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Feedback Interconnections of Passive Linear Cone
Complementarity Systems

Bernard Brogliato* Aneel Tanwani'

April 2, 2024

Abstract

This paper is largely concerned with generic interconnections of a class of pas-
sive nonsmooth nonlinear dynamical systems, namely linear cone complementarity
systems (LCCS). Criteria which guarantee the passivity of the interconnection are
given. Asymptotic stability is studied in a particular case. Application examples
from nonsmooth circuits, state observer synthesis, and switching DAEs (Differential
Algebraic Equations) are presented.

1 Introduction

We consider a particular class of nonlinear nonsmooth dynamical systems called Linear
Cone Complementarity Systems (LCCS), which has found applications in circuits, me-
chanics, economics, etc, [17, 1], and are computational friendly [2]. The dynamics of such
systems are described by

&= Ax + BA+ Lu+f (1la)
K>A1lw=Cx+ DX+ Eu+tg € K7, (1b)

with state z € R™ and the complementarity variables A, w € R™, K C IR™ a constant
closed convex nonempty cone, K* its dual cone, u is an input, all matrices A, B,C, D, E, L
are constant, f and g are exogenous signals. The notation K 5 A L w € K* means:
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w e K*, A € K and (\,w) = 0. When K is the non-negative orthant of IR™, that is,
K = IR, then we also have K* = IR!. In that case, the inclusions in (1b) take the
form of inequalities, commonly written as 0 < A L w > 0, which are to be interpreted
componentwise and (1) is commonly called a Linear Complementarity System (LCS)
[20] in that case. The solutions of (1) are to be interpreted in the sense that we seek an
absolutely continuous function of time ¢ — z(¢) and the multiplier ¢ — A(f) € K such that
(1a) holds for almost all ¢ > 0 and the constraints in (1b) are satisfied for all ¢ > 0. The
variable A may be seen as a Lagrange multiplier associated with the constraint w € K*.
One sees that, depending upon the value of D, the regularity of the multiplier A as a
function of time, or as a function of the state varies and it is possibly discontinuous. Such
issues have been well-documented in the literature, see for example [17] and references
therein. Moreover, when the functions v and g are possibly discontinuous, this may
lead to discontinuities in the state trajectory which are more formally studied under the
framework of functions with bounded variation which is studied later in Section 3.

For these reasons, the system class (1) is inherently nonsmooth and several studies
have been carried out in the literature to study the well-posedness or existence of solutions
for such systems. In many of these works, the considered passive input/output operator
associated with (1) is A — w, because it is this pair of variables which plays a crucial role
in the LCCS well-posedness [20, 18, 15, 19, 23, 42, 21], and passivity of this input/output
map naturally holds in applications like circuits or mechanics.

In this article, we are interested in studying the interconnections of LCS, where the
coupling terms depend on the state and multiplier \. To provide a motivation for such
class of interconnected systems, let us consider the following setup which arises in output-
based feedback control of LCS.

Motivating example: Consider an LCS described as in (1) with f =0, g = 0, and an
output y = Hx. A state observer for this system is proposed as:

7= (A-KC)Z+ B\ Ky + Lu
0<AL@=(C—KyH)E+ DA+ Fu+ Ky > 0.

This observer is used for feedback stabilization by choosing the control input to be u =

M?Z. Letting e 20— 7, the closed-loop system is an interaction of the z-dynamics:

. {y‘c:(A+LM)a:—LMe+B)\
1 -

2
0<ANLw=(C+EM)x+ D\—EMe >0, 2)

and the e-dynamics:

. ¢ =(A—K,C)e+ BX\— BA -
“l0<AL@=—(C—KeH+ EM)e+ DA+ (C + EM)z > 0.

We are primarily interested in addressing the question if the interconnection of >; and
Y9 described in the aforementioned manner is well-posed and stable. The results of this
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paper allow us to address such questions and provide guidelines for choosing the output
injection gains K1, K, and the state feedback matrix M such that the closed-loop system
has some desired properties (see section 6).

In the setting of this paper, we consider the nonsmooth systems of form (1) with an output
described by a linear function of the state x and the multiplier A; and the interconnections
are described by taking the input of one subsystem as the output of another subsystem.
Such interconnections of dynamical systems in nonsmooth setting have not received much
attention in the literature. In a recent work [25], authors analyze series and parallel
interconnections of one-port circuits to study the monotonicity of the overall system.
However, building upon our work in [41], the focus of this article is on analyzing the
passivity of the mapping between the augmented state and the augmented multiplier using
the conditions on individual subsystem. In particular, we derive conditions which allow us
to establish the existence of a quadratic storage function for the interconnected system.
When looking at the literature on interconnection of (smooth) passive systems, one of
the commonly asked questions is about the stability of the interconnected systems [44,
28, 16, 43] and such questions are addressed directly by computing bounds on the signal
norms using passivity definitions without necessarily constructing the storage function
for the interconnection. In [4], the authors address the stability question by associating
a storage function with the interconnected system which is a linear combination of the
storage functions associated with individual subsystems. In contrast to these references,
the major difference in this work arises due to the fact that we interconnect the state and
the nonsmooth multiplier through the input and output channels. Systems of the form
(1) are not necessarily passive with respect to the input v and the output. The first focus
is basically the construction of a quadratic storage function for the interconnected system
without changing the supply rate, because this property is essential for the subsequent
analysis. In addressing such questions, we consider a more generic form of the storage
functions which allows coupling between two subsystems and the resulting conditions are
therefore more involved. We consider different passivity notions and study conditions for
asymptotic stability with nontrivial equilibrium when the interconnection is not strictly
passive.

This article is organized as follows: in section 2 generic interconnections of two passive
LCCS are analyzed. Criteria such that passivity (section 2.1), strong passivity (section
2.2) and strict state passivity (section 2.3) are preserved after interconnection are given.
Section 3 is devoted to state jumps analysis after interconnection. In section 4 the link
with maximal monotonicity and incremental passivity is established. In section 5 the
asymptotic stability of the interconnected system is studied in several cases. Section 6 is
dedicated to present examples. Conclusions are given in section 7. Some technical results
are provided in the appendix (sections A, B and C).

Notation The scalar product in R" is denoted (-,-), the associated norm is ||z|| =
V{(x,x). The unit ball in R" is denoted B,. Let M € IR"™, 0;(M) are its singular
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values, 01(M) > 02(M) > ... > Ominfrm}(M) > 0, omax(M) is its largest singular value.
Let m =n and M = M, its eigenvalues are denoted \;(M), 1 < i < n, Apax(M) is its
largest eigenvalue, Ay, (M) is its smallest eigenvalue. Positive definite matrix: M > 0
if and only if 2" Mx > 0 for all z # 0, positive semidefinite matrix: M = 0 if and
only if T Mz > 0 for all 2 (they may be nonsymmetric). M is a P-matrix if all its
principal minors are positive. It is a copositive matrix if " Mx > 0 for all z € R
Let M = M" 3= 0, then \;(M) > 0. The Moore-Penrose pseudo-inverse of M € R™™
is denoted M. The range of M is denoted Im(M), its null space as Ker(M). The
m x m identity matrix is denoted I,,,. The normal cone to a nonempty closed convex set
® C R" at x € R" is denoted as Ny(x)={z € R" | (z,y —z) <0, Vy € ®}. Its inverse
mapping is denoted as N () (this is the subdifferential of the support function og(-),
i.e., Ng'(-) = 0og(+)). The dual cone of ® is &* = {2z € R" | (z,w) > 0,Yw € ®}. AC is
for absolutely continuous functions. The relative interior of a set ® is denoted rint(®), its
interior Int(®). Let M : IR" = IR™ be a set-valued mapping, its range is denoted Im(M),
its domain Dom(M). Interested readers may consult a standard reference, like [6] or any
standard text on topology and set-theory, for precise definitions of the mathematical
terms from set theory that are being used here. Let x, ¢ € R™, M € IR™*™, the linear
complementarity problem LCP(M,q) is defined as: o > 0, w = Mz +q > 0, w'z = 0,
compactly 0 < z L w > 0, and SOLLCP(M, q) is the set of solutions to LCP(M,q). A
comprehensive reference for LCP is [27].

2 Generic Interconnections of Passive LCCS

In this section we consider interconnections of two LCCS. The dynamics of both systems
are described by:
for ¢ € {1,2}, with z; € IR™, uy, yo € IR"™, ug, y1 € IR™2, w;, \; € R™, n = ny + ng,

m = my+ms, K; C IR™ are closed convex nonempty cones. The interconnection between
both subsystems in (4) is defined as:

ur) _ (Y2) _ Hozy + GaXo (5)
U2 Y1 Hyry + GiA
The outputs y; and y, can be seen as the measured outputs for each subsystem, while
wy and wsq are internal variables (which can be considered as outputs of a passive internal
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Figure 1: LCCS interconnection.

subsystem as seen below). This yields the following interconnected system:

j31 o Al L1H2 T + Bl LlGQ )\1
C.CQ o Lng AQ i) LQGl BQ )\2

LiclR™" 2, SBeR™™ 23
(6)
A . Ch E\H, T1 D, E,\G, A *
K > (/\2) Lw= (EQHI CQ T + E2G1 D2 )\2 < K ’
S¢eR™" SpeR™ ™

with K = <§1), K* & (gl*) The interconnection matrices are Ly, Lo, Fq and Es.
2 2

Notice that F,Gy € IR™*™2 and Ey,G, € IR™*™.

Assumption 1. The quadruples (A;, B;, C;, D;), i = 1,2, define a passive system. Equiv-
alently, there exist P; = PiT = 0 such that:
(PB;—C" D;+D/] )"

This means that the passivity of each LCS in (4) with u; = 0 holds with supply rates
N\ w;, and not u; y; as usual in the Passivity Theorem [16] (notice that only AC solutions
are considered throughout this article). This is the reason why the interconnection in
(5) imposes u; = y, and not u; = —y, as in the usual passivity interconnections: the
signum of the feedback is irrelevant in this context. The passivity is preserved under the



interconnection constraint, if and only if there exists an n x n matrix P = PT = 0 such
that:

(8)

Then the interconnected system is passive with the supply rate w '\ and storage functions
V(x) = 2" Px. Using (4) (5) (6), we obtain the differential inclusion (DI):

o2 ~ATP-PA PB-CT
- \(rB-C"HT D+DT )"

i’l € Alxl — Bl(Dl + N_l*l)_l((]lxl + ElHQ.Z‘Q + ElGQ)\Q) + Ll(Hgl’g -+ GQ)\Q)
iii'g € AQJ?Q — BQ(DQ -+ N_g)_l(CQ:UQ —+ E2H1$1 -+ EZG]_)\]_) + LQ(Hll'l + Gl)\l) (9)
A€ —(D+NH) (Ca)
Let P2 (P# PH), P, € R ™ P, e R"™*™ P, € R"*™. Then: —A'P — PA =
Py P
diag(@h Q2) + Q with Oy 2 —AlTpl — P A, Qo 2 —A2TP2 — PyAy, and
PioLoHy + H{ Ly Ply PiLiHy+ PioAs + Al P+ H Ly P

Q - B é@lz ’ <1O>
]—2 P1T2L1H2 + H;—LIPIQ

Also Qy = Q1+ PialoHy + H{ Ly Py, Qo 2 Q2+ PLL Hy + Hy L] Pa,

S D+ D]  EGy+G{E]
T _ 1 1 172 142
D+ D" = (EQG1 +GyE]  Dy+DJ ’ (11)
PE_GT _ PiBy — C| + P3Gy PiL1Gy+ PisBy — H'E]
PLB) + P,LyG, — HJE]  PyBy, — C] + PLLGs (12)
A (P11 P12 c IR™"
P21 P22 '
Finally the matrix inequality in (8) is equivalent to:
a) PB—CT =(PB-CT)(D+DN(D+DT)
b) D+D" =0 (13)

(

(

(c) ATP+PA<0

(d) —ATP—PA = (PB-CT)(D+DNI(BTP-0C)

The conditions (13) follow from [9, Proposition 8.2.4]. As is well-known, in case D+D ' =
0, the conditions (13) reduce to (a) and (c). Solving the matrix equalties/inequalities
in (13) with unknowns Py, P, Pis, Hy, Hy, Gy, G2 (and possibly Li, Ls, Ey, Ey in
some cases) is difficult in general. In the following sections paths which facilitate their
analysis are studied. The results in sections 2.1, 2.2, 2.3, provide conditions such that
the interconnection quadruple ([1, B,C, D) possesses required passivity properties. It is
noteworthy that the matrices’ structure is tightly related to LCCS structure.
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2.1 Passivity Preservation after Interconnection

Let us start with several lemmata which state under which conditions the conditions in
(13) hold. It is assumed that P is as above and P, is a solution of the LMI (7), i =1, 2.

