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ABSTRACT. In this paper, we present an effective study of the punctual Hilbert scheme.
First, we recall algorithms to compute the inverse system of an isolated singular point. These
inverse systems are points of the punctual Hilbert scheme, that we define as a subvariety
of a Grassmannian variety, providing explicit defining equations. We localise our study to
the algebraic variety Hilbp of inverse systems, which admits a given dual (monomial) basis
B. Building on the algorithm to compute inverse systems and exploiting combinatorial
properties of the monomial basis B, we derive a minimal set of equations defining Hilbpg.
Using this effective presentation, we prove new properties of transversality of Hilbp, give
new dimension formula for its irreducible components and prove that they are birational.

1. Introduction

Solving a system of equations f; = 0,...,fs = 0 with multivariate polynomials f; €
K[z1,...,2,] is a task which appears in many contexts and applications. One of the most
popular method used to find a solution of such non-linear equations is Newton method (or
variants like Gauss-Newton method). However, the methods fail when the solution is not a
simple isolated point.

To address this problem and solve more efficiently non-linear equations with isolated sin-
gular solutions, one can analyse the multiplicity structure and then exploit the properties of
this structure to develop efficient algorithms. This leads to the conceptualisation of families of
multiplicity structures of a given length as an algebraic variety, which geometric properties give
structural insights into the multiplicity classes themselves.

This approach, which underlies the construction of (punctual Hilbert) schemes by A.
Grothendieck [14], has opened up a very rich field of mathematical investigation. The study
of Hilbert schemes is an active domain of algebraic geometry since several decades. In [6] an
analysis of the punctual Hilbert scheme in two variables and of the generic staircase strata
is developed. Bounds on the dimension of the punctual Hilbert scheme are provided in [7].
A review of geometric properties of the punctual Hilbert scheme can be found in [19]. The
study of the punctual Hilbert schemes is further developed in [13]. The subject also progresses
on the analysis of the global Hilbert scheme and the functorial properties. See e.g. [2] for a
general overview. In a more effective perspective, works like [15] aimed to provide an explicit
description of the global Hilbert scheme (in two variables). In [27], graphs of irreducible com-
ponents of the Hilbert scheme associated to connections of Borel initial ideals are analyzed .
In [26], a stratification of the Hilbert scheme in terms of initial ideals is further investigated.
In [16], Hilbert schemes in multigraded algebra are considered. A case-study of the Hilbert
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schemes of 8 points is developed in [8]. In [18], charts of the Hilbert scheme in two variables
are analysed. Explicit coordinate rings and relations related to corner monomials are described.
This approach is further developed in [28, 20], with the study of so-called Grobner strata. In
[9], strata of the Hilbert scheme of points are analysed via initial ideals, in particular those
associated with Borel initial ideals. This approach is further investigated in [4]. Charts of the
Hilbert scheme with marked bases are studied in [3]. In [5], explicit equations of low degree
in the Pliicker coordinates defining general Hilbert schemes are described. In [1], the tangent
space of the punctual Hilbert scheme in two variables is analysed. Bounds on its dimension are
provided in terms of Young diagrams associated with monomial bases. This list, which is far
from being exhaustive, shows that many works study the properties of the Hilbert scheme, via
explicit descriptions coming from the algebraic calculus on ideals.

Despite these numerous developments, a complete understanding of the geometry of Hilbert
schemes is not yet achieved and many questions remain open.

In this paper, we approach the study of the punctual Hilbert scheme from an algorithmic
point of view. We first present algorithms, which allow to compute the inverse system or
multiplicity structure associated to an isolated point. The main steps of the algorithm are the
solution of linear systems, which are built by formal integration. We define the punctual Hilbert
scheme as a subvariety of a Grassmannian variety and provide explicit equations defining it.
Then we localised our study to the varieties Hilbp of inverse systems, which admits a given
dual (monomial) basis B. Building on the algorithm to compute the inverse system, we derive
a set of integration and commutation relations, which define Hilbg. Exploiting combinatorial
properties of the monomial basis B, we provide a minimal set of defining equations. Using this
effective presentation of Hilbg, we prove new properties of transversality of Hilbg, give new
dimension formula for its irreducible components and prove that they are birational.

2. The inverse system of a singular point

In this section, we provide the notation and basic material needed for the analysis of the
punctual Hilbert scheme. Without loss of generality, we will assume that the singular point
that we analyse is the origin 0 = (0,...,0).

2.1. Preliminaries. Let K be an algebraic closed field (not necessarily of characteristic
0). Throughout the paper we use the notation ey, ..., e, for the standard basis of K" or for a
canonical basis of a vector space V' of dimension n.

The algebra of polynomials in the variables x = (z1, ..., z,) with coefficients in K is denoted
K[x]. The degree of a polynomial p = > y» Pax® € K[x] with x¥ = ¢ .- 27" is deg(p) =
MaX|q| s.t. po£0 Where la| = |[(a1,...,0n)] = >, ;. Its valuation is val(p) = ming s, p,20{]c|}.
For ¢ € N, the space of polynomials of degree < t is K[x];. Let s,,, = (") = dimK[x]; be the
number of monomials of degree <t in n variables.

