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Modélisation Mathématique et Analyse Numérique

LOW-ORDER FICTITIOUS DOMAIN METHOD WITH ENHANCED MASS
CONSERVATION FOR AN INTERFACE STOKES PROBLEM *

DANIELE C. CortI!, GUILLAUME DELAY!, MIGUEL A. FERNANDEZ!, FABIEN VERGNET'
AND MARINA VIDRASCU!

Abstract. One of the main difficulties that has to be faced with fictitious domain approximation
of incompressible flows with immersed interfaces is related to the potential lack of mass conservation
across the interface. In this paper, we propose and analyze a low order fictitious domain stabilized finite
element method which mitigates this issue with the addition of a single velocity constraint. We provide
a complete a priori numerical analysis of the method under minimal regularity assumptions. A com-
prehensive numerical study illustrates the capabilities of the proposed method, including comparisons
with alternative fitted and unfitted mesh methods.

Résumé. Nous nous intéressons 3 la simulation numérique d’un probléme mettant en jeu deux flu-
ides incompressibles représentés par les équations de Stokes et séparés par une interface fine. Nous
considérons une discrétisation basée sur une méthode éléments finis d’ordre bas de type domaine fic-
tif. La principale difficulté d’une telle méthode est la mauvaise conservation de la masse pres de
I'interface. Pour y remédier, nous ajoutons une constrainte scalaire supplémentaire sur ’inconnue
vitesse. Nous proposons une analyse numérique de la méthode ainsi obtenue, et établissons notamment
des bornes d’erreur a priori sur la solution sous des hypothéses de régularité minimales. Des simulations
numériques permettent de juger de l'efficacité de la méthode. Une comparaison avec d’autres méthodes
de type domaine fictif est également fournie.
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1. INTRODUCTION

The simulation of incompressible flows with immersed moving interfaces plays a fundamental role in a wide
variety of engineering fields: from the biomechanics of heart valves to the aeroelasticity of parachutes (see,
e.g., [41,/42,148,/50,/52]). The spatial approximation of this type of problems typically falls into one of the
following two categories: fitted and unfitted mesh numerical methods.

In fitted mesh methods, the computational mesh has an explicit representation of the immersed interface.
This facilitates the enforcement of the interface conditions and, furthermore, (weak and strong) discontinuities of
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the solution can be straightforwardly incorporated at the discrete level, yielding an optimally accurate method.
Nevertheless, the body-fitted nature of the mesh can become cumbersome for large interface deflections, due to
highly distorted meshes which may require remeshing or topological modifications of the mesh (see, e.g., [1L{49])
and thus increase computational cost.

Unfitted mesh methods are a widespread approach to avoid these issues. In these approaches, the immersed
interface is, by construction, free to move independently of the background computational mesh. This flexibility
comes however at a price: the lack of interfacial representation within the computational mesh can lead to
accuracy issues. Among these types of methods, the immersed boundary and fictitious domain methods (see,
e.g., [8,11L[30L[{44l|47]) are ones of the most widespread, due to their simplicity of implementation. Basically, the
idea consists in enforcing the interface Dirichlet condition as an additional constraint, using Lagrange multipliers,
or penalization. In general, these methods have the reputation of being sub-optimally accurate and of suffering
from interfacial mass conservation issues. This is a consequence of the fact that the discrete velocity and pressure
do not allow for weak and strong discontinuities, respectively, across the interface. Different approaches have
been proposed in the literature to circumvent these two different issues.

In the fictitious domain control approach proposed in [4,24,51], optimal accuracy is obtained by constructing
a smooth extension which removes the weak discontinuity in the velocity. The method introduces, however,
additional unknowns and lacks complete numerical analysis. Cut-FEM approaches achieve optimal accuracy by
integrating the equations only in the physical region and by adding suitable stabilization terms for robustness
(see, e.g., [143335]), but they require a more involved computer implementation due to the specific tracking
of the interface intersections and quadrature over arbitrary polygons. Recent approaches, such as the shifted
boundary method or the ¢-FEM method (see, e.g., [21,22,/39]) avoid these computational geometry difficulties,
but their interface formulation is not straightforward (due to the introduction of additional unknowns or the
need of a level-set description of the interface).

Penalized grad-div interfacial stabilization is known to enhance mass conservation across the interface (see,
e.g., [12}16128.37,)40]), but at the price of degradation of the system matrix conditioning, which drastically limits
the applicability of the method. The extended finite element method (XFEM) is an elegant way of guaranteeing
interfacial mass conservation by introducing strong pressure discontinuities across the interface at the discrete
level (see, e.g., [2L[71/38./45,/53]), but this requires the integration over cut-elements and the number of degrees of
freedom (and hence the size of the system matrix) may change between different interface locations. Enhancing
mass conservation in fictitious domain methods by using globally discontinuous pressure is an alternative to
XFEM, but inf-sup stability prevents the use of low order elements for the velocity (see, e.g., [5,9,[L0]). Similar
observations can be made on the combination of unfitted mesh methods and divergence free approximations
(see, e.g., [17./40]), with the exception of the cut-FEM method reported in |15] based on the minimal divergence
free element introduced in [1§].

Numerical evidence (see, e.g., [12]) suggests that, in practice, the inaccuracies of traditional fictitious domains
methods for incompressible flows are mainly driven by the artificial interfacial mass loss, rather than by the
sub-optimality of the convergence rate. In this paper, we introduce a new low order fictitious domain finite
element method based on continuous piecewise affine approximations. We consider as model problem the
Stokes equations with an immersed Dirichlet interface condition. At the discrete level, the interface condition
is enforced via Lagrange multipliers and mass conservation across the interface is enhanced by enforcing an
additional velocity constraint. This constraint can be interpreted as an enrichment of the pressure approximation
space with a single Heaviside function across the interface. Similar ideas have been advocated in [36], but for a
different fictitious domain method (involving discrete Dirac delta functions) and without error analysis. Suitable
stabilization terms are introduced to guarantee inf-sup stability (Lemma and a priori error estimates for
the velocity and pressure are also derived (Theorem [£.11)). These error estimates are robust with respect
to the magnitude of the pressure jump across the interface, due to the additional basis function. Finally, a
comprehensive numerical study provides numerical evidence on the error analysis and illustrates the capabilities
of the proposed method. This method is compared with different fitted and unfitted mesh methods in two
benchmarks. The numerical results show, in particular, that the present approach provides a simple and robust
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low order method that mitigates the accuracy issues of traditional fictitious domain methods for incompressible
flows with immersed interfaces.

The rest of the paper is organized as follows. The continuous setting is introduced in Section 2} Section [3]
presents the proposed numerical method. A priori stability and error estimates of the method are derived in
Section Section [5] is devoted to the numerical investigations. Finally, some conclusions and lines of future
work are drawn in Section [6l

2. PROBLEM SETTING

Let Q C R%, d = 2 or 3, be a bounded polygonal /polyhedral domain and ¥ be a polygonal oriented manifold
of co-dimension 1 fully immersed in 2 and with unit normal vector ny. We assume that % divides 2 into two
sub-domains Q7 and 5 such that Q; N Qe = 0, 90 NNy = X and IN = (09 U INs) \ 3, where 99; and
0 stand for the boundaries of ; and , respectively. Moreover, 0f) is partitioned as 92 = I'p U I'y with
I'p (respectively I'y) being the part of the boundary on which Dirichlet (respectively Neumann) conditions are
enforced. The symbol n; denotes the unit outward normal to €2;. Note that ; and 5 are arbitrarily chosen
so that n; = ny and ny = —ny on . We also denote by n the outward unit normal vector to Of2.

In order to ease the presentation, we shall make use of the following assumption.

Assumption 2.1. The Neumann boundary I'x is away from the interface 3; i.e. In N'Y = (). Moreover, both
sub-domains have a Neumann boundary; i.e. Vi € {1,2},0Q; NT'y # 0.