Lemma 1. (13) (a) holds if and only if:

B/ P —Cy+G{L; P}, B Py + G| Ly P, — E1Hy
Im | 777 TpT + Im T TrT
GILTP, + B] P], — EyH, B Py — Cy+ GJLT P

(14)
D, + D] E\Gy + G| E]
- .
< Im (EQG1 + G;EJ) Im ( Dy+ D]
In addition, (14) holds if:
Im(GY Ly P,) C Im(B[ P, — C)
III] BIP12 + GITL;PQ — Eng) Q Im(BIPl — Cl)
Im G;—LIPR) C Im(B;—PQ —Cy) (15)

(
(
(
Im(EyGy + Gy E)) C Im(Dy + Dy).
Proof. Using [10, Fact 8.4.3], (13) (a) holds true if and only if Im(BTP — C) C Im(D +
D7), equivalently (14) holds, from [10, Fact 3.14.8] (i.e., Im(A) + Im(B) = Im(A B)
for any A and B with same number of rows). Let us now prove (15). For two matrices
A and B, let Im(B) C Im(A), then Im(A + B) C Im(A), and Im(A) 4+ Im(B) = Im(A).
Also Im (g) C GIIE((E))) Using these inclusions it follows that (15) implies (14), using
Im(B] P, + C1) C Im(D; + D{) and Im(B, P, + Cy) C Im(Dy + D ) from Assumption
1. [

Corollary 1. Assume that Pio =0, then (14) holds if:

PlLlGQ—HlTE;— :O

P LG, — HJE[ =0 (16)

Proof. Follows from Assumption 1, since Im(B] P, +C;) C Im(D; + D{) and Im(B, P, +
Cy) CIm(Dy + D, ) (see Appendix B). O

Lemma 2. Inequality (13) (b) holds if: Im(E,Go+G| Ey ) CIm(D,+ D)), o2, (E1Ga+
G| E)) < 0,/ (D1 + D )A\nax(D2 + DJ ) when Dy + Dy = 0, rank(D; + D) = r; < my,
Dy + D] # 0. Orif: Im(ExGy + Gy E]') C Im(Dy + Dy ), 0%, (E1Gy + G Ey) <

Oy (Do +Dg ) Amax(D1+ DY) when D+ D] = 0, rank(Dy+Dg ) = roy < my, Dy+Dg # 0.
Orif: (D1 + D] =0 or Dy+ D) =0) and E,Gy + G{ E] = 0.
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Proof. Consider (11). From Assumption 1, Dy + D{ = 0 and Dy + D] = 0. It follows
that D+ D7 3= 0 if and only if [9, Proposition 8.2.4]:

() Dy+ Dy 3= (ExGy+ Gy E )(Dy + D )1(E\Gy + G| EY)
(17)
(8) E\Gs + GTE] = (Dy + D] )(Dy + D)) (EGs + GTEY),

equivalently:

(&) D1+ D] = (E\Gy + G| EJ)(Dy + D)) (E,Gy + GJ E)
(18)
(B) E\Gy+ G| E) = (E\Gy+ G E])(Dy+ Dy )(Dy+ D, ),

Let us examine the above conditions:

(o) Assume that Dy + Dy = 0, rank(D; + D] ) = r; < my, D+ D] # 0. Using Corol-
lary 8 and [9, Corollary 9.6.5], the inequality (a) holds if Gpax (Do + Dy ) > Omax((E2G1 +
Gy E)(Dy + D)) (E\Gy + G{ EJ)). From [9, Corollary 9.6.5, Fact 6.3.28], it follows
that Tmax((EsG1+Gl E] (D1 + DIV (EvGa+GTET)) < 02 (EyGa+ Gl EJ )oma((D1 +
D)) =02 «(E1Gy + G E} o, 1 (D1 + D) and oyax(D2 + D3 ) = Amax(D2 + DJ).

(') Assume that D;+D] = 0, rank(Do+D, ) = ro < my, Dy+D] # 0. Then for same
reasons, the inequality (a) holds if o2, (E1G2+ G{ Ej )o, (D2 + Dj ) < Amax(D1+ D) ).

(8) Using [10, Fact 8.4.3], this is equivalent to Im(F,Gy + G| Ey ) C Im(D;y + D).

(8') Similarly, the equality is equivalent to Im(FE>G; + G4 E|) C Im(Dy + D.)).
Therefore the Lemma’s condition imply that (17) and (18) are satisfied. Notice that if
Dy+ D] =0orif Dy+ D) =0 then [(a) and (8)], or [(¢/) and (B)] = E1Gy = —G| E; .
Also E\Gy = —G| E] guarantees that («), (8), (o/) and (B') are satisfied. Thus if
Dl—i—DlT:Oong—i—D =0, WehaveD+DT>—0<i)E1G2 GITEQT

0

Lemma 3. (13) (C) holds Zf Ql 0 QQ 0 and: Im(Q1 ) Q _(P12L2H1+H1TL_;—P1—5>,

T (Q12) < 04, (Q1)0max(Q2) when Qy = 0, rank(Q1) = q1, Q1 # 0, or Im(Q[;) C
Ifn(PmL Hy + Hy L] Piy), 02, (Q12) < 04(Q2)0max(Q1) when Q1 = 0, rank(Q2) = ¢o,
Q2 # 0.

Proof. The conditions which guarantee that ATP + PA < 0 are studied from the fact
that —ATP — PA = diag(Q1, Qs) + Q with Q in (10). We have diag(Ql, Q2) +Q =0 if
and only if: Q1 = Q) + PoLoHy + HI LI PJ, = 0, Qs = Qo + PLL1Hy + Hy L] Pia = 0,
Q12 = (PiaLoHy + JLITLTPJQ)(PHLQH1 - HTLTPJQ)T Q12 <= Im(Qy2) C Im(PioLoHy +
H{ L] P}), and Qs = QJ,Q1Q12, where we used [9, Proposition 8.2.4] [10, Fact 8.4.3)].

The last inequality can be treated similarly as we did in case (b) («) and (a/). Assume
that Qy = 0, rank(Q1) = ¢1, @1 # 0. Then the last inequality holds if 02, (Q2) <



00 (Q1)0max(Q2). We can use also the equivalent conditions Q1o = Qu2(PLL1Hy +
HTLTPm) (PyL1Hy + H) L{ Pps) <= Im(Q{,) C Im(P,L1Hs + H L{ Pip), and Q1 »=
Q12Q2Q12 Assume that Q; = 0, rank(Q3) = ¢z, Q2 # 0. Then the last inequality holds
if 02, (Q12) < 04,(Q2)0max(Q1). Thus the lemma is proved. O

Using [10, Fact 3.13.15, equation (3.5.7], Im(_@lg) C PIm(Li1Hy) + Im(PpAy) +
Im(A{ P},) + Im(H, Ly P,), and similalry for Im(Q7,). This can be used as a sufficient
condition in the lemma.

Corollary 2. When P2 =0, (13) (c) holds provided that
PiLHy = —(PyLoH,)T, (19)

Proof. The conditions guarantee that Q1o = 0, hence ) = 0, hence —ATP — PA =
diag(Q1, Q2). [
Let us now provide conditions for (13) (d) to be satisfied.

Lemma 4. Let the conditions in Lemmata 2 and 3 hold (hence (13) (b) and (c) are
satisfied). The following statements hold:

1
i\ 2
A (P P12 Dy + D] E\Gy + Gl Ey
1. Let N = <p21 p22) ((E2G1 +GIET Dy + DJ . Then (13) (d) holds

true only if:

Im(diag(Q1,Q2) + Q) 2 Tm(N) (20)
Ni(diag(Q1, Qo) + Q) > N\ (NNT) >0, forall i€ {1,...,m}, (21)
tr(diag(Q1, Q2) + Q) > tr (NNT) > 0. (22)

2. Let E\Go + GTE] =0, Pip = (LoHy)T = LiH,. Let us denote Dy; = Dy + D],
Ds 5 2 Do+ Dj . Then (13) (d) holds true only if:

(i) Im(Q1> 2 Im(p11D;r,1p1Tl +p12DI’2p1T2)
(ii) Im(le - pllDl,lPQTl - p12Dl,2p2T2) C Im(@l P11Ds 1p11 p12Ds 2p12) (23)
(iii) Im(Q2 —png;lp; - P22D1,2p;2> 2 Im(( p21Ds 1p11 1022DT 2p12)

(Ql - p11DZ,1p1Tl - P12D1,2P1T2)T(Q12 - p11D5,1p21 mes,zpzz))

3. Then (13) (d) holds true if: Py = (LaHy)" = LiHa, rank(Prp) = ny, 02 (Q12) <
M in (Q1) Amin (Q2), rank(D + DT) —d, D+ DT #0, and

020 (P11) + 02y (P12) + 020 (P22) + 02y (p21) + VA
2

< 04(D+ D) Max (gi %122> (24)



with A = (Uéax(pn) + Ufnax(pu) - Uﬁlax(pm) — Ufnax(pﬂ)) + 4(Omax(P11)Omax (P21) +
Jmax(pIZ)UmaX(p22))-

4. Let both sides of (13) (d) be decomposed as MM and NN, respectively, so that (13)

(d) is rewritten as MM " = NNT. Let M = U, <€ 8> Us, where Uy and Uy are unitary

matrices, T = diag(o1(M), ... ,0.(M)), r = rank(M), and U] N = (JXI) Assume that:

e (1) < I (ding(@1.Q0) + Q). (25)

then (13) (d) is satisfied.

Proof. Let us examine (13) (d). We have —ATP — PA = diag(Q1,Q2) + Q, with Q in
(10), and PB — CT in (12), D+ D" in (11). Obviously the conditions in (c¢) are implied
by the conditions in this lemma.

1. If the conditions in Lemmata 2 and 3 hold, then (13) (b) and (c) are satisfied.
Then applying [10, Fact 7.17.24], both sides of (13) (d) are positive semidefinite and
symmetric, thus they can be decomposed as MM " and NN for some matrices M and
N, respectively. Hence (13) (d) is equivalently rewritten as MM' = NNT. From
[9, Theorems 8.6.2, 2.4.3] this implies Im(N) C Im(M) = Im(MM "), which is (20), a
necessary condition for (13) (d). The necessary conditions (21) and (22) follow from [9,
Theorem 8.4.9, Corollary 8.4.10] since both matrices are symmetric positive semidefinite.

2. Let us assume that F1Gy + G E] = 0. Then (D + DT)f = diag(Di,l,DLQ) 9, Fact
6.5.21]. Thus the inequality in (13) (d) is rewritten as:

<Q1 - p11Di,1p1Tl - plzszng le - anigpng - p12D;2p;2) <0 (26)
= d = ().
Q1T2 - p21Dl,1p1T1 - p;2D3,2p1T2 Q2 — p21D;r,1p2Tl - p22D;2p2Tz

Let us apply [9, Proposition 8.2.4] [10, Fact 8.4.3] to infer that (26) is equivalent to:

(i) Ql - anIJPL - p12D1,2p1T2 70

(ii) Im(Q12 - p11D1,1P2T1 - p12D;r,2p2TQ) - Im(Ql - pllD;r,1p1T1 - p12DZ,2p1TQ) (27>

(i) Q- ple;lp; - p22DI72p;2 = (Qfy — p21D1,1p1T1 - p;rle,Qpsz) X

X (Ql - pllD;r,lp1T1 - p12D1,2p1T2)T(Q12 - P11D1,1p2Tl - P12D1,2p;2>

Recall that Q1 = Q] = Q1+ PiaLyH1+H{ Ly Py, Q2 = Q3 = Q2+ P,L1Hy+ Hj L Prs.
If condition Pip = (LyH;)" = Ly H; holds, then Q1 = 0 and @, 3= 0. Also pi D] p]; +
p12Dl,2pI2 = 0 [10, Proposition 8.1.7]. Using [10, Fact 7.17.24], there exists M; and N,
such that the decompositions @, = M; M and py1 D} p{, +p12D} ,pl, = NiN{ hold. The
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inequality (i) is My M, = N;NJ = Im(N;) C Im(M;) [10, Theorem 10.6.2]. Therefore
using [9, Theorem 2.4.3], it follows that condition (i) in (23) is necessary for (27) (i).
Similarly, condition (iii) in (23) is necessary for in (27) (iii).

3. Let Q2 = 0, Q1 = Q12Q5'Qfy, or Q1 > 0, Q2 = QL,Q7'Qrz. If Q1 > 0 and
Q> = 0 (both subsystems are just passive), then Q; = 0 and Q, = 0 hold if P, =

(LyH,)" = L1H,, and rank(Py3) = n;. The other two inequalities hold if 02, (Q12) <

Amin (Q2) A mm(Q1) 9, Fact 8.19.2]. Then applying Corollary 8, the inequality (13) (d)
holds if 02, (PB—CT)0max(D4+D ) < opmax(diag(Q1, Q2)+Q). Let rank(D+DT) =d,
D+ D7 # 0, then the last inequality holds if

52 (O’max<p11) Umax(pl2)> < 04D+ DT s <QT1 Q_l2>7 (28)

max Umax<p21) Umax(p22> 12 Q2

where we used [9, Facts 6.3.28, 9.14.12]. The left-hand side in (28) is easily calculated
explicitly to get (24). Hence item 4.3 is proved.

4. The proof is based on the proof of [9, Theorem 8.6.2]. The factorization of M follows

from [9, Theorem 5.6.3], where 0 < 01(M) = Opmax(M), 0.(M) > 0 [9, section 5.6]. Let
-1

L2 U, <TO 8) (]gl) Using the reasoning in the proof of [9, Theorem 8.6.2], it is

inferred that N = ML, and NNT < A\pax(LLT)MM?T. Using [9, Corollary 9.6.5], we

have:

)\max(LLT) =02 (L)

o N\ T ()4
U2 ) max(UQ) O max ( 0 ) Umax(Nl O O max (29)

— @b () 7t (g 0) =7t ) mu( 0)

since U, is unitary. Notice that since T' = diag(oy(M),...,0.(M)), with o1(M) =
Omax(M) > oo(M) > ... > 0,(M) > 0, we have 0pa(T™) = o, (M). Therefore,

O max (]gl) o, Y (M) < 1 implies that A\pa(LLT) < 1, so that MM T > NNT. The equal-

— max (

ity 0, (M) = \2(MMT) = |\ (diag(Q1, Q2) + Q)] yields (25). =

Condition (21) involves the singular values of N. Sufficient conditions such that it
holds can be derived, using [10, Corollary 11.6.8] to consider both matrices in N separately.
It is also worth recalling that most of these criteria simplify when D; = 0 (= P,B;—C; =
0) which occurs often in practice. For instance (D 4+ DT)! can be calculated using [10,
Fact 8.9.31], simplifying the expression for N.

