certificate. Lemmadlin appendix[Disketches a method to reduce the computational cost of
the Fourier computation from O(s?) to O(s).

B Kernel defined on the Chebychev basis

In this section we describe the approach we take to model functions written in the Chebychev
basis. For h such a polynomial, a naive approach would simply model f = h o cos(27:) asa
trigonometric polynomial. However, note that the decomposition of f only has cosine terms.
Thus, approximating f — f, efficiently requires a PSD model which has only cosine terms
in its Fourier decomposition. This is achieved by using a kernel written in the Chebychev
basis, as introduce in proposition [T} for which we now provide a proof.

Proof of proposition[ll Let x,y € [—1,1] and u,v € [0,1/2] s.t. x,y = cos(27mu), cos(2nv), by
bijectivity of the cosine function on [0,7]. From the definition of K in eq. and the
definition of q in eq. (), we have that

1 . )
K(x,y) = 3 E deo (eanw(u+v) + eme(ufv))
WEZ

= Z dwe?™M cos(2mwv)
WEZ

=qo+2 Z dw cos(2mwu) cos(2mwv)
weN

=30+2 ) dowHwWHe(v).

Since q has positive Fourier transform, this makes the feature map of K explicit with

Kx,y) = o(u) - 9(v), e(u)w = /(1 +1w+0)dwHw(u), for w € N. Hence the kernel is a
reproducing kernel. O

We now use this kernel with the Bessel function x +— e$(cos(2)=1) j o we define the
kernel K on [—1, 1] to satisfy

1
Yu,v € (0,1/2), K(cos(27mtu),cos(2mv)) = 3 (eS(COS(Z”(““LV)) + es(“’s(zmu_"”) . (23)
As it was the case for the torus, this kernel enables an easy characterization of a RKHS in

which an associated PSD model g lives.
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Lemma 3 (Chebychev coefficient of the Bessel kernel). Let g be a PSD model as in definition[I}
with the kernel K of eq. 23). Then, the Chebychev coefficient w € N of g can be computed in
O(rdm?) time with

m d —2s;
e
Jw = ijZ_1 R{R; EU +1620) 5 Lo, (280 ¢i5)Haw, (0peij) (24)

+lw, (28004 ¢15)Ha, (0—gij)

where
O+eij = COS(Zﬂmiﬁj), Mieij = (u“j + l,Iﬁj)/Z, and cos 27‘[uﬁj = Zyij.

Proof.

Expanding g and definition of Chebychev coefficient. From the definition of g in eq. @),
we have

m d
g(x) = > R{R [ Ks, (%26 )Ks, (x0, Z¢5). (25)
=1 =1

We consider x,y,z € (—1,1) and s > 0. We denote u,v,w € (0,1/2) s.t.
X, Y,z = €0s 27U, cos 27tv, cos 2w

with the bijectivity of x — cos(27x) on (0, 1/2). We now compute the Chebychev coefficient
of x = Ks(x,y)Ks(x,z). Denoted p,, this is

dx

]+1w7é0
VI=x2’

1
o0 [ Kl K 2T

VweN, py =
or equivalently

1
YweN, po = (1+1w¢o)J K (cos 27tu, cos 27tv) K (cos 27tu, cos 27tw) cos(2mwu)du. (26)
0

Chebychev coefficient of kernel product. With the definition of the kernel in proposi-
tion[I] eq. (I8), we have

1
KsboyKstoz) = 7 (pu+v) +plu—v)) x (plu+w) +p(u—w))
. 6—425 (eSCQSZn(u+V) +escosZ7t(u—v)) % (eSCOSZﬂ(u+w) +escosZn(u—W))

Now use the sum-to-product formula with the cosines to obtain

2
K (X, U)Ks (X, Z) — € 7 ° < eZs cos 27t (X5 ) cos 27t (u+ LEX ) + eZs cos 27t (X5 ) cos 27t (u—LEX )
+e2$ cos 271 ( X5% ) cos 27t (u+ L5 ) + eZs cos 27t (X5 ) cos 27t (u— Y5 ) ,
(27)
We simplify this expression by introducing
1
m4 = —(vEw) and o4 = cos2mtm4. (28)