Remark 2.2. This assumption is chosen to deal with a configuration of two heart cavities separated by a closed
valve. The case of one or both sub-domains not having a Neumann boundary can be easily treated by changing
the spaces representing the pressure at continuous and discrete levels in order to take into account a zero-mean
constraint.

An illustration of admissible and non-admissible configurations is given in Figure [I The following notation
will be extensively used in the paper. Let ¢ be a scalar or tensorial field defined in 2 and possibly discontinuous
across %, we define its sided restrictions, denoted by ¢; and ¢, as

¢1(x) E lim ¢(z+0n1),  ¢o(x) < lim ¢(z+0ny), Vrzel,
§—0— §—0—

and the following jump operators across the interface X:

[¢] < 61 — oo, [¢on] = ¢1m1 + gons = [¢]ns.

I'p I'p
\‘ _ e
\ ,. ‘.\
’ ¥ L)
I'n 9 5 Qy I'n I'n °: Qs | I'n
‘ 0 X »
“ \. ~ - ,.,
FD FD

FI1GURE 1. Left: an admissible geometric configuration. Right: a non-admissible configuration

(see Assumption and Remark .
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For any subset w C , we will use the standard Sobolev spaces H™ (w) (m > 0), equipped with the standard
norm ||| zrm (., while (-, )., denotes the usual L? (w)-scalar product. We also denote by |w| the usual Lebesgue
measure of w. For S C QU Y, the closed subspace H{ represents the space of H' functions with zero value on
S.

Let £ € [L?(Q)], g € [L?(Tx)]? and uy € [HE(X)]? be given fields. We consider the following Stokes
problem in © with an immersed Dirichlet condition: Find u : © — R? and p : © — R, fluid velocity and
pressure respectively, such that:

-V.o(u,p)=f in
V-u=0 in Qi,

u=20 on TIp, (1)
U(u7p)n =g on FNa
U = Uy on X,

for i = 1,2. Here, the symbol o(u, p) stands for the Cauchy stress tensor of the fluid, given by
of e 1
o(up) < 2pe(w) —pI, e(w) ™ (Vu+ Val),

where p > 0 denotes the fluid dynamic viscosity.

Note that system corresponds to two independent Stokes problems with a shared Dirichlet condition on
the interface . This kind of problems arises, for instance, in fluid-structure interaction problems with immersed
thin-walled solids (see, e.g., |[12]). The goal of the present paper is to propose and analyze a fictitious domain
approximation of in which the underlying computational mesh is not fitted to X. To this purpose, we
first introduce a global variational formulation of and we use Lagrange multipliers to enforce the Dirichlet
constraint on X.

We consider the following velocity and pressure functional spaces

V= [HL(QY, Q= L*Q),

respectively. We make use of the standard Stokes bilinear form a : (V x Q) x (V x Q) — R and the linear
form ¢: V — R | given by

a((uap)a (Uv q)) déf 2” (E (u) , € (v))Q - (pa A\ v)Q + (qa A\ u)Q ) E(’U) dét (fav)Q + (ga v)l"N .

For the weak treatment of the Dirichlet interface condition on X, we consider the Lagrange multiplier A =
1 / 1 1
([HSO(E)]d> , defined as the dual space of [HgO(E)]d, and the bilinear form b : A x [HO%(E)]d — R, given by

b€, z) = (€, z),

where (-, ) denotes the duality pairing between A and [H()%O(Z)]d.
The weak formulation of problem then reads as follows: Find (u,p,A) € V x @ x A such that

A((u,p,N), (v,4,8) ) = F (v,), (2)
for all (v,q,&) € V x Q x A, where the operators A and F are defined as follows:
A((u,0,A),(9,4,8)) = a((uw,p), (v,9)) =b(Av) +b(&u), F(v,8) = £(v) + b€, ux). 3)

Using a standard argument of integration by parts in €);, it can be shown that problem is equivalent to
problem with
A=[o(u,p)n] on X. (4)
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In other words, the unknown Lagrange multiplier represents the jump of the fluid stress across the interface
resulting from the enforcement of the Dirichlet condition on Y. Moreover, it is classical to show that problem
is well-posed.

As regards the regularity of the solution (u,p), it should be noted that the Dirichlet constraint in does
not ensure continuity of the pressure or of the velocity gradient. Concerning the functional framework of
problem , the potential presence of discontinuities on the interface ¥ for the solution (resp. its gradient)
reduces the regularity of p (resp. u). More precisely, instead of the standard spaces H*(2) and [H?(2)]¢ for the
pressure and velocity, we use the spaces H'/27¢ () and [H*/27¢ (Q)]%, for some ¢ € (0, 3). Furthermore, the
regularity of p (resp. w) in each subdomain €;, with i = 1,2, is limited to H2+ (€;) (resp. [H2%¢ (2,)]4) due
to the potential presence of reentrant corners on the interface and corners between I'p and I'y (see Figure [1)).
For further details on these aspects the reader is referred to [32,/43]. Accordingly, we introduce the following
spaces:

Vo= {ve i @) v

Q. = {q e HY(Q) ) glo, € HA* (), i = 1,2} .

o, € [HET ()], i=1,2],

Note that the traces of elements of these spaces are well defined on each sub-domain boundary 0f);.

3. DISCRETE PROBLEM

Let us introduce {7, },_, ., and {75 };.4,, two families of quasi uniform simplicial meshes (see, e.g., [23])
of  and X, respectively. The symbol h (respectively H) denotes the mesh parameter for Q (respectively X).
We assume that 7, is fitted to 092 but, in general, not to . We consider the two following standard spaces of
continuous piecewise affine functions:

Xp 2 {xn € CO@)| ki ePuK), VK e T}, X5 {xu € COD)| xulx € Pu(K), VK €T3}

Finally, we introduce the discrete space @h =X ;i C @ and the discrete spaces V},, Qp, Ay for the approximation
of the velocity, pressure and Lagrange multiplier as follows:

Vi 2 X210V, QuEQne(lo) CQ, Axy ¥ (X3 CA, (6)

where the symbol 1g, denotes the characteristic function of € and (1g,) the vector space spanned by 1g,. We
recall that the choice of €27 and (5 is arbitrary, so that the characteristic function could have been taken over
()5 instead of over ).

As mentioned in the introduction, it is well known that the approximation of the pressure in with
continuous finite elements guarantees global mass conservation in the computational fluid domain €2, but does
not prevent spurious leakage across the interface ¥ (see, e.g., Section and particularly Figure . The
choice of the non-standard pressure space @}, can be considered as the simplest enrichment of the usual discrete
continuous space Jp, in order to overcome the artificial interfacial mass loss induced by the continuous nature
of the pressure approximation. Further advanced enrichment techniques have been suggested. Notably, the
extended finite element method (XFEM) (see, e.g., [33]) involves the addition of supplementary basis function
for each cut cell. Notice that, in the present method, by using a single supplementary basis function for the
pressure space, the size of the linear system is independent of the interface position.

Owing to the definition of the discrete pressure space @, every qp € Qp can be decomposed into the sum of
two contributions, namely,

an = qn + Qn, (7)
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where g, € @h is a continuous piecewise affine function over the whole computational domain  and g, € (1q,)
is a Heaviside function that allows strong discontinuities across the interface 3. Moreover, the following relations
hold

an = lanlle,, 4w =an — [an]le,, (8)
where [gp,] is the constant jump of ¢, across .

