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Abstract

In this paper simultaneous stabilization of a collection of quadratic input nonlinear sys-
tems is considered. With the help of the technique of control Lyapunov functions (CLFs), nec-
essary and sufficient conditions for the existence of simultaneously stabilizing state feedback
controller are derived. Moreover, we present a constructive method for designing continuous
simultaneously stabilizing controller when the provided sufficient conditions are satisfied. To
verify the obtained results, an illustrative example is presented.
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1 Introduction

The simultaneous stabilization problems arise due to several reasons: system’s uncertainty, failure
modes or systems with various modes of operation. The aim of this problem is to determine a
single controller which simultaneously stabilizes a finite collection of systems. Current applications
of simultaneous stabilization include many real systems, such as Hamiltonian systems [2, 18, 19],
power converters [3], chemical reaction systems [25, 26], and descriptor systems [4] to name a few.
Therefore, the investigation of simultaneous stabilization problems is quite relevant from a prac-
tical point of view, and many important results have been obtained for linear systems: see
8,9, 13, 14, 16, 22] and references therein. For nonlinear deterministic and stochastic systems,
the problem is more involved, and there are fewer results in the literature, see, for examples,
[10, 20, 21, 24] for nonlinear deterministic systems case, and [11, 12] for nonlinear stochastic sys-
tems case. Recently, the problem of simultaneous stabilization has been addressed for nonlinear
systems with delays in [5, 6, 7].

Till now, to our knowledge, no results have been reported about simultaneous stabilization of
quadratic input nonlinear systems. Here, Motivated by the approach in [10, 12], in the context
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of quadratic input nonlinear systems, we study the problem of designing constructively a simul-
taneously asymptotically stabilizing control for these systems. Based on the control Lyapunov
functions approach (CLF), we first give a necessary condition for the existence of simultaneously
asymptotically stabilizing feedback. After that, we present sufficient conditions for the existence
of simultaneously stabilizing feedback. Furthermore, we give an explicit formula for constructing
the simultaneously stabilizing controller. It is shown that, under the small control property (SCP)
assumption, the obtained feedback is continuous everywhere in the state space.

2 Problem formulation and preliminaries

2.1 Problem formulation

Consider a collection of m quadratic input nonlinear systems described as follows:
Si: @ = fi(x) +ugi(z) + u’hi(x), i€ {l,...,m}=1, (2.1)

where x € R" is the state, u € IR is the control, f;(-), g:(-) and h;(+) are continuous functions with
£:(0) = 0.

The objective of this paper is to find a continuous function k() such that the state feedback
controller u = k(z) globally asymptotically stabilizes the collection of systems in (2.1) simultane-
ously, that is, the origin is a globally asymptotically stable equilibrium for the resulting closed-loop
systems

Si i = fi(x) + k(2)gi(z) + k(2)*hi(x), i€ 1 (2.2)

2.2 Preliminaries

We first give some notations and basic definitions concerning control Lyapunov functions, then
we recall some results on the stabilization of quadratic input nonlinear systems.

A function V : R" — R is said to be positive definite if V(z) > 0and V(z) =0<= 2 =0. V
is said to be proper if for any p > 0, the set {x € R" : V() < p} is a compact set of R".

For each i = 1,2...,m, let V; be a C! positive definite and proper function defined on IR™. Its
derivative, denoted by V;, along the trajectories of system S; can be written as

Vi(z) = a;(2)u? + bi(z)u + ¢;(z), (2.3)

with, a; = (h;, VV;), bi = (g, VVi), ¢; = (£, VV)).
In the sequel, we will denote by A;(x),i € I, the discriminant of the right-hand side of (2.3),
viewed as a polynomial in u, at every x € R", i.e., A;(z) = b?(x) — 4a;(x)c;(x). Moreover, when
Ai(z) > 0, we denote by Aj;(x) and Ay;(x) the two roots of the equation a;(z)A\2+b;(z)A\+c;(z) =0
given by
—bi(z) — \/Ai(x)

2a;(x) ’

2a;(x)

>\1@<$> =

We start by recalling the following definitions from[1, 17, 23].

2
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Definition 2.1. ([1, 17, 23]) Fori € I. A C* positive definite and proper function V;, defined on
IR" is a control Lyapunov function (CLF) for system S; if for any x € R™ \ {0}

z}g}%VZ(w) l%g]lf%(ozl(x)u + b;(z)u + cl(x)> < 0.
A CLF V; for System S; is said to satisfy the small control property (SCP), if for each € > 0
there is 6 > 0 such that , if x # 0 satisfies ||z|| < &, then there is some u with |[ul| < € such that
Vi(x) = ai(z)u® + b;(z)u + ¢;(z) < 0.

As far as possible, our objective is to explicitly design a common state feedback law wu, which
is continuous on R™\ {0}, and is such that the resulting closed-loop systems (2.2) are globally
asymptotically stable. To be more precise, if V; is a known collection of CLFs for the systems S;,
1 € I, we shall construct a feedback law u such that for each ¢ € I, V; is a Lyapunov function for
the closed-loop system & = fi(x) + u(x)g;(z) + v?(z)h;(z). This means to construct a continuous

feedback such that, for x £ 0,7 € I,
Vi(z) = as(x)u?(z) 4 bs(x)u(z) + ci(z) < 0. (2.4)

Remark 2.1. 1. Since V; is a CLF for system S;, © € I, it is easy to see that for x # 0, if
a;(z) > 0, then A;(x) > 0.