2
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Then, eq. (27) becomes

e—Zs
Ks (Xa U)Ks (X) Z) =

( e250'7C0527'[(u+m+)_’_e250'7C0527'[(u—m+) (29)

+eZSU+ cos2mt(u+m_) + eZscLr cost(um))

We recognize the definition of the kernel (which is not a surprise as we chose the kernel to be
stable by product). However, we need variables in (0, 1/2) to retrieve the proper definition
of the kernel. Instead, we use lemma [l on eq. (29) combined with eq. (26)), to obtain

—2s

Pw=(1+ 1w¢o)e ( cos(2mwmy )1 (2s0_) 4+ cos(2mwm )1y (250 )

+ cos(2mwm_)1,(2s04) + cos(2mwm_)I1, (Zscu)) ,

which gives

—2s
Pw =1+ lw#))eT(cos(anm+)Iw(Zscf_) + cos(2mwm_)1,(2s0)). (30)
Equation (30) contains the Chebychev coefficient of the product of two kernel function as
defined in eq. 6). Plugging this result into the definition of g in eq. (25), and noting that
cos(2mwmy) = Hy, (cos 2mm4) = H (04 ), we obtain the result. O

Thanks to lemma 3, we see that a model g defined as in definition [[l with the Bessel
kernel K, of eq. (23) as its Chebychev coefficients decaying in O(I(2s)). Hence, it belongs
to H>s, the RKHS associated to Kas.

C Additional details on the experiments

Regularization. Regularization is performed by approximating the HS norm with a proxy
which is faster to compute. We use ||R{ Ri[|#;s instead of [|R{ QjiRk |5 in eq. @D.

Hardware. GloptiNets was used with NVIDIA V100 GPUs for the interpolation part, and
Intel Xeon CPU E5-2698 v4 @ 2.20GHz for computing the certificate. TSSOS was run on a
Apple M1 chip with Mosek solver.

Configuration of TSSOS. We use the lowest possible relaxation order d (i.e. [deg f/2]),
along with Chordal sparsity. We use the first relaxation step of the hierarchy. In these
settings, TSSOS is not guaranteed to converge to f, but will executes the fastest.

Certificate vs. number of parameter for a given function. In fig. 2] the target function
is a random polynomial of norm 1. The models forming the blue line are defined as in
proposition 2] with rank, block size and number of blocks equal to (1, bs, 1) respectively,
with bs the block size we vary. The number of frequencies sampled to compute the certificate
is 160000, and accounts for the fact that the bound on the variance becomes larger than the
MOM estimator for large models.

Certificate vs. problem difficulty for a given model. We have 3 related parameters: the
quality of the optimization (given by the certificate), the expressivity of the model (given
by its number of parameters), and the difficulty of the optimization (given by the norm of
the function). In fig.[2] we fix the latter and plot the relation between the first two. Here, we
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Figure 3: Certificate vs. RKHS norm of f, for a given model g with a fixed number of
parameters. f has 1146 coefficients and g has 22528 parameters. Best certificate is kept
among a set of optimization hyperparameters. As the norm of f decreases, fitting f — f,
with g is easier and the certificate becomes tighter.

fix the model with parameters (8, 16,128), and we optimize a polynomial in 3d of degree
12, with RKHS norm ranging from 1 to 20. The certificates obtained are given in fig.[3l The
resulting plot exhibits a clear polynomial relation between the certificate and the norm of
the function, with a slope of —0.88. This suggest that the certificate behaves as O(||f||s¢,,)-

Comparison with TSSOS on the Fourier basis. In table[I] the polynomials f all have a
RKHS norm of 1. The small model is defined as in proposition 2] with rank, block size
and number of blocks equal to 4,32, 8 respectively. For the big models, those values are
8,128,16. The certificate is the maximum of the Chebychev bound of theorem [21and the
MoM bound of theorem 3] The number of frequencies sampled is 3.2 - 107.