In order to overcome the instability of the saddle-point problem due to the choice of the Lagrange multiplier
finite element space @ and to avoid any constraint on the ratio between the fluid mesh size h and the solid
mesh size H (as can, for instance, be seen in [11]), we introduce the following stabilization term (in the spirit
of the Barbosa-Hughes stabilization [6]):

SBH( (ons M) + (ans €¢) ) 2 %(AH T Ionlns: &x + [anlns). )

with v, > 0 a user-defined dimensionless parameter. Furthermore, the following Brezzi-Pitkaranta stabilization
[13] is considered to overcome the lack of inf-sup compatibility between the velocity and pressure spaces V}, and
Qn: )
of 7Y, h ~ ~
sit (Phyan) = Z (VDPh:Van)g,
with v, > 0 a user-defined dimensionless parameter. Note that the pressure stabilization operator SEP only
acts on the continuous part, py, of the discrete pressure, py,.
The proposed discrete approximation of reads as follows: Find (up,pr, Ax) € Vi X Qp X Ay such that

An ((wn, pry M) 5 (Vn, qns €3) ) = F (v, €n) (10)

for all (vp, qn, &x) € Vi X Qp X Ay, with the notation

d

An (i Py M) s (Vs @ €00) ) = A( (s Py M) 5 (Vs @ns €0) ) 55" (s an) s ((ons M) s (ans €x0) ) (11)

Remark 3.1. It is worth noticing that the stabilization operator @ is only weakly consistent since, according
to , the Lagrange multiplier A is not necessarily equal to —[p] ns. In the spirit of [6], a consistent version of
the stabilization would be

w(AH — o (un,pr) n],&n — [o (Um(Ih)n]])E'
The reason of excluding the normal component of the strain tensor [e (v)] ny is related to the fact that for
piecewise affine velocity approximations, this contribution vanishes in any cut element whose boundary is not
conformal to the interface.

Remark 3.2. Due to the choice of the finite element space @, in @7 we have
(V-vn,qn) g = (V-vn,an), + [an] (vn - 1, 1)391 = (V-vn,qn),+ [[qh]]/ v T
89,
for all (vp,qn) € Vi, x Qp. Therefore, owing to (7)-(8)), the system matrix associated to can be assembled

as a combination of two mass conservation constraints. The first corresponds to the traditional divergence free
constraint imposed via continuous piecewise affine pressures, namely,

(V-un,qn)y =0 Yan e Qn, (12)

which guaranties global mass conservation in €2, while the second enhances interfacial mass conservation by

enforcing
/ up -nq, =0, (13)
a0,
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which guaranties global mass conservation in ; (and also in s, thanks to (12)). The constraint is
imposed via the corresponding Lagrange multiplier [pg]], which also represents the value of the discrete pressure
jump across the interface. To the best of our knowledge, the introduction of the additional constraint for
enhancing interfacial mass conservation was reported for the first time in , for a different fictitious domain
method and without error analysis.

4. NUMERICAL ANALYSIS

This section is devoted to the a priori stability and error analysis of the numerical method provided by
and is organized as follows. We first introduce several interpolation operators, based on quasi-interpolation.
Then, we prove inf-sup stability of the bilinear form A;. We then bound the consistency error of the scheme.
Finally, we combine all these results to establish the desired a priori error bounds fulfilled by the numerical
solution.

In what follows, we write A < B (resp. A 2 B ) to abbreviate the inequality A < CB (resp. CA > B) for
positive real numbers A and B, where the constant C' > 0 does not depend on h, H, neither on the way the
interface mesh 737 cuts the fluid mesh 7,* nor on the solutions of the continuous and discrete problems. We
also use the notation H*(w) = [H*(w)]? for all s > 0 and all w C Q.

We now introduce some geometric definitions that are widely used in the current section. Let K be an element
of 7,2 and @ ; its i-th node. We denote by T, = {K € T, : KN X # (0} the set of elements of 7, cut by the
interface X, by A}, & {x,;: K € T2} the set of nodes, by Ny o {zx;: K €T’} the set of nodes belonging
to at least one cut element and by 7,2 = {K € T, : {zx.;} NN # 0} the set of elements of 7,;* sharing at least
one node with a cut element. See Figure[2] Let us now introduce the following assumptions.

Assumption 4.1. We assume that the interface is well resolved by T;*, i.e. h|ENK| S |K| VK € 7.

Assumption 4.2. We assume that every cut cell K € T,° shares at least one vertex with an uncut cell I~{1 Cc
and at least another one with an uncut cell Ko C Qa, with K1, Ko € T2\ TC.

These assumptions are fulfilled when the mesh is fine enough.

FIGURE 2. In gray the fluid domain triangulation ’ThQ and in black the interface domain trian-
gulation 7,7. The elements of 7, are marked in [Jj , the elements of 7,° are marked in [Jj []
and the nodes in N are marked by @ .
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4.1. Approximability

In this section, quasi-interpolation operators are considered to approximate non-smooth functions (see, e.g.,
[23] Chapter 22]). We recall that the exact solution of has a low regularity due to the presence of weak
and strong discontinuities across the interface (velocity and pressure, respectively). This is why we propose the
following adapted approximation operators, based on quasi-interpolation, that are defined even for low-regularity
functions.

(1) I, : V — V,, is a given quasi-interpolation operator onto Vj;
(2) Iy, : Q- — Qn, is defined as

M, q = 0,9 +1,q Vg€ Q.

0 (5 1) 1o (14)

the mean value of the pressure jump across the interface 3, and

with

I, ¢ < Mu(g — 10, ),
with IIj, : Q. — @h a given quasi-interpolation operator onto @h.
(3) My : [L3(X)]? — Ay, a given quasi-interpolation operator onto As.
Owing to the properties of the quasi-interpolation operators (see, e.g., [23, Chapter 22]), we have the following

result.

Lemma 4.3. Let € € (0,3). Assume that p € Q. and X € [L*(X)]?. For the above defined operators the
following estimates hold:

||HthH|‘L2(2) < ||HP]]||L2(2)7 (15)

10 A2y S M agsy - (16)
hHVﬁthm(Q) Shéisnp_ﬁthH%—s(Q)’ (17)

HHH ()‘ + [[ﬁhpﬂ nz) HL2(E) S H)‘+ [[ﬁhpﬂ "EHLZ(E) : (18)

Proof. The estimates and are standard (see, e.g., [23] Corollary 22.8]). We focus on estimate (L7)).
Let K € T and Py be the mean value of p — T, p over S(K), the patch of elements around K. Using the
definition of TJ,,, we have
h ||VthHL2(K) = h||V(m,p *pK)HB(K) < (o, e - TjK”LQ(K) < [T (p — 10, ) *ﬁKHL‘Z(K)
_ . B . B 1. N
S M =T p =Pl oy S P =12 = Picll o sapy S 777 [lp — thllH%_s(S(K)) ,

where we used an inverse inequality, the local stability of II;, (see, e.g., [23| Corollary 22.8]) and approximation
properties of the mean value. Summing the square of this relation over all K € T;? and using the quasi-uniformity

of the mesh gives . For , we use the fact that [IIj, p] is a constant and that [II;, p]lq, = I, p, so that

we have

M0 1122 ) = 3|0 2 = (5] </Z[[p]]> .

where for the last inequality we used Cauchy-Schwarz on the squared term. This completes the proof. O
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For u € V, p € Q. and X € [L%(X)]?, we introduce the following approximation errors

def

e, = u—1IIu, epd;fp,th’ ex = A—TIIy A (19)

We have the following approximation result.