I1. Inequality (2.4) shows that in the setting of simultaneous quadratic input nonlinear systems, a
continuous feedback u simultaneously stabilizes the collection of systems in (2.1) has to verify for
each i € I,

1ou(@) € (@), M) |, if ai(w) >0,
2. u(z) < —ci(x)/bi(x), if ai(x) =0 and bi(z) >0,
3. u(z) > —ci(x) /bs(z), if aix) =0 and bi(z) <0,
4o u(r) ¢ i), Mi(@)], if ai(x) <0 and Ay(x) > 0.
In what follows, we recall some results (from [15]) that will be used in this paper.

Lemma 2.1. (/15]) Assume that V; is a CLF for system S;, i € I. Then the following assertions
hold:

(1) the inequality A;(z) < 0 implies a;(x) < 0;

(2) Ai(z) =0, a;(z) # 0 implies a;(z) < 0;

(3) Ai(z) =0, a;(x) = 0 implies bj(x) =0 and ¢;(x) < 0.

Lemma 2.2. ([15]) Assume that V; is a CLF for System S;, i € I. Then for any xo € R"™\ {0}
such that a;(xo) = 0, one has:

. Ci\x . .
Aim () = _5'2353’ and  lim Aoi(x) = 400 if bi(xp) <O. (2.5)
ai(z)>0 ! ai(z)>0
. Ci(ﬂco) . .
?l(g)%o Ai(x) = ERE and ’?1(1*%0 Aoi(z) = —o0 if bi(xg) < 0. (2.6)
Am Ai(z) = —00, and Am Aogi(x) = 400 if bi(xg) = 0. (2.7)
a;(x)>0 a;(x)>0
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Am Ai(x) = —00, and Am Xoi(z) = —o0 if bi(xg) = 0. (2.8)
a;i(x)<0 a;(z)<0
bi(x)<0 bi(z)<0
IILIQO )\11(1') = +00, and leIQO )\21(1') = +00 Zf bl(Io) =0. (29)
a;(x)<0 a;(z)<0
bi(x)>0 bi(x)>0
lim Aj;(z) = —o00, and lim Ay(z) = —Ci(xo) if bi(xg) > 0. (2.10)
T T bl(l'())
a;(z)>0 a;(z)>0
lim Apy(x) =400, and lim Ag(x) = _&i{zo) if bi(xo) >0 (2.11)
e~ ’ sz O bi(zo) e ' '

a;(z)<0 a;(z)<0
Theorem 2.1. (/15]) For i € I, assume V; is a CLF for System S;, and satisfies the following
assumption:
Assumption 2.1. For every x € R™\ {0}, (a,-(x) <0 and Ayx) > 0) = b;(x) # 0.
Then, the feedback
vi(x), if Aix) >0,

ki(x) = { (2.12)

where
min ()\21($) — QOT?(CD))’ 0) Zf CZ,L(.T) # 0 and bl(l') > O,

max | A\;(z) + &) 0) if ai(x)#0 and bi(x) <0,

(
vi(r) =< ( el bi(:c)’()) if ai(z)=0 and b(z) >0,
(

— ) bi(z),O) if ai(x) =0 and b;(z) <O,

0 if a;(x)>0 and bi(z) =0,

is continuous on R™ \ {0} and globally asymptotically stabilizes the system S;. In addition, if V;
satisfies the small control property (SCP), then k; is continuous all over R".

Hereafter we give a result that shows how to verify the small control property (SCP).

Lemma 2.3. Fori € I, assume V; is a CLF for System S;. Then V; satisfy the SCP if and only
if for all e > 0, there exists § > 0 such that for all x € B(0,6) \ {0} and A;(z) > 0, we have

Ai(x) <e and —e < Ay(2) if a;(x) >0,
Aoi(x) < Aii(w) <€ if ai(x) <0 and bi(x) <0,
—& < Agi(m) < Aqy(x) if a;(x) <0 and b;i(x) >0,
—Xoi(x) = Api(x) < ¢ if ai(x) <0 and bi(x) =0,
_Z:g; < if a;(x)=0 and bi(x) <0,
—e< 218 if ai(x)=0 and bj(x)>0



Simultaneous stabilization of quadratic input nonlinear systems

Proof. The proof is an immediate consequence of the definition of the SCP and the study of
the sign of the polynomial in u: a;(z)u® + b;(x)u + ¢;(z), according to the sign of a;(x), x in a
neighborhood of the origin.