For a set B C K[x], By = BNK|xz]; and By, is the subset of elements of exactly degree ¢ in
B. For B C K[x] let BT = BUz1BU---Uux,B be the prolongation of B and let B = BT\ B
be the border of B. We say that B is closed by division if for any b € B of the form b = x; t/
for some 1 < j < n, we have b’ € B. In particular, if B is a set of monomials closed by
division, it must contains 1. In the following, we will identify a monomial x? with its exponent
B=(Br, - ) € NP

For a m-primary ideal of Q (with /Q = m), A = K[x]/Q is a local Artinian algebra. Its
dimension § over K is the multiplicity of (.

The dual K[x]" = Homg (K[x], K) is the space of linear functionals A : p € K[x] — A(p) € K
on K[x]. An element A\ € K[x]" can be represented by an element of the ring of formal power
series K[[y]] := K[[y1, - .., yn]] as

A=) Ay

aeNn
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where y® =y - - - y2m is the basis dual to the monomial basis (x*),en» of K[x]. Notice that
1 € K[y] represents the evaluation p € K[x] — p({) at ¢ € K™. This defines a pairing between
K[x]" and K[x]: For A =" n day® € K[x]" and p= "4 IBISdprXB where d = deg(p),

(1) (o) = A) = 3 Aope

As K[x] acts on K[x] by multiplication, it also acts on its dual K[x]", by the transposed
multiplication defined as follows. For p € K[x],\ € K[x]", px A : ¢ — A(pq). We check that
p = x; acts as a divided difference on K[[y]] for this transposed product:

Qi1

I'*ya: ylal yzalllyz yH_l : 'yg" ifa; >0
' 0 otherwise

*

We also denote this transpose product by x; or divided difference 9; : A € K[x]|" — 9;(\) :=
x; * A. For this product x; acts as the inverse of y;. This explains why, in the (old) litterature,
the elements in K[x]" generate so called inverse systems. In characteristic 0, using a scaled dual
basis, one can see the transpose product as a derivation [25].

Considering the reverse operation, we use the following integral notation to denote the
linear operator of K[[y]] defined for & € N on the dual basis (y*) by

2) yoom LT ek = = an =0
[ 0 otherwise

2.2. The orthogonal to an ideal. For an ideal I C K[x], let I+ = {\ € K[[y]] | Vp
I, (\|p) = 0}. For a vector space £ C K[[y]], we denote £+ = {p € K[[x]] | VA € L, (\|p) =

}

Definition 2.1. The vector space I+ C K[[y]] is called the inverse system of I.

The vector space I+ is naturally identified with the dual space of K[x]/I. We check that
L = It is a vector subspace of K[[y]], which is closed by divided difference 9; for i = 1,...,n
Conversely, £ C K[[y]] is closed by divided difference iff Q = £ is an ideal.

The following classical property says that inverse systems of m-primary ideals are vector
spaces of polynomials C K[y]:

Lemma 2.2. If Q is a m-primary isolated component of I, then Q+ = I*NK[y]. Its dimension
is 6(I) = dim A.

Therefore, we can obtain Q*, as the space of all polynomials € K[y] which are in I+,
without knowing the primary decomposition of 1.

Let us denote this set £ = I-NK][y]. It is a vector space stable under the divided differences
;. Tts dimension is the dimension of Q* or K[x]/Q, that is the multiplicity of 0, denoted &(I),
or simply ¢ if I is clear from the context.

Example 2.3. Let Q = (2%,23) C K[z1, 2] defining ¢ = (0,0) € K? as an isolated point of
multiplicity 4. Then its inverse system is Q-+ = spang (1, y1, y2, y1y2)-

For an element A =3, A\sy” € Kly] we define the degree or order w(\) to be the maximal
|B| s.t. y? appears in A with non-zero coefficient \g.

For t € N, let £; be the elements of £ of order < ¢t. We directly check that £; = (Q+m!*1)+
As L is of dimension §, there exists a smallest ¢t > 0 s.t. L4411 = L£;. Let us call this smallest ¢,
the nil-indez of £ and denote it by w(I), or simply by w.

Remark 2.4. As L is stable by the divided differences 9;, we easily check that w < § so that
Ls_1=L.

Let B = {x",...,x%} be a basis of K[x]/Q. We can identify the elements of K[x]/Q with
the elements of the vector space spang(B) spanned by B.
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We define the normal form N (p) of a polynomial p in K[x] as the projection of p on spang (B)
along @, that is, the unique element b of spang (B) such that p — b € ). We easily verify that
if B={x%,...,x%}, then Vp € K[x]

where \; € Q% is a linear functional, which vanishes on . We have the following property:

Lemma 2.5. The coefficients A = {\1,...,As} of the normal form N modulo Q in the basis
B of K[x]/Q form a basis of Q* dual to B.

Example 2.6. Let Q = (22,23) C K[z1, 2] defining ¢ = (0,0) € K? with multiplicity 4. Let
B = {1,z1,x9,z122}. It is a basis of K[z, x2]/Q and for any p = > ps x*, we have

N(p) = po,o + p1,0%1 +poz2 +prizize = (1| p) + (w1 [p) x1 + (2| p) 22 + (Y1y2 | p) 122

and the coefficients of the normal form in the basis B = {1, 21, 22,2122} are the linear func-
tionals {1,y1,y2, Y192}, which form a basis of Q+ dual to B.