Lemma 4.4. Let ¢ € (0, %) Assume that w € VN H3¢ (), pe Q- and X € H:* (X). The following
estimates hold:

i-e
IV - eullr2 () S lle(eu)llpz) S 0275 llull g5 ) 20

lewl oy S A7 ul 21

H3 ()’
1—¢
lexllpzisy S H? HAHH%fa(E) )

||e;DHL2(Q) S h%_a Hp - ﬁthH%’E(Q) ’ 23

(20)
(21)
(22)
(23)
1A+ [0, pIns — T (A + [0, pIns) | o ) < M2 [N+ [, pns | (24)

i (s)" 24
Proof. Estimates f and can be easily proven using the approximation properties of quasi-interpo-
lators (see, e.g., [23, Theorem 22.6]). For , we use the definition of IT, to get

HePHL?(Q) =[p— thHL2(Q) = Hp — 10, p— ﬁhPHLz(Q) = HP — 10, p - I, (p - ﬁhp) HLz(o)

ShE o =Tl e

where we used the approximation properties of the quasi-interpolation operator II,, so that the proof is complete.
O

4.2. Stability

In this section we establish inf-sup stability of the bilinear form Aj, (see Lemma below). The associated
proof is based on two main steps: first, the proof of an inf-sup condition for the bilinear form (ps, V - vp)g,
see Proposition [4.6} second, the extension of inf-sup stability to the full bilinear form A;,. Even if these steps
are standard in the context of fitted meshes, some intermediate lemmas have to be proven in the present
context of unfitted meshes. In Proposition we introduce an ad hoc interpolation operator vanishing on the
elements intersected by the interface X. This interpolation is used to establish the inf-sup stability of the bilinear
form (pp, V - vy)g, where the pressure is decomposed into a constant and a zero-mean valued function. More
particularly, this interpolation operator is used to construct an adequate test function for the zero-mean part of
the pressure. In Proposition we extend the well-known discrete trace inequality on fitted meshes |23, Lemma
12.8] to our unfitted setting. Similar propositions are also employed in [26),34].

4.2.1. Preliminary results
We start by constructing an adequate interpolation operator that will be used to establish the inf-sup con-
dition.
Proposition 4.5. There exists a linear operator H?L :' V. — V}, such that for every v € V, we have:
o IIYv =0 on 3;
e I1%v =0 on 9Q if v =10 on 9.
Moreover, for each v € V' such that v =0 on X, it holds

||U_H?lv||L2(Q) Shlvlm ) (25)

||H9Lv||H1(Q) 5 ||v||H1(Q) . (26)
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Proof. We start by considering the Scott-Zhang interpolation operator H;ZL : V. = V; (see, e.g., |46]). For all
v € V, IIYv is defined as the sole element of V}, satisfying

IMv(x) =0 Ve N, (27)
Mv(z) = Miv(x) VYV € N, \ NS (28)

Note that, by construction, we have H%v =0 on ¥ and
Miv|g =Mv|x YK € T2\ TF. (29)

Furthermore, owing to the preservation of homogeneous Dirichlet boundary conditions by the Scott—Zhang
interpolation (see, e.g., [46, Theorem 2.1]), we have that IIv = 0 on 9 for all v € V' with v = 0 on 9.

Let us now consider v € V such that v = 0 on X. We start with the proof of . By using the triangle
inequality and the approximation properties of the Scott-Zhang operator (see, e.g., [46, Theorem 4.1]), it follows
that

z 7 0
v - v”L?(Q) < o - HthL2(Q) + [T — HthL2(Q) (30)
S hlolgi ) + [0 - Hg””p(n)

It only remains to control the last term in the previous bound. Owing to , we can focus only on the mesh
elements in 7,¢. Let K € 7,¢, from [23, Proposition 12.5], . ) and ., we have

HH%'U 2v||L2(K) < he max ||H%v(a:K’l-) M v(zx,; |
< he maX HHhv T,i) — H%v(az,{,i)u
TR,  EN (31)
< h%  max Hl’Ihv(mKZ H < hi max”l"[hv(acKl)H
XK G E
S HHh”HLZ‘(K)'

In addition, from the stability of the Scott-Zhang interpolation operator (see, e.g., [46, Theorem 3.1]), we have

||H%UHL2(K) <C <Hv||L2(S(K)) +h |U\H1(S(K))) )

where S(K) denotes the patch of elements around K. Finally, since v vanishes on ¥ N S(K) # (0, the Poincaré’s
inequality [[v|l z2(g(ry) S 7|0l g (s(x)) holds (see [23, Lemma 3.30]), so that from we get

||H%07H?Lv||L2(K) Nh|v|H1(S(K)) VKGﬁ (32)

Since from the estimate holds for every K € 7,7, we can sum over all K € 7, and, by using the
quasi-uniformity of the mesh, we finally get

| v — v||L2(Q) Rl gy - (33)
The estimate simply follows by inserting into (30)).
In order to prove , we first notice that owing to (29)), it suffices to consider the elements K in 7,°. By
combining with the triangle inequality, we have

M| 2 ) < ||H%v||L2(K) VE €Ty (34)
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Similarly, using inverse inequalities and , for the gradient we have

HVH%UHLZ(K) < b7 - H?LUHLQ(K) + HVH%UHL%K)

' ’ (35)
S‘U|H1(S(K))+||VHhUHL2(K) VKEE

Owing to , the relations and hold for every K € 7,?, so that by summing over K and using the
H'-stability of the Scott-Zhang interpolator (see, e.g., |46, Corollary 4.1]), we finally get
0 2 7 2 2 2
||Hhv||H1(Q) S ||HthH1(Q) + vl S vl )
which completes the proof. O

In the sequel, for ¢ € {1,2} and for any element gj, of Qp, we denote by gy ; Lt qnlo, the restriction of gy
to ;. In a similar way, we denote by Qp ; S {qh|gi qn € Qh} the set of such restrictions. Then, for every

qn € Qp, we have
2
qn = ZQh,ilQi-
i=1

We can now prove the following intermediate result, which is a first inf-sup condition.

Proposition 4.6. Under Assumption [2.], there holds
(qh7 V. 'Uh)

sup ——L + 1|Vl 120y 2 llanll 20 (36)
0#v, €V, N[HL ()] ||Uh||H1(Q)

for all gy, € Q.
Proof. We proceed in a classical way by decomposing gy ; as

def 1

Qhi = Qnyi + Qni,  Qni = o Qhiis  Gni = Qni— Qni € LE(Q) N Qni. (37)

Note that, by restricting the decomposition @ to each sub-domain Q;, we also have g, = Gp,; + Gn,; with
Gh,i = qnle, and g ; = Qnlo,. Furthermore, the fact that ¢n; + Gni = qn,i = Gn,i + Qn,i yields
Vani = Van- (38)

We start by treating the zero-mean contributions in , namely, g, & > i dnila,. Since ¢n,; € L3 (€2;), there
exists 0 # ¥; € H} (Q;) such that (see, e.g., [29])

* * * 2 * *
(@h,i; V- 0i)g, = lldn,ill L2 (q,) - 10ill 1) S Ndnaill 2o, - (39)

By setting ® = 3, ¥;1q,, we get

<

* * * 2 *
v € Helmuz (), (gn, V-0)g= \Lz(Q) ] HvHHl(Q) ~

an

L2 - (40)

By using the properties of H?L (Proposition , the fact that (gn, V - H%@)Qi =0 and , we have

an

llqn.i iz(m) = (Gn,i» V- 03)a, = (4n,i, V - (0; — H%@‘))Q + (Gn,i, V - H%@)Qi

= —(Vin:, 0 — Hgfli)gi + (Gni, V - ),
S hlIVanill 20, 19l 1.0y + (@i, V- 90,

= h|Vgn,

L2(9;) |'{)i||H1(Qi) + (q}z,ia \E H}OL’Z}Z)QZ
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Notice that here we have made a little abuse of notation in H%'f)i, since it has to be understood as H?L applied
to the extension of ©; by zero out of Q;.