Note that for the second assertion, we take into account the fact that Ag;(x) < 0 and |Ay;(z)| <
| Agi(x)] if a;(z) < 0 and b;(x) < 0. Similarly, for the third one, we use the fact that Aj;(z) > 0
and |Ag;(x)] < Ay;(2) if a;(z) < 0 and b;(z) > 0. O

Remark 2.2. Notice that if V;, i € I, is a CLF satisfying Assumption 2.1, then the set {z €
R" | a;(x) <0, Ai(z) >0, bj(z) =0} is empty. So, in our case, to verify the SCP, it is sufficient
to find functions d;; : R" — R, j = 1,...,5, continuous in a neighborhood of the origin and
d;;i(0) =0, such that for x # 0 close enough to 0 and A;(z) > 0, one has:

J

>0
<0 and b(z) <0,
<0

ds; () and b;(x) >0,
_Zg; < dy() if ai(x) =0 and b;j(z) <0,
dsi(x) < _ale) if ai(z) =0 and b;j(x) > 0.

3 Main results: Design method of simultaneously stabi-
lizing controller

As a first step towards the construction of a simultaneously stabilizing feedback law for the collec-
tion of quadratic systems (2.1), and for easily presenting the main results, we define the following
sets ans functions: For each i € I, suppose that V; is a CLF for System S; and let for each z € R"
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Is(x)={ieI|ax)=0,b(x) >0}

)\11(.1') if 1€ [1 U [2,

—00 otherwise,

)\QZ(I‘) if 1€ Il U ]3,

@21(‘%) = _bl(z) lf 7 € [5,

400 otherwise,

ki(z) i bi(z) <0,
l/fu(l") =

0 otherwise,

ki(xz) if bi(z) >0,
Pai(T) =

0 otherwise.

901(23) = ITilGaIX 9012‘(95)7 902@) = 1{161}1 902z(56)7

() = max (),  Yo(z) = minhy(z).

i€l iel

Finally, define

wi(z) = min(y (), pa(z)) and wq(z) = max(Pa(z), 1(7)).

Remark 3.1. Thanks to definitions of 11; and 1y, it is easy to see that y;(x) > 0 and g (x) <0
for all x € R™ and for alli € I. Thus, ¥1(z) >0 and e(z) <0, Vre R"™

In preparation for the construction of a continuous simultaneously stabilizing control u, we need
the following lemma.

Lemma 3.1. Consider the collection of systems in (2.1). Suppose that there is a CLFV;, satisfying
Assumption 2.1, for every S;, i € I. Then the functions ¢y and 1o are continuous on R™ \ {0}.
Moreover, if the functions V;, i € I, satisfy the SCP, then ¢y and 1y are continuous on R".

Proof. By Assumption 2.1 and the definition of k; (2.12), ¢ € I, we have k;(x) = 0 whenever
b;(x) = 0. From this and the continuity of k;, it then follows that v1; and o, ¢ € I, are
continuous on IR" \ {0}, then so are ¢ and 1. If in addition, the functions V;, i € I, satisfy
the SCP, then k;, i € I, are continuous on IR". So, as above, 11; and 1;, © € I, are continuous
on IR" since k;(0) = b;(0) = 0, ¢ € I. Consequently, 11 and 1)y are also continuous on IR". This
completes the proof of Lemma 3.1. n
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To easily present the following results, define the sets

Ai(z) = {iel] (a;(x) <0,b;(x) >0,A;(x) >0)
or (a;(x) > 0)or (a;(z)=0,b;(z)>0)},

As(x) = {iel|ar)<0,b(z)>0,A;(z) =0},

Bi(x) = {iel| (a;i(x) <0,bi(x) <0,A:;(x) > 0)
or (a;(x) > 0) or (a;(x) = 0,b;(x) <0)},

Bs(x) = {iel]afz)<0,bi(x)<0,Ax) =0}
Clearly, I = Ay(2) U Ay(2) U As(z) = B(z) U By(z) U Bs(x).
For convenience, define
Asi(w) = {i € As(w) | ¥ > 0,3y € B(z,n) \ {z} such that, A,(y) > 0},
and Asy(z) = As(z) \ Az ().

We can, similarly, define Bs;(x) and Bsa(x).

For guaranteeing the continuity of the simultaneous feedback laws (which will be derived later)
for the collection of quadratic input nonlinear systems in (2.1), here we assume

Assumption 3.1. If As(z) # 0,

b;()
‘ ' | < by '
min (1/11 (), igﬂig) 902Z(x)) = jelgg(lx) 2a;(z)

Assumption 3.2. If Bs(z) # 0,
bj T

max —

JjEB3(x) 2aj(x)

p1(@)).

<

< max (¢a(x), Dnax
Lemma 3.2. Consider the collection of systems in (2.1). Suppose that there is a CLFV;, satisfying
Assumption 2.1 for every S;, © € I and Assumptions 3.1, 3.2 hold, Then the functions w; and
wy are continuous on R™\ {0}. If in addition the functions V;, i € I, satisfy the small control
property, then wy and wo are continuous on R".