Lemma 5. Let Pjy = 0, assume that (16), (19) and E\Gy = —(ExG,)" are satisfied.
Then (13) (d) is true.

11



Proof. The conditions (16) imply PB—CT = diag(P, B, —C/, P,By—Cy ). The condition
E\Gy = —(EyG1)7 implies D + DT = diag(Dy + D, Dy + DJ), while (19) guarantees
—AP — PA = diag(Q1, Q2). Thus the interconnection is decoupled, and since both LCS
are passive, (13) (d) is true. O

Some comments on Lemma 4: The necessary conditions (23) may not be easy to gheck.
If Dsy = 0and D; 5 = 0, they simplify as follows: (i) always holds, (ii) implies Im(Q12) C

Im(Ql)+Im(P12L2H1)—|—Im(P12L2H1) (lll) 1mphes Im(Qg) C Im(Q QIQIQ) = Im(Qg) -

Im(Q,), which furnish simpler necessary conditions. The conditions simplify also if
Q1 = 0 and Qy = 0, as it may occur (see section 6), using Corollary 8 to analyze (23) (ii)
and (iii) (then (i) is always true).

Similarly, condition (20) in item 4.1 in Lemma 4, is not very practical, and it is of interest
to analyse the influence of (15) on its satisfaction. We have Im((D+DT)")2 = Im(D+DT),

using [9, Proposition 6.1.6, Theorem 2.4.3], and Im(N) C Im 511 512 [9, Lemma 2.4.1].
21 P22

Assume now that (15) holds, which implies that (14) holds, equivalently Im (g 1 i 12) -
21 D22

H - NPT —
Im(D+D") [10, Fact_8.4.3]. Thus if Im(D+D ") = Im <E2G1 +GIET Dy + DJ
Im(diag(@1,Q2) + @), it is inferred that the necessary condition (20) holds. To sum-
marize: (15) = (14) < Im (511 ];12) C Im(D+D") = Im(N) € Im(D + D7) =
21 P22
[Im(D 4 D7) C Im(diag(Q1, Q2) + Q) = (20)], while (20) < (13) (d). The next propo-
sition concatenates Lemmata 1 through 4

Proposition 1. (passivity preservation) Let Assumption 1 hold, consider the quadruples
(A;, B, C, D;) in (4), i = 1,2, and the interconnection in (6). Let P = (]f# ];2) (i)
12 172
Assume that o2, (P2) < )\mm(Pl)Amm(Pz) if P, =0, P, =0, or P>=0if P, 0 and
Im(P2) C Im(Py) and Py = PlTQP Pis. It is mferred that if the condztzons i Lemmata
1 through 4 hold, then the quadruple (A B,C, D) 15 passive with storage function matrix
P = (5# ];12> (ii) If the conditions in items 4.1 or 4.2 in Lemma 4 do mot hold,
12 172

then it is not passive. (iii) It is passive with P = diag(Py, P), if E1Gy = —G| E, ,
plLlGQ - Hl—l—E; = O, P2L2G1 - H;—E;r = O, and P1L1H2 + (PQLQHl)T = 0.

Proof. The conditions guarantee that (13) hold, and (i) secures that P > 0 or P > 0
using Corollary 8 and [9, Proposition 8.2.4]. Assertion (iii) follows from Lemma 5. It is
also possible to check that (20), (21) and (22) hold under these conditions, due to the

passivity of each subsystem.
O

12

Dy + D/ ) I (E1G2 + Gl E)

)



2.2 Strong Passivity Preservation after Interconnection
Let us now state a result about the interconnection of strongly passive subsystems.

Proposition 2. (preservation of strong passivity) Assume that both subsystems in (4)
are strongly passive. Then the quadruple (A, B,C,D) is strongly passive with P =
f} ];2 = 0 where P, = 0 and P, = 0 are solutions of (7), if conditions (30),
12 12
(31) and (32) are verified, where:

1
min()\min(Dl + DI), )\min(D2 + D;)) Z %/\Enax(ElGQG;—E;—) (30>

(then D+ DT = 0), and:

Omax(Q) < MiN(Apin(Q1); Amin(Q2)), (31)

with Q in (10), Q; = 0 and Q3 > 0 (these conditions hold if Pio = 0 and PiL1Hy =
—(PyLoHy)", since then Q =0 hence —ATP — PA = 0), and:

O max {dlag(PlBl - CF? PQBZ - Cgr)

n P12L2G1 P1L1G2 + P12B2 - H;—E;
PLB) + P,L,G, — H) E] P10 Gy L (32)
. 0 EiGy + G EJ\\?
< (Amm(dlag(Dl + D], Dy + D) + Auin <E2G1 coTEr o0 ))

X ()‘min(diag(Qb QZ)) + )‘min(Q)) z,
and the conditions in item (i) in Proposition 1 hold.

Proof. Strong passivity of both subsystems implies that D; > 0 and D, > 0. Consider
(11). We have

< . . 0 EyGy + GTE]
D+ D _dlag(D1+D1’D2+D2)+(GJEI+E2G1 0
Using [9, Fact 9.14.15], it follows that
Imax\pcy 0 < Yomm(diag(D1 1D, ) 1,(D2t D] )~ 1)

= %)\min(diag(Dl + DIT, DQ + D;))

0 Eng .
EyGy 0 -

0 EiG, 0 O 0 E1Gy 0 0 .
Omax ((0 0 ) + (E2G1 0)) < Ormax (0 0 )+amax (E2G1 O). Now using [9,

13

guarantees from Corollary 8 that D > 0. Still using [9, Fact 9.14.15] we have oyax (



Fact 4.10.12, Proposition 5.5.20 v)]:

1 ITET 1
Omax (8 E10G2> = Ahax (E1G2§2 Er 8) = Aax(E1GoGy EY )

. 0 0y . - o
Similarly oyax (E2G1 O) = AMax(F2G1G| E, ). Continuing:

)\min(diag(Dl + Dil" D2 + D;—) = min()\min(Dl + DI), )\min(DQ + D;)) (33)

Hence (30) guarantees that D = 0 (& D 4 DT > 0), which guarantees in passing that
(13) (a) holds trivially. Obviously this is a conservative criterion since E)Gy+G{ Ey =0
guarantees D + DT > 0 also.

The second condition is a consequence of partitioning —ATP—PA = diag(Q1, Q2)+Q, and
applying Corollary 8. It follows that o (Q) < . Since Q; = Q; = 0,

1
Umax(diag(Qfl 7Q;1))
we have

Omax (diag(Q1 ", Q31)) = Amax(diag(Q1 ", Q1)) = Al (diag(Q1, Q2)).

Then (31) follows which guarantees that —ATP — PA - 0.
Now using [9, Proposition 8.2.4] the inequality in (8) is satisfied strictly if and only if

—ATP—PA—(PB-C"YD+D")y Y (PB-C")" = 0. (34)
and —ATP + PA 0 (which is assured by the previous step). Using Corollary 8 it
is inferred that (34) holds if |[PB — CT|[5,/[(D + D7) a2 < - ((—ATlp—PA)fl) =
,\mx((—ATIP—PA)fl) = A;iln(—A}TP—PA) (where it is used that the ~||||2~2 norm is subrmilti—
plicative). From [10, Fact 10.12.17] this is equivalent to omax((D + DT)™") = Amax((D +
[?T)—l) — Amm(ﬁlJrDT) < Zg:x(?’BPCi;‘ , which is equivalently rewritten as /\min(D +

D) Amin(—ATP — PA) > 02, (PB — CT). Using [9, Fact 5.12.2], (12), (11), this in-
equality is implied by (32). The last condition (item (i) in Proposition 1) guarantees
P - 0 from [10, Fact 10.12.17]. O

Notice that Dy + D = 0 and Dy + D, = 0 imply that (15) is simplified since the last
two inclusions hold trivially.

Lemma 6. Let both subsystems in (4) be strongly passive. The interconnection quadru-
ple is strongly passive with storage function matric P = diag(Py, P), if: (i) E1Gy =
—(EQGl)T, (ZZ) P1L1H2 = —(PQLQH:[)T, (Z’LZ) P1L1G2 = (Eng)T and P2L2G1 = (ElHQ)T.
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Proof. (i) using the comment after (33): D+DT > 0, (i) implies that Q15 = 01in (10), thus

(13) (c) holds with strict inequality, (iii) implies that PB—CT = diag(P,B,—C,' , P,Bs —
~A"P—PA -PB+CT
Trieont bapt )
0, which ends the proof (see section B). O

C;). From the strong passivity of both subsystems, it follows that (

It is easily deduced from D + DT > 0 (strict version of (13)(a)) and [16, Theorem
A.65] that strong passivity of the interconnection implies that D; + D, = 0 < D; = 0 for
1=1,2.

2.3 Strict State Passivity Preservation after Interconnection

Finally a third result concerns the interconnection of two strictly state passive subsystems.

Proposition 3. (preservation of strict state passivity) Assume that both subsystems in
(4) are strictly state passive with constants iy > 0, o > 0, with P; > 0 the solution of the

strict state passivity LMI, ©+ = 1,2. Let P = (5# %2> Suppose that: (1) (14) holds,
12 12

(2) conditions in Proposition 1 (i) and in Lemma 2 hold, and:
(3) the next conditions hold:

0)(k1 — )Py + ProLoHy + H{ L Py 37 0 (true if: i1 jia > p1, O (Pro Lo Hy)
< W\ (P or if: i2 iy > p, Py = HY L),

i) (112 — p1) Py + PLLyiHy + HY L] Pro = 0 (true if: i1 piy > p1, Omax (ProLy Hy)
< i)y o (Po)or if: 12 piy > p, Pry = H L),

i) Im(Q{y — uPL) C Im((pg — )Py + Hy L] Py + PLL Hy) (true if il holds),

iv) (1 — ) P+ PioLoHy + HY Ly Ppy = (Quz — pPra) (12 — p) P2
+Hj L Piy + PLLiHo)'(Qf, — pPy))
(true if: i1, iil hold, and:
02..(Qra — 1P12) < Amin((p2 — p) Py + Hy L{ Py + PLL Hy)
X Amax (11 — p) Py + PraLoHy + H Ly P)),
(35)
(4) the next conditions hold:
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(d’1): rank(D 4+ D7) =d, D+ D" # 0 and:

Omax {dlag(PlBl - CI? P2B2 - C’;)
n Py LG4 P LGy + P3By — H;—E;—
PLB + PyLoGy — HY BT PLL Gy )
e 0 E\Gy+ Gl E
1 T T 12 12
. ~ 1
X(Umax(dlag(Qh QQ) + Q) - MAIH&X(P))2

with Q in (10).

(d’2): D+DT =0, equivalently: Dy+D] =0 and Dy+DJ = 0 and E;G1+G3 Ef = 0.
Then the quadruple (fl, B, C’,D) s strictly state passive with storage function matrix P
and dissipation constant p > 0.

(36)

Proof. The LMI for strict state passivity is P = PT = 0, (13) (a) (b) and
() —A"P—PA—puP =0 (37)
(d) —A"P—PA—puP = (PB-C")(D+DNH(B"P-C) (38)
for some p > 0.

(a) Equality (13) (a) holds under (14), hence under (1).

(b) The necessary and sufficient conditions such that condition (13) (b) holds are the
same as in Lemma 2.