Comparison with TSSOS on the Chebychev basis. We compare GloptiNets with TSSOS
on random Chebychev polynomials in table[2] similarly to the comparison with trigonomet-
ric polynomials in table[Il Minimizing polynomials defined on the canonical basis is easier:
contrary to trigonometric polynomials, there is no need to account for the imaginary part
of the variable. If d is the dimension, complex polynomials are encoded in a variable of
dimension 2d in TSSOS, following the definition of Hermitian Sum-of-Squares introduced
in [10]. Hence, the random polynomials we consider are characterized by the dimension d
and their number of coefficients n; instead of bounding the degree, we use all the basis ele-
ments H, (x) = ]_[fl:1 He, (x¢) for which |w||,, < p. The maximum degree is then dp. The
RKHS norm of f is fixed to 1. As with the comparison on Trigonometric polynomial table[T]
we see that GloptiNets provides similar certificates no matter the number of coefficients in
f. Even though it lags behind TSSOS for small polynomials, it handles large polynomials
which are intractable to TSSOS. The “small” and “big” models have the same structure as
for the trigonometric polynomials experiments.

Sampling from the Bessel distribution. The function w — e~ *I(s) decays rapidly. In
fact, with s = 2, which is the value used to generate the random polynomials, it falls
under machine precision as soon as w > 14. Thus, we approximate the distribution with
a discrete one with weights I, (s) for w s.t. the result is above the machine precision. We
then extend it to multiple dimension with a tensor product. Finally, we use a hash table to
store the already sampled frequency, to make the evaluation of million of frequencies much
faster. For instance in dimension 5, sampling 10° frequencies from the Bessel distribution
of parameter s = 2 on N° yields only ~ 10% unique frequencies. This allows for tighter
certificates, as it makes the r.h.s of eq. (§), in /N, much smaller. Note that the time to
generate this hash table is not reported in tables[Iland 2] and of the order of a few seconds.
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Table 2: GloptiNets and TSSOS on random Chebychev polynomials. The same conclusion
as in table [l applies. While TSSOS is very efficient on small problems, its memory re-
quirements grow exponentially with the problem size. GloptiNets has less accuracy, but a
computational burden which does not increase with the problem size.

TSSOS GN-small GN-big

d p n Certif. t Certif. t Certif. t
3255 3.4-1077 6 93-102 54 33.1072 264
4 4 624 211077 153 83-1072 55 2.8-107% 258
5 1295 Outofmemory! - 1.0-107" 56 3.2-1072 264

D Fourier coefficients in linear time

Lemma 4 (Fourier coefficient of the Bessel kernel in linear time). Let g be an extended k-SoS
model as in definition[Il Then, its Fourier transform can be evaluated in linear time in m with

-3 5 (Sxadlomon ) (SralToma) o

k=1nezd \i=1

where |
neZzeTteld, do+(z)n = qz’nem(n:twg)z

and q...(s) is defined with lemmalel

Lemma M provides a formula for computing §., which is linear in m, but which still
requires numerical approximation to compute the sum onn € Z¢. For instance, restraining
the sum to the hyperbolic cross [5]

d
HC(d,n) = {w € Zd;Hmax{l, lwel} < n}

=1

would result in a complexity of O(n(log d)™mr) and should produce reasonably accurate
estimate of §,, for low n.

Furthermore, since q is real-even w.r.t n, the inner-product in eq. (35) can be simplified
by computing only half of the terms.

Proof. From lemmal/(I] we have that
m d
= X RIR [ e ™ oy (2necosmlasg — zy)e e me o, (32)
i,j=1 =1

Introducing
fo(x,y) = e 2, (28¢ cos T(x —y))e Tyl (33)

eq. (32) simplifies to
m d
= Z H le, Z]e (34)
i,j=1 =1

Using lemmal6] for any x,y € T,

ZSZIM |(2s¢ cos(x —y Z qen e (x—y)
nez
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(qe,n depends on wy) so that, f; defined in eq. (33) now writes