Proof. To establish the continuity of w; at zp € R™ \ {0}, we will verify that the functions s,
i € Ai(zo) , are continuous on a neighborhood of z( and:

o If A3 (xg) = 0, then wi(z) = min(¢y(x), Ijli(n )gpgi(x)) on a neighborhood of xy. The
1€A1(x0
conclusion follows since 11 and @, i € Aj(xg), are continuous on a neighborhood of z.

o If A3 (o) # 0, then wy(x) = kegﬂil(l )w’f(x), with w¥, k € Az (xq) are continuous functions
31(Zo

on a neighborhood of x.
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To do this, we first study the behavior of the functions ¢;, ¢ € I, in a neighborhood of zy accord-
ing to the sign of a;(x), i € I.

Case 1: If a;(x¢) > 0, by continuity of the function a;, a;(z) > 0 in a neighborhood V,, of x.
Then pq;(x) = Ag;(x) on V,,, SO p9; is continuous at g since \y; is continuous on V,,.

Case 2: If a;(zg) = 0 and b;(zg) > 0, then A;(z) > 0. By continuity, b;(z) > 0 and A;(z) > 0 in
a neighborhood V,, of xy, together with (2.10), (2.11) and definition of ¢;, we can easily verify
that y; is continuous at xg.

Case 3: If a;(x9) = 0 and b;(x9) = 0. Let 27 be a sequence of states that converges to zy and let
us review the different possibilities according to the definition of ;.

e If the sequence 27 satisfies a;(x7) > 0, it then follows from (2.7) and definition of ¢y;

xd =z xd =z

o If the sequence 27 satisfies a;(z7) < 0, b;(z7) > 0 and A;(z7) > 0, (2.9) yields

lim g;(27) = +oo.
xl —x0

e If the sequence x7 satisfies a;(z7) = 0 and b;(z7) > 0, recall that since V; is a CLF of System
S;, we have ¢;(g) < 0, hence by continuity, ¢;(z7) < 0 whenever 27 is close enough to xg. So

. , . ci(z?)
1 (7)) =1 — .
Jm (@) = lim =gt

= +00.

e If the sequence z7 does not satisfy any of the above situations, then we have q;(z) = +o0.
Therefore, in all cases, i.e., if a;(xg) = 0 and b;(x¢) = 0, the following holds
VL >0, 3. >0 such that oy(z) > L, Vz € B(xg,\}).
Case 4: If a;(x9) = 0 and b;(z¢) < 0, by continuity, b;(x) < 0 in a neighborhood V,, of x¢, so,
2;(z) = 400 on V.

Case 5: If a;(x) < 0, b;(z9) > 0 and A;(xy) > 0, this case is similar to the Case 1.

Case 6: If a;(zg) < 0, bj(zg) > 0 and A;(xg) = 0, that is i € Az(xg). If i € Aza(xp), then there
exists §; > 0 such that A;(z) < 0 for all z € B(xg, ;) \ {zo}. So, 2;(x) = +00 on B(xg, ;) \ {zo}-
If i € As1(xp), then for x close enough to xy we have, @o;(z) = +oo if A;(z) < 0 and pg;(x) = Ag;(x)

Case 7: If a;(zo) <0, b;(z9) > 0 and A;(z) < 0, by continuity, A;(z) < 0 in a neighborhood V,,
of g, 80, Yo;(x) = +00 on V,,.

Case 8: If a;(zy) < 0, b;(xg) = 0, this case is similar to Case 7 since from Assumption 2.1, we
have Az<l’0) < 0.

Case 9: If a;(xg) < 0, b;(z) < 0, this case is similar to Case 4.
Summarizing the above, we have:
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e For i € Ai(xg), the discussions of Cases 1, 2, 5 indicate that there exists e/ > 0 such that,

the function ¢y; is continuous on B(zg,e}). Take e; = rfr‘li(n )53, it follows that the functions
1€A1 (z0

9, @ € Ai(xg), are continuous on B(zg,e1).
e For i € Ay(xy), Cases 3, 4, 7, 8, 9 imply that the following holds
VL >0, 3N, >0, s. t. pg(z) > L, Yo € Bz, \L).

Choosing A\ = min A%, it follows that

i€Aa(z0)

VL >0, 3\, > 0, such that po;(x) > L, Yo € B(xg, A1), Vi € As(zo). (3.1)

e For i € Ass(zg), Case 6 indicates that there exists ; > 0 such that ¢o;(z) = +oo on
B(z0,9;) \ {zo}. Take 6 = min )5i, it follows that

iGAgz(a:
(,Dgz(l‘) = +OO, Vo € B(x0,5) \ {Io}, Vi € AgQ(ZEo).

From this and Assumption 3.1, we obtain, by taking y = min(ey, d), for all z € B(x, )

min <w1(:1:), min @9 (x), min o(x)) = min(y(z), min @y(x)). (3.2)

i€A1 (mo) i€A32 (1’0) iGAl(:E())

Let € > 0 and take L = |¢1(x¢)| +¢. The continuity of the function ¢; and inequality (3.1) ensure
the existence of A7 > 0 such that for all x € B(xg, A3)

'Lbl(.f) < |1/11<$0)| +e=L< QOQi(l’), Vi € Ag(]?o). (33)

In terms of (3.2) and (3.3), choosing 7 = min(u, A3 ), we have for all = € B(z,7)

min <¢1($)7 min (), min (), min 902i(9€)>:min (%01(5”)7 min @Qi(x))- (3.4)

iEAl(CEo) ’iGAQ(xo) iEAgQ(:Eo) i€A1(I0)

Now, if Az1(xg) = 0. From (3.4), we get

wi(z) = min (¢1(x), min @a(x)), Yz € Blzo,n).

i€ A1 (z0)

Thus, w; is continuous at xq since ¥y and y;, @ € Aj(xg), are continuous on B(z,n).