(c’) Condition (37) is analysed as follows. Notice that P > 0 since item (i) in
Proposition 1 holds. We have: —ATP — PA = diag(Q1,Q2) + Q with Q in (10), with
Q1—p1 Py = 0and Qy— o Py = 0. Thus —ATB—PA = diag(pi Py, ung)—l—Q. Let us study
the conditions such that diag(ui Py, puoPs) + Q = pP < diag(pu Pr, pePs) + Q — uP = 0
for some p > 0. To this aim let us analyse the inequality:

(p1 — p)Pr+ PioLoyHy + H{ Ly P Q12 — pPr2 . 0 (39)
Qfy — nPy (u2 — )P+ PhLiHy + Hy L{ P1a) © ™

Recall that PoLyH, € IR™*™, and PL,LiH, € IR™*™. The necessary and sufficient
conditions for (39) to hold are in [10, Proposition 10.2.5, Fact 8.4.3] and are given in (3)
i)-iv) (these are the counterparts of (13) for (39)). Let us examine the conditions given
in (35) i) to iv) one by one. i) This matrix inequality is satisfied strictly if py > p,
Umax(PIQLQHl + HFL;PITQ) S O'maX(P12L2H1) + O'maX(HirLQTPI—g) = QO'maX(PlgLQHl) <
(1 — 1) Omax(P1) = (p1 — ) Amax(P1) (where we used [9, Fact 9.14.15] and Corollary 8);
or it is satisfied if: py > p, PioLoHy 3= 0, which holds if P, = H{' Ly (this secures the
positive semidefiniteness). ii) Similarly this matrix inequality is satisfied strictly if po > p,
Omax(PlyL1Hay + Hy L{ Pia) < Omax(PyL1Ha) + Omax(Hy L{ Pia) = 20ma(PLL1Hs) <
(o — 1) Omax (Po) = (12 — ) Amax(P); or is satisfied it if uy > p, PLL1Hy = 0, which
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holds if Pjy = L1 H, (this secures the positive semidefiniteness). iii) this condition uses [10,
Fact 8.4.3]; the first set of sufficient conditions iil in (35) ii) guarantees strict inequalities,
consequently iii) holds since the right-hand side matrix in the inclusion is full-rank. iv)
stems from [10, Proposition 10.2.5, iii)]; let conditions il and iil be true (this secures
that both matrices in i) and ii) are > 0, hence both matrices in the left-hand and the
right-hand sides in inequality (3) iv) are > 0); we have:

Omax((Qr2 — Pr2) (2 — 1) Py + Hy L Pia + Py L1 Hy) ™ H(Q[, — pP)}))
< UmaX(le — (1P12)Omax ((pt2 — 1) Py + Hy L Pra + P, L1 Hy) ™)
(@12 — 1Py2) max(( (1) Py + Hy L] Py + PjyLy Hy) ™)
maX(le — pPra)A m1n(<1u2 - M)P2 + Hy L{ Piy + Py L, H))

where [9, Corollary 9.6.5] is used. Then we can apply Corollary 8 to obtain the sufficient
condition stated in (3) iv).

(d’) If (38) holds for p > 0, then it holds strictly for some p/ < p since P > 0.
Hence without loss of generality, we consider a strict inequality. Applying Corollary
8, (38) holds if Gya((PB — CT)(D + D)t (BTP C’) + 1P) < omax(— ATP — PA).
Using [9, Facts 9.14.15, Corollary 9.6.5], 0max(PB — CT)(D + D){(BTP = C) + pP) <

o2, ((PB— C’T)amax((D—i—DT) )+0max(,uP) (d’1) If rank(D+DT) =d and D+ D7 #
0, then Umax((D + DT) ) = o;(D + DT) [9, Fact 6.3.28]. Consequently (38) holds if
max((PB CT)og (D + D7) + pAmax(P) < Omax(diag(Q1, Q2) + Q). Since D + DT 3= 0
by item (b), o¢(D 4+ D7) = A\g(D + DT). Thus we get equivalently o2, (PB —CT) <
Aa(D 4 D) (0max(diag(Q1, Q2) + Q) — phmax(P)). Using (11) and (12) yields (36). (d’2)
We have D + DT =0 <= Dy + D] = 0,D, + D] =0, F,G, + G| EJ = 0. From item
(a) and (14), it follows that PB — CT = 0.
O

2.4 Comments
Some comments on the foregoing results arise:

e Many conditions in the above three propositions imply some ”smallness” of the inter-
connections, in the following sense. Consider Lemma 2: all the conditions are satisfied
if £1Gy = —(E2G1)", which is a kind of "skew-symmetry” condition. The conditions
of Lemma 2 state how much this skew-symmetry property can be deteriorated. Similar
conclusions are drawn for Lemma 1 in (15).

e LMIs can be solved numerically efficiently. However it is unclear how to compute the
interconnections terms from scratch so that the interconnected system’s matrix inequality
is solvable. Notice in particular that the matrix inequalities are nonlinear if the inter-
connection matrices Hy, Hy, G; and Gy (and possibly in some design problems Lj, Lo,
E; and E,) are considered as unknowns in addition to Pjs. The usefulness of the above
results is that they provide analytical conditions which pave the way towards a criterion
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guaranteeing that (8) possesses at least a solution for Hy, Hy, G1, G2 and Pj5. In an even
more general setting P; and P, could be considered unknowns of the problem also.

e The decomposition in item 4.1 in Lemma 4 can be done with N = (PB — CT)((D +
DT)")z. The Cholesky decomposition [9, Fact 8.9.38], or Gram matrix [9, Fact 8.9.37]
are possible choices, also in items 4.2 and 4.4. Similar condition as in (25) can be applied
to the inequality (27) (iii), following a reasoning as in the proof of item 4.4 in Lemma
4. Similarly the conditions @ %= 0 and @, = 0 in Lemma 3, can be studied more
deeply, still using the decompositions of @1, Qo, and of —PyyLoH; — (PioLyHy)™ and of
—P1T2L1H2~— (P~1T2L1H2)T.

e In case D + D" = 0, then (13) reduces to conditions (a) and (c). Thus it is sufficient
to look at Lemmata 1 and 3.

e [tem 4.4 in Lemma 4 yields an algorithm for checking that (13) (d) is satisfied.

e The storage matrices P; and P, may be nonunique. Therefore conditions involving these
matrices (like (16) and (19)) have to be true for at least one pair of storage functions.
Thus the interconnection matrices may vary while keeping the same property of the
interconnection.

e The sufficient conditions proposed in the case P;s = 0 imply that the interconnections
terms cancel the coupling terms between both subsystems.

e The condition in (30) can be replaced by the diagonal dominance theorem.

e The conditions in Proposition 2 guarantee that the inequality in (8) is strict, by imposing
small enough perturbation to the matrix

Q1 0 P B, —C] 0
(PB, —C)T 0 Dy + Df 0
0 (PBy — C)T 0 Dy + Dy

2.5 Lack/excess of passivity

It is often of interest to investigate cases with lack/excess of passivity, i.e., can the excess
of passivity in one subsystem, compensate for the lack of passivity in the other one.

Proposition 4. Assume that (A1, By, C1, D1) is strongly passive, while system 2 is marginally
passive with Dy + D2T =0, and with A;Pz + PybAy = —Q2 = 0. Then the interconnection
(4) (5) is strictly passive with respect to x; and Ay, with P = blockdiag(Py, P»), if:

P1L1H2 + (PQLQHl)T - 0, P1L1G2 - HFEQT - 0
PQLQGl - H;Eir - O, ElGQ + GIE;— = 0

In this case (assuming AC solutions exist for all x(0) = xo € Dom(F) with F(x) =
—Az + B(D + Ngz)~Y(Cx)) the dissipation inequality:

V(a(t) < —aillad] | = asf[MlP, a1 >0, a2 >0, (42)

(41)

holds along the interconnected system’s trajectories, with V(x) = x{ Pixy + xg Poxs.
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—Al P — PA, PB,—Cf
Proof. We have ((P1B1 ~C7)T Dy 4+DT
Py2Ay =0, P, =P) =0, Dy + Dy =0 = P,By = C, . The inequality in (8) is composed
of the matrix in (40) which is equal to:

) =0, P, =P =0, and also —A, P, —

h 0 PB,—C] 0
0 0 0 0
4
(PBi—CTY™ 0 Dy+DI 0] (43)
0 0 0 0
where Q1 = —AlTPl — Py Aq, with the perturbation:
0 PiL1Hy + (P2 LoHp) T 0 PiL1Go — H] EJ
(P1L1H2)" + PyL2Hy 0 PyL2Gy — HY ET 0 "
0 (P2L2G1 — Hy EJ)T 0 E1G2 + G| Eg (44)
(PLL1G2 — HTE)T 0 (E1G2 +G] EJ)T 0

Permuting the third and second columns, then the third and second rows, these matrices
are transformed into:

1 PB —C] 00
(PB,—CH" Dy+D] 0 0 (45)
0 0 0 0|’
0 0 0 0
and
0 0 P1L1H2+(P2L2H1)T P1[/1G'2—I‘11TE;r
0 0 (P2L2Gy1 — HyET)T  E1G2+ G E] 16
(PLL1H)T + PaLoHy  P2LoGy — HY ET 0 0 (46)
(P1L1G2 — HEJ)T  (BE1G2+G] EJ)T 0 0

From [9, Proposition 8.2.4] [16, Lemmata A.69, A.70], the sum of the matrices in (45)
and (46) is positive semidefinite, if and only if:

(47)

PiLiHy + (PoLoH))T PALWGy — HU BT _
(PLsGy — HJED)T  E\Ge+GJE] )~

The proof of the passivity is complete. To end the proof, let us take into account (41),

: AP +P A PB —C]\ [z
. . o T A\T 141 1411 121 1 1
calculations yield V(t) = (z; A)) ((P1B1 ~CT)T —Dy - D1T> ()\1> and the result

follows from strong passivity of (A;, By, Cy, D;) and [9, Corollary 8.4.2]. ]

The conditions for asymptotic stability of this interconnection will be studied in section
5.1.
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3 Analysis of State Jumps

The objective is to analyze how the interconnection (6), equivalently (9), influences the
state jumps behaviours. In this section it is assumed that K; = IR, ¢ = 1,2. When
state jumps are present, the LCS in (4) and (6) have to be embedded in the framework
of Measure Differential Inclusions (MDI) [33, 42, 17]. For systems of the form (6), when
there are possible state jumps due to discontinuous inputs f, g, it is of interest to take the
following mathematical models:

dr = (Az + f)dt + BA (48a)
0<ALw=Cz+DA+g>0. (48b)

Here, we assume that the exogenous signal g is right-continuous of locally bounded varia-
tion (RCLBV). The derivative of such functions is considered in the sense of distributions
and is a Radon measure, which we denote by dg. Similarly, the measure associated with
the total variation of g is denoted by |dg|. Because of the discontinuities in g, it becomes
necessary to allow for state trajectories to be discontinuous for satisfying (48b). These
discontinuities in state-trajectories are modeled by interpreting A as a measure and this
allows us to consider the solution z of (48) in the space of RCLBV functions. The den-
sity of dr with respect to a positive Radon measure v over an interval [ is defined as
& (f) = lim %, where I(t,e) := I N[t — ¢t + €. We say that « : [0,7] - R™
is a solution to MDI (48) if there exists a Radon measure v absolutely continuous with
respect to dt + |dg| such that

d_:c
dv

(1) = (Ax+ 1) 5 (0) + B (1) (19)

and (48b) holds when evaluating the measures and functions at each time instant from
the right. Consider the MDI in (48), with RCLBV solutions. To start with, let us look
at (48) at state jump times, then the system equations are equivalently written as:

x(tt) —2(t7) € —B(D + N*lr)*l(cx(ﬁ) + g(th)). (50)

Using the passivity of (A, B,C, D), plus assumptions (A3) (A4) (A5) in [42, Theorem
3.1], the inclusion in (50) is rewritten equivalently as

2(tT) = 2(t7) € —U(t, 2(tT)) & 2(tT) = (Ig + U(t,-) " (2(t7)) (51)

where 2 = Ro, R = R" = 0, R? = P, P is a solution of the LMI in (77), and ¥ :
R x R" = IR" is a maximal monotone mapping for each ¢ [42, Lemma 4]. Thus its
resolvent (Iq + W(t,-))~! is single-valued Lipschitz continuous in z, and z(t7) = R™12(tT)
is uniquely defined from (51). Let us introduce the following, which provides a more
tractable expression for the jump [20, 29, 17]:
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Definition 1. Consider the MDI in (48) with RCLBV solutions. Let us assume that
(A, B,C, D) is passive, with storage function V(z) = %mTP:c, P = PT = 0. For any
x(t™), the state x(tT) is given as the solution to:

P(:p(t+) —x(t7)) € —N@(t+)<w(t+)) & :E(t+) = (Iq+ P_l./\/:p(fr))_l(flf(t_)), (52)

where O(tT) 2 {ze R"|Cz+yg(tt) e Sp}, Sp={2€ R"|0<z L1 Dz >0}, and the
constraint qualification (CQ): g(t) € ST, + Im(C) holds.

Notice that since at ¢ the set ®(¢T) is nonempty closed convex, z(t*) is uniquely
defined from (52) as a projection onto a closed nonempty convex set. The state jump
law (52) secures that at any time z(t*) € ®(¢T), hence the LCP: 0 < A(t) L Cz(t") +
DX(t) + g(t™) > 0 has a unique bounded solution A(t), relying on [27, Theorem 3.8.6].

Lemma 7. A state jump occurs at t along (52), if and only if there is no bounded multi-
plier X(t) € IR™ such that 0 < A(t) L Cx(t™) + DA(t) + g(tT) > 0.

Proof. (<) From [27, Theorem 3.8.6, Corollary 3.8.10] and D 3> 0 it follows that the
lemma’s LCP has a solution A\(¢) if and only if Cz(t7) + g(t*) € S, < z(t7) € O(t1) &
x(tT) = x(t7) is a solution of (52). Hence it is the unique solution. Thus z(t*) = z(¢7)
implies solvability of the LCP (equivalently, unsolvability implies a state jump). (=)
Assume now that the lemma’s LCP is solvable. Then z(t*) = z(¢7) is a solution and it
is the unique one. O

We have g(t7) = g(t7) = x(tT) = x(t7). Let us present an example which shows the
complexity of interconnected passive LCS from the point of view of state jumps.