By summing the above relation over i € {1,2} and that IIY% = II%9%; + II9®s (which follows from the
linearity of ITY and Proposition , we get

* 12 ~ * *
dnll12 ) S DIVl L2 o) 19l gy + (ar, V - TR )a,

which, with ([40)), yields,

B

anllr2) S P IVaRllpeq) + (41)
Let us now handle the constant part of the pressure g, ;. Let (Ali be a subdomain of §; such that T'xNQ; C ﬁil
and such that the mesh is fitted to §2;. From [20, Lemma 3.3] (see also |27, Lemma 3.3]), there exists a constant

C;>0and 0 # v, € {wilg | wn € V)N [Héﬁi\FN (€2,)]%, such that

Cillan,ill 2 (a,) nill g,y < (@05 V- Onsig, - (42)

i

Notice that, since ﬁi is fitted to the mesh, the constant C; is independent from the way the unfitted interface
cuts the mesh. Moreover, denoting by v ; € {wil|o, | wn € Vi} N [H(%Q'L\FN (€2:)]¢ the extension by zero of vy, ;
to the whole domain §2;, the estimate (42) holds with ﬁi =y, Up,; = Up,; and with the constant C; rescaled

by [Q]/|%]. According to Assumption Q; can be chosen in a way that the ratio [Q;]/|€2;| does not vanish
when h tends to zero. We established

(Gh,i» V - Oni)a,

@hill L2y S iz (43)
LQ(Qz) thﬂ”Hl(Ql)
‘We now consider )
— def _
zZn = —=———nlq,,
; \/ﬁth,i”Hl(Qi)
so that ||Zp| g1(0) = 1, and summing for i € {1,2} we have
_ _ _ an, V - Zn)a an, V - Zp)a .
100l 2@y S @0V - Z0)a = o o LT (44)

1Zrllgi)y ™ 126llg(q)
Setting wy, = ||'Z3||;{11(Q) o+ 4 HZ}LHI_{ll(m Zp, with § > 0 sufficiently small, results in wj, € V, N [HL(2)]¢ and
lwall g () < 1+ 0. The relation follows from and (44)), which completes the proof. O
Proposition 4.7. Under Assumptions and[{.2, we have

1 ~
h2 lan]llz2csy S lanllpzo) + R IIVARl L2 (0) (45)

for all g5, € Q.
Proof. Let us introduce the operators E} : Q) — th and E? : Qp, — @h defined as

def ~

Eji(qn) = @+ lan].  Ei(an) = G

for all g, € Q. We recall that by construction of the pressure space @y, in @7 the pressure jump [gn] is
constant. In particular, we have '
Ei(qn) =qn; in Q. (46)
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Let K € T, be given. Since, [gs] is constant on ¥, using Assumption and the triangle inequality, we have
1 1 1 i
h? [lanlll 2 snmey = p2 120 K2 |[anll < Nlanlll 20y = [ Erlan) = i (@) 1o ) < Z 1B (@)l oy - (47)
In order to bound || E} (qs) HL2 for every i € {1,2}, we first note that since E} (qs) is affine in K, we have
B} (an)(x) = B} (an)(x,5) + VEj(an) - (& — i),
where x ; denotes one of the nodes of the element K. Thus, using an inverse inequality we get
I3 < 4 i < 1+d
HEh((Jh)HLz(K) S he ||Eh(qh)||L°°(K) hi | B (an) (@ g)| + h'TE [ VE (an ||L°°(K) (48)
Furthermore, owing to Assumption relation and 23, Proposition 12.5], we have
d i d
he | B (gn)(®x )| < h2 mlaXHCIh,i(mRi,z)H S lansillp2 (&) - (49)
In addition, since VE} (qz) is constant in K and VE}(q,) = VE?(q) = V{p, we have
a i ~
W8 (VL ()| ey S 19 - (50)
By inserting the bounds — into , we have

W landlsaqaeom) < 32 1B @0 e 2 (lanll () + Nanll () + 212y ) -

The estimate then follows by exploiting the quasi-uniformity of the mesh and summing the above relation
over all K € 7,°, which completes the proof. O

4.2.2. Main stability result

We now have all the ingredients to state the main result of this section. To this purpose, we introduce the
following norm

N

. 2 ~ 2 2 2
[(vn, qn, &) = (||5 (Wi)llz2) + W IVanlL20) + lanllzz0) + 1 ||§HHL2(2))
for all (vn,qn,&€x) € Vi X Qn X Agy. The following lemma provides the inf-sup stability for the full bilinear
form Aj;,.

Lemma 4.8. Under Assumptions and[{.2, there exists a mesh-independent constant 8 > 0 such that

An((aan oo Xn) @ n €)ooy

inf
(o An) € VixQnxAs\(0.0,0) (Onaans&r) € VaxQnxAx\(0,0,0) [[(WhsPhs A2) || [[(Vn, qns €3) |

Proof. The inf-sup condition is a consequence of the following estimate

’A u 9 7A b v LY b
wn, pry Ax|| S sup (2, P Are) (V0,4 €))
(. an-E3) € VixQnxAz\(0,0,0) | (vn, qn, &x) ||

défs
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for all (wp, pp, M) € Vi x Qrn x Ax\ (0,0,0). In order to prove , let (wp,pn, An) € Vi x Qp x Ay \ (0,0,0).
From , we have

’th2

~ h
2t le (wn)| 720 + IVBl72 0 + i 1A%+ [ondnsl 7 sy = An((@n, pry M) (wn, prs Aag) ) (53)

A
< S |[(wn, pn, An)l| -

Moreover, using the triangle inequality and Proposition (under Assumptions and , we get

2 2 2
h ||)‘HHL2(E) < hl[An+ [[ph]]"EHL?(z) +h ||[[ph]]||L2(E)

< 2 2 2 ~ 112 (54)
S A+ [palnsllie sy + pnllz2 ) + 27 IVDRIL2 () -

Now, using Assumption we can invoke Proposition Let wy, € V,, N HY () be a function for which the
supremumn in is attained (for q;, = pn). We have

(Pr, V - wp)a

hIVDR| r2q - 55
P )

||ph||L2(Q) S

In addition, from , we have

(s V - wn)a = An( (wn, pr, M) s (—wn, 0,0)) + 2u(e (un) , € (wn))o
S S[(wn, 0,0)[| + [le (wn)ll L2 (o) ll€ (wn)ll L2 (@)
S (S +lle (wn)llp2) lwnll g ) »
so that yields
IPnll 20y S S+ lle (wn)ll L2 @) + A IVl L2 (o) - (56)
We now conclude by inserting and into , which yields

[ (wh, s A0) |12 S S+ S || (wn, prs M)

and then simply follows from Young’s inequality, which completes the proof. O
Corollary 4.9. The discrete problem admits a unique solution.

4.3. A priori error estimates

We first introduce the following discrete errors
eun =Ipu—up, ep.n = pp — pa, exy =y X — Ay,

where (u,p, A) is the solution to the continuous problem , (wp, ph, Ag) is the solution to the discrete prob-
lem and the interpolation operators II,, II;, and Ily are defined in Section The following result
provides an estimate for the consistency error.

Lemma 4.10. Assume that (u,p,A) € Vo X Q¢ X H:* (%) with € € (0, %) The following estimate holds

|Ah( (eu,haep,hae)\,?-[) ’ (’l}h,%&%))’ S maX{hﬁ’H}%ia (”u”H%as(Q) + ||p - ﬁhp”H%’E(Q)

FIIPL o) + A3 e ) Ilomsans el (57)
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for all (vp,qn,&€x) € Vi, X Qn X Agy. Moreover, this estimate can be improved to

| An((€wnsephsexn) s (Vn, qn, €x) ) |

< [max{n 1} (lull,5 - o + Ip = a ] +[|IA + [T, p) s |

H%*f@))
1IP0I = T sl oy | Nomsans €l (59)

H3~5(Q)

Proof. Using the relations and and the definitions , and 7 we have

An((ewnsephrexr) s (On, qn, €x) ) =An (T, w, I, p, Ty X) , (Vn, qny ) ) — F (vn, €x)
=Ap (I w, I, p, Ty ), (Vns gns €x) ) — A((w,p, A), (Vn, qn, € )
=—2u(e(ew) e (vn))g + (€p, V- vn)g — (qn, V - €u)q + (ex, vn)y,
— (&, €u)s + 55T Mppoan) + st (Map, My A, (an, €x) )-

(59)

We now proceed by estimating term by term. Using the Cauchy-Schwarz inequality and the approximation

error bounds , and , we have

[(e(ew) e (vn))o| = lleleu)llrz(a lle (nllpzio) S R=75 llull 3. o) I(on, an. &)

(a0, V- e | < llanll 2y IV - €ull g2y S b~ lell 52 ) (on, ans &)1

)o
)
)s
)

(60)
| (€ en)s | < 1€nllpags llewll oy S h27 el 5 - ) 1(wns ans &)1
(e V- vn)g | < lepllpaoy IV - Onll 2oy S 027 = T2l 3 e ) (@0 an €201 -
Q) H27°(Q)
For the pressure stabilization term, we use Cauchy-Schwarz inequality and to get
2" (Wap an) | S B (VT2 Van) o | S BV I Pl 2o 2 IV 20
Q L2() (@) (61)

,S h%_s ||p — ﬁthH%_E(Q) ||(vhth7£7'l)|| .