If As1(xg) # (0. For each i € Asi(xg), we have a;(x) < 0 and b;(x¢) > 0. For reasons of continuity,
a;i(z) < 0 and b;(x) > 0 in a neighborhood W! of zy. Recall that ¢,;, i € Ai(x), are continuous
on B(xg,e1) and let

on = ﬂ W;OHB(LCo,El).

i€A3(xo)
Now, let k € As1(zo) and for convenience, define the function w’f on W,, by:

wf(z) = min (?/Jl(x)?iegli& )9022‘(13)7 902k(37)), T € Wy,

Note that o (zg) = —2%0) 5o Assumption 3.1 yields

2ay (o)

wi (o) = min (¢ (zo), z'eglli(%o) ©2i(T0))-
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Let 27 € W,, and 3/ € W,, be two sequences of states that converges to xq satisfying Ag(z7) > 0
and A(y?) < 0. By definition of (o, we have

bk($0)

li N = lim log(z?) = — = . 3.5
wjlilio 902]6(1' ) mjgr:lpo Qk(x ) 26Lk($0) QDQIC("EO) ( )

and
par(y’) = +oo. (3.6)

On the one hand, Assumption 3.1, equality (3.5) and the continuity of the functions ¢, and ¢y;,
i € Ai(zg), on W, along with the definition of w}, we have

lim w¥(2?) = min <¢1(x0), “min @y(xo), —ZIZ“(ECQ?O)))

I —xq i€ A1 (z0) k (3 7)
o : ok :
= min (@bl(xo), ~min wgi(xo)> = w(xg).

1€A (z0)

On the other hand, equality (3.6) yields wf(y’) = min (wl(yj )y I}lli(n )wgi(yj )), which implies
1€A1(Zo

lim w?(y’) = min (¢1(x0), min gogi(xo)) = wh(z0). (3.8)

y]—>$0 iEAl(xo)

In terms of (3.7) and (3.8), the functions wf, k € Asz;(zg), are continuous at z.

Finally, using (3.4) and choosing W, = W,, N B(xo,n), along with the definitions of w; and wf,
k € Asi(xg), we obtain

wy(r) = min ), min i(r), min x
1) (v1(@), min @), min  ou(r))
= min wi(z), Yz eW,.

k€A31 (CE())

Thus, wl is continuous at z, since the functions w¥, k € As; (), are continuous at .

Now, we establish the continuity of w; at the origin in the case of the small control property of
Vi,i€el.

Far each i € I, take € > 0, due to the small control property, there exists a; > 0 such that, for
each x # 0 and ||z|| < ay, there exists v €] — ¢, ¢] that satisfies the inequality

Vi(z) = ai(2)v? + bi(z)v + ci(z) < 0. (3.9)
With this inequality in mind, we review the different items in the definition of ;.

o If a;(z) > 0, then (3.9) leads to v €] — Ai;(2), Ao;(z)[, that is, —e < v < Ag;(z) = o ().

e If a;(z) = 0 and b;(x) > 0, then (3.9) leads to —¢ < v < —Zgg = o ().

o If a;(z) <0, bj(x) > 0 and A;(x) > 0, then (3.9) leads to v < Agi(z) < Agi(x) or Agi(z) <
A1;(z) < v. But in this case, we have A\y;(z) > 0 and |Ag;(x)] < Ay;(z). So, we always have
—e < —|U| < )\21(.%) = QOQZ(.%')

e Otherwise, @q;(x) = +00.

10
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From the above discussion, we deduce that
Ve >0, do; >0 such that, —e < y(z), Ve B(0,q;).

Take a = miIn o, it follows
1€

Ve >0, Ja>0s. t., —e < @y(x), Ve € B(0,q). (3.10)
Continuity of ¢, at the origin leads to
Ve >0, 30>0s. t., —e <i(x) <e, Vo€ B(0,5). (3.11)
Take v = min(a, f), it follows from (3.10) and (3.11)
Ve >0, 3y >0 such that, — e < wy(z) = min(Y(x), p2(x)) < e, Vo e B(0,7).

That is, wy is continuous at the origin and so on IR".

Using Assumptions 2.1, 3.2 and Lemma 2.2, the continuity of ws can be treated similarly and is
omitted here. The proof of Lemma 3.2 is now completed. O

Remark 3.2. Let V;, v € I be a collection of CLF's for system S;, respectively. It is easy to see
that Assumptions 2.1, 3.1, 3.2 are trivial if a;(x) > 0 for all x € R"™ and ¢ € I. Indeed, in this
case we have Asz(x) = Bs(x) = 0 for allx € R" and, for eachi € I, the set {x € R", | a;(z) < 0}
is empty. So, by Lemma 3.2, if a;(x) > 0 for all x € R™ and i € I, then the functions wy and wy
are continuous on R™ \ {0} and continuous on R™ if the functions V; satisfy the SCP.

