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ABSTRACT

In this paper simultaneous stabilization of a collection of quadratic input nonlinear
systems is considered. First, with the help of the technique of control Lyapunov
functions (CLFs), a necessary condition, then sufficient conditions for the existence
of simultaneously stabilizing state feedback controller are derived. Moreover, we
present a constructive method for designing continuous simultaneously stabilizing
controller when the provided sufficient conditions are satisfied. Second, by using the
sliding mode technique, this constructive method has been extended to establish a
discontinuous control that simultaneously stabilizes two levitation systems.

Keywords. Quadratic nonlinear systems, simultaneous stabilization, control Lyapunov func-
tion, state feedback.
2000 Mathematics Subject Classification: 93D15.

1. Introduction

The simultaneous stabilization problem arises frequently in practice, due to plant un-
certainty, plant variation, failure modes or plants with various modes of operation.
This problem is concerned with determining a single controller which simultaneously
stabilizes a finite collection of systems (Wu , 2005). Current applications of simultane-
ous stabilization include many real systems, such as Hamiltonian systems (Cai, 2015;
Wang et al. , 2007; Wei & Wang , 2014), power converters (Chaudhuri et al., 2006),
chemical reaction systems (Zhu & Yang , 2016, 2017), and descriptor systems (Chen
et al., 2012) to name a few.

Therefore, the investigation of simultaneous stabilization problems is quite relevant
from a practical point of view, and many important results have been obtained for
linear systems: see (Galindo, 2012; Guan et al., 2011; Kohan-Sedgh et al. , 2016; Li et
al., 2016; Miller & Chen, 2002; Yu & Chi , 2014) and references therein. For nonlinear
systems, we note that it has been pointed out in (Wu , 2010) that the simultaneous
stabilization is more difficult to solve. Hence, there are fewer results in the literature
related to this problem, see, for examples, (Iggidr & Oumoun, 2020; Wu , 2010, 2005;
Zhang et al. , 2011) for nonlinear deterministic systems case, and (Iggidr & Oumoun,
2019; Iggidr et al. , 2020) for nonlinear stochastic systems case. Recently, the problem
of simultaneous stabilization has been addressed for nonlinear systems with delays in
(Dastaviz & Binazadeh, 2019, 2020; Dastaviz et al., 2021).
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Nowadays, quadratic input nonlinear systems represents an important class of non-
linear systems which can model many practical applications, such as in magnetic
problems (Moulay & Perruquetti, 2005) and oscillation problems of the electromag-
netic oscillator (Sane & Bernstein, 2002). Therefore, it is interesting to investigate
such systems.

To the best of our knowledge, there are even fewer results on simultaneous stabi-
lization of quadratic nonlinear systems because of the difficulties involved in synthesis
of these systems. Following the stream of research on the simultaneous stabilization of
nonlinear systems and motivated by the approach in (Iggidr & Oumoun, 2020; Wu ,
2010, 2005; Zhang et al. , 2011), in the context of quadratic input nonlinear systems,
we study the problem of designing constructively a simultaneously asymptotically sta-
bilizing control for these systems. Based on the control Lyapunov functions approach
(CLF), we first give a necessary condition for the existence of simultaneously asymptot-
ically stabilizing feedback. After that, we present sufficient conditions for the existence
of simultaneously stabilizing feedback. Furthermore, we give an explicit formula for
constructing the simultaneously stabilizing controller. It is shown that, under the small
control property (SCP) assumption, the obtained feedback is continuous everywhere
in the state space.

In the end, based on the sliding mode technique, the design procedure developed
in this paper is also used to construct a discontinuous control that simultaneously
stabilizes two Levitation systems. Note that magnetic levitation systems have practical
importance in many engineering systems such as in high-speed Japanese “Maglev” and
German “Transrapid” passenger trains, frictionless bearings ... to name a few.

2. Problem formulation and preliminaries

2.1. Problem formulation

Consider a collection of m quadratic input nonlinear systems described as follows:
Si @ = filx) +ugi(x) +u’hi(x), i€{l,..,m}=1I, (2.1)

where z € R™ is the state, u € R is the control, f;(-), gi(-) and h;(-) are continuous
functions with f;(0) = 0.

The objective of this paper is to find a continuous function k(-) such that the
state feedback controller u = k(z) globally asymptotically stabilizes the collection of
systems in (2.1) simultaneously, that is, the origin is a globally asymptotically stable
equilibrium for the resulting closed-loop systems

S; i = fi(z) + k(x)gi(z) + k(x)?hi(z), i€l (2.2)

2.2. Preliminaries

We first give some notations and basic definitions concerning control Lyapunov func-
tions, then we recall some results on the stabilization of quadratic input nonlinear
systems.

For each i = 1,2...,m, let V; be a C! positive definite and proper function defined
on R™. Tts derivative, denoted by V;, along the trajectories of system S; can be written
as



Vi(x) = ai(x)u? + bi(z)u + (), (2.3)

with, a; = (h;, VV}), b; = (9;, VV}), ¢; = (fi, VV}).

In the sequel, we will denote by A;(z),i € I, the discriminant of the right-hand side
of (2.3), viewed as a polynomial in u, at every x € R", i.e., A;(x) = b?(x) —4a;(z)c; ().
Moreover, when A;(x) > 0, we denote by Ay;(z) and Ag;(x) the two roots of the
equation a;(z)A? + b;(z)\ + ¢;(x) = 0 given by

—bi(z) — /Ai(z)
2a;(x) ’

)\12(1‘) =

‘ B —bi(z) + /Ai(x)
Aailw) = 2a;(x) '

We start by recalling the following definitions.

Definition 2.1. (Maniar et al. , 2017; Moulay € Perruquetti, 2005) For i € I. The
system S; is almost stabilizable, if there exists a feedback control law uw : V — R
continuous on V \ {0}, such that

o u(0)=0;
e the origin is an asymptotically stable equilibrium of the closed-loop system de-
duced from S; and v = u(x).

Moreover, if u is continuous on V, we say that the system S; is stabilizable.
The system S; is globally stabilizable if V = R™.