It only remains to estimate the terms (ex, v)s and sP( (IL, p, Ty ), (qn, &x) ).

Proof of . For the term (ex,vp)s,, using the Cauchy-Schwarz, trace and Korn’s inequalities and , we
have

(A~ Ao | S HES Ny e @l S HE7 AL g &) (62)
Finally, for the term sp™ ( (I, p,II3% A), (gn, €#) ), we use once more the Cauchy—Schwarz inequality, Proposi-

tion and , to get
1 1
B (T A+ [ pl s, €+ Tand ) | S 1 (I All sy + 1T 2Dl s ) 2 (el + Iandllogs)

S (M gy + NPl sy ) I onsans €011

W=

(63)
The estimate then follows from and the estimates f.
Proof of . We first recall that, from , [[ﬁh p] is constant. By adding and subtracting suitable terms and
by using the Cauchy-Schwarz, triangle, trace and Korn’s inequalities and , we have
| (IIp A = A, 'Uh)z | < HHH ()\ + [[ﬁhp]] "2) - (’\ + [[ﬁh 7] nz) + [[ﬁhp]](nz —1IIy nZ)HL’.’(E) thHL?(Z)

(2™ X+ [l ms] g )+ 0T 2D (s = T 1) 2 s) (08, ans €00)1-
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Similarly, for the last term we use the Cauchy-Schwarz inequality, Proposition and , which yields

h|( y A+ [Upp] ns, & + [an] ns)s |
< W4 [Ty (A [, 2] 1) + [T, 2] (s = T 1) | oy 22 (160002 + Tl o))
< b (|4 158, 7+ 058, 0] 70— Tl ) om0 o)
< h3 (H)\ + 11, »] nZHLQ(E) + I[Pl z2(z) Ims — Iy nEHL?(Z)) [(vn, qn. &)l -
The bound then follows from and the estimates 7 , and . This completes the proof. [

We now have all the ingredients to derive an a priori error estimate. This is stated in the next theorem.
Theorem 4.11. Under Assumptions [2.1] and[{.3 let € € (0,1/2) and assume that (u,p,A) € V. x Q. x
H%*E(E) s the solution to the continuous problem and that (wp,pr, Ay) is the solution to the discrete
problem . The following a priori error bounds hold:

1
e (w —wun)ll o) + 1P = pull L2y + 27 1A = Aatll 2y

1_. ~
< max{h, 1Y (ull g + 19 = T2 g3y + NNy + I3y ) - (66)

1
e (w—wun)ll o) + [P = prll L2y + 27 A = Al 2y
1_. ~ ~
< max{h, H}> (IIUIIHgfs(Q) + o =102/l 4 g + |2+ [, 2] nEIIH%ﬂ(E))
+ ||[[pﬂ||L2(z) [y — Ty ”EHLZ(Z) - (67)

Proof. The estimate follows immediately using the classical error decomposition

1
lle (u— uh)||L2(Q) +lp _ph||L2(Q) +h2 A - AH“L?(E)

1
<lle(ew)llL2(q) + llepll L2 () + 27 llexll 2y + (€wn, epn ex )l

Indeed, using Lemmas [£.8] and we have

lewn enmrexnll < sup Ap ((€u,hsphsex); (Vn, qn, €x))
u,hy Ep,hsy s
v ™ (onsanEr) € VixQnxAwn\(0,0,0) l0n, qn, &l

1_. ~
Smac{h, 1) (July 3 ) + [P = Tl 3 e gy + 1D agsy + N3 g ) -

The estimate then follows from , and . Finally, the error estimate @ follows similarly, by
using instead of . This completes the proof. O

Estimate corresponds to the expected sub-optimal a priori error bound. Since the degrees of freedom
are not doubled in the cut cells (like in XFEM), we cannot hope for a better convergence rate which exploits
the local regularity in each of the two sub-domains. Numerical evidence of this is provided in Section
Estimate is an improved version of in the presence of high pressure drops through the interface. Indeed,
the mean value of the pressure jump [[ﬁh pls is subtracted to the Lagrange multiplier, which is expected to
improve the constant of the error bound. Moreover, the term [|[p][|;2(x) [|72s — Tl nx|[ 12 (5, that carries the
pressure jump has an improved convergence rate in this estimate, assuming that ny has a better regularity
than H=~¢(¥). The numerical results of Section illustrate this improved behavior.
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Remark 4.12. The result stated in Theorem does not provide convergence for the Lagrange multiplier in
L?-norm. We could however prove convergence of the multiplier in its natural norm, i.e. H —2 (3). Element of
such a proof is given in |3} Propositions A.1, A.2].

5. NUMERICAL EXPERIMENTS

In this section, we illustrate the behavior of the numerical method in three different two-dimensional
examples. In all these test cases, we consider a rectangular domain Q = (—1,1) x (0,1). Dirichlet boundary
conditions are imposed at the top and bottom boundaries I'p = (—1,1) x {0,1}, and Neumann boundary
conditions are enforced on the remaining boundary I'y = {—1,1} x (0,1). A different interface ¥ is considered
for each test case, as shown in Figure |3l Without loss of generality, the interface is oriented so that the sub-
domain  (resp. ) lies on the left (resp. right) side of the interface. For any N € {5, 10,20, 40,80, 160},

1_‘D I'p I'p
' N
i "2

I'n ! 'z Q I'n Iy o) DI O 'y Iy o 'zﬁ Q I
1 7 .
. “y
I'p I'p I'p

(a) A straight interface. (b) A curved interface. (¢) An open interface.

FIGURE 3. Geometric configurations considered in the numerical tests.

the mesh 7, is generated through a uniform subdivision of I'p into 2N + 1 segments and of I'y into N + 2
segments, and the mesh 7.7 is obtained by uniformly subdividing the domain ¥ into 3N segments. In the
subsequent sections, all physical quantities and parameters are expressed in the centimeter-gram-second (CGS)
unit system, the stabilization parameters are 7, = 1072 and v, = 10.

5.1. Convergence study for a non-trivial solution

This first example aims at providing numerical evidence of the convergence rate stated in Theorem [4.11
For the sake of simplicity, a straight interface ¥ = {0} x (0,1) is considered (see Figure [Ba). A non-trivial
analytical solution is considered and numerical errors are computed separately for the velocity, the pressure and
the Lagrange multiplier.