The following theorem presents a necessary condition for the existence of simultaneously asymp-
totically stabilizing state feedback for the collection of systems in (2.1).

Theorem 3.1. Consider the collection of systems in (2.1). If there exists a feedback k : R" — R
such that for eachi € I, the closed-loop system & = fi(x)+k(z)g;(x)+k*(x)h;(x) is globally asymp-
totically stable, then there exists a collection of CLFs V; for Systems S;, respectively, satisfying
for all x € R™ such that I (x) U Iy(z) # 0 and I;(z) U I5(x) # 0

iehl(lgiﬁ(x) Prilx) < iell%?)l&(x) ail). (3.12)
Proof. Suppose that there exists a feedback k such that the closed-loop systems & = f;(z) +
k(z)gi(x) + k*(x)hi(z) , i € I, are globally asymptotically stable, then by converse Lyapunov
theorem, there exist a collection of smooth, positive definite and radially unbounded functions V;,
i € I, such that for each i € I, Vi(z) = a;(x)k?(x) + bj(2)k(x) + c;i(z) < 0, for all 2 # 0. It then
follows that for each x € R™\ {0},
/\11(1’) < k’(lL‘) < /\QZ(ZE) if CLZ<JZ) > 0,
k(z) > =49 if g,(z) = 0 and b;(z) < 0,

bi(x)
k(x) < —zgzg if a;(x) = 0 and b;(x) > 0.
That is, v1;(x) < k(x) if i € I1(z) U I4(z) and, k(z) < @o(x) if i € I(z) U I5(x), which is

<
equivalent, for all z € R" such that I;(z) U I4(z) # 0 and I,(z) U I5(x) # 0, to

i(r) < k(z) < i i(), 3.13
iEhr(Iﬂ}ﬁJ}i(x) w1 (I’) (ZL') iellg“l)gl[s(x) vz (ZL‘) ( )
and this completes the proof of Theorem 3.1. m
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The necessary condition 3.12 shows that a simultaneously stabilizing feedback u for the collection
of systems in (2.1) verify items 1, 2 and 3 in Remark 2.1. The feedback u has also to verify item
4 in Remark 2.1, that is u(z) < Agi(z) < Api(x) or Ay;(z) < Api(z) < u(x) for each i € I such that
a;(x) <0 and A;(z) > 0.

But the following situation may occur: There exists an open set ¥V C IR™ and i € I such that:

(1) a;(z) <0, b(z) > 0 and A;(x) > 0, for every z € V;
(2) there exists xy € OV (the border of V) such that a;(x¢) = 0 and b;(zg) > 0.

Let x; € V, if we choose A\y;(x1) < Ai(w1) < u(wy), for reasons of continuity we have \y;(x) <
Ai(z) < u(zx) for all x € V. From this and using (2.11) we get,

Am u(z) > lim Ay(x) = 400

€V ey
which contradict the fact that u is continuous at zy. To eliminate this situation, we have to choose
u(z) < Agi(x) < Aji(x) if a;(x) <0, bi(x) > 0 and A;(x) > 0. Similarly, by using (2.6), we have to
choose Ag; () < Aj;(x) < u(x) if a;(x) < 0, bj(x) < 0 and A;(x) > 0. That is, for each z € R"\ {0}

Ai(z) <u(x), Vi€ I(x) and u(z) < Ay(z), Vi € I3(x). (3.14)
(3.14) and definitions of py; and @y; lead to, for each z € R"
max_ () < u(x) < min g (x). (3.15)
i€ls(z) i€l3(x)

The discussion above and Theorem 3.1 (condition (3.12)) show that in order to construct a con-
tinuous feedback u that simultaneously stabilizes the collection of systems in (2.1), the feedback
u should verify (3.13) and (3.15), which means for all x € R"

ma; J(x) <ulr) < min py(x), 3.16

s oulr) < ul@) < min px(o) (3.16)

with, In(z) = Li(2) U Ir(z) U I4(z), Ip(z) = ©Li(z) U I3(2) U I5(z).

Therefore, to guarantee that the feedback that will be constructed below verify (3.16), we assume
ma J() < min @o(x), Vo € R". 3.17
s eule) < min oala) (.17)

Remark 3.3. Note that for each x € R", since ¢1;(x) = —oo for all i € I\ In(x) and pq(z) =

+oo for all i € I\ I,(x), then inequality (3.17) is equivalent to the following assumption.

Assumption 3.3. For every x € R", p1(z) < @a(x).

Remark 3.4. If the collection of CLFs in Theorem 3.1 verify a;(x) > 0 for allx € R™ andi € I,
then Ir(x) = I3(x) =0 for all x € R". So, inequalities (3.12) and (3.17) are equivalent. That is,
by Theorem 3.1 and Remark 3.3, Assumption 3.3 becomes necessary in this case.

Now, we can state our main result that gives the simultaneous stabilizing feedback law.