Definition 2.2. (Maniar et al. , 2017; Moulay & Perruquetti, 2005) Fori € I. A C*
positive definite and proper function V;, defined on R™ is a control Lyapunov function
(CLF) for system S; if for any x € R™ \ {0}

i VA — i . 2 ) .
irel]%VZ(a:) 7ilreluf%(az(gv)u + bi(z)u + cz(a:)>< 0.
A CLF V; for System S; is said to satisfy the small control property (SCP), if for each
€ > 0 there is 0 > 0 such that , if x # 0 satisfies ||x|| < 0, then there is some u with
llu|| < & such that Vi(x) = a;(z)u® + b;(z)u + ¢;(z) < 0.

As far as possible, our objective is to explicitly design a common state feedback
law w, which is continuous on R™ \ {0}, and is such that the resulting closed-loop
systems (2.2) are globally asymptotically stable. To be more precise, if V; is a known
collection of CLFs for the systems S;, i € I, we shall construct a feedback law u
such that for each 7 € I, V; is a Lyapunov function for the closed-loop system & =
fi(z) + u(z)gi(x) + u?(x)h;(z). This means to construct a continuous feedback such
that, for x £ 0,7 € I,

Vi(x) = a;(x)u?(z) + bi(z)u(z) + ci(x) < 0. (2.4)



Remark 2.1. (I) Since V; is a CLF for system S;, i € I, it is easy to see that for
x #0, if a;(x) > 0, then Aj(z) > 0.

(IT) Inequality (2.4) shows that in the setting of simultaneous quadratic input non-
linear systems, a continuous feedback u simultaneously stabilizes the collection of sys-
tems in (2.1) has to verify for each i € I,

(1) u(x) € |Aii(x), Aai(z)[, if ai(z) >0,

(2) u(x) < —ci(x)/bi(z), if ai(zx) =0 and bi(z) >0,
(3) u(x) > —ci(x)/bi(z), if ai(z) =0 and bi(z) <0,
(4) w(z) & [Xai(z), A\i(2)], if ai(z) <0 and A;(z) > 0.

In what follows, we recall some results (from (Maniar et al. , 2017)) that will be
used in this paper.

Lemma 2.1. (Maniar et al. , 2017) Assume that V; is a CLF for system S;, i € I.
Then the following assertions hold:

(1) the inequality A;(xz) < 0 implies a;(z) < 0;

(2) Ai(x) =0, ai(z) # 0 implies a;(x) < 0;

(8) Ai(x) =0, ai(z) = 0 implies bj(x) =0 and ¢;(x) < 0.

Lemma 2.2. (Maniar et al. , 2017) Assume that V; is a CLF for System S;, i € I.
Then for any xo € R™\ {0} such that a;(z¢) =0, one has:

lim A\j;(x) = _ci(x0)7 and lim Ag;(x) = +oo if bi(xg) <O. (2.5)
5T bz(x()) T—To
a;(x)>0 a;(x)>0
lim A\(x) = _ci(x0)7 and lim Agi(z) = —oo if bi(xg) <O. (2.6)
T—To bz(.%o) T—=T
a;(x)<0 a;(x)<0
Jim - Ayi(z) = —oo, and  lim  Agi(x) = +o0 if bi(wo) = 0. (2.7)
ai(z)>00 ai(z)>00
Jim - Ayi(z) = —oo, and  lim  Agi(x) = —oo if bi(wo) = 0. (2.8)
a,-(x)<00 ai(x)<00
bi(x)<0 b;(z)<0
Jim - Ayi(z) = +oo, and  lim  Agi(x) = +oo if bi(zo) = 0. (2.9)
ai(r)<00 ai(x)<00
lim A\j;(x) = —00, and lim Agi(x) = _cil@o) if bi(xo) > 0. (2.10)
TTo TTo bz (330)
a;(xz)>0 a;(xz)>0



~—

ci(zo

bi (.’J’Jo)

lim = Ayj(2) = 400, and  lim Ag(z) = —
a;(z)<0 a,;(a:)<00

if bi(wo) > 0. (2.11)

Assumption 2.1. Leti € I. For every z € R"\{0}, (a;(z) <0 and Ai(z) >0) =
bi(z) # 0.

Theorem 2.2. (Maniar et al. , 2017) For i € I, assume V; is a CLF for System S;,
and Assumption 2.1 holds. Then, S; is almost stabilizable with the feedback

vi(x), if Ai(x) >0,
ki(z) = (2.12)

where

min (Ag;(z) — Ai(m) O) if ai(x) #0 and bi(z) >0,

(
max ()\M(x) + WM,O) if a;(x) #0 and b;i(x) <0,
(

vi(®) = ¢ in (= ol _ bvvg),o) if ai(x)=0 and bi(z) >0,
max (— 22 -2 0} if a(@) =0 and blx) <0,
0 if a;(x) >0 and bj(x) =0,

In addition, if V; satisfies the small control property, then S; is stabilizable.
Hereafter we give a result that shows how to verify the small control property (SCP).

Lemma 2.3. Fori € I, assume V; is a CLF for System S;. Then V; satisfy the SCP
if and only if for all € > 0, there exists 6 > 0 such that for all x € B(0,6) \ {0} and
Ai(x) >0, we have

Ai(z) <e and —e < Xgi(x) if ai(x) >0,
Xoi(z) < Ani(z) < e if ai(x) <0 and bj(x) <0,
—& < Agi(x) < Api(x) if ai(x) <0 and bj(x) >0,
—Xoi(x) = Ai(z) < e if a;(x) <0 and bi(z) =0,
—ZEQ <e if ai(x) =0 and bj(x) <0,
—e< —Zg; if ai(x) =0 and bj(x) >0

Proof. The proof is an immediate consequence of the definition of the SCP and the
study of the sign of the polynomial in u: a;(x)u? + b;(z)u + ¢;(z), according to the sign
of a;(x), = in a neighborhood of the origin.