For i € {1,2}, the velocity field u; = u

Q, in is chosen as
u, = [%(bl (z,y), _c'%¢1 (m,y)] ’ Y2 = [8@9¢2 (@), _%¢2 (:v,y)}
with the function ¢; (z,y) defined as

0 (2,9) L (2 —21)° (@ — 200)° (W = 0.0)” (W — 902)° i (2,9)

with ¢y (2,y) = z, @2 (z,y) = y and the parameters (1,45 Tr iy Ybi, Yt,i) are chosen as (—1,0,0,1) and (0,1,0,1)
for i = 1 and ¢ = 2, respectively. The resulting analytical solution to problem reads:

([ 20(@+1)? 2Py (y—1)(2y —1) _ (10(y—1)2?y* (z —1)? (5y — 3)
wen = (106 0 - o) 0= (00 D00 0) e
pl(xvy):x+17 pQ(‘Tay):ya
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Velocity Pressure
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FIGURE 4. Convergence histories for the velocity, pressure and Lagrange multiplier.

where the pressure profile has been chosen to provide a non-constant jump through the interface. The right-
hand side functions f, g and uy are chosen so that holds with . In particular, zero velocity uy = 0
is prescribed on the interface. The expression for the Lagrange multiplier A is obtained by plugging the exact
solution into . The fluid dynamic viscosity is set to u = 0.035.

The relative error in L?-norm for the velocity strain tensor, for the pressure and for the Lagrange multiplier
depending on the mesh refinement level are reported in Figure[d] As predicted by Theorem [I.11] a convergence
rate of % is observed for the approximation errors of both the velocity strain tensor and the pressure, as
illustrated in Figures [dal and respectively. Although Theorem does not predict the convergence of the
Lagrange multiplier in L?-norm (see Remark , a convergence rate of % is observed in Figure

5.2. A constant pressure jump through a curved interface

As second example we consider the classical benchmark of two fluids separated by a curved interface (see
Figure |3b]) under a constant pressure drop (see, e.g., [33,/37]). This yields a very simple analytical solution: the
two fluids are at rest with a constant pressure (in each sub-domain). This problem is critical for an unfitted
mesh numerical method in terms of mass conservation, since continuous pressure approximations are known to
generate spurious (non-zero) velocity approximations (which are proportional to the amount of pressure drop
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across the interface). We first study the convergence of the present method and then compare its behavior on
a fixed mesh with respect to alternative methods.
In this example, the interface is given by ¥ = {(0.2sin(rt),t)| ¢t € [0,1]}. A traction force g = —3-10°n
is imposed at the channel inlet {—1} x (0,1), while no traction g = 0 is prescribed at the outlet {1} x (0, 1).
Additionally, we consider a null right-hand side function f = 0 for the Stokes equation and the velocity
profile on the immersed interface 3 is set to be uy = 0. The fluid dynamic viscosity is set to p = 10. The
solution to problem reads
u; = 0, Uy = 07
pr=3-10°,  p2=0.
The continuous solution for the Lagrange multiplier A is computed by replacing into (4) so that A = —[p[ns.

(69)

5.2.1. Convergence study

Ny n

Mo
M=

U

(a) nx : normal vector to X. (b) n% : Py representation (c) ny : Py representation

FIGURE 5. Geometric approximation of the normal vectors to the interface . In gray the
interface ¥ and in black the mesh 7.

Since the interface is curved, we consider different discrete representations for the normal, see Figure [5| In
practice, the choice of the normal approximation has an impact on the stabilization term SEH, as well as the
incompressibility constraint for the additional basis function (see Remark . The interface is discretized
using a mesh 7,7, which is constituted of points linked by segments. The simplest way of representing the
normal is then to define it by a piecewise constant function that takes the value of the exact normal to 737
This piecewise constant normal will be denoted by n2. We also consider a P!-approximation, denoted nl, as a
weighted average of n with respect to the length of the surrounding elements.

For the present method, the errors obtained with the two normal representations for the velocity, the pressure
and the Lagrange multiplier are reported in Figure [0} The error of the normal discrete representation is given
in Figure[7]

We observe improved convergence rates for all the variables compared to what was obtained in Section [5.1]
For the velocity and the pressure, we reach a convergence rate of 2 if a piecewise constant representation n? of
the normal is used, while we reach 3 if nl if used instead. This is a consequence of the fact that, assuming the
geometry is exactly represented, the exact solution (u,p, A) belongs to the discrete space Vi, X Qp x Ag. The
error observed is then due to geometry approximation only. More precisely, taking into account the discrete
normal representation n¥, (i € {0,1}) and the actual value of the exact solution, estimate (67)) can be modified
as

1 i
e (u— Uh)HLZ(Q)+||p —thL?(Q)"‘h2 [P }‘HHLz(z) S ||[[p]]||L2(Z) ([lros — Ty nE”L?(E)"‘an — Iy nz”m(z))'

This shows that the approximation errors are bounded by the geometric error on the normals. We observe this
effect in Figure [] where the convergence rate of the solution is linked to the convergence rate of the normal
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FIGURE 6. Convergence histories with the P and P! approximation of the interface normal.

representation geometric error, see Figure [Tl We also observe that a Py-representation for the normal is more
efficient.

In addition, we have also considered test case with a straight interface ¥ = {0} x (0,1) (see Figure [3a]).
In this geometrical setting, ny, = nl = n2, thus the geometry of the interface is exactly represented by the mesh
THZ and ny belongs to Ay. As expected by Theorem the numerical solution corresponds to the analytical
solution up to machine error.

5.2.2. Comparison with other fictitious domain methods

We now propose to compare the behavior of the proposed unfitted mesh method with two alternative
fictitious domain approaches. In these two methods the discrete velocity and pressure are based on continuous
piecewise affine functions (i.e., the spaces Vj, and @;L of Section [3)) and the interface Dirichlet constraint is
treated in a collocated-penalized fashion (see, e.g., |12, Section 3.2.1]). This amounts to consider in the
following non-conforming approximation of the Lagrange multiplier space A:

Ny
A§ = {eH = &ila

i=1

& e R?, iL”ng}



TITLE WILL BE SET BY THE PUBLISHER

21

Py normal P normal
T T T T T ™ ?\\\ T T T E
a " a 1
_’% / _g 1073 | E
o 1072} / 5 i F E
£ 5 . S B ]
| = e \ [ )
. /‘/ I U
Il | ) | - ]
Oﬁw -3 / H:w 10_5 E E
w 10 ; —A—h 5"02 é w F —— b2 —— 5 L §
Bl | T T 11717 1 = Lol 1 11717 L]
10~2 101 h 10~2 1071 h

(a) Po normal approximation error. (b) P1 normal approximation error.

FIGURE 7. Convergence histories for the P° and P! interface normals.
where {x}}, ”1 are the points of the interface mesh 7.7 and d4= denotes the Dirac’s measure at point x} (see,
e.g., |191/25, 31]) The discrete treatment of the Dirichlet constraint takes the penalized-collocated form
i)—FE)\Z Vi = 1,...,NH,

up(x}) = ug(x (70)

where € > 0 is a given (non-dimensionless) user-defined parameter. Note that the relation enables the
elimination of the Lagrange multiplier A, so that the first alternative fictitious domain method reads: Find
(uh,ﬁh) eV, x th such that

an2 ((wn,Bn) , (v, qn) ) = Ce (vp) (71)

for all (vp,qn) € Vi, X Q) with the notations

a2 ((wn, D) s (vh,Gn) ) = a( (W, Bh) , (Vh, @) ) + Sh* (Bh, Gn) + de (wn, vr) ,
L. (vp) dZEff(’Uh) +d-(us, vp),

Z uh z vh 1) .

In the above definitions, the bilinear form a and the linear functional ¢ are those defining the weak formulation
of the Stokes problem , in Section [2| The results of the method have been obtained with ¢ = 10~° and
Yp = 10~2. This method will be denoted by FD, in the sequel.