Example 1. (From ODEs to MDI) Consider a scalar LCS (ny = ny = my = my =
nul = an = 1), ’lUZth (AZ,BZ,C“DZ) = (AZ, 1, 1, 1) Let a1 = Oy = 1, E1H2 = E2H1 = 1,
E\Gy = E;Gy = —1, LoGy = L1Gy =1, P = P, =1, P = 0. Then both matrices in
(7) are equal to (_%Ai (2) = 0 for any A; < 0: both subsystems are strongly passive,
with Sp, = {0}, Sp, = R, ®;(t*) = IR*, Na,+) = {0}. It follows that both subsystems
are ordinary differential equations (ODE), with Lipschitz continuous (in x;) right-hand
side [17]. Measurability of f;(-) and g;(+) allows to assure global existence of AC solutions

of each independent subsystem. Now, D+ DT = ( 11 _11) =0, B=C = (1 1)7

- (00 i - 24, “LyHy — LoH,
PB=C =g o) A P~ PA=\_Lm, - LH, —24,
checked that all conditions in (13) are satisfied, provided that A; < 0 and Ay < 0 with
big enough magnitudes. The set Sp = {z € IR* | 21 > 0,20 > 0,21 = 23}, and St =
{we R | wy > —wi}, (1) = {2z € R* | z1 + 22 > L(go(t") — 1 (tT)}. The CQ in
Definition 1 holds, and (52) can possess solutions x(t™) # x(t~) for suitable choices of

It can be
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g(tt) for which there is no bounded \(t) such that Cx(t~)+DA(t)+g(tt) > 0, equivalently
Im(D)N(IRT—g(t+)—Ca(t™)) = 0. Another way to see it is that for any ,(t~) and vo(t™)
there always ezists g1(tT) and g2(t1) such that z(t7) € Int(P(t1)) so that z(t+) = x(t™)
is the solution of (52). It is inferred that there ezists passive interconnections of strongly
passive LCS, which possess state jump. Thus, two passive LCS-ODEs are transformed

into a passive MDI after interconnection.

Example 2. Let us consider an interconnection which has a continuous solution at some
times t while the interconnected LCS would undergo a state jump at the same times t,
if they were disconnected (i.e., with uy = 0 and us = 0). Consider two scalar LCS ,
with (A;, B;,Ci, D;) = (A;,1,1,0), P, = 1, A; < 0, so that both quadruples are pas-
sive. Then Sp, = Ry = Sy, ®i(t*) = {z € R | 2z + gi(t") > 0}. For any value of
x;(t7) it is possible to find g;(t*) such that x;(t7) + ¢;(tT) < 0. In this case a jump
has to occur in x; at t. The CQ in Definition 1 is satisfied for any C; # 0. We have
D+DT = 0 GG 0o D DT =06 BiG = —BG

E1Gy + FbGh 0 a 1G2 2.
Hence Sy = {z € R? | 21 > 0,25 > 0,E1Gozy > 0, E1Gyzy < 0}, Thus Sp =1 =
0,22 > O} ’LfElGQ > O, SD = {Zl > 0,22 = 0} ZfElGQ < 0, and S*D = IR x R+
if B1Gy > 0, S5 = Ry x R if E1Gy < 0. Let E\Gy > 0. Therefore O(th) =
{z € R? | EaHyz1 + Cozo + go(tT) > O} 1s a convex polyhedral set for each t, nonempty
under the CQ. Let x;(t7) + ¢;(t7) < 0, i = 1,2, so that z;(t") = —g;(tT) # x;(t7). As-
sume now that Hy and Hy are chosen such that x1(t7) + EyHaxo(t™) + g1(tT) > 0 and
EsHyxi(t7) + 22(t7) + g2(tT) > 0. Then the unique solution of (52) satisfies x(t™) =
x(t™). Let D = 0, then passivity of the interconnection holds if aq + PiaL.Gi = 1,
O[1L1G2 + P12 = E2H1, P12 + OZQLQGl = Eng, P12L1G2 + g = 1 (chS 18 PB = éT)7
Ay < 0, Ay < 0 with sufficiently large magnitudes. This holds with P, = 0, o =
ap =1, H = %Hm G, = %H2; Gy = %H2; Ei];lHQxl(t_) > —x5(t7) — gotT) > 0,
EyHyxo(t7) > —x1(t7) — g1 (t7) > 0. It is inferred that there exist Ha, Ezfl, g1(tT) and
go(tT) such that the subsystems’s states would jump at times t if they were disconnected,
while the interconnection’s state does not. The interconnection of two MDIs becomes a DI
with continuous solutions.

Let us express various sets:
Sp=R7ND(R})NKer(D+ D) & S5 = R} +Im(D+D") + D' RT

C’lzl + E1H222 + g1 ~ ~ ~
+\ m m T T mIom
Ot ={ze R™| <E2H121+C’222+g2 € R +Im(D+ D7)+ DTIR™}

(53)

where [36, Corollary 16.4.2] is used. Let Dy = 0, Dy = 0, so that both subsystems in (4)
(with u; = 0 and ug = 0) are equivalent to first-order sweeping processes (FOSwP) after
the state-space transformation z; = R;x;, R; = RiT =0, R? = P, [17]:

dZZ‘ - RZAZRZ_IZZ(t)dt — NSi(t+)(Zi(t+))a (54)
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with S;(t1) = RU;(tT), U;(t*) = {z € R™ | Ciz + ¢:(tT) > 0} are closed convex
polyhedral nonempty sets under suitable constraint qualification [18]. Then:

. Im(E\G> + G{ E) ) + G] E; RT? + R
Sp= 1 ToT T T pm m (55)
where [10, Theorem 3.5.3] is used. The next result extends Example 2 to the intercon-
nection of two FOSwWP. Let A = (A, \)) T, # = (2] ,29)".

Proposition 5 (State-jump suppression via the interconnection of FOSwPs). Consider
(6) with D1 = 0, Dy = 0 and Assumption 1 hold, so both subsystems are controlled FOSwP
as in (54). Let x;(t7), i = 1,2, and g;(t7) be such that 0 < \;(t) L Cix;(t7) +g;(t7) >0,
1 = 1,2, has no solution. Then there exist interconnection matrices such that the LCP:
0 < A(t) L Cx(t™) 4+ DA(t) + g(t") > 0 has a solution and (13) holds, if the following set
of constraints is solvable:

(a) Eng = —(EgGl)T

(b) P1L1G2 - (EQHl)T

(C) P2L2G1 = (ElHQ)T (56)
(d) PLL\Hy = —(PyLoH,)T

(e) ErHowo(t7) € —{Cia1(t7) + u (1)} + G By RY” + R}
(f)EosHizi(t7) € —{Coma(t™) + g2(tT)} — ExGIRT + IR,

Proof. Let us use Lemma 7, the generalized equation stemming from (54) (which is equiv-
alent to (52)): z(tT) — z(t™) € —Ng,¢+)(2(t)), has a unique solution z(t*) # z(t™).

Assume that (56) (a) holds, equivalently D 4+ DT = 0. Then from (55):

Ciz1 + E1Hazo + g1 (1) G| E] R + R
+) — m 1<1 1412<2 1 1 9 + +
e(t7) = {ZGIR | (E2H1z1+C222+gg(t+) “\mamrm+me) OO0

Let 21 (t7) and z2(t™) be given which satisfy the Proposition’s assumption, i.e., Ciz;(t7) <
—g;(tT) (equivalently z;(t7) ¢ S;(t*,0)). The goal is to prove that under these conditions,
xz(t™) € ®(t1), equivalently (56) (e) (f) hold. From Lemma 2, Corollary 1, Corollary 2
and Lemma 5, passivity of the interconnection holds if (56) (a) (b) (c¢) (d) hold. Thus we
obtain the six constraints (56). O

By interconnection matrices it is meant L;, F;, H;, G;, i = 1,2. These eight matrices
plus oy > 0 and ay > 0 have to solve (56) for given Cyx;(t7) + ¢;(y) < 0,4 =1,2. The
set of conditions in (56) could also include nonzero Pjs for greater generality. The reverse
case (from decoupled LCS-ODEs to a MDI interconnection) is not presented for the sake
of briefness.
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4 Maximal Monotonicity and Incremental Passivity

Under some basic conditions (see Theorem 3), the negative feedback interconnection of a
passive system with a maximal monotone static nonlinearity (possibly set-valued) defines
a DL i € —F(z) = Axr — B(D + N c))~*(Cx) with F(-) a maximal monotone operator
with domain {z € R" | Cz € dom(D + N!)~!' =TIm(D + N} = CHIm(D + Nh)).
This motivates the next result.

Corollary 3. Consider subsystems in (4) under Assumption 1, and their interconnection
in (6). Let Im(C) Nrint(Im(N! + D)) # (. If the conditions in Proposition 1 (resp. 2,
resp. 3) are satisfied, then the LCS in (6) has a mazimal monotone (resp. single valued
Lipschitz strongly monotone; resp. strongly monotone) right-hand side mapping F(-).

Proof. If the conditions of Proposition 1 hold, then (A, B,C, D) is passive, hence under
the stated condition, the mapping F(-) is maximal monotone, see Theorem 3. Let the
quadruple (A, B,C, D) be strongly passive, then there exists g > 0 such that (A +
pl,, B,C, D) is passive (this holds for all 0 < p < Amin(Q) with Q in (8), applying for
instance Corollary 8). Therefore the mapping F : & — —(A+pul,)z+B(D+NH~(Cx)
is maximal monotone, and (x; — o, y1 —¥y2) > p||r1 —x2||? for all z; € dom(F), y; € F(x;),
i = 1,2. In addition strong passivity implies D > 0, hence applying [15, Proposition 1]
the mapping (D + N 2D~ is single-valued, well-defined and Lipschitz continuous with
constant m. Let now (A, B,C, D) be strictly state passive, i.e., Q = 0 and
—ATP4+PA— P = 0 for some p > 0. Then the quadruple (A + £1,, B,C, D) is passive.
Thus the mapping x — —(A + pul,)z + B(D + N2~ (Cx) is maximal monotone. Hence
F(+) is p-strongly monotone (but not necessarily single valued). O

Let us analyze the condition in Theorem 3 and in Corollary 3.

Lemma 8. Let the quadruple (A, B,C, D) be passive. Assume that D = DT (& D; =

D], Dy = Dj, EsGy = (E1G5)"). Assume that {Im (Ef}{l)—i—lm (ng) N {rint(K*)+

rint(Im(D)} # . Then Im(C) Nrint(Im(N ! + D)) # 0.

Proof. Let us characterize Im(N ! + D). Both mappings « +— Dz and N} (-) are
maximal monotone, and they are both the subdifferential of proper, convex lower semi-
continuous functions, because D is symmetric, and Nt () = dog- (-). Hence both
mappings satisfy the property (*) stated in [12, section 1]. From [8, Corollary 24.4 (ii)],

the sum is maximal monotone. Using [12, Theorems 3, 4], we have Im(N ! + D) =
Im(Ng!) +Im(D) = R? + Im(D), and int(Im(N! + D)) = int(Im(Ng! ) + Im(D)) =
int(K* 4+ Im(D)). Therefore Im(Ny! + D) = K* + Im(D). Using [36, Corollary 6.6.2],
we have rint(K* + Im(D)) = rint(K™*) + rint(Im(D). The proof finishes by applying [10,
Fact 3.14.8] to Im(C). O
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Monotonicity and incremental passivity are closely related one to each other [16]. Let us
consider the system & € —F(z) + u, with F(-) maximal monotone. Then the mapping
u +— x is incrementally passive. Indeed, let &1 € —F(x1) + u; and @9 € —F(x3) + ug,

with u; such that the system is well-posed with AC solutions. Then s(z1, za, uy, us) 2
(w1 — 22, uy —up) = (¥1 — T2, T1 — T2) + (T1 — T2, &1 — &), where §; € F(x;). Thus defining
the storage function V' (z1, x9) = %<x1 — X9, T — X)), it follows that V' = s(z1, xe, uy, ug) —
(x1 — 29,& — &) < s(wq,x2,ur, us). This motivates us to enlarge the interconnection (6)

to N N
T=Ax+ B\+ Lv

K>\ Lw=Cx+D\e K", (58)
for some admissible control input u. The system (58) is rewritten equivalently as:
i€ Ar — B(D + N;cH ™Y (Cx) + Lv = —F(x) + Lv. (59)

The system in (59) has exactly the same form as the subsystems in (4), indicating that
further interconnections of interconnections can be made. This is an interesting feature,
similar to nested negative feedback interconnections of passive systems. In the next
proposition an output z is considered for the interconnected system.

Proposition 6. Consider subsystems in (4) under Assumption 1, and their interconnec-
tion in (6), and the input/output mapping ¥,, : v — z, with z = Hx + Guv, in (58).
Consider the storage function V (x1,xq) = %(xl — @y, P(xy — 13)), for some P = PT = 0.

1. Let the mapping PF(-) be mazimal monotone. Then %, is incrementally passive if
G+G" =0and PL=H".

2. Let the mapping PF(-) be maximal a-strongly monotone, o > 0. Then %,, is

2al, PL—-HT
PL-H")T G+GT
then Y., is incrementally strictly state and input passive. If G + GT = 0 then
incremental strict state passivity holds if PL = H'.

incrementally passive if << ) = 0. If this inequality is strict

Proof. From (59) we have & € —F(z) + Lv, 2 = Hx + Gv. For two admissible inputs v;
and vy it follows that @; € —F(x;) + L, z; = Hx; + Guy, i = 1,2. Let & € F(x;), and
w = (21 — 29,1 — Vg).