Note that for the second assertion, we take into account the fact that Ag;(xz) < 0
and |\ ()| < |Aa2i(z)| if ai(z) < 0 and b;(x) < 0. Similarly, for the third one, we use



the fact that Aj;(z) > 0 and |Aei(x)| < A1i(z) if a;i(z) < 0 and b;(x) > 0. O

Remark 2.2. Notice that if V;, i € I, is a CLF satisfying Assumption 2.1, then the
set {x € R" | a;(z) < 0, Aj(x) >0, bj(x) = 0} is empty. So, in our case, to verify
the SCP, it is sufficient to find functions d;; : R" = R, j = 1,...,5, continuous in a
neighborhood of the origin and d;;(0) = 0, such that for x # 0 close enough to 0 and
Ai(x) >0, one has:

Ai(z) < dpi(x) < Agi(x) if ai(xz) >0,
A1i(x) < dai(x) if ai(x) <0 and bj(x) <0,
dzi(x) < Agi(x) if ai(z) <0 and bi(z) >0,
cz(ac) () =0 and b;i(z
bz(x) dyi(z) if ai(x) =0 and bj(x) <0,

~—

ci(z
e

dsi(z) < if ai(x) =0 and bj(x) >0

~—

3. Main results: Design method of simultaneously stabilizing controller

As a first step towards the construction of a simultaneously stabilizing feedback law
for the collection of quadratic systems (2.1), and for easily presenting the main results,
we define the following sets ans functions: For each ¢ € I, suppose that V; is a CLF
for System .S; and let for each x € R™,

Li(x)={i€eI]ai(zx)> 0},

L(x)={iel]ai(zx)<0,b(zx)<0,A;zx)> 0},
Is(x)={iel]ai(zx)<0,bj(zx)>0,A:zx) >0},
Ii(x) ={ieI|ai(x)=0,b(z) <0}
Is(z) ={ieI|ai(x)=0,0b(x)> 0}
( )\1@(.%) if 1€ Uls,
. — _Ci(l‘) if 4 I
v1i(z) O
—00 otherwise,
( )\21(1‘) if i€el;Uls,
. — _ci(=) if 11
v2i(x) ) i€l
([ 00 otherwise,
Pri(z) =
0 otherwise,
kz(.ili) if bZ(ZL') > O,
Vi) =

0 otherwise.



p1(z) = max p1;(z), pa(z) =

i€l ie}l #2i(7),

di(e) = maxyyi(z),  o(z) = minga(z).

el el

Finally, define

w1 (z) = min(y1(z), p2(r)) and wa(r) = max(ya(z), p1(z)).

Remark 3.1. Due to definitions of 11; and 1y;, it is easy to see that ¥1;(x) > 0 and
oi(x) <0 for allx € R™ and for alli € I. Thus, Y1(x) >0 and o(z) <0, Ve € R™.

In preparation for the construction of a continuous simultaneously stabilizing control
u, we need the following lemma.

Lemma 3.1. Consider the collection of systems in (2.1). Suppose that there is a CLF
Vi, satisfying Assumption 2.1, for every S;, i € I. Then the functions 1 and 1o are
continuous on R™\ {0}. Moreover, if the functions V;, i € I, satisfy the SCP, then 1y
and Yo are continuous on R™.

Proof. By Assumption 2.1 and the definition of k; (2.12), i € I, we have k;(x) =0
whenever b;(z) = 0. From this and the continuity of k;, it then follows that 1; and
19;, © € I, are continuous on R™ \ {0}, then so are 1; and 5. If in addition, the
functions V;, ¢ € I, satisfy the SCP, then k;, i € I, are continuous on R”. So, as above,
¥1; and 1)g;, @ € I, are continuous on R™ since k;(0) = b;(0) = 0, i € I. Consequently,
11 and vy are also continuous on R™. This completes the proof of Lemma 3.1. 0

To easily present the following results, define the sets

Ai(z) = {iel] (a;i(x) <0,bi(x) >0,4; )
or (ai(z) > 0) or (a;(x) =0,bi(x) >0)},

Ay(z) = {iel] (ai(x) <0,bi(z) <0)
or (a;(x) <0,b;(x) >0,A;(x) <0)},

As(z) = {iel]ai(x) <0,bi(x) > 0,A;(z) =0},

Bi(z)= {iel] (ai(x) <0,bi(z) <0,A;(z)>0)
or (aj(z) > 0) or (a;(xz) =0,b;(x) < 0)},

By(z) = {iel] (aj(x) <0,bi(z) >0)
or (a;i(z) < 0,bi(z) < 0,A;(x) <0)},

Bs(z) = {iel|ai(z)<0,bi(x)<0,Ai(x)=0}.

Clearly, I = Aj(x) U Az(x) U Az(x) = Bi(x) U Ba(x) U Bs(z).



For convenience, define
Asi(z) = {i € As(z) | Vn > 0,3y € B(x,n) \ {r} such that, A;(y) > 0},

and Age(x) = As(x) \ As1(z). We can, similarly, define Bsi(z) and Bsa(x).

For guaranteeing the continuity of the simultaneous feedback laws (which will be
derived later) for the collection of quadratic input nonlinear systems in (2.1), here we
assume

Assumption 3.1. If As(x) # 0,

. . . bj(z)
» < -
min (1(@), min ¢ai(z) < min =2 @)
Assumption 3.2. If Bs(x) # 0,
bj(m
j€Bs(z)  2aj(x)

< max (ia(2), o p1:(2)).

Lemma 3.2. Consider the collection of systems in (2.1). Suppose that there is a CLF
Vi, satisfying Assumption 2.1 for every S;, i € I and Assumptions 3.1, 3.2 hold, Then
the functions wy and wy are continuous on R™ \ {0}. If in addition the functions V;,
i € I, satisfy the small control property, then wy and wy are continuous on R™.

Proof. To establish the continuity of w; at g € R™ \ {0}, we will verify that the
functions g;, i € A1(xg) , are continuous on a neighborhood of xy and:
o If Az1(zo) = 0, then wi(x) = min(yy(x), rjli(n )cpgi(x)) on a neighborhood of
1€A 1 (To
xo. The conclusion follows since ¢ and @9;, i € Aj(xg), are continuous on a
neighborhood of xg.

o If Azi(xp) # 0, then wy(x) = keﬂair(l )w’f(x), with w¥, k € As1(zo) are continu-

ous functions on a neighborhood of z.

To do this, we first study the behavior of the functions 9;, @ € I, in a neighborhood
of z¢ according to the sign of a;(x¢), ¢ € I.

Case 1: If a;(xo) > 0, by continuity of the function a;, a;(x) > 0 in a neighborhood
Vi, of xg. Then @o; () = Agi(x) on V,,, S0 ¢9; is continuous at g since \g; is continuous
on Vg, .

Case 2: If a;(xg) = 0 and b;(xg) > 0, then A;(xo) > 0. By continuity, b;(x) > 0 and
A;(x) > 0 in a neighborhood V,, of z¢, together with (2.10), (2.11) and definition of
p92;, we can easily verify that ¢o; is continuous at xg.