2.3. Computing inverse systems. We describe now how the inverse system of an iso-
lated point ¢ can be computed from the input polynomials f = {f,..., fs} C K[x]. The way
a basis of the inverse system is computed relies on structural properties, that will be useful to
analyse the geometry of the Punctual Hilbert Scheme.

Macaulay’s dialytic method. The fist "algorithm” was proposed by F.S. Macaulay [21]. Tt
is an iterative method, which degree by degree computes a basis of the kernel of matrices built
from monomial multiples of f.

As f;(0) = 0, the valuation val(f;) is greater than 1 for ¢ = 1,...,s. We denote by
m = (z1,...,2,) the maximal ideal defining 0. For ¢t € N let m[*] be the set of monomials of
degree t. Then the ideal (f) is the vector space generated by f - ml for t € N. Notice that
the polynomials f - ml) are of valuation > ¢ 4 1. Let h, = {f,f - m[, ... f . ml~1} c I and
N; = |hy|. The elements p € I of valuation < ¢ are in the space spanned by h;. We consider
the linear map defined as follows:

Ht:K[y]t — K
A= ((Ah))nen,

By Lemma 2.2, the elements of the inverse systems L; of degree < t are the elements of
K[y]+ orthogonal to I. Thus they are the elements of K[y]; orthogonal to the elements of I of
valuation < t. In other words, £; = ker H;.

We easily check that ker Hy = spang(1) C K[y]. The kernel of H; can be computed from
the kernel H; 1 since H; 1 is a submap of H; and its matrix in monomial basis of is of the

form
H, , H
0 Ny |-
Thus ker H;_1 — ker H; and new basis elements of ker H; are obtained from the basis of

ker Hy_; by computing elements ¢ € ker N; and A € K[y];—1 such that H;(\) + H{(¢) = 0.
This leads to Algorithm 1.

Algorithm 1 INVERSE SYSTEM BY THE DIALYTIC METHOD
Starting with Dy = {1} and t =0
—t=t+1
— Compute H;, a basis of ker N; and the new basis elements in L;.
until ker N, = {0}.




ISOLATED SINGULARITIES, INVERSE SYSTEMS AND THE PUNCTUAL HILBERT SCHEME 5

The iteration stops at a degree ¢ which is the nill-index w of the singular point ( = 0. This

method has been used and improved in recent works. See e.g. [10, 11]. However, its complexity
is in O(Nwsfl,w) where N, = |h,| and s, , = dimK[y],,.
Integration method. Another approach to compute a basis of the inverse system L exploits
the stability of £ by divided difference. In particular, OxL; C L;—1 for k =1, ..., n. Therefore,
a basis of £; can be computed from a basis of L£;_1 by integration, which consists in “inverting”
the actions of the divided differences 9y.

The method computes a so-called graded primal-dual pair (B, A) with B = {x1 ... x5},
|Br] <o < [Bs], A= {)‘,313' . ")‘35}7 w()\Bi) < |Bi| and

®) o x%:{l -

0 otherwise
It is based on the following characterisation of spaces stable by divided differences:

THEOREM 2.7 ([24, 22, 23]). Let B = {x"1,...,x%} C K[x] with |$1| < --- < |Bs|. Let
L= (Ngy, -, g0 C Kly] with w(Ag,) < |B;| and s.t.
Then L = (A1,...,\) is closed by divided difference with

(4) OkAg, = Z Mﬁiyﬁj‘i’ek)\ﬁj'
1831<18i
iff for 1 <i < § we have the integration relations

(5) A, = Z Z HBi,Bj+er j{ /\ﬁj

18,1<16:] k=1 b
and for alli,s =1,...,7, |Bs| <|Bil, k #1 € {1,...,n} we have the commutation relations
(6) Z KB;.Bj+er B;,Bnt+er — B, Bj+el B .Br+er = 0.
J:1BrI<1B51<| 5]

Furthermore, (B,A) is a primal-dual basis pair iff they satisfy (5), (6) and orthogonality
relations

1 for B; = B; + ey
(7) HB;,Bi+er = _
0 for B; + e, = for some 1 <1<, B; # B, + ek,

Moreover A is a basis of the inverse system of £ = (f1,..., fs) at { =0 iff
(8) Mg [ fi) =0 for 1<i<§l<j<s.

This leads to Algorithm 2 to compute a graded primal-dual basis pair (B, A) for the inverse
system L of f at ( = 0.

The monomials of Bj computed at step ¢ are of degree t. They can be obtained by
triangularization of the system (c) so that (B, A)) is a graded primal-dual basis pair. By
construction, the algorithm yields a graded primal-dual basis pair (B, A) of £. It can moreover
compute a basis B, which is closed by derivation. Its complexity is in O(5%). For more details
on the algorithm, we refer to [24, 22, 23].