The second considered approach is a variant of with an enhanced interfacial mass conservation. This
is achieved by modifying the pressure and grad-div stabilizations in the neighborhood 7;° of the interface ¥ as
follows (see, e.g., |16[2837]):

de (up,vp)

sBPTCP ((wp, pn) s (vn, @) ) = /5h7Vph Van + Z / KEV - uy Vo,
KETQ KETQ
5, 1 KeT?\T:,
Yed K eTy,

where 74 > 0 and 0 < 7,9 < 1 are user-defined parameter. The fundamental idea of the method hence
consists in boosting the grad-div stabilization (which enhances mass conservation) while reducing the pressure
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stabilization near the interface (which limits the impact of the interfacial pressure gradient inconsistencies).
The resulting discrete problem reads as follows: Find (up,pr) € Vi, x Qp, such that

ap2= P ((wn, 1), (vn, Gn) ) = L (vn) (72)

for all (vp,qn) € Vi, X Qn, where

FD-GD

af 2P (e, pn)  (0ns @) ) = @ (wn, Bn) s (vn,@n) ) + sp7 P ((

Uh,Dh) s (Vh, n) ) + de (wn, o) .
The results of the method have been obtained with 74 = 1, 7ga = 107%, ¢ = 107° and 7, = 1072, We will
refer to this method as FD — GD. in the sequel.

Figures [8 and [9] report snapshots of the velocity magnitude and pressure obtained with the three considered
fictitious domain methods, using the meshes defined at the beginning of Section [5| for N = 40. We recall that
the exact solution is given by . Figure [8al shows the poor robustness that characterises the FD. method.

(a) FD. method. (b) FD — GD. method. (c¢) Present method.

Velocity norm

0.00 2.50 5.00 7.50 10.00

FIGURE 8. Snapshots of the velocity magnitude.

(a) FD. method. (b) FD — GD, method. (c) Present method.

Pressure

0 75000 150000 225000 300000

FIGURE 9. Snapshots of the pressure.

Though the interface Dirichlet condition usx, = 0 is correctly imposed, the lack of additional mass conservation
constraints results in a significant mass loss which appears as a spurious velocity field in the whole computational
domain Q. This issue is overcome in both the FD — GD. method (Figure and the method proposed in this
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article (Figure . These last two methods provide an adequate solution for the velocity and the pressure
for this test case. As shown in Figure [0] due to the enrichment of the finite element space with an Heaviside
function, the present method is, among the three, the only one capable of capturing the sharp pressure jump
at the interface (see Figure @ Nevertheless, a good approximation of the pressure profile is also obtained for
the FD. and FD — GD. methods (see Figures @ and .

5.3. Open interface

The last example is motivated by applications related to fluid-structure interaction problems involving topo-
logical changes, such as in cardiac valve simulations which involve both closed and open interfacial configura-
tions. In the case of an open configuration, the separation between the two sub-domains €2, and €25 is not clear
anymore. We propose to cope with this difficulty by adding a fictitious interface g, closing 3, as shown in
Figure

In this example, the interface is made of two distinct parts, which are attached to the channel boundary but
are disconnected in the middle, as illustrated in Figure More precisely, we set

¥ ={(0.2(1 — cos(2nt) — 0.1),t) | t €[0,0.4] U [0.6,1] } .
The Neumann boundary is given by I'y = {1} x (0,1) and a Poiseuille velocity profile u = —5y(1 — y)n is
prescribed on {—1} x (0,1). Additionally, a traction-free boundary condition g = 0 is imposed on {1} x (0,1).

We also consider a null right-hand side function f = 0 for the Stokes equation and a velocity profile uy, = 0
on the immersed interface 3. The fluid dynamic viscosity is set to u = 0.035.

) Fitted mesh - Reference b) FD. method.
) FD — GD. method. ) Present method.

velocity

| — |

0.00 1.25 2.50 3.75 5.00
F1GURE 10. Snapshots of the velocity magnitude.
As mentioned above, in order to facilitate the definition of the discrete pressure space @ in the present

geometrical setting, we introduce a fictitious interface Yg. that connects the two endpoints of ¥ immersed in
Q. The sub-domain ; (resp. 22) is then defined as the left (resp. right) side of the closed interface ¥ U Xge.
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In the present test case, we consider the straight line
Shc = {(0.2(1 = cos (0.87) — 0.1),y) | y € [0.4,0.6] } ,

as shown in Figure

It should be noted that, since no unknowns are attached to Y., this fictitious interface can be arbitrarily
chosen, depending on the specific geometry of the problem, and its purpose is solely to facilitate the definition
of Q. Nevertheless, from a computational perspective, when replacing the mass conservation contraint on 2,
with its equivalent on 9§y, as highlighted in Remark [3:2] it is essential to choose an appropriate discretization
of g, that enables the constraint to be accurately imposed. In this regard, a straight fictitious interface is a
good choice.

In the sequel, we compare the results obtained using the method introduced in Section [3] with the two
fictitious domain methods, FD. and FD — GD,, discussed in Section[5.2.2} As a reference solution, we consider
the numerical approximation obtained through a fitted mesh approach using a highly refined mesh (h = 6.25 x
10~3). The results for the three fictitious domain methods, are obtained with the meshes defined at the beginning
of Section [f] for N = 40, and with g, discretized using 120 segments. The value of the user defined parameter
e is set to 107° and 7, = 1072. Furthermore, for the FD — GD. method, we have 7q4 = 1 and vgq = 1074,
In the present method, the normal is represented by nl defined in Section at the discrete level. Similar
results are obtained when considering n2.

(a) Fitted mesh - Reference (b) FD. method.

(¢) FD — GD. method. (d) Present method.

velocity

0.00 1.25 2.50 3.75 5.00

FIGURE 11. Snapshots of the velocity.

Figures display the velocity and pressure fields obtained with the three methods. For comparison
purposes, the reference solution obtained with the fitted mesh method is also reported. Figure shows
that the FD. method exhibits significant lack of mass conservation across the interface. This is particularly
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noticeable in the velocity profile near the interface, by comparing Figures and [IIb} In the FD. method the
fluid passes through the interface, resulting in a lower velocity of the jet and the absence of vortex behind the
valve. On the contrary, the other two methods are able to capture the dynamics of the reference solution, as
it can be inferred from Figures [IId and [[Id} Figure [I2d shows however that the grad-div penalty term induces
an important perturbation of the pressure field in the FD — GD. method.

a) Fitted mesh - Reference b) FD. method.

(c) FD — GD. method. (d) Present method.

pressure

-6.00 -2.00 2.00 6.00 10.00

FI1GURE 12. Snapshots of the pressure.

The pressure provided by the present method in € is slightly lower than the reference solution (compare
Figures and . A slight pressure discontinuity is noticeable across the fictitious interface ¥g.. Indeed,
as discussed in Remark the amplitude [pg] of the additional Heaviside function of @5, can be interpreted as
the Lagrange multiplier enforcing the mass conservation constraint in €2; and also as the mean of the pressure
jump through the interface, which must not be zero in order to prevent mass leakage at the interface.

6. CONCLUSION

In this paper, we have proposed and analyzed a new fictitious domain method for a Stokes problem with a
Dirichlet constraint on an immersed interface. Although simplified, this setting appears in more complex fluid-
solid interaction problems with immersed thin-walled solids. This work was motivated by numerical evidence
showing that inaccuracy issues in standard fictitious domain methods for incompressible flows are mainly driven
by the lack of mass conservation across the interface. We have shown that this difficulty can be mitigated by
adding a single global velocity constraint in one side of the interface, enforced via a scalar Lagrange multiplier.
Another salient feature of the method is that the size of the system matrix is constant irrespectively of the
location of the interface with respect to the background computational mesh, which is particularly appealing
for the case of moving interfaces. A complete a priori numerical analysis of the method has been provided.
The additional basis function leads to a priori error bounds that are robust with respect to the magnitude
of the pressure jump. As expected, sub-optimal convergence rate of order % — ¢ is obtained for both the
velocity and pressure, under minimal regularity assumptions. The numerical results of Section [5| show that
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the present method provides similar or superior accuracy to alternative fictitious domain methods, without the
need of resorting to penalty terms which jeopardize the conditioning of the resulting system matrix. Current
investigations are devoted to the application of the present method to the simulation of fluid-structure interaction
of heart valves.
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