Case 3: If a;(z0) = 0 and b;(z0) = 0. Let 27 be a sequence of states that converges
to z¢ and let us review the different possibilities according to the definition of ¢s;.

e If the sequence 27 satisfies a;(z7) > 0, it then follows from (2.7) and definition

of po;

lim @oi(z7) = lim Agi(a?) = +oo.
x! —xg x! —xg



e If the sequence 27 satisfies a;(27) < 0, b;(z7) > 0 and A;(27) >0, (2.9) yields

lim 9;(27) = +o0.
x? —xo

e If the sequence z7 satisfies a;(z7) = 0 and b;(27) > 0, recall that since V; is a
CLF of System S;, we have c;(wo) < 0, hence by continuity, ¢;(z?) < 0 whenever
27 is close enough to zg. So

lim () = lim — = +o0.
a:f—m:osom( ) L bl(l‘])

e If the sequence 27 does not satisfy any of the above situations, then we have
pai(x) = +o0.

Therefore, in all cases, i.e., if a;(xg) = 0 and b;(xg) = 0, the following holds

VL >0, 3A; >0 such that oo;(z) > L, Va € B(xg, \}).

Case 4: If a;(z9) = 0 and b;(z¢) < 0, by continuity, b;(x) < 0 in a neighborhood V,
of g, 80, Y2i(z) = +00 on Vg, .

Case 5: If a;(zg) < 0, bi(zg) > 0 and A;(xg) > 0, this case is similar to the Case 1.

Case 6: If ai(ﬁﬂo) <0, bl(xo) > 0 and Az(xo) =0, that is 7 € Ag(l‘o). Ifi € A32(£C0),
then there exists §; > 0 such that A;(x) < 0 for all x € B(xo,d;) \ {zo}. So, pai(z) =
+o0 on B(xo,d;) \ {zo}.

If i € As1(xg), then for x close enough to xg we have, p9;(z) = +oo if Aj(z) <0
and @g;(x) = Agi(z) if Ay(z) > 0.

Case T: If a;(zg) < 0, bj(zg) > 0 and A;(zg) < 0, by continuity, A;(z) < 0 in a
neighborhood V;, of xg, so, @9;(x) = 400 on V,,.

Case 8: If a;(xg) < 0, b;(zg) = 0, this case is similar to Case 7 since from Assumption
2.1, we have A;(zp) < 0.

Case 9: If a;(z0) < 0, bi(zg) < 0, this case is similar to Case 4.
Summarizing the above, we have:

e For i € Aj(zp), the discussions of Cases 1, 2, 5 indicate that there exists €4 > 0

such that, the function ¢y; is continuous on B(x, 821) Take e; = I}xli(n )sﬁ, it
1€A1(xo

follows that the functions pg;, i € Aq(xg), are continuous on B(xg,&1).
e For i € Ay(xp), Cases 3, 4, 7, 8, 9 imply that the following holds

VL >0, 3L >0, s. t. pgi(z) > L, Vo € B(xg, \}).



Choosing A\f, = I}‘li(n ))\iL, it follows that
1€EAS To

VL > 0, 3Ap > 0, such that yo;(x) > L, Vo € B(xo, ), Vi € Az(xg). (3.1)

e For i € Ass(xg), Case 6 indicates that there exists d; > 0 such that p9;(x) = +00
on B(xg,d;) \ {xo}. Take § = min J;, it follows that

1€ Asa ()
(pgi(w) =400, Vx€ B(xo, (5) \ {(E()}, Vi € Agg(ﬂ?o).

From this and Assumption 3.1, we obtain, by taking u = min(ey,d), for all
x € B(zo, 1)

min (1 (z), ieglli(rio) p2i(2), iefﬁi?xo) p2i()) = min(¢ (), ieglli(rio) p2i(2)). (3.2)

Let € > 0 and take L = |¢)1(xg)|+e. The continuity of the function v; and inequality
(3.1) ensure the existence of A7 > 0 such that for all x € B(xo, A})

@ZJl(:E) < |’¢1 ($0)| +e=L< 9021‘(56), Vi € A2($0). (33)

In terms of (3.2) and (3.3), choosing 77 = min(u, A} ), we have for all x € B(z,n)

min (% (), ieglliﬁo) p2i(z), ieglzi(rgl&o) p2i(T), . ,fxm?x) 902i($)) = min (wl(x),iegllir;o) ©2i()).
(3.4)

Now, if Azi(zo) = 0. From (3.4), we get

w1 (z) = min (wl(x)’iegli& )gpgi(:c)), Vz € B(xo,n).

Thus, w; is continuous at xg since 11 and pg;, ¢ € Aj(z0), are continuous on B(xg, 7).

If As1(xg) # 0. For each i € Agy(zg), we have a;(xg) < 0 and bi(zp) > 0. For reasons
of continuity, a;(x) < 0 and b;(x) > 0 in a neighborhood W;,  of xo. Recall that ¢a;,
i € Aq1(zo), are continuous on B(zg,e1) and let

Wao = ﬂ W;OQB(I'o,el).

1€A;(x0)

Now, let k € Asi(xo) and for convenience, define the function w]f on Wy, by:

wi(z) = min (Y1(z), min (), por(2)), T € Wy,.

1€A1(x0)

Note that o (z) = —;Z“k((x;g), so, Assumption 3.1 yields

wi(zo) = min(¢1 (z0), .eglin )9021'(3?0))'

10



Let ) € W,, and yJ: € W,, be two sequences of states that converges to z¢ satisfying
Ag(z7) > 0 and Ag(y’) < 0. By definition of ¢a, we have

: ; : ; br(2o)
S pa(a’) = lim Agy(a?) = =5 -0 = parlwo) (3.5)
and
Par(y’) = +oo. (3.6)

On the one hand, Assumption 3.1, equality (3.5) and the continuity of the functions
1 and @94, i € A1(xg), on W,,, along with the definition of w’f, we have

lim wf(z?) = min (¢1(zg), min @ai(xo), — 21;’“:?;)))
27 —x0 i€A(z0) 0 (37)
= min (¢1(z0), min poi(20)) = wi(zo).