Example 2.8. We consider the polynomials f; = 21 — 9 + 22, fo = 21 — 22 + 23 € Q[x1, 73],
for which ¢ = (0, 0) is an isolated root of multiplicity 3 as we will see by applying the integration
algorithm:

We start with By = {1}, Ag = {1};

- At step (b) we have A = 11 g y1 + V0,1 Y2;

- Solving the system (c) yields 110 = 191 = 1 and By = {z1}, Apy = {y1 +v2};

- At the iteration for ¢t = 2, we have X\ = v1 9 y1 + Vo1 Y2 + V2,0 Yi + v11 (Y1Y2 + ¥3).

- In step (c), we obtain Bjy = {22}, A = {2 + y1y2 + y3};

- At t = 3, there is no solution and the iteration stops.
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Algorithm 2 INVERSE SYSTEM BY INTEGRATION

Starting with By = {1} C K[x], Ao = {1} C K[y], t =0
(a) t:=t+1
(b) For unknown coefficients v = (g, 1, ), let

A= Z Zyﬁj-‘reké/\ﬁj

18;1<t k=1

(c) Compute By = {xPo-a+1 %P} and a basis Ay = {Ngs,_ 410-- 1285, ) Of
the solutions of the linear system in v:

Z VB;+er B, Brter — VB +eilB; Bruter = 0 for 1<h<é-1,1<k<li<n,
J:1Bnl<IBil<t
Of) = 0 for 1<jss
A[xPy = 0 for 1<h<6&_
5 1 ifi=j .
such that (Ag, |x") = for 6p—1 +1 <4,5 < 04

0 otherwise
(d) By:=B;—4 UBm, Ay =N UA[t], HB; Bi+er = <)\5i |X5-7+ek> ford;_1+1<:<
5t71 Sjgét—lal Skﬁn
until B[t] ={}.

We obtain the primal-dual basis pair B = {1,z1,23}, A = {1,y1 + 2,95 + v1y2 + y3}. This
shows that ¢ = (0,0) is an isolated point of multiplicity 3 = |B| = |A|. We verify that A is
stable by the divided differences Jy for k =1, 2.

3. The punctual Hilbert scheme Hilbs

In this section, we define the punctual Hilbert scheme, affine charts and describe their
defining equations.

3.1. The projective variety Hilbs. For a vector space V, let 4;5(V) be the projective
variety of the § dimensional linear subspaces of V', also known as the Grassmannian of -spaces
of V. The points in ¥5(V) are the projective points of P(A°V) of the form v = vy A - -+ A vs for
v; €V.

Fixing a basis e1,...,e, of V, the Pliicker coordinates of v = v; A --- Avs € A°V are the
coefficients of A;,  ;,(v) of v = Ei1<”_<i5 ANy is(V)eg Ao Aey,.

To define the punctual Hilbert scheme Hilbs, we will consider the family of linear spaces L,
which are the orthogonal of an ideal ) defining a point ¢ with multiplicity 6. By Lemma 2.2 and
Remark 2.4, £ is a linear subspace of K[y]s_1, that is a point of the Grassmannian ¥4;(K[y]s—1).

A natural basis of K[y]s_1) is the dual monomial basis (y®)|a|<s. The Pliicker coordinates
of an element £ € ¥5(K[y]s—1) for this canonical basis are denoted Ay, . o, (L) where o; € N™,
|| < 0. If A ={A1,...,As} is a basis of £ in K[y]s—1 with \; = Z\a|<6 Wi oY, its coefficient
matrix in the monomial basis is [14s,a]1<i<n,|a|<s- The Pliicker coordinates of £ = spang(A)
are, up to a scalar,

Aai,..as (L) = det [Mi,aj] 1<i,j<8 det [(A; |Xa'j>]1§i7j§6 :

Definition 3.1. Let Hilbs C ¥ (K[y]s—1) be the set of linear spaces £ of dimension d in K[y]s_1
which are stable by the divided differences 9; with respect to the variables y (i.e. ;£ C L for
i=1,...,n). We called Hilbs the punctual Hilbert scheme of points of multiplicity 4.

If £ C Kly] is stable by the divided differences 9;, then by duality Q = L+ := {p € K[x] |
VA € L, (A|p) =0} is a vector space of K[x] stable by multiplication by x;, i.e. an ideal of K[x].
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Consequently, £ € Hilbs iff £+ = Q is the (z1, ..., x,)-primary ideal such that dim K[x]/Q = §
(see [23]).

To describe equations defining Hilbs, we recall that d; (1 < k < n) is a linear operator in
K[y]s—1 sending y* € K[y]s either to y*~°* if a; > 0 or to 0. We recall also that the proper
intersection of the linear spaces £ and v = v A---Av,, v; € K[y]s—1 respectively of dimension
0 and 0 = s,,5-1 — d + 1 is given by the intersection product ([12])

L-v= Z I, (A(L),v1,...,ve) X" € K[y]s-1

|l <t

where I, (A(L),v1,...,Vs) is a multilinear function of A(L),vy,...,v, for |a| < 4.

Proposition 3.2. The punctual Hilbert scheme Hilbg is the projective variety of linear spaces
L€ 95(K[y]s—1) such that

9) O(L-y* ' A ANy )AL=0for |a;] <0, 1<k<n.
These are quadratic equations in the Plicker coordinates A(L) of L.