Theorem 3.2. Consider the collection of systems in (2.1). If there exists a collection of CLFs
Vi, i =1, ...,m, satisfying Assumption 2.1, such that Assumptions 3.1, 3.2 and 3.3 hold, then the
feedback

k) = 20 ; we(7) (3.18)
is continuous on R™ \ {0} and globally asymptotically stabilizes the collection of systems in (2.1)
simultaneously. Moreover, the feedback k is continuous on R"™ if the functions V;, i = 1,2,...,m,

satisfy the small control property.

12
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Proof. According to Lemmas 3.1 and 3.2, the continuity of k is immediate.
For the asymptotic stability, we only have to verify that for each i € I

Vi(z) = ai(z)k?(x) + bi(2)k(z) + ¢;i(z) <0, Vo e R™\ {0},
according to the sign of A;(z).

Case 1. If A;(z) < 0, then a;(z) < 0 according to Lemma 2.1. Thus, the sign of Vi(z) regarded
as a quadratic polynomial in & is that of a;(x). So, we have V;(x) < 0 in this case.

Case 2. If Aj(z) = 0, from Lemma 2.1, we know that a;(z) = b;(x) = 0 and ¢;(x) < 0 or
a;(z) < 0.

i. If a;(x) = by(z) = 0 and ¢;(z) < 0, then Vi(z) = ¢;(z) < 0.
ii. If a;(x) <0, from Assumption 2.1 we have b;(z) # 0.

— If b;(x) > 0. On the one hand, From the definitions of wy, p2 and ¢9;, we obtain

w1 (o) = min(u (o), a(o)) < (o) < (o) = Aale) = Ak (319
On the other hand, definitions of 19, 19; and k; give, ¥a(x) < ¥g;(z) = ki(x) < pou(z) =
Aoi(7) = _Qb;-(fx))' From Assumption 3.3, we get ¢1(x) < pa(x) < —2;‘5;). Hence,
ws(z) = max (v (@), o1 (2)) < Agi(z) = —2”;52). (3.20)
(3.19) and (3.20) lead to
~wi(x) + wa(z) B D)

Thus, V;(z) < 0 since a;(x) < 0.

— If b;(x) < 0, then py;(x) = Ai(x) < ki(x) = ¥(z) < i(x). Assumption 3.3 yields
i) = @1i(z) < @1(x) < pa(z). So

Ai(®) = () < 1) < max(ya(x), p1(7)) = wa(w),

and
Ati(w) < min(¢(x), pa(x)) = wi ().
That is,
Das() = Aps(z) < 1) ; W) _ .

Thus, V;(z) < 0 since a;(x) < 0.

Case 3. If A;(x) > 0. In this case, we consider the three following cases according to the sign of

13
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i. If b;(z) < 0, we consider again three cases according to the sign of a;(x).

— If a;(x) > 0. On the one hand, since k; stabilizes System S;, we have A\y;(x) < k;(z) =
Uii(z) < hi(x). By Assumption 3.3, we get Ay(z) = pu(x) < ¢i(x) < p2(x). So
Ai(x) < mm( 1(z), pa(x)) = wq(z). Together with the fact that wy(z) < () <
©2:(x) = Agi(x), it then follows that

Ai(x) < wy(z) < Agi(). (3.21)

On the other hand, note that in this case 0 < Ag;(x), hence q(z
Aoi(x). As above, by Assumption 3.3, we get p1(z) < pao(z) < @o(z
ws(z) = max(Ya(x), p1(x)) < Agi(z), and since A\y;(x) = @p(x) <
then follows that

(3.21) and (3.22) give

() < @) ; W) _ () < Aos(),

Thus, V;(z) < 0 since a;(x) > 0.

— If a;(x) = 0. Then —cl(x < k;( ) Y1i(z) < tp(x). Assumption 3.3, yields _%
01:() < @1(x) < a(x). So — ) < wi(z) and — clgxg < wy(z) since 1 () < wy(x). 1
then follows that

cl(:c) wy(z) + wa(w)
bl(x) 5 = k(x).
Thus, V;(x) = by(x)k(z) + ¢;(z) < 0 since b;(z) <
— If a;(z) < 0. As above, A\j;(z) < ki(z) = ¢¥(x) < ¢1(x). Assumption 3.3 yields
g\u(fﬂ) = () < @1(z) < ga(z). Hence Ayi(x) < wi(z) and Ayi(z) < @1(z) < ws(x).
Nos() < Apg() < LB E W) oy

That is, V;(z) < 0 since a;(x) < 0.
ii. If b;(x) > 0, this case can be treated similarly to the previous one.

iii. If b;(z) = 0, by Assumption 2.1 and since A;(x) > 0, we have a;(z) > 0, so, this case is
similar to the case a;(x) > 0 in Case 3, item i.

Thus, the proof of Theorem 3.2 is completed. O]

Remark 3.5. If the collection of CLFs in Theorem 3.2 verify a;(x) > 0 for allx € R" and i € I,
then, by Remark 3.2, the feedback (3.18) simultaneously stabilizes all the systems in (2.1) if only
Assumption 3.3 holds.