€A (z0)

On the other hand, equality (3.6) yields w}(y’) = min (¢1(y7), min )gom(yj)), which

1€A1(xo
implies

lim wf(y’) = min (¢1(20), min )wgi(azo)) = wf(z0). (3.8)

Yy —xo i€A; (zo

In terms of (3.7) and (3.8), the functions wf, k € Az (), are continuous at zg.
Finally, using (3.4) and choosing W, = W, (| B(xo,7), along with the definitions
of wy and w’f, k € Asi(xp), we obtain

wi(z) = min (wl(gc)’iegli(lalc )gpzi(x),k ?i?x )cpgk(x))

: k /
= min w?(z), Ye e W, .
keAgl(:vo) 1 ( )7 o

Thus, w; is continuous at g since the functions wlf, k € Asi(xp), are continuous at
Z0.

Now, we establish the continuity of wy at the origin in the case of the small control
property of V;, i € I.
Far each ¢ € I, take € > 0, due to the small control property, there exists a; > 0
such that, for each z # 0 and ||z|| < «j, there exists v €] — ¢,¢[ that satisfies the
inequality

Vi(x) = a;(2)v* 4 bi(z)v + ¢i(x) < 0. (3.9)

With this inequality in mind, we review the different items in the definition of ;.

o If a;i(x) > 0, then (3.9) leads to v €] — A1;(z), Agi(x)[, that is, —e < v < Agi(z) =
p2i ().
e If a;(x) =0 and b;(x) > 0, then (3.9) leads to —e < v < —;Eg = p9i(x).

11



o If a;j(x) <0, b;j(x) > 0and A;(z) >0, then (3.9) leads to v < Ag;(z) < () or
A2i(x) < Aqi(x) < v. But in this case, we have Aj;(z) > 0 and |A2i(z)] < Ai(x).
So, we always have —e < —|v| < Agi(x) = p2i(x).

e Otherwise, p9;(x) = 4o0.

From the above discussion, we deduce that
Ve >0, Ja; >0 such that, —e < p(z), Vo e B(0,q;).

Take o = min «;, it follows
el

Ve >0, dJa >0s.t., —e < ga(z), Vo € B(0,a). (3.10)
Continuity of ¢ at the origin leads to
Ve >0, 36 >0s.t., —e <¢i(x) <e, Vo e B(0,0). (3.11)
Take v = min(«, 8), it follows from (3.10) and (3.11)
Ve >0, Jy >0 such that, — e < wi(x) = min(¢y(x), p2(x)) < e, Vx e B(0,7).

That is, wy is continuous at the origin and so on R™.

Using Assumptions 2.1, 3.2 and Lemma 2.2, the continuity of ws can be treated
similarly and is omitted here. The proof of Lemma 3.2 is now completed. O

Remark 3.2. Let V;, i € I be a collection of CLFs for system S;, respectively. It is
easy to see that Assumptions 2.1, 3.1, 3.2 are trivial if a;(x) > 0 for all x € R™ and
i € 1. Indeed, in this case we have As(x) = Bs(x) = 0 for all x € R™ and, for each
i € I, the set {x € R", | a;(z) < 0} is empty. So, by Lemma 3.2, if a;(x) > 0 for
all x € R™ and i € I, then the functions wy and wy are continuous on R™\ {0} and
continuous on R™ if the functions V; satisfy the SCP.

The following theorem presents a necessary condition for the existence of simulta-
neously stabilizing state feedback for the collection of systems in (2.1).

Theorem 3.3. Consider the collection of systems in (2.1). If there exists a continuous
feedback k : R™ — R, with k(0) = 0, so that for each i € I, the closed-loop system
i = fi(z)+k(x)gi(x)+k*(x)hi(z) is globally stabilizable, then there exists a collection of
CLFs V; for Systems S;, respectively, satisfying for all x € R™ such that I (x)Uls(z) #
0 and I (x) UIs(x) # 0

i(z) < I i(T). 3.12
7:611?;?334(33) 1 (x) i€ly (IS)ILI}I;)(:E) 2 (:1:) ( )

Proof. Suppose that there exists a continuous feedback k such that the closed-loop
systems @ = f;(z) + k(z)g:(z) + k*(z)hi(x) , i € I, (whose coefficients are continuous)
are stabilizable, then by converse Lyapunov theorem (see (Massera, 1956, Theorem
14), (Kurzweil, 1956), one can also see a survey in (Kellett, 2015)), there exists a
collection of smooth, positive definite and radially unbounded functions V;, i € I, such
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that for each i € I, Vi(z) = a;(x)k*(z) + bi(x)k(z) + ci(x) < 0, for all  # 0. It then
follows that for each z € R™\ {0},

/\11(33) < k(a:) < )\gz(x) if CLZ({L') > 0,

k(x) > —Zgg if a;(z) = 0 and b;(x) < 0,

k(x) < —Zgg if a;(z) = 0 and b;(x) > 0.

That is, ¢1;(z) < k(x) if i € [1(x) U I4(x) and, k(z) < @oi(x) if ¢ € I1(z) U I5(x),
which is equivalent, for all x € R™ such that I1(z) U I4(z) # 0 and I1(z) U I5(z) # 0,
to

i(r) < k(x) < i i(x), 3.13
’iEI1?Q’31)%JXI4(I) Pl (:E) (IE) i€l (I;"I)IL?Is(x) P2 (:L‘) ( )
and this completes the proof of Theorem 3.3. O

The necessary condition (3.12) shows that a simultaneously stabilizing feedback
u for the collection of systems in (2.1) verify items 1, 2 and 3 in Remark 2.1. The
feedback u has also to verify item 4 in Remark 2.1, that is u(x) < Agi(z) < Ayi(z) or
Xoi(z) < A1i(z) < u(z) for each i € I such that a;(x) < 0 and A;(x) > 0.