PROOF. As the set of L-vi A--- Av, for v; € Kly]s—1 is the whole linear space £, L is
stable by Jy for k=1,...,0iff O(L-vi A--- AV,) € L, that is,

O(L-ViIN-- AV )ANL=0

for all v; € K[y]s—1,1 < k < n. Since these are multilinear relations in vi,...,v,, they are
satisfied iff they vanish when v; is replaced by any element of the canonical basis (y)|q|<s-
This yields the relations (9).

We are going to analyse locally the punctual Hilbert scheme, fixing a basis B of the quotient
K[x]/Q where Q = L*:

Definition 3.3. For B C K[x] such that |B| = ¢, let Hilbg = {£ € Hilbs | Ag(L) # 0} be a
(possibly empty) chart of Hilbs.

We verify that if Ag(L) # 0 where B = {x% }‘;:1 then £ admits a basis A = {A1,...,As}
such that [(\; | x%1)]1<; j<s = Id, that is, (B, A) is a primal-dual basis pair. Moreover, Ap (L) #
0 iff B is a basis of K[x]/Q where Q = L.

It is clear that U g—sHilbp is open covering of Hilbs. According to Algorithm 2, every
L € Hilbs admits a graded primal-dual basis pair (B, A) such that Ag(L£) # 0. Moreover, we
can assume that B is closed by division.

Therefore we can restrict the covering to charts Hilbg such that (B, A) is a graded primal-
dual basis pair and B is closed by division.

3.2. The affine chart Hilbg. Let B = {x"1}?_; C (x%)4j<s closed by division with
Bl =6, %% =1,0= |8 < 8] < -~ < |5y,

We assume that there exists A = {\;}9_; C K[y]s_1 such that (B, A) is a graded primal-
dual basis pair. As [(\; |x%)]1<;j<s = Id, the coefficient matrix of the dual basis A in the
monomial basis of K[y]s_1 is of the form

B B om o
M1 0 1~ o e,
(10) : - : :
As L O 1 psqyy 0 Mo
where C = {x",...,x7} is the set of monomials of K[y]s_1, which are not in B. For d € N,

we denote Cy = C NK[y]q As x#* =1, we have \; = 1 and Mg, ~; =0 for j=1,...,¢c Since
(B, A) is graded, we have

=y + Z A
YEC 8,
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and pg, o =0 for a € C\ Cjg,|. Let p = {ug, 5,1 <i <4,y € Cjg,} be the set of non-constant
parameters or variables, that we need to describe A. Let Np = |u| is size, which is less than
Ns = (0—1) x (55,51 —0) where s, 51 = dim K[x]s_1. We define p’ = {, 5, € p | X7 € 0B}.
Let N = |p'| be the number of variables of p'.

By properties of the determinant, the Pliicker coordinates of £ are such that

A . .
(11) 15,0 = B1,..Bi—1,0,Bit1,...,85 i=1,....0, |a| <.
Aﬁhmﬁzs

By Equation (11), we can replace the homogeneous Pliicker coordinates

ABi““fj (‘C) = Aﬁlw-,ﬁi—lﬁj,5i+1,~-,ﬁ5 (‘C)
of £ € Hilbs by the affine coordinates p = (g, ,)2<i<s,1<~,<1- As the remaining Pliicker coor-
dinates Aq, ,....a5 = det([up,,o,]) are polynomial functions of p, we will associate the coordinate
ring K[p] to the chart Hilbg.
By Equation (4), the matrices of the operators of multiplication by zj or divided difference
8k L = L
A = T A A= 0OA

in the basis A of L are

0 sen HBs ek T HBs e

0 0 HBs,B2+e, - HBs,Ba+er
(12) M, = : :

0 0 0 T MBs,Bs—1+ter

0 0 0 e 0

for 1 < k < n. We refer to this operator
T
M, ), : spang, (A) — spang(,, (A)
Ai Z HBi,Bj+er Aj
J:1B31<1Bil
as the parametric operator of divided difference Jy. The transpose operator
My, x, + spang,; (B) — spang(, (B)
x7 Z Mﬁj,ﬁﬂrekxﬁj
J:1Bil<|B;]

is the parametric operator of multiplication by xj in B. If £ € Hilbp, then (c) is satisfied and
the matrices My, = (My 1,. .., M, ,) commute.

s My
The commutation relations (6) correspond to the coefficients
(13) (M My = My My )(Na) | %) = (Ng; | (M My — My My i) (x7)).

that is, the entries of the matrix M), M,  ; — M, M, .. We are going to analyse in more details,
which entries are not zero, by exploiting the structure of these multiplication operators.

Let By = BNK[x]t, By = Bt \ B;—1 the set of elements of B of degree t and h; = By
We define wy = [(OB)4].