14
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4 Illustrative example

In this section, we present an example to illustrate the effectiveness of the results obtained in this
paper to design a simultaneously stabilizing feedback for some nonlinear quadratic systems.
Consider a system with the following two possible modes

Tl T

j}l:—xl—F 1424‘1 12'LL2

S : T (4.1)
Ty = —Tog+ x%xgu,

i = —x + 237 + (4o — doo)u — dayu?

SQ : (42)
i‘g = — X9 —|— 1u.
Let

24 g2 22 + 4a?

The Lie derivatives of V; and V5 along the trajectories of Systems S7 and Ss, respectively, write:
Vi(z) = a1 (2)u® + by (2)u + e1(2),

T(e) = ay )i + by )u + eala),

with ai(z) = 22/(1 + 22), bi(z) = 2223, c1(x) = —22 — 22 + (1/4)2223, ax(x) = —22, by(x) = 22,
and cy(x) = (1/4)(—22 + zjxl) — 22.
By the definitions in Section 2, we have

28xd + 4otad + 4xf

M) = SR ) e )
—atd =2 /(1 + %) (afed + dafad + dad)

Aulr) = ——— - 217 ’
— 202 _ o2 1+ 22) (2823 + 42223 + 4ot

)\21(1_) _ TiTy — Ty i \/( 1)( 142 142 1)

2 222 ’

Y T vy
Ara() = 2 + 212 ’

| el )
Anf(2) = 2 222 ’
1

We can prove that V; and V5 are CLFSs for Systems S; and S5, respectively, and satisfy the small
control property. In fact, V5 satisfies the small control property since Ag(z) < 0 whenever z # 0
is close enough to 0 and then ay(z) < 0 if x1 # 0 or ca(z) < 0 if ag(x) = by(z) = 0.

15
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Using notations of the Section 3, we have
/\11(l‘)7 lf sl 7£ O,
p1(x) =
—0Q, if T = O,
min(Ay (z), Moo (2)), if xiz2 —4>0 or z; #0 and zy =0,
pa(x) = ¢ Aar(x), if i3 —4<0and z; # 0 and o # 0,
400, if 1 =0,

¢1($) = 07 V€ RZ;

. v/ A1 (z) As(z) .
min(Agy () — 2(1T1§(w))’ Ao () — 2(1+a2§(m)),0), if o1 #0, 29 #0,

= . As(z .
¥a(2) min(Agg(z) — 2(1+a§((x))),0), if 1#0, x29=0,

O, if T = 0.

It is not difficult to verify that Systems S; and S, satisfy Assumptions 2.1, 3.2.
To verify Assumption 3.1, define S = {x € R* | 2, =0 and 2, =0, or zjz? =4}.

e For x ¢ S, A3(x) = () and then Assumption 3.1 holds.
bQ(ZE) . 1

e For x € S, we have A;(z) = {1}, As(z) = {2}, ¥1(x) = 0 and — = —. Hence,
2as(x) 2
b
min (¢ (x), p21(x)) < ¥1(z) < —Q(j((xgg), that is Assumption 3.1 holds.
2

It remains to verify Assumption 3.3. To this end define D; = {x € R* | z; =0 or, iz <
4 and x5 #0}and Dy = {r € R* |2, #0 and x5 =0 or, zia2 > 4}. Clearly, R*> = D;UD,.

e For x € Dy, from definitions of ¢, and ¢y, we have ¢ () < @a(x).
e For x € D,y, we have p1(z) = Ai1(z) and po(z) = min(Ae1(z), Aa2(x)). Notice that
AM1(x) < Xo1(z) for all & € Dy. Notice also that since —\/(1 + x3) (2823 + 4adad + 4af) <

—\/x%xg(x%xg —4) for all z € D,, it follows that Ajj(z) < Age(zx) for all x € Dy. Thus
©1(z) < @o(x) for all z € D,.

In both cases, ¢;(z) < @2(z) and thus Assumption 3.3 holds.
Therefore, by Theorem 3.2, the feedback

u() = ) ;“’2(” (4.3)

is continuous on IR? and globally asymptotically stabilizes the Systems S; and Sy simultaneously,
with wy () = min(yy(x), po(z)) and wo(z) = max(Ya(x), p1(x)).

The behaviors of the closed-loop systems (4.1) and (4.2) under the action of the simultaneously
stabilizing feedback are drawn in Figures 1-2. The evolution of the stabilizing feedback along the
closed-loop systems (4.1) and (4.2) is shown in Figures 3-4.
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Figure 1: The responses of the closed-loop system S; and (4.3) (initial state z(0) = (3, —3)).

10

Figure 2: The responses of the closed-loop system Sy and (4.3) (initial state x(0) = (3, —3)).
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—10.1+ t

-0.24

—0.3+

—0.44

u(t)

—0.5+

—0.6

—0.7

—0.84

Figure 3: The evolution of the stabilizing control along the solutions of the closed-loop system S
and (4.3) (initial state z(0) = (3, —3)).

52

Figure 4: The evolution of the stabilizing control along the solutions of the closed-loop system S
and (4.3) (initial state z(0) = (3, —3)).
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