But the following situation may occur: There exists an open set ¥V C R™ and i € |
such that:

(1) a;(x) <0, bi(x) >0 and A;(z) > 0, for every = € V;
(2) there exists xp € OV (the border of V) such that a;(xg) = 0 and b;(xg) > 0.
Let 21 € V, if we choose Ag;(x1) < A1i(x1) < u(xy), for reasons of continuity we have

Xoi(z) < A1i(z) < u(z) for all x € V. From this and using (2.11) we get,

xliﬁ\rglo u(x) > xlgrgjlo A1i(x) = 400
z€V z€eV

which contradict the fact that u is continuous at xg. To eliminate this situation, we
have to choose u(z) < Agi(z) < Ayi(x) if a;(z) < 0, b;j(x) > 0 and A;(z) > 0. Similarly,
by using (2.6), we have to choose Ag;(x) < A;(z) < u(z) if a;(z) < 0, b;(x) < 0 and
A;(x) > 0. That is, for each x € R™\ {0}

Ai(x) <wu(z), Vi € Ix(x) and u(z) < Agi(x), Vi € Is(x). (3.14)
(3.14) and definitions of ¢1; and @9; lead to, for each x € R"™

i(z) < < min @g(x). 3.15
e o1 () < u(x) in @2 (x) (3.15)

The discussion above and Theorem 3.12 show that in order to construct a continuous
feedback u that simultaneously stabilizes the collection of systems in (2.1), the feedback
u should verify (3.13) and (3.15), which means for all x € R”

hax e1i(z) <wu(z) < iel?gfi : ©2i(z), (3.16)

with, IN(l') = Il(x) U IQ(I’) U 14(.%'), Ip(l‘) = Il({L') U 13(33) U I5(.’L').
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To guarantee that the feedback that will be constructed below verify (3.16), we
assume

max ¢1;(z) < min ¢g(x), Vz € R™ (3.17)
i€ln(z) i€lp(x)

Remark 3.3. Note that for each x € R™, since ¢1;(x) = —oo for alli € I\ In(x) and
2i(x) = +oo for alli € I\ Iy(z), then inequality (3.17) is equivalent to the following
assumption.

Assumption 3.4. For every x € R", p1(x) < pa(x).

Remark 3.4. If the collection of CLFs in Theorem 3.3 verify a;(z) > 0 for all x € R™
and i € I, then Is(z) = Is(z) = 0 for all x € R™. So, inequalities (3.12) and (3.17)
are equivalent. That is, by Theorem 3.3 and Remark 3.3, Assumption 3.4 becomes
necessary in this case.

Now, we state the main result of this paper.

Theorem 3.5. Consider the collection of systems in (2.1). If there exists a collection
of CLFsV;,i=1,...,m, satisfying Assumption 2.1, such that Assumptions 3.1, 3.2 and
3.4 hold, then the collection of systems in (2.1) is simultaneously almost stabilizable
with the feedback

k(z) = W (3.18)

Moreover, the collection of systems in (2.1) is simultaneously stabilizable by the feed-
back k if the functions Vi, i = 1,2, ..., m, satisfy the small control property.

Proof. According to Lemmas 3.1 and 3.2, the continuity of k is immediate.
For the asymptotic stability, we only have to verify that for each ¢ € I

Vi(z) = ai(z)k?(z) + bi(2)k(x) + ¢;(z) < 0, Ve R\ {0},

according to the sign of A;(z).

Case 1. If Aj(z) < 0, then a;(z) < 0 according to Lemma 2.1. Thus, the sign of Vi(z)
regarded as a quadratic polynomial in k is that of a;(x). So, we have V;(x) < 0 in this
case.

Case 2. If Aj(z) =0, from Lemma 2.1, we know that a;(z) = b;(x) = 0 and ¢;(z) <0
or a;(z) < 0.

i. If a;(z) = bi(z) = 0 and ¢;(z) < 0, then Vi(z) = ¢;(z) < 0.

ii. If ai(z) <0, from Assumption 2.1 we have b;(x) # 0.

o If bi(x) > 0. On the one hand, From the definitions of wy, @2 and p9;, we
obtain

w1 () = min(¢1(z), p2(r)) < p2(2) < @oi(w) = Aai(z) = — é . (3.19)
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On the other hand, definitions of 19, 19; and k; give, ¥o(x) < 1hg;(x) =

ki(x) < @ai(x) = Aai(x) = ;;(ZU)) From Assumption 3.4, we get ¢i(x) <
pa(z) < —;;Z((xx)) Hence,
wa(z) = max(2(x), p1(x)) < Ai(z) = —;Zfzv)) (3.20)
(3.19) and (3.20) lead to
) = O ) = i) = —

Thus, V;(z) < 0 since a;(x) < 0.

o If bi(z) < 0, then ¢1;(x) = Aii(z) < ki(z) = Y1i(x) < ¥1(z). Assumption
3.4 yields A\;(z) = ¢14(x) < p1(x) < pa(x). So

Ai(2) = p1i(z) < p1(x) < max(Pa(z), p1(z)) = w2 (z),

and
Ai(#) < min(y1(x), p2(7)) = wi(z).
That is,
Noi() = Aii() < M — k(x).

Thus, V;(z) < 0 since a;(x) < 0.

Case 3. If A;(z) > 0. In this case, we consider the three following cases according to
the sign of b;(z).

i. If bi(z) < 0, we consider again three cases according to the sign of a;(x).

o If a;(z) > 0. On the one hand, since k; stabilizes System S;, we have
Ai(z) < ki(z) = Yri(x) < Y1(z). By Assumption 3.4, we get () =
v1i(z) < p1(x) < w2(z). So Aii(z) < min(y(x), p2(x)) = wi(z). Together
with the fact that wy(z) < pa(z) < p9i(x) = Agi(x), it then follows that

)\11(.73) < w1 (37) < /\gl(a:) (3.21)
On the other hand, note that in this case 0 < Ag;(z), hence ¥ ()

< i
0 < Ag;(x). As above, by Assumption 3.4, we get ¢1(z) < a(z) < 2;(x)
AXoi(x). So wa(z) = max(¢a(x), p1(x)) < A2i(z), and since A;(x) = p1i(x)
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v1(x) < wy(z), it then follows that
)\1@(.%') < wg(l') < )\2,(1‘) (3.22)
(3.21) and (3.22) give

() < W — k(z) < Mail(z).

Thus, Vi(z) < 0 since a;(z) > 0.
o If a;(x) = 0. Then —zgg < ki(z) = ¢ri(z) < ¢1(z). Assumption 3.4, yields

i

_Zgg = p15(z) < p1(x) < pa(z). So —Zgg < wi(x) and —ggg < wo(x)
since @1 (z) < wa(x). It then follows that

ci(z)  wi(z) + we(x)
bl(:L') 2

\
A
Il

Thus, V;(x) = bi(z)k(z) + ¢;(x) < 0 since by(x) < 0.

o If a;(x) < 0. As above, A1;(z) < ki(x) = ¥1i(z) < 1(z). Assumption
3.4 yields A1;(z) = p1i(z) < ¢1(x) < p2(x). Hence Aj;(x) < wi(x) and
Ati(z) < p1(z) < wa(z). So

wi (z) + wa(z)

)\zl(x) < )\11(1’) < 5

= k(z).
That is, V;(x) < 0 since a;(x) < 0.
ii. If bj(x) > 0, this case can be treated similarly to the previous one.

iii. If b;(x) = 0, by Assumption 2.1 and since A;(z) > 0, we have a;(x) > 0, so, this
case is similar to the case a;(x) > 0 in Case 3, item i.