Definition 3.4. For 1 < k,l < n and x°? € B, we define the commutator polynomial
k,l — _ k1l
Cs (%, ) i= (M e My — Mu,lMu-k)(XB) = Z C,B,((/‘l') X*.
SEB:[c|>|B]+2

k,l

The non-zero coefficients Cy’ (p) are called commutator relations. We say thatx? is a commu-

tator monomial with respect to k, [ C’gi () #0.
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As the matrices M, , are upper triangular and nillpotent, we have C’g’l(x) =0 for [¢] <
|8 + 1. We notice that Cgi € K[p']. We verify from (13) that

E,l
Cﬁ7g(“) = Z Hs,0+ex H0,8+e; — He,0+e H0,8+es. -
o€ B:|5|<|0]<]s]

Lemma 3.5. Assume that B is closed by division. If |s| < |B|+1 or |[{x5, xfter xBrer xftertein
0B| > 2, then
k,l
() =0

ProOOF. For x? € B, we have
5
My i(x7) = s, pren ™.
i=1

By the orthogonality relations (7), M, ;(x?) = x#*+er if x#*+ex € B. If x’ € B is not a border
commutator monomial, then

o cither xfterter xfter xbfter ¢ B
e or xBterte ¢ B and X,B-i-ek,xg.;_el € B,

since B is closed by division. In the first case,
Cg’l(x) — Mu,k(xﬁ+el) _ MMJ(Xﬁ-O-ek) — xPterter _ yBrenter _

In the second case,

C;’Z(X) = Mmk(xﬁ+el) - Mml(XﬁJre’“) = Z.ul‘),ﬁ-‘rez-i-ekxe - Zu97ﬁ+ek+elxe =0.
0 0

This proves that Clgi(p,) =0 when x” € B is not a commutator monomial.

When [¢| < |8]+1, Cgi(u) = 0 by construction, since the matrices M,, ;, are upper triangular
and nillpotent. O

We can now provide a minimal set of equations in K[u] defining Hilbp.
THEOREM 3.6. The affine chart Hilbg is defined by the equations:

() poa—3k X > Hpevertion(f Y7 [xY) =0 (integration)
0€B:|0|<|B| v¢B:|v|<10]|

for g € B, |a| < || with a & BT.

(C> Z He,0+er 0,5+e; — He,0+e M9,B+9k:0 (commutation)
0€B:|B<|0|<|<|

for € Bcommutator monomial with respect to k #1 € {1,...,n}
and |B] 42 < [<].

in the variables g, », = BABWJ where (Aa)|aj=s,acms_, are the Plicker coordinates in
s (Klyls—1), with pg, g, = 0i; for 1 <i,j <6 and pg =0 if [B] < |v].
PRrOOF. By Theorem 2.7, £ € Hilbg iff we have, for 1 < i < §, the integration relations

D IR L D DR Sy e j{/\ﬁj

o] <6 18;1<18: k=1 k

and the commutation relations (6). By Lemma 3.5, it is enough to consider the relations (c),
associated to commutator monomials. We deduce from the integration relations that

Xa> = Z Z/’Lﬁinﬁj“rek <% >\,3j |on>7

18,1<18i| k=1 k

HBio = <)‘Bz
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which gives the relations (i) by linearity. To conclude the proof, let us show that if « € BT,
then the relation (i) is identically 0. If v = 0, then pg, o = 0 and (§, A, | 1) = 0, which shows
that the relation (i) is identically 0.

Let x* = 7,,x? € BT with |a] > 0, x” € B and where m is the maximal index of the
variable such that x* = z,,x” with x? € B. Then the integration relation (i) for a = 3 + e,,
writes as

Hgia — Z Z HBi,8j+ex <% >‘5_7' | Xa>

185 1<1B:| k=1 F
n
= HBia— Z Zuﬁivﬁj+ek<am%>\ﬂj|xﬁ>
18;1<18:| k=1 F
= HBj,a — Z uﬂiaﬁj+em<)\ﬂj|xﬁ>
18;1<18:]

= HBi,a = HBi.ftenm = 0

by the orthogonality relations (7) and since « = 8 + e,,. This shows that the relations (i) are
not needed if o € BT, which concludes the proof. [l

Definition 3.7. Let Zp be the ideal of K[u] generated by the equations (i), (¢).

By Theorem 3.6, Hilbg = V(Zg). We can remark that the equations (i) and (c) are filtered
by degree. We define B; = B NK[x]; as the set of elements in B of degree < t. Let d; = | By|.
Let g, = {ug,o € ps.t. |8 <t} and let g be the ideal of K[p,] generated by the relations (4)

with |3] < t and the relations (¢) with |¢| < ¢. Then by restriction, we deduce from Theorem 3.6
the following:

Corollary 3.8. For t <, the ideal Zp; C K[u,] defines Hilbp, C Hilbs,.

Example 3.9. We consider B = {1,z1,23} C K[z1,22] with § = 3. We have (0B)y =
{w2, x132}.

Loy yi oy Y1yo Y3
A1 0 O 0 0 0
/\2 0 1 0 H1,0;0,1 0 0
A3 |00 1 pooo01 M201,1  H2,00,2

border commutation
X border monomial
® basis monomial

The only monomial of degree < 2 = § — 1, which is not in (9B) is 23 and the corresponding
integration relation () is

12,0,0,2 — M2,0;1,1/41,0;0,1 = 0.
The commutation relation (c) for the commutator monomial 1 is
H2,0;1,1 — M1,0;0,1 = 0.