1. From Pi; € —PF(x;) + PLuv;:

Vo= —(21—22) P(& — &) + (21 — 22) TPL(vy — o)

+(21 — 22) (01 — vo) (60)
= —(21 = 22) " P(& — &) + (w1 — 22) " (PL— H")(v1 — v3)
+3(v1 —v2) (G +GT)(v1 — v2) + w.
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If PF(-) is monotone, then —(x; — z5) " P(& — &) < 0. Then incremental passivity
holds if and only if —(z1 —22) " P(& — &) + (21 — 29) "(PL— H ") (v1 —va) + 1 (v1 —

2
1) (G + GT)(vy — v2) <0 for all vy, vo, 71, 72 (see, e.g., [35, Definition 1]). The
result is proved.

2. This time we get:

<
‘|‘%(’U1 — UQ)T(G + GT)(Ul — UQ) —+ w
2al PL—HT I — X
T T T T n 1 2
= (@ —2z,v ”2>((PL—HT)T G+GT>(U1—U2)+w

The last result follows using [16, Lemma A.69] or [9, Proposition 8.2.4].

(61)

]

Proposition 6 shows that if the conditions in Propositions 1,2 and 3 hold, then the inter-
connection (6) defines incrementally passive systems.

Corollary 4. Let the conditions of item 2 in Proposition 6 be satisfied. Then X,, is
incrementally passive if o2, (PL— H") < 2aXAuin(G +G7).

max

Proof. Directly from [10, Fact 10.12.17]. O

Remark 1. Assumption 1 plus Im(C;) Nrint(Im(Nt + D;)) # 0, i = 1,2, allow us to
interpret each subsystem with u; = 0, as a maxrimal monotone mapping, using Theorem
3. Under conditions similar to those in Proposition 6, the interconnection is that of two
incrementally passive systems (with inputs N; and outputs w;, i = 1,2). This topic has
been studied for a long time [44, 35, 43], however with different interconnections.

5 Asymptotic Stability

In this section some asymptotic stability results are given for various cases of intercon-
nections of LCS, i.e., K; = IR and K; = IR}”. Since the systems we deal with are
usually set-valued, stability and invariance principles have to rely on specific results for
DIs [17, 7]. As a prerequisite it has to be assumed that the system (6), equivalently (9), is
well-posed with AC solutions and uniqueness. The maximal monotonicity (deduced from
Corollary 3) and the fact that 7 = 0, 25 = 0, A} = 0, A5 = 0 is an equilibrium point of
(6), guarantee that it satisfies the conditions 1, 2, 3 in [17, Section 6.2.1]. In this section
it is assumed that z(0) = xo € Dom(F), where the set-valued right-hand side of (9) is
denoted as above as —F(z) = Az — B(D + N?})_I(C’aj). If conditions in Corollary 3
hold, then the interconnection in (6) has bounded AC solutions from Theorems 3 and 2.
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5.1 Passive Interconnection

Let the conditions in Proposition 4 be satisfied. The dissipation inequality in (42) is
important because it paves the way to the application of Krasovskii-LaSalle’s invariance
principle. Notice using (9) that A\; = Ay (21, 22), hence (42) can be rewritten as V(z) <
—W(xy,22), W : IR" — IR,. The application of the Krasovskii-LaSalle invariance princi-
ple asin [17, sections 6.2, 6.3] [7], requires that W (-) be continuous. We may therefore split

the analysis into two parts: (i) W (x) 2 ay||z1||? + ol | A (21, T2)||? if A1 (21, 22) is continu-
ous, and (ii) W(z) 2 aq||xq|[* if it is not. Since \; = —(D; —|—/\/'H_%51?1 )Y Chxy + EyHowg +
E1Gs)2) and Dy = 0 by assumption, then if E1Gs = 0, continuity of A\;(z1, z2) is guaran-
teed. One basic assumption for the invariance principle is that Dom(—JF) contains a posi-
tively invariant set W. Here we have Dom(—F) = dom(A)ﬂDom(—B(D+N’i1)_1(C")) =
Dom(=B(D + Ngz)(C-)) = Dom((D + Ngz) " (C+)) = {z € R" | Cx € Dom((D +

/\/'_flc)*l) — Im(D +N_r1'_n)} = C~'(Im(D —i—/\/'_él)) = C~'(Im(D) + R™) # () from Lemma
8 and following the reasoning in its proof. This guarantees the existence and uniqueness
of solutions, and from (42) the existence of W.

5.1.1 Case (i)

So we assume that FyG5 = 0. Our goal is to characterize the largest invariant set Sy,
of the interconnection inside Z = {z € Dom(F) | ; = 0 and A\ (x;,22) = 0}. In Z it
follows that Ly (Hsxe + GoAy) =0, and 0 < 0 L EyHoxe > 0. We therefore end up with
the nonsmooth constrained dynamics on Z:

(a) {t'g = A2$2 + Bg)\g

(b) OS )\QJ_UJQZCQ.CEQ—FDQ)\Q ZO
(C) L1 (HQCCQ + GQ)\Q) =0

(d) ElHQI‘Q 2 0.

This system is an LCS with equality and inequality constraints. The constraint in (62)
(b) is equivalent to: Ay € —(Da + Npm, )71 (Cows), hence (62) is equivalent to:
+

(62)

(a) &9 € —Fo(2) 2 Agws — Bo(Do + Nz )71 (Coa)
(b) 0 € L1G(x2) (63)
(C) ElHQl’Q Z 0.

where G(z3) 2 Hoxy — Ga(Dy +N]I;}n2 )~1(Cyxs). Notice that xo = 0 and Ay = 0 is always
+
a solution of (62) or of (63), because 0 € G(0) since Im(D, +/\/'ﬂ_%3n2 ) =Im(Dy)+ R >0
+

(proceeding as in the proof of Lemma 8). This equilibrium is not an asymptotically
stable equilibrium of (62) (a) (b) in view of the assumption in Proposition 4, which
implies that Vy(t) = 4 (2] Poxs) = 0 along the trajectories of (62)(a) (b) (or of (63) (a)),
‘/2(1’2) = %x;PQCUQ.
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The case G, = 0 (passivity and Nagumo’s Theorem approach) (63) is a DI
with constraints, and the problem is a viability problem. However the right-hand side
of (63) (a) may not be compact, hence the material in [5, Chapter 4] does not apply. If
{0} C S. 2 —EyHyKer(LyHy) N IR, the set of solutions to (63) (b) (c) is nontrivial
(i.e., not reduced to x5 = 0 and Ay = 0). Both sets of the intersection are nonempty
convex pointed cones (since the image of a subspace by a linear map is a subspace [9,
Fact 2.9.26]). Thus S, is a convex nonempty polyhedral cone [9, Fact 2.9.9], pointed since
it contains the origin. Hence the following is true:

Lemma 9. Let Gy = 0, the conditions of Proposition 4 hold, and Im(Cs) Nrint(Im(Dy +
11;7-%2 )) # 0. Then (63) is a mazimal monotone DI subjected to the convex conic polyhe-
dral constraint x4 € S,.

The maximal monotonicity of F»(+) in (62) (a) follows from Theorem 3 and the assump-
tions of Proposition 4, and we infer from Theorem 2 that z(-) as a solution of (63) (a) is
AC and bounded, with uniqueness.

Corollary 5. Let the conditions of Lemma 9 hold. If rank(LiHsy) = no (i.e., L1Hy is full-
column rank), the unique solution of (63) is x5 = 0 with multiplier X € SOLLCP (D5, 0))N
Ker(By). Hence the origin of the interconnection is asymptotically stable.

Notice that (63) (b) implies x5 = 0 under the rank condition. Then the largest invariant
set Siis = {0} and the proof follows from [17, Theorem 6.5]. Matrix Dj is not nondegen-
erate [27, Definition 3.6.1], so it is not an Ry matrix [27, Definition 3.8.7] and the LCP
in (62) (b) with 2 = 0 may have other solutions than A5 = 0. The results in [3] extend
Nagumo’s Theorem to maximal monotone DI, and apply to (63) with G5 = 0. Let Lemma
9 apply, the fact that xo — Fy(z2) is maximal monotone secures that [3, Corollaries 6, 8]
can be applied. A basic condition in [3] is that an invariant set S satisfies S C Dom(F3).
Assume that D> = 0, then Dom(F) = R™ NDom(BoNpgr: (Cs)) = Cy '(IR'7?), thus the
requirement is that S C Cy ' (IR7?). For instance, for S, to be an invariant set of (62) (a),
it is necessary and sufficient (because solutions are strong solutions in finite dimension [3,
Section 3|) that, when Dy = 0:

S. = —EyHyKer(L1Hy) N IR C CyH(IRT?). (64)

Let us define as in [3, Lemma 3]: S,, = {z2 € § N Dom(F,) | ||FY(z2)|| < m}, for
some m > 0, where F)(z2) = {y € Fo(wa) | [|yl| = min.er, ) [12][} = proj[0; Fo(w2)]
is the closed set of least-norm elements of Fp(xs). Thus FP(ze) = {y € R™ | y =
—Asxo + Boz, 2z = argminzeNBT2 (Cara) || = Asxo + Boz||}. Assume that Coxe > 0, then
the set BoNpm: (Coxz) = {0}, and F3(vs) = {—Apwz}. If Cozp = 0, it is inferred
that Ngm: (0) = R™?, Fo(rs) = —Aswy + BoR™, and Fj(10) = {y € R™ | y =
—Agxy + Bz, z = argmin, || — Agxo + Boz|[}. Using [27, Theorem 3.8.6] (or [27,
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Proposition 3.7.14, Corollary 3.7.12]) and KKT conditions for the associated quadratic
problem, it follows that the set of such z is nonempty convex polyhedral [27, Theorem
3.1.7]. Therefore F9(z3) is nonempty convex polyhedral. Let us apply [3, Corollary 8§].

Lemma 10. Let Dy = 0 and the conditions of Lemma 9 hold. Then the nonempty set S,
of solutions to (63) (b)(c) is an invariant set of (63) (a) if and only if (64) holds and

~F2) € Ta,(wa), for all m > [|F(as)]
(65)
for eachm > || F9(e2)ll, suPeens, . (nny (s —FRla2)) <0,

where S, = {x2 € S, N Dom(Fy) | ||F5(z2)|| < m}, Ts.,.(x2) is the Bouligand tangent
cone, N, . (x2) is the Fréchet or the prozimal normal cone to S, at xs.

In both above cases (Cazy > 0 and Cyzy = 0), S,y is convex polyhedral so the tangent and
normal cones are the polyhedral linearization cones [5, 17]. Notice that S,NDom(F;) = S,
from (64). If S. = {0} (= S.,m = {0}) then (64) and (65) hold.

Corollary 6. Let Dy = 0 and the conditions of Lemma 9 hold. (i) If (64) (65) hold and
S, is nontrivial, trajectories of the interconnection converge to S.. (it) If either (64) or
(65) do not hold and pB,, C S. for some p > 0, then the origin of the interconnection
is not asymptotically stable. (ii1) If such a p does not exist, the origin (x1,x2) = (0,0) is
asymptotically stable. () If S, = {0} the origin (z1,x2) = (0,0) is asymptotically stable.

Proof. (i) The first result is a consequence of the fact that Sy; C S., and using [17,
Theorem 6.5] trajectories converge asymptotically to Sj;s. However S, is an invariant set
of (63) (a) from Lemma 10, and it must be the largest invariant set of (63) (a) (b) (c).
(ii) The level sets of Va(-) satisfy V, '(I) C S, for all [ € [0,1*] and some I* > 0. As seen
above these level sets are invariant sets of (63) (a). (iii) In this case [* = 0 and the only
invariant set is Ss = {0}. (iv) If S, = {0} then the only solution of (63) (a)(b)(c) is the
origin, and the conclusion follows from [17, Theorem 6.5]. O

Since S, is a convex pointed polyhedral cone, the condition in item (ii) is restrictive.
Conditions such that it holds are not pursued here for the sake of briefness.

The case G, # 0 (complementarity approach) In a more general setting, the con-
strained system (62) can be studied as follows, noticing that (62) (a)(b)(c) is an LCS
with extended equality constraint. If Im(Gs) C Im(H,), the equality (62) (c) yields
1y = —(L1Hy)TLiGoXgy + (I, — (L1Ho)'LyHy)ah, for some 2, € IR™ [10, Proposition
8.1.9], where (I, — (L1 H,)Ly Hy) is the projector onto Ker(L; Hy) [10, Proposition 8.1.7
xiv), equ. (4.8.1)]. Inserting this into (62) (b) yields the LCP: 0 < Ay L DyAg+qo(2h) > 0,
with go(2h) 2 Co(ln, — (L1Hy) LiHy)ah and Dy 2 —Cy(L1Hy) LGy + Dy € R™%™2
The inequality (62) (d) y1€1dS —E1H2<L1H2)TL1G2>\2 + E1H2(1n2 - (LlHQ)TL1H2>x/2 Z 0.
Therefore the following is proved:
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Lemma 11. Let Im(Gs) C Im(H,). System (62) is rewritten equivalently as:

((Z) l‘g = (_AQ(L1H2>TL1G2 + BQ))\2 + AQ(In2 — (LlHQ)TL1H2>$,2
(b) To = _(LlHQ)TLlGQ)\Q -+ (In2 — (L1H2>TL1H2)ZE,2 (66)
(C) ElHQ(LlHQ)TLlGQ/\Q + E1H2(1n2 — (LlHQ)TL1H2)$/2 Z 0

(

for some x}.