Thus, the proof of Theorem 3.5 is completed. O

Remark 3.5. 1. Notice that if the collection of CLFs in Theorem 3.5 wverify
ai(x) > 0 for all x € R™ and ¢ € I, then, by Remark 3.2, the feedback (3.18)
simultaneously stabilizes all the systems in (2.1) if only Assumption 3.4 holds.

2. Notice also that if V; is a CLF for the system S; such that a;(x) < 0 for all
x € R"\ {0}, then, according to Theorem 3.4 in Maniar et al. (2017), the
system S; is almost stabilizable with the feedback, (¢ > 0).

uz(a:) =

0 if x=0.
So, if V; is a collection of CLFs V; for systems S; satisfying a;(x) < 0 for all
x € R\ {0} and i € I, then the collection of systems in (2.1) is simultaneously
almost stabilizable with the feedback
u(x) = max u;(z).

el
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4. Illustrative example

In this section, we present an example to illustrate the effectiveness of the results ob-
tained in this paper to design a simultaneously stabilizing feedback for some nonlinear
quadratic systems.

Consider a system with the following two possible modes

4
. T1T T
r1 = —x1 + 1424-1 12U2
Sy : Ty (4.1)
To = —T9 + m%ajgu,
i = —x1 + 233 + (day — dwo)u — dwyu?
SQ : (42)
To = —Xo + T1U.
Let
2 2 2 2
i+ x] +4z
Vi(z) = = 5 2 and Vi(z) = %

The Lie derivative of V7 and V5 along the trajectories of Systems S; and So, respec-
tively, write:

Vi(z) = ai(z)u® + bi(z)u + c1(z),

Vg(a;) = ag(2)u? + by (z)u + co(x),
with a1(s) = 23/(1+ 23), b1() = 5303, c1(a) =~ — a3 + (1/4)afed, aale) = a2,
by(x) = 27, and co(x) = (1/4)(—90% +xixy) — 75,

By the definitions in Section 2, we have

2825 + da?xd + dai

Ay(x) = , Do(w) = afad(aizl — 4),
1+ x%

NP v BRI L R T T R T
n(@) = 2 222 :

1
_ —afay—a3 /(1 +af)(af) + dafa] + da])
Ao () = 9 + 202 ’

1

1 xrxd(xtaxl — 4
)\12(1,):74_ 1 2;122 )’
L7
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wiws(wias —4)

1
Ao () = = —
2(r) =3 227

We can prove that Vi and V5 are CLFs for Systems S; and S, respectively, and
satisfy the small control property. In fact, V5 satisfies the small control property since
Ag(r) < 0 whenever x # 0 is close enough to 0 and then az(z) < 0 if 1 # 0 or
ca(z) <0 if ag(x) = ba(x) =

Using notations of the Section 3, we have

)\11(1‘), lf T 75 0,

p1(z) =

—00, if =1 =0,

min(Ag1 (z), Aoa()), if xf22 —4>0 or x1 #0 and 2o =0,
wa(z) = ¢ Aa(z), if 222 -4<0and x1 #0 and x5 # 0,

400, if 1 =0,

Yi(2) =0, VxR,

min(Ao1 () — 520 Ao (@) — Y22 0Yif zy £0, 25 20,

2(1+a3(2))’ 2(1+a3(x))’
Y2(") = 4 min(a(e) - ¥ 0), if o1 #0, zp=0,
07 if T = 0.

It is not difficult to verify that Systems S; and Sy satisfy Assumptions 2.1, 3 2
To verify Assumption 3.1, define S = {z € R? | z; =0 and x5 =0, or zizi=4}.

e For x ¢ S, As(z) = 0 and then Assumption 3.1 holds.

b 1
e For x € S, we have A;(x) = {1}, As(x) = {2}, ¥1(x) = 0 and —252(2) =5
Hence, min (1 (z), p21(2)) < 1(z) < —262 (2), that is Assumption 3.1 holds.
az

It remains to verify Assumption 3.4. To this end define Dy = {x € R? | 2 =
0 or, zjr3 < 4 and mz2 # 0} and Dy = {z € R? | 21 # 0 and zo =
0 or, xfx3 >4}. Clearly, R? = Dy U Ds.

e For x € Dy, from definitions of ¢; and 9, we have ¢1(z) < @a(z).

e For z € Dy, we have pi(z) = Aii(x) and @a(x) = min(Aa1(x), Aaa(z)).
Notice that )\11( ) < Aoi(z) for all z € Dg Notice also that since
—\/(1 —i—w% wle —|—4x1x2 +4x1 < — xlxz xlxz ) for all z € Do, it fol-
lows that A11(x) < Aga(z) for all x € Dy. Thus ¢1(z) < gpg( ) for all z € Ds.

In both cases, ¢1(z) < ¢2(z) and thus Assumption 3.4 holds.
Therefore, by Theorem 3.5, the feedback

wi () + wa(x)

u(x) = 5
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is continuous on R? and globally asymptotically stabilizes the Systems S; and S
simultaneously, with w;(x) = min(¢1(z), p2(x)) and we(x) = max(¢e(x), p1(x)).

The behaviors of the closed-loop systems (4.1) and (4.2) under the action of the
simultaneously stabilizing feedback are drawn in Figures 1-2. The evolution of the
stabilizing feedback along the closed-loop systems (4.1) and (4.2) is shown in Figures 3-
4.

x(t)

\
\
\
=

10

Figure 1. The responses of the closed-loop system S1 and (4.3) (initial state z(0) = (3, —3)).

3-
2_
=
-
1-
D T T ‘__'_,__—u—l—'_ i 1
2 ;I..—""" 6 8 10
-~ t
~
-1 -
-~
-
-
-~
_2- //
~
-~
~
37
| x, (1) ——.'(z(F)l

Figure 2. The responses of the closed-loop system Sz and (4.3) (initial state z(0) = (3, —3)).
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—0.1 t

—0.2

—0.3

—0.41

u(t)

—0.5

0.6

=0.7

—0.8

Figure 3. The evolution of the stabilizing control along the solutions of the closed-loop system S; and (4.3)
(initial state z(0) = (3, —3)).