These relations define Hilbg as an irreducible algebraic variety parametrized by p1,0.0,1, 42,0511
of dimension 2.
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4. The geometry of Hilbp

In this section, we discuss some properties of Hilbg, exploiting the effective description of
Section 3.2.

4.1. Transversality of Hilbg. Having equations defining Hilbg at hand, a natural ques-
tion is whether £ € Hilbg is the transversal intersection of Hilbg with the Grassmannian of
d-linear spaces, which are orthogonal to Q = £+. To analyse this property, we study the ideal
defining this intersection in K[u]. For that purpose, we define the parametric normal form:

N :K[x,p] — spang(B)
0

PO ) = Y (A lp)x”
j=1
We verify that for |a| < 4,

6 §
o ) ABN—Q .
NG = g = 30 S8,
=1

=t 7P
For a € N", let Mgy = M7y - - Mg, and for p=3° cn pax® € K[x], let
p(My,) = Z Pa Mﬁ : spanKM(B) —» spangj, (B)
a€eNn
be the operator of multiplication by p. Then as $; = 0, p(My,)(1) is a well defined element of
spangj,, (B).
Lemma 4.1. For any p € K[x; p], we have
(14) N(p) —p(Mp)(1) =0 mod Zp

ProoF. We proof by induction on |a| that N(x*) — Mjj(1) mod J for o € N". The
property is true for |o| = 0 since N(1) = 1. Assume it is true for |o/| =t —1 and let o« = o/ + ¢,
for some 1 < j <n. Then

1) 1)
N = 3 0y]xm)xh =D (90 xY)

Jj=1

—

<.

= M,; <)‘j | x* >XBJ =M, N(x*)

NE

1
= M, ;Mg (1) modZp (by induction hypothesis)
= Mp(1) modZp (by commutation of M, ; modulo Zj)

-
I

This proves by induction that the coefficient ps, o of x% is the coefficient (y”i | My, (1)) of x5
in the the image of 1 by the multiplication operator M¢,, modulo Zp. O

We now prove that the equations () and (¢) combined with the relations (8) define a simple
point, which is the inverse system associated to the isolated singular point 0. The proof follows
the same lines as in [17].

For p € K[x], let pt) = {£ € 4(K[y]s_1) | YA € £, (\|p) = 0} be the Grasssmannian of
d-linear spaces, which elements are orthogonal to p. For P C K[x], let P = Npep pH).

THEOREM 4.2. Let £ € Hilbg, Q = L+ and £ = {f1,..., fs} C K[x] such that Q is an
isolated m-primary component of the ideal I = (f). Then, £f(L) intersects transversally Hilbg

at L.
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PROOF. Let £ € Hilbg with Pliicker coordinates v = (vg, ,) € K satisfying equations
(i) and (c), which generate the ideal Zp(p) C Klu]. Let Ir = ((A;| f;)) be the ideal of K[u]
defining f(). Let J = Zp + Iy C K[u]. By construction, we have

LeV(T)or JCmy,

where my := (ug, v — V3,,~) is the maximal ideal defining v.
Let us prove that A = K[u]/.J is of dimension 1, which implies that f(1) intersects transver-
sally Hilbg and that £ is the only intersection point. We denote consider the map

®: Alx] — spany(B)
p = p(Mp)(1)
where p(My,) is the linear operator of span, (B) obtained by replacing x; by My ;.

Let K be its kernel. Since the matrices M, ; are commuting modulo J, K is an ideal of
Alp]. By Lemma 4.1, we have for all p € K[x],

(15) O(p) =D (Ailp)x¥ mod J.
Asi=1,...,6 and for i = 1,...,s, (| fj) = 0 mod J, we deduce that f C K and thus
I=(f)CK.

Next we show that Q@ C K. Let ¢ € Q. As Q is the (z1,...,2,)-primary component of I,
there exists p € K[x] such that p(0) # 0 and pg € I. Since the matrices M, ; commute modulo
J, we have

P(pq) = p(Mp) ®(q) = 0.
Since p(0) # 0 and p(My) = p(0)Id + N with N lower triangular and nilpotent, p(My,) is
invertible. We deduce that ®(q) = p(MM)’ltﬁ(pq) =0 and ¢q € K, which implies that Q C K.

The relation (15) and the orthogonality relations (7) implies that ®(x?*) = x®* for k =
1,...,d. This shows that the restriction of ® on span, (B) C A[x] is the identity.

We can now prove that my C J. Let substitute the parameters p by the values v € KV
in M, ;. We get the multiplication by z; in the basis B of K[x]/Q. Thus, for any b € B and
i=1,...,n, we have 2;b = M, ;(b) + q with ¢ € Q. As Q C K and ® gy, () = Id, we deduce
that for 5 € B,

P (x; Xﬁ) = Mu,iq)(xﬁ) =M,

(x7) = O(Myi(x7)) = M,3(x").
This shows that for § € B and |a| < §, ug.a—vg,e € J and thus that my = 7, which concludes

the proofs. ([l

This property of transversal intersection is the basis for Newton-type methods developed
in [17, 23] to numerically compute the inverse system and the associated multiple point.