§ qen mnx y) —niwﬂx—o—y)

nez
— Z qe nerti(nfwg)xefﬂi(nerg)y
nez
=, (x) - de 4 (y) (35)
where, for any { € {1,...,d} and z € T, we defined
— m(ntwe)z
$e2(2) = (Vaime ) - (36)

We then define the embedding ¢+ : T — (Z9 — C) be the tensor product of the ¢¢ +. Then,
eq. (35), enables to write §, in eq. as

m

Z Z Rkle] ¢+(Z])
]:
[Z Rkld) Zl ] : Z Rki¢+(zi)1
k=1 i=1

= l Riidh1,—(211) ® - @ pa,—(Zia ] lz Riidh1,4+(zi1) ® - ® ¢d,+(zid)‘|
im1

k=1

g ZZ (ZRklli[dnz, Zit)n ) (ZRkLansz))

=1

lvl

which is the desired result. O

E Other computation
Lemma 5. Let f be the function defined on (—1,1) with
Vu e (0,1/2), f(cos2mu) = 02—V, (37)
Then, its Chebychev coefficient are given with
fow = (1 4+ 1wxro) cos(2mwv)Iy (s). (38)
Proof. The w € N,. The component w of a function f on the Chebychev basis is given with

2

1
fw:—J F(x) T (x)
1

T—x2’

s

which we conveniently rewrite, with the classical change of variable x = cos 27,
fo = 2J f(cos 27tu) cos(2mwu)du (39)
I;

which is valid for any interval I; C R of length 1.
Now, for s > 0, consider the function f defined on (—1,1) with x s escos(arccos(x)—2mv)
or equivalently
Vu e (0,1/2), f(cos2mu) = ed0s27mu—v), (40)
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Putting eq. (40) into eq. (39), we obtain
fo = 2J 50327 (W=v) (g (2mtwu)du
I;
= ZJ 50527 cog (2w (u + v))du
I;

=2 J €52 ¢o5(2mwut) cos(2mwv)du — 2 J €% 2™ gin (2mwu) sin(27twv) du.
I] I]

The last term is odd, hence integrate to 0 on an interval centered around 0. Hence,

fo = 2cos(2mtwv) J 5 527U (g (2w ) dut. (41)
L

We recognize the definition of the modified Bessel function of the first kind, defined in
eq. (I3). Plugging this into eq. (1)), we obtain

fo = 2cos(2mwv)Iy(s) = 21, (s)He (cos(27v)). (42)

If w = 0, we add a factor 1/2 into the definition in eq. (39), which yields
fo =TIo(s). (43)
O

Lemma 6 (Fourier decomposition of Bessel composed with cosine). Let s > 0, w € N and
z € T. Then,

e 251 (2s cos2mz) = Z quw, nelmnz,

nez
25 (s/2)2PH®  2phw \ e (44)
[+ n—w S T n—w I nNnN=w
where ¥n > 0, Qun = Z 2 (*F*) p+w)! (p—T) f . ’
0 otherwise.

and qw,—nm = qw,n by evenness of the coefficients.

Proof. From the definition of the modified Bessel function of the first kind [30, p.77, Eq. 2],
we have

Io(z) = Z m

= plp + w)!’
so that
SZp—b—w
Iw(ZS Ccos 27'[2) = Z m COS(27TZ)2P+w
=P !
_ s/2 2p+w 2niz+e—2niz)zp+w
pllp + w)
p=0
2p+w
_ (s/2)2PFw (2]9 + w) Q27(2(p—K)+w)z. (45)
] !
Pl wlt = k

Using the change of variable n = 2(p — k) + w into eq. (45), we see that n has the same
parity as w and

2)2p+w Zptw 2 ‘
w(2scos2nz) = ) % < Eti)ez”‘“z. (46)
p=0 pp ’ n:—n(iz)—w) p
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Equation (8) can be rewritten

e = (/225 [ 2p
I, (25 cos2mz) = e2minz (s/2)7Pre w\, .
) 1% ]DZ%)P!(PwLw)! p— 152 (2p+w)<n<2p+w>

n=w

for which eq. (@) is a concise rewriting.
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