Thus (66) (d) is a distorted LCP that incorporates (62) (c) (equivalently (66) (b)),
and (66) (c) is (62) (d) incorporating (62) (c¢). From (66) a necessary condition for the
existence of solutions of (62) is SOLLCP(Dy, g2(25))) # 0. From [27, Theorem 3.8.6], a
sufficient condition for the solvability of (66) (d) when Dy is copositive [27, Definition 3.8.1]
is: qa(75) € SOLLCP(Dy,0))*. This result needs the computation of SOLLCP(Dy,0)),
with Dy = —D, and (41), to be constructive, as well as criteria which guarantee the
copositiveness [30]. Assume that D, is a P-matrix. The LCP(Ds, go(25)) in (66) (d) has a
solution Ay(z5), which is continuous piecewise linear [27], and A(0) = 0. A necessary and
sufficient condition for (66) (a) (b) (d) to be well-posed, is that (a) and (b) be compatible.
This yields that x5, possibly a time-function, has to be a solution of:

[ (LlHQ)TLnga A + (] (LlHQ)TLlHQ)]J?/Q + (AQ(LlHQ)TLlGQ — Bg)/\Q(l’é)

—Ag(Ln, — (LiHy) Ly Hy)ah(t) = 0 (67)

when 922 exists, in which case it is a constant matrix (i.e., (67) holds almost everywhere).
2

Therefore, we can rewrite (67) as the switching system:
o(zh(t o(zh(t
M7 (1)) + M5 (1)) = 0, (68)

with the index step function o oz, : R, — {0,...,2™ — 1} C IN, Mfoxé(t)(x’z(t)) are
constant matrices for each t. If xf is constant, then o o x4 (¢) = 0 for all ¢ > 0, otherwise
it may switch depending on the LCP modes. Each o(t) corresponds to a partitioning
of the index set {1,...,my} into two subsets « and @ = {1,...,ma} \ @, such that the
solution of LCP(Dy, gz2(25)) is equal to: A§(zh) = —(Dg*) 15 (xh), AS(zh) = 0, where
M*? denotes the submatrix constructed from M € IR™™ by taking rows indexed in a
and columns indexed in 8, @ and S two index subsets of m = {1,...,m} [22]. Therefore

05 = (In, — (L1Ho) LiHy) ey = (In, — (L1Ho)TLiHy)omah. Assuming that indices are
o _(Doa)—1 _ T _

ordered such that Ay = (ii) we have 222 — ( <D2 ) (Inz (L1H2> L1H2)am>’ which
2

ow 0
shows the structure of M 2 and M ) and M 72 shown below. Let xh(+) be
a solution of (68), Ay(z5(+)) the solutlon of LCP(DQ, q2( 5)). This means that xo(-) as
above is a solution of (62) (a)(b)(c). Thus it is a solution of (62) if and only if in addition
(66) (c) holds for i, and Aa(x%). Notice that (66) (c) is, for each o(t), a linear inequality
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of the form M, (””'2“”:;’2 > 0, which defines a convex nonempty cone. We are therefore
led to characterize the set of solutions to (68) subject to Mj (xé(t))xg > 0, keeping in
mind that solutions z3(-) to (62) are AC and bounded since (42) holds. Assume that
rank(Mf(xé(t))(x’Q(t))) = ny for all t > 0, and let us analyse possibly time-varying z4(-),
solutions to the constrained piecewise linear ODE:

iy = —(M7"* " (2(1)) (69)
M7y (1))(t) > 0.

System (69) is a switching system with switching inequality constraints, where the in-
equality represents a switching polyhedral set (that has to be positively invariant for the
dynamical part). Solutions to (69) are AC. All bounded solutions to (69) yield a solution
75(+) to (66), hence to (62). Notice that the LCP(Ds, o)) has 2™2 modes. Thus all
possible matrices Mf(xé(t))(mé(t)) can, in principle, be calculated. In the following M/
denotes a matrix in the set {M?, ..., M?"}. Basically there are two situations for the so-
lutions to (69): (a) either x4 (+) is such that there exists 7" < +oo such that for all t > T,
oo xh(t) = oy is constant; or (b) z4(-) is such that o o z4(-) never attains a constant
integer inside {0,...,2™2 — 1}, and the matrices Mia(t) keep on switching indefinitely. Let
us analyze (a).

Lemma 12. Let Im(Gy) C Im(Hy) and Dy be a P-matriz. Situation (a) occurs if and only
if there exists an essentially nonnegative matriz M such that MMy’ = — My’ (M;’)~* My’ ,
which is true only if Ker(Mg”) is a —(M7") LMy -invariant subspace. Then x5(-) is given
by xo(t) = (I, — (L1 Hy) Ly Hy)ah(t) for all t > T. If the above conditions are not sat-
isfied, then the only global solution to (69) is xl, = 0, so that the only solution to (66) is
xo(t) = a5 = 0.

Proof. Tt follows from [24, Proposition 1, Lemma 1]. The given condition is necessary
for positive invariance of the set {z € IR"™ | Mg’z > 0} with respect to the dynamics
il = —(M;")" M’ z},. In this case, the projection of z4(t) onto Ker(L;H,) is bounded
for all t > T, 4(t) = exp(— (M) *M5?)(t — T))ah(T), for all t > T, and zy(-) is a
(bounded) solution to (66) (a): a(t) = o(T)+(—As(Ly Hy)' Ly Go+By) N (t—T)+Ay(1,,, —
(L1Hy) Ly Hy) ftT z5(s)ds. Boundedness of the state implies A} € Ker(—Ay(Ly Hy) LGy +
B,)) and from (63) (b) A} € Ker((Ly1H,)"L1G5), which are compatible since (66)(a) and
(b) are compatible from (67). Thus the result for xzo(t) follows. The second result follows
from the fact that if the condition on positive invariance is not satisfied, the only solution
is the null solution. O

The following holds:

Corollary 7. Assume that there is no index o € {0,...,2"M — 1} such that Ker(MJ) is
a — (M)t Mg -invariant subspace. Then Sy;s reduces to x% = 0.
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Proof. The unique global solution to (69) is 5 = 0 = ga(24) = 0 = Ay = 0 since Dy is a
P-matrix. From the boundedness of z5(+), and from (66)(b), z2 = 0. O

The case G2 # 0 (passivity and VI approach) Checking the above conditions may
not be easy in general if my is too large. Let us provide an alternative. First let us
study the set of solutions to (63) (b), relying on maximal monotonicity properties of the
mappings. In the following we shall assume that Dy = D, , which in view of Dy + Dy =0
in Proposition 4 implies Dy = 0.

Lemma 13. Let Dy = 0. Assume that the quadruple (LyHs, L1G5, C5,0) is passive (=
ny = ny), and that Im(Cs) N IR is not reduced to {0}. Then the set S of solutions to (63)
(b) (which is (62) (b) (c)), is closed and convex. If in addition this quadruple is strictly
state passive, then S = {0} = Sys.

Proof. Let us first check that Im(Cs) N rint(Im(Dy + Npm, ) # 0, for any Dy = DJ 3= 0.
+
Both mappings z — Dyz and N, RTQ(') are maximal monotone, and they verify prop-

erty (*) in [12, section 1], since they are subdifferentials of convex proper lower semi-
continuous functions [12, p.167]. The mapping (D; + Np=2)(+) is maximal monotone

from [8, Corollary 24 (ii)]. Thus using [12, Theorems 3, 4], one finds Im(Dy + N pm.) =
+
Im(Ds) 4+ Im(Npom, ) = Im(D,) + IR} = IR in our case since Dy = 0. Also int(Im(Dy+
+

R
/\/'ﬂ_%%z)) = int(Im(Dy) + Im(./\fﬂ_%%z)) = int(Im(Dy) + RT?). Thus Im(Dy + NHQ%Q) =
Im(Dy) 4+ R O Im(D,) U IR [9, Fact 2.9.11]. Since Cy € R™**™, Im(C5) € IR™?*, and
Im(Cs) Nrint(Im(Dy +N11_%%2)) = Im(Cy) Nrint(Im(D,) + R’'?), which in our case (Dy = 0)
reduces to Im(C5) N int(IR'?) # () from the assumption. Then passivity guarantees that
the map L;G(+) is maximal monotone using Theorem 3. From [8, Proposition 23.39] the
first result is proved. Using Corollary 3, strong monotonicity follows from strict state
passivity. From [8, Proposition 23.37] it is inferred that S = {0}, the unique solution to
(63) is a3 = 0. O

5.1.2 Case (ii)

The goal is to characterize the largest invariant set inside Z2 = {z € R" | ; = 0}. On
the set Z, the interconnection (6) has the dynamics:

(a) j]g = AQI‘Q + (LQGl BQ))\
(b) LngiL'Q + (Bl Lng))\ =0

()0 <AL DM+ (EéHQ) 2y >0,
2

(70)

which is a mixed LCS (MLCS), and x5 = 0, Ay = 0 is an equilibrium pair. This MLCS
can be studied along the same lines as (62).
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5.2 Strictly State and Strongly Passive Interconnection

Let us place ourselves in the framework of Proposition 3. The strict state passivity of the
interconnection guarantees that along its trajectories: V(xy,25) = 2" Pi < —ex" Pz. On
the subspace ;7 = 0 and xs = 0, the susbsystems in (4) reduce to:

0= BIA} + LiGo)s
0 = BoAj + LoGi Xt
(0) 0 < N5 L Do+ EoGiAY > 0,

(71)

equivalently: A* € Ker(B)NSOLLCP(D,0), which is nonempty since A\* = 0 is a solution.
Since D 3= 0, it follows that the set of solutions to the LCP (71) (a) (b), is convex and
contains a least norm solution, which is \* = 0. We have SOLLCP(D,0) = {0} if and
only if D is an Re-matrix [27, Definition 3.8.7], equivalently (since D is a Py-matrix) if
and only if it is an R- or a Q-matrix [27, Theorem 3.9.22]. There exists finite algorithm

to check the Qness of a matrix [34, Exercise 3.87].

Proposition 7. Let the conditions of Proposition 3 (resp. Proposition 2) be satisfied.
Then the interconnection (6) possesses the equilibrium point x* = 0 and multipliers \* €
Ker(B) N SOLLCP(D,0), and x* is asymptotically stable (resp. has a unique equilibrium
point x* = 0 and multiplier \* = 0, z* is globally asymptotically stable and A(t) — 0 as
t — +00).

Proof. Follows using [17, Theorem 6.3] (resp. Theorem 2 and Corollary 3). O

6 Examples

Let us analyse the interconnection of two circuits as in Fig. 2 (b). The dynamics is given

by the LCS:
$:11 = ﬁxn + $112 + R%/l\l ‘1‘1(RL1 0)uy
T19 = ml‘u + L—l)\l + (L_1 L—l)ul (72)

OS)\lelzﬁélJZn—i—l‘lg—i—RLl)\l—i-(RLl 0)u120,

where x; is the capacitor’s voltage (Cqd11 = i¢1), 12 = i1 (the current through the
inductance), u; = (uy Ulg)T the voltage sources, A; the voltage across the diode, w; the

1 1
current through the diode. We have z; = (217 12)", 41 = (Rl(fl O>’ B, = (E), C, =
L1C1 Ll

= 0
(5% 1), D) = Ril, L, = <P§1 L)’ E; = (g 0). We shall consider the interconnection

R:1Cy 1 R1
Ly Ly
HY H12>
1
)

of two identical circuits, the interconnection matrices in (5) are: H; = ( 72! HZ-ZQ
(2 (2
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G; = (gg), i = 1,2. The transfer function H;(s) = g'\)z((j; = SZLi(;{ii(éI;j—tIliij-Ri’ i1 =1,2,1s

PR but not SPR. The conditions in Lemma 1, (14) are given by (P, € IR**?):
( )P+ (me — D+ (R S5

Im

H21 H22
(@ SOP o+ (L LPL- (D)

1 1 Gi11 Gi1i+Gio H3'  H3?
((RT )P+ (B )k - (F &) (73)
+

2 G 4 Ga
glm(gu_i_gm)—l—lm(fizl 1)
2 Rl R2

which holds always if @ 4 &u 2 Corollary 1 gives (§&  CGzdCu)p _
R, y 18 R, L;

11 Hl2 H11 H12 .. .
(R—l2 R—12) = 0 and (G11 Q#QGIZ)PZ — (R—Z’1 R21) = 0. The conditions in Lemma 2

boil down to: Tm(§ + %21) CIm(g) = R, | + &1 < g Let us now study the
conditions in Lemma 3, which 1nvolve the matrlces (See section 2 for definitions):

LoHy
g Hl11 a 12 H11 12 T
H
_ A1 A1 A1 A1 74)
— RQ RQ R2 R2 T (
Q1= Q1+ Pra <H111+H121 H112+H122> + <H111+H§1 H112+H122> P
Lo Lo L2 Lo

1 2
and similarly for @, and Q.. We have P, = (0 I?)’ so Q; = (Rbci 8), i =12

There are 12 parameters to be tuned in (74) in order to satisfy the conditions of Lemma
3. It is noteworthy that when @)1 = 0 or ()5 >= 0, conditions of Lemmata 3 and 4 may not
be easy to check analytically. This is greatly simplified if @)1 > 0 and ()5 > 0, because it is
then always possible to choose a small enough Py, so that Q; = 0, Q = 0 (using Corollary
8), and H;, Pys such that PjoLsH, —i—HlTLQTIDlT2 has rank n; so that the inclusion in Lemma
3 holds. This is the case if circuit in Fig. 2 (b) has an additional resistance R’; in series

2
s 0
with the inductance L; (and same for the second circuit). Then @; = (Rbci IR’ >7

+i
’L

H;(s) = ES”(R;cﬁTZ.)HmJFngfLi’ i = 1,2, which is not SPR and thus not SSPR,
so the systems are neither strongly nor strictly state passive (the material in sections 2.2
and 2.3 does not apply). See comments after Lemma 5 for the application of Lemma 4’s

R1 R1 Ro Ro>
conditions. The equality (19) is Py = — P,
H211+H221 H212+H222 H111+H121 H112+H122
L1 L1 L2 L2
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which can be easily satisfied with suitable choice of H; and Hs. The circuit in Fig. 2
(a) can be analysed the same way, setting R; = Ry = 400, and a single voltage source.