4.2. Irreducible components of Hilbp and commutation rank. For t € N and ¢ €
By, let p. = {pcy € pst. |y] € (0B):}. Let wy = | | = [(0B)4].

We verify that the commutation relations (c) are linear in the variables p_ (and in the
variables ft,_; = {0 € p st |8 <t —1,]al < |8l,a ¢ BY).

We exploit this property to describe the tangent space of Hilbp at regular points. For
S € B, let C; = {Cgi # 0} be the set of non-zero commutator relations for ¢. Let H. €
K[, ,]I%*% and H, € K[u,_,]I%! be coefficient matrices of the commutator relations such
that

He - [p] + H¢ = [Cplpec,
For L € Hilbg, the commutator relations are satisfied iff

rank H (Ly_1) = rank [H (Ly_1), H (Li—1)].

Definition 4.3 (Commutation rank). The commutation rank of £ € Hilbp at ¢ € By is
cro(Li—1) :=rank H (Ly—1) = rank [Ho(Li—1), Ho(Li—1)]-
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In the case where the commutation relations have a solution, we have
(16) lel{[Lg € K“* s.t. Hg(['t—l) . [[llg] +ﬁ<(£t_1) = 0} = Wt — crg(ﬁt_l).

For an irreducible component V of Hilbg, the commutation rank cro(£;—1) with £ € V is
generically maximal (by semi-continuity of the rank function). We say that £ € V is regular if
for all 1 <t < deg(B) and all ¢ € By, cr(L£;—1) is the generic commutation rank at ¢ on V.

THEOREM 4.4. For an irreducible component V of Hilbg and a reqular point L € V, we

have
dimV=">" (IByl|(0B):| — Y cr(Li1))

t<deg(B) SEB[

PRrROOF. For ¢t € N, let m; be the projection from Kly]s to K[y]; obtained by truncation
in degree < t. We denote by V; := m(V) the induced projection of V. Then V, is irreducible
and projects on V;_;. Let p’ = Usepp, be the set of border variables. By the integration
relations (i) with express the coefficients which are not in g’ as polynomials in the variables
¢’ and by (16), we deduce that the fiber of m;_; is generically irreducible and of dimension
> ocewt —crg(Ly—1) for a regular point £ € V. Summing up the dimensions of the fibers for
t=1,...,deg(B), we obtain the dimension of the irreducible component V. O

THEOREM 4.5. The irreducible components of Hilbp are birational varieties.

PROOF. Let V be an irreducible component of Hilbg. We prove by induction on ¢, that
V; = m(V) is birationaly parametrised. The property is clearly true for Vo = {1}. If £;_1 € V4
is birationaly parametrised then the affine solution set of the system in (16) is also birationaly
parametrised. Thus V; is birational. This proves by induction that V is birational. O

4.3. Examples. Let us illustrate the previous results on few simple examples.
Example 4.6. We consider first B = {1, 21, 9, 122} with § = 4.

T2
AN
X border monomial
X ® Dbasis monomial
AY
N
N
RN
® [
N N
N ~
N ~
" “
[ o —e > T1
0 0 2

We have deg(B) = 2. There is no monomial of degree < 2, which is not in (0B)z. Thus
we have no integration relation (). There is no commutator relation (¢). Thus Zp = (0) C
K[p1,1:2,05 #41,1;0,2] and Hilbp is irreducible of dimension 2.

Example 4.7. We consider now B = {1, 21,72, 2%, 129, 23} with § = 6.

T2
N
. border commutation
Y
N X border monomial
Y
)I(. )(\ ® basis monomial
Y
| N K
| S s
| S A
Q. (=) X
N N N
N N A
N N A
N ’\ A
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We have deg(B) = 3. There is one integration relation (i) for the monomial z3, which is not in
(0B)s. It expresses p3.0.0,3 as a polynomial function of the variables p’. There is one non-zero
commutation relation (c):

143,0:1,2 — 13,052,1/41,1;0,2 — 12,0;0,2 = 0

which is irreducible and expresses p3,0.1,2 in terms of the other variables of /. Thus Hilbg is
irreducible and birational. By Theorem 4.4, we have

dimHilbp =2 x 2+ (1 x 3 —1) = 4.

Example 4.8. We take B = {1, 21, %9, T3, 2129, T123, ToT3, T3, 21023} with § = 10.

€2

border commutation
border monomial
basis monomial

We have deg(B) = 3. There are 2 integration relations (i) for the monomials x3, z3. We
have 4 commutation relations (c¢) corresponding to the commutator monomial xzo with re-
spect to (z1,x2) and (x2,x3), x3 with respect to (z1,23) and (z2,23). An explicit com-
putation shows that they yield polynomial expressions of fic;1.2:0, [4c;0,2,1, [4c;0,1,2, Me;1,0,2 fOr
s €1{(3,0,0),(1,1,1)} = Byg) as polynomial functions of the other variables. Thus Hilbp is irre-
ducible and birationnal and the generic commutation rank cr¢ is 4 for ¢ € Bjz;. By Theorem 4.4,
we have

dimHilbp = 3 x 4+ (2 x 8 — 4 — 4) = 20.
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