—0.54

u(t)

—1.54

52

Figure 4. The evolution of the stabilizing control along the solutions of the closed-loop system Sz and (4.3)
(initial state z(0) = (3, —3)).
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5. Simultaneous stabilization by discontinuous controller: The magnetic
ball levitation systems

Remark 5.1. In the following, using the sliding mode (SM) technique, we will show
that to achieve the simultaneous stabilization, by a discontinuous feedback, of two lev-
itation systems is reduced to solving a quadratic inequalities of the form (2.4). So, the
method and notations are similar to those in Section 3.

Also, note that since the feedback is discontinuous, we will focus on the negativity
of quadratic inequalities, that is we only use Assumptions 2.1 and 3.4.

Consider two ferromagnetic balls suspended in a voltage-controlled magnetic field.
Only the vertical motion is considered. The goal is to keep each ball in levitation at a
desired position with respect to the ground.

The two levitation systems, »; and ¥y modeling, respectively, the motion of the
ball 1 and ball 2, are described by the following equations (see (Bethoux et al., 2003;
Moulay & Perruquetti, 2005) for more details):

é1:62

. _ (2 2
€2 =g — ( u”.

li+e1+ Tirefi)?

where, for each system %;, i = 1,2, e = (e1,e2) € R%. e; denotes the distance be-
tween x; the vertical position of the ball ¢ with respect to the ground and zi,.f; (a
constant desired position), eq its speed, g = 9.8 the acceleration of gravity, u the coil
current is the control and, k; and [; are some positive parameters depending on the
electromagnet, the mass and the permeability of the free space (Bethoux et al., 2003).

The objective is to find a common control law u which stabilizes each ball ¢ at a desired
position Z,¢;. Toward this end, and in view of the sliding mode (SM) technique, we
first design two appropriate sliding surfaces o1 and o2 on which, respectively, systems
31 and ¥y are asymptotically stable. Second, we deal with the design of a single
feedback law by explicit formulas in such a way that the so-called n—reachability
condition d;0; < —n|o;| is satisfied, with n > 0.

Notice that, for each system X;, ¢ = 1,2, the n—reachability condition guarantees
that all trajectories are directed toward the switching surface o; = 0 in a finite time,
and are maintained on this surface once it has been reached. For more details on this
subject, we refer the reader to (Khalil, 2002; Perruquetti & Barbot, 2002).

Now, let us define the sliding surfaces as: 01 = g9 = Se; + e, where 3 is a positive
scalar.

Note that the choice of the switching surfaces guarantees that e = (e, e2) converges
to 0 as t — oo when we have sliding (i.e., o; = 0), since on this manifold, the motion
is governed by é; = —fe;. Note also that o1 and o9 have the same sign.

Differentiating o1 and o9 with respect to time along the trajectories , respectively,
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of 31 and X9 leads to, for each i = 1,2

k;
(li + e1 + Tirefi)?

G; = Bé1 + 6 = — u? + Bes + g. (5.2)

Take n > 0, from (5.2) we have

k;

) 2
o < — u” + Beg + g+ n. 5.3
and
—0; < i 2u2 — Pea —g+. (5.4)
(lz +e1 + xlrefi)

Now, to construct a control uw that constrain both systems ¥; and Y9 to verify the
n—reachability ¢;0; < —n|o;|, one sees that it is sufficient that the right-hand side of
(5.3) and (5.4), viewed as a polynomials in u, have negative values. For this, consider
two cases for each system ¥;, i = 1,2, according to the sign of o;.

e If o; > 0,7 = 1,2. Consider the right-hand side of (5.3). These polynomials are
of the form a;(e)u? + c;(e) with

k;

aile) = - (l; + e1 + Tireri)

29 Ci(@) :56’2 +g+777

and Ay;(e) = —4a;(e)ci(e), i = 1,2, their discriminants which are always positive
in a neighborhood of the origin.
Since a;(e) < 0, according to second item in Remark 3.5, the control

B Ali(e)
up(€) = inis 2a;(e)

+e, (e>0),
renders both polynomials, i = 1,2, in (5.3) negative, that is 6; < —n and so,
dio; < —nlo;| as desired.

e If 0; < 0,i=1,2. As above, consider polynomials in the right-hand side of (5.4)
which are of the form af(e)u? + ¢(e) with

k;
(li+ e1 + Tipesi)?

aj(e) =

and c(e) = —Bea —g+1n.

These polynomials have negative values if their discriminants Ag;(e) =
—4al(e)c;(e) are positive, that is, —fea < g — 1, which occurs in a neighbor-
hood of the origin if g —n > 0. It then follows that, in this situation, one can
process as in Section 3 to construct u, such that a}(e)u2(e) + ci(e) < 0.

In this case, the two roots of each polynomial a’(e)u? + c}(e), i = 1,2 are

Agi(e)
2da(e)

)

)\11'(6) = — and )\Qi(e) =
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It is easy to verify that ( notations below are those in Section 3)

pri(e) = Aile), wai(e) = Azi(e) and ¢Pii(e) = ¥hoi(e) = 0.

Thus

p1(e) = max(Ar1(e), Ai2(e)), p2(e) = min(A21(e), A22(e)) and ¢1(e) = a(e) = 0.

One sees that ¢1(e) < 0 < @a(e) that is, Assumption 3.4 holds. It is obvious
that Assumption 2.1 holds too since aj(e) > 0. One sees also that

wi(z) = min(¢P1(z), p2(z)) =0 and wa(x) = max(Pa(z), p1(z)) = 0.
Consequently, the control

wi(e) + wa(e)

=0
2

up(e) =

renders both polynomials, i = 1,2, in (5.4) negative, that is —d; < —n which
leads to d;0; < —nlo;|.

Finally, the discontinuous control

0 ifO'i<0

u(e) = Avile) ‘ (5.5)
max ————— +¢ if o; >0,
=12 2a;(e)

guarantees the n-reachability condition and, from the discussion above, simultaneously
stabilizes ¥1 and Xo.

Simulations:
21: l1 = 0.01, kl = 1, Lrefl = 5, ,B = 1, n= 0.01, e = 0.0001.
22: lg = 0.03, kg = 1.5, Tref2 = 4, ﬂ = 1, n= 0.01, e = 0.0001.
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