Proposition 4 and Lemma 13 potentially apply to the interconnection of two circuits as
in Fig. 2 (a) and (b).

1l

1 ‘Igll 1 C:I
c) wy Zg ‘,\1 C) uyq ZS N

wy w;
u12
Ly i1 Ly
L Y Y Y|
(a) (b)

Figure 2: Passive circuits with ideal diode.

Switching DAEs [14, 40, 39, 38| can also be studied within the above framework. Let us
consider:
Ty = apni + b + iz + ua(t)
Tio = a0 + binio + Ciozi + Usa(t)
0 = @ig®i1 + bisTio + Ciszi + uu(t) if w0 + us(t) <0
0 = @ia®i + bisTio + ciszi + wu(t) if xa 4+ wig(t) > 0,

(75)

for © = 1,2, where z;1, ;5 are the differential state variables, z; is the algebraic state
variable, w1, w9, U3, Uiy are inputs. Assuming ¢;3 # 0 (index 1 DAEs), (75) is rewritten
equivalently as the LCS, for each i = 1,2:

Ty = an@i + (bin — %bi?) Tio + %%3(&1 — ) — %%’4(&2 — w;3) + Ui
Tio = @it + (biz — 22biz ) Tio + 2ai(Nin — wiz) — P2 aia(Nia — wiz) + Ui (76)
0<XAiLAn+za+us(t) >0, 0<X gL Nio— x4 —us(t) >0,

with @;; = u;; — Z%;UM and Ujo = Ujo — %uM. The transformation of (75) into (76) allows us
to see clearly which operator plays a role for passivity analysis, and which role is played by
the various controllers. Given the passivity of (A;, B;, C;, D;) defined from (76), the ma-

a;p by — E’—; i3
terial in foregoing sections applies to study (75). We have: A; =
@iy bip — %bi?,

“lag  —tlay 1 00 -2
Ci3 Ci3 ]_ 0 Ci3

Bi = ) Cl = (_1 0)7 D’L = IQa Lz = ) Ez =
%ai —=2q,4 010 —<2

Ci3 Ci3

(8 8 —11 8)’ Hy € RY?, Hyp € RY?, Gy € R™?, G € R™. Once P, = 0
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has been calculated, one can use the first four inclusions in (15) to check (14). Conditions
in Lemma 2 reduce to assuring a “small enough” Gy + G| E, .

Back to motivating example: Consider the interconnection in (2) (3). Assume that
D >~ 0 and that each subsystem is passive with P, for (2), P, for (3). The conditions in
Proposition 2 can be checked with Ay = A+ LM, L1Hy = —LM, LyH, =0, Ay = A —
ch, Bl - B, L1G2 - 0, L2G1 - B, B2 - —B, Ol - E2H1 - C+ EM, E1H2 - —EM,
CQ = —(C - KQH + EM), D1 = DQ = D, E1G2 = 0, E2G1 = 0. Notice that this
proposition can be used even if the subsystems are not strongly passive. Condition (30)
holds trivially. Condition (31) holds if there exists M and K; such that the poles of each
matrix A; and A, can be placed arbitrarily, or if oy and «y are large enough. Condition
(32) holds if D is large enough and if the poles of each matrix A; and Ay can be placed
arbitrarily. Other cases with D = 0 can be studied along the lines of section 2.

7 Conclusions

In this article the interconnection of passive linear cone complementarity systems is anal-
ysed. Conditions which guarantee that the interconnected system defines a maximal
monotone mapping are given. The asymptotic stability is studied with an invariance
principle. Examples illustrate the theoretical findings. Future research could concern the
extension of complementarity towards general maximal monotone mappings.

A Positive Definite Matrices under Perturbations

Let us provide a corollary of [26, Theorem 2.11]. For M € IR™ ", ||M||22 is the induced
matricial norm such that ||[M|la2 = omax(M) (the largest singular value) [9, Proposi-
tion 9.4.9], it is a submultiplicative norm [9, Corollary 9.4.12]. The following is an easy
consequence of [26].

Theorem 1. [26] Let M € IR™™" be a positive definite matriz. Then every matriz

Ae{Ae R H(MEMT)IH 1M = Alls < 1}

2,2
1s positive definite.

Corollary 8. Let D = P+ N, where D, P and N are n X n real matrices, and P > 0,

not necessarily symmetric. If || N||22 < W, then D > 0.
—— 2,2
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B Passive Linear Systems

A quadruple (A, B, C, D) is said passive if there exists P = P 3= 0 such that:

_PB+CT)T D+DT (77)

( —-ATP—-PA —-PB+ OT> 0
( o
This inequality implies that Im(B"P — CT) C Im(D + D7), and Im(PB — CT) C
Im(ATP + PA), using [9, Proposition 8.2.4] [10, Fact 8.4.3], or [19, Lemma 1 iv] and
[9, Theorem 2.4.3, Fact 2.9.14]. The observability of the pair (C,A) guarantees that
P >0 [19] [16, p.116]. The LMI (77) is equivalent to the dissipation equality:

V(x(t)) — = [T (s)(ATP + PA)x(s)ds
+ ff (PB CTu(s)ds (78)
ft )(D + D" )u(s)ds + ftt2 (s)y(s)ds

with V(z) = 32 Pz, along the trajectories of the system & = Az + Bu, y = Cz + Du,
and for all t; < t5. The system is said strictly state passive if in addition P > 0 and
there exists > 0 such that (77) holds with —A"P — PA — uP (hence (77) implies
—ATP — PA = uP = 0). It is said strongly passive if P = 0 and the inequality in (77)
is strict. Posmve real (PR) transfer matrices with minimal state space realization are
passive. Strictly positive real (SPR) transfer matrices with minimal state space realization
are strictly state passive, and wvice-versa [32] [16, Theorem 4.73]. Strongly SPR transfer
matrices with minimal state space realization are strongly passive [16, p.162], and output
and input strictly passive [31]. Incremental passivity is defined in [16, Definition 4.62]
(35, 43].

C Maximal Monotone Mappings and DIs

Let M : IR" = IR" be a set-valued mapping, « > 0. Is is monotone (resp. a-strongly
monotone) if for any x;, zo € Dom(M), for any y1 € M(z1), yo € M(xs), it holds
(x1 — 19,91 —yo) > 0 (resp. > al|r; —z3||?). It is maximal if its graph cannot be enlarged
without destroying monotonicity. The following result appeared in [11, Theorem 3.1].

Theorem 2. Consider the system © € —M(x) with M(-) mazimal monotone. For ever
xo € Dom(M), there exists a unique right-differentiable Lipschitz continuous (hence AC)
solution z : [0,00) — Dom(M), with x(0) = xq, satisfying ||x(t)|| < [|=(0)|| and ||z(t)|| <
[|M°(x(0))||. Moreover, if x1,xo represent two solutions of the system, then

lw2(t) = 21 ()" < €™ |22(0) — 21 (0)] (79)

37



Inequality (2) means that the system is incrementally stable. If the system has an equilib-
rium point then it is Lyapunov stable. In this case, if M(-) is strongly maximal monotone,
the equilibrium point is exponentially stable, solutions are bounded and depend continu-
ously on initial data. Using some identities from Convex Analysis, it is possible to rewrite
system (1) in the form of a differential inclusion (DI) as:

i € —F(x,u) £ Az + Lu— B(D + NiH) ™' (Cx + Eu), (80)

The next result follows from [23], see also [15, 13, 42] and [37, Theorem 12.43]. It uses
passivity of (A4, B,C, D) (as defined in Appendix B) to rewrite the LCCS as a DI with
a maximal monotone operator, and the fact that the normal cone to a closed convex

nonempty set defines a maximal monotone mapping, and so does its inverse mapping [37,
Exercise 12.8].

Theorem 3. Suppose that (A, B,C, D) in (1) is passive with storage function x — x' Pz,
P=P" =0, KCIR" a constant closed convex nonempty cone, u = 0 and Im(C) N
rint(Im(N ! + D)) # 0. Then, the mapping F : IR" = IR" is mazimal monotone.

D Useful Matrix Algebra Results

Some of the results from [9, 10] and used at several places in the article are recalled for
convenience.

Proposition 8. [9, Proposition 8.2.4] Same as Proposition 11 below.

Corollary 9. [9, Corollary 9.6.5] Let A € R™™ and B € IR™ . Then opmay(AB) <
Omax(A)Tmax(B).

Fact 1. [10, Fact 8.4.3] Let A € R™™ and B € R™™'. Then, Im(A) C Im(B) <
BB'A = A.

Fact 2. [10, Fact 3.15.15] Let A,B € IR"™™. Then Im(A + B) C Im(a) + Im(B).
Furthermore Im(A) C Im(A+B) < Im(B) C Im(A+ B) < Im(A+B) = Im(A)+Im(B).

Fact 3. [10, Fact 7.17.24] Let A € IR"*", assume that A = AT = 0, and rank(A) = r.
Then there ezists B € IR™" such that A= BB'.

Theorem 4. [9, Theorem 8.6.2] Let A € R™™, B € IR™'. Then: There exists C €
R™™ such that A = BC < there exists o > 0 such that AAT < aBB" < Im(A) C
Im(B).

Theorem 5. [9, Theorem 2.4.3] Let A € IR™™. Then Im™(A) = Ker(A"), Im(A) =
ImAAT, Ker(A) = Ker(AT A).
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Theorem 6. [9, Theorem 8.4.9] Let A = AT € R"”™", B = B' € R"", with A < B.
Then for alli € {1,...,n}: N(A) < N(B). If A # B, there exists i € {1,...,n} such
that: N\;(A) < XNi(B). If A < B, then N\i(A) < X\i(B) forallie {1,...,n}.

Corollary 10. /9, Corollary 8.4.10] Let A= AT € R"™, B=B" € R"". If0 < A <
B then 0 < tr(A) < tr(B).

(Notice that the trace of a positive semidefinite matrix is nonnegative always).

T
A 0 AT 0
nxm kxl o
Fact 4. [9, Fact 6.5.21] Let A € IR and B € R™". Then (O B) = (0 BT)'

Proposition 9. [10, Proposition 8.1.7 xzz)] Let A = AT € IR™™, then A = 0 < AT = 0,
A=0< At = 0.

Fact 5. [9, Fact 8.19.2] Let 0 < A= AT €e RV, B€e R”™,0<C=C" € R™™. If
A B
2 . )
Opax(B) < 0min(A)Omin(B) then <BT C’) > 0.
Theorem 7. [9, Theorem 5.6.3] Let A € IR™*™, A # 0, let rank(A) = r, define B =
diag(o1(A),...,0.(A)). Then, there exist unitary matrices S; € R™" and Sy € R™™

such that A =S, B Orscom—r) Ss.
O(nfr)xr O(nfr)x(mfr)

Corollary 11. [10, Corollary 11.6.8] Let A, B € IR"™™", then, for all i € {1,...,n}:
O-i(A)O-min(B) S UZ<AB> S O-i(A)O-maX(B); Jmin(A)Umin(B) S O-min(AB) S Omin(A)gmax(B);
Umax(A)Umin(B) S UmaX(AB) S UmaX(A)Umax(B)-

Proposition 10. [9, Proposition 6.1.6 vi) and vii)] Let A € IR™™. Then Im(A) =
Im(A™") and Im(AT) = Im(A").

Lemma 14. [9, Lemma 2.4.1] Let A € R™™, B € IR™ ', C € IR**™. Then Im(AB) C
Im(A) and Ker(A) C Ker(CA).

Fact 6. /9, Fact 9.14.15] Let A, B € IR™™", then opax(A + B) < 0max(A) + Omax(B).
Fact 7. [10, Fact 10.12.17] Let A € R™", B € R™™, C € R™ ™, assume that A =

AT =0,C =CT =0, and assume that 0, (B) < Omin(A)omin(C). Then (;T g) = 0.

Assume that in addition 02, (B) < Omin(A)omin(C). Then (;T g) = 0.

AAR) An = AL An -
Al,. Then A = 0 < Ay = 0 and Ay = A Al Ay and ALATL Ay < Ay & Ay =
0 and Ayy = A1 Al Ayy and A ALAT, < Ay Also A= 0 < Ay = 0 and ALAT Ay, <
AQQ -~ AQQ = 0 and A12A2_21A12 < AH.

Proposition 11. [10, Proposition 10.2.5] Let A = (
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(warning: there is a mistake in [10, Fact 10.24.25] and in [9, Fact 8.21.22], copied

in [16, Proposition A.68], see https://inria.hal.science/hal-03364924v3/document:
so unfortunately these criterion cannot be used to characterize positive semidefiniteness.)
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