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Abstract: For a class of systems for which identifiability is difficult to be proved in the original
set of coordinates, we show that when there exists a change of variables which decouples some
variables i.e., whose dynamics is independent of the parameters, identifiability can then be
assessed without having to compute derivatives. Moreover, we show that this allows to consider
an observer to reconstruct the state of the system without having to estimate the unknown
parameters. The effectiveness of this approach is illustrated on an intra-host model of malaria

infection.
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1. INTRODUCTION

Identifiability of dynamical models, as described for in-
stance in the textbook Walter and Pronzato (1997), is
of crucial importance in epidemiological models Hadeler
(2011); Lintusaari et al. (2016); Miao et al. (2011); Tuncer
and Le (2018). It has been studied on several virus trans-
mission models (e.g. Canté et al. (2017); Capaldi et al.
(2012); Capistran et al. (2009); Cintrén-Arias et al. (2009);
Eisenberg et al. (2013); Nguyen et al. (2015); Tuncer et al.
(2018)). However, it might be difficult to prove identifiabil-
ity of a model in the original set of coordinates, especially
when the dimension of the system is not small. This is
typically the case of models of the malaria transmission
which is quite complex Gravenor et al. (2002, 1998, 1995).
The aim of the present work is to show the interest of con-
sidering other variables, that possess ”good” properties.

We first study the identifiability problem and then the
state reconstruction. We shall see that these two problems
can be completely decoupled for a class of systems that
we make explicit. Finally, these results are illustrated on
a case study of a model of within-host malaria population
dynamics proposed in Gravenor and Lloyd (1998); Iggidr
et al. (2006); Bichara et al. (2014).

2. THE IDENTIFIABILITY PROBLEM

We consider a system in R™ parameterized by § € © C RP,
with an observation in RY:

{; i }ngsﬂ), z(0) =29 € X (1)

where X C R"™ is a positively invariant set for any 6 € O.
Posit Y = h(X) C RY.

Proposition 1. Assume that the following properties hold.

(1) The map f verifies
V61,0, € ©, Vo € X, (2)
01 # 02 = [f(x,01) # f(z,02).

(2) There exist smooth maps g : X xY — W, g: W x
Y— Xand!l: W xY — R™, where W C R™, such
that
(a) for any solution z(-) of (1) in X, the variable

w(t) = g(x(t),y(t))

verifies
w(t) = Uw(t), y(1)),
(b) for any = € X, one has
w = g, h(2)) <= o = §(w,hz) ()

Then the system (1) is identifiable over © for any initial
condition in X.

t>0 (3)

Proof. Fix zg € X and denote by z4(-) the solution of (1)
for the parameter § € ©. Consider #;, 62 in © that give
the same output function: h(xg, (t)) = h(xg,(t)) = y(¢) for
any t > 0.



Let w(-) be the (unique) solution of the Cauchy problem

w=lw,y(t)), w(0)=g(zg,h(xo)).
Then, one has
w(t) = gz, (t),y(t)) t>0, i=1,2,
and from property (4), one obtains
w(t),y(t)) = we,(t) t>0, i=12,

that is xg, (t) = xg, (t) for any ¢ > 0. Therefore, for any ¢t >
0 one has also @y, (t) = &g, (t) or f(z(t),01) = f(z(t),62)
where x(t) = xg, (t) = xg,(¢). Finally, from condition (2),
we deduce that one has necessarily 6; = 65, which shows
the identifiability of the system.

This result states that when a system is identifiable when
measuring the whole state x (condition (2)), and there
exits a variable w whose dynamics is decoupled in the
sense that it depends on w and y only (condition (3))
such that the map (x,y) — w is invertible with respect
to x (condition (4)), then the system is identifiable when
measuring y only. This result is illustrated on an intra-host
model for malaria infection in Section 4

3. THE STATE RECONSTRUCTION

We study now how to exploit the properties of Proposition
1 to propose an observer to reconstruct the state x.

For convenience, we define the map k: W xY — Y as
k(w,y) :==hog(w,y), (w,y) €W xY.

Proposition 2. Under Assumptions of Proposition 1, let us
assume

(1) The maps ! and k can be extended as smooth maps
on R™ x RY, resp. R™ x RY .

(2) The map § is globally Lipschitz wr.t. w € W,
uniformly w.r.t. y € Y.

Then, for a dynamics of the form

d .
S0 =Ud, k(d,y) —y), @RI (5)
which is an exponential observer of the parameter-free

system
w = l(w,
{y ~ ) ©)

the estimator of x defined as
& =g'(d,y)

(where §' is any extension of § on R™ x Y that is
globally Lipschitz w.r.t. w uniformly w.r.t. y) has an
exponential convergence of the error, whatever is the
unknown parameter 6 € O.

Proof. Let x(-) be a solution of system (1) for a certain
0 € ©. Then, y(t) = h(z(t)), w(t) = g(x(t),y(t)) are
necessarily solutions of system (6) for any ¢ > 0. Therefore
an estimator «w(-) which verifies

[l () —w(t)|| < (A+ Blw(0) —w(0)[)e™", >0

for some positive numbers A, B, « provides the inequality
12(t) — z(@)l] = 113" (@(t), y(t) ﬂé(w(t),y(t))ll

§L|| (t) = w(t)
< (LA+ LBJ@(0) — w(0))e™,

t>0
where L is the Lipschitz rank of ' (let us recall the
existence of a Lipschitz extension of § preserving the same
rank from for instance MacShane (1934)), and thus the
exponential convergence of the estimator Z.

Remark 3. In the expression (5) of the observer, the quan-
tity k(w, y)—y is playing the role of the innovation i.e. g—y.
Typically, one may look for an observer of Luenbeger form

4= W) + G(k(w,y) —y)

dt

where G is a gains matrix to be chosen to ensure an
exponential convergence of the error w—w (but other forms
of observers are possible).

This result shows that the original observation problem on
system (1) with unkwown parameter # can be transformed
into an observation problem of system (6) fully decoupled
from the parameter 6.

In Section 4, we illustrate this construction on an intra-
host model for malaria infection.

4. A CASE STUDY

We consider a generic intra-host model for malaria in
dimension n = m + 2 (with m > 2) with one unknown
parameter, and a single scalar observation variable. The
state vector is = (S, Ir,... ,I, ,M) in R}, where
S is the concentration of uninfected erythrocytes in the
blood, I; are the concentrations of infected erythrocytes
in different age classes, and M is the concentration of free
merozoites. The dynamics is given by the following system

S=A—pusS—pBSM,
1 =BSM — (1 + ) I,

In =1 — (2 + p2) I,

jm = Ym-—1 Im—l - (’Ym +,Ufm) Ima
M:T’lem_,u/MM_BSMv

where the different parameters are

A: recruitment of the healthy red blood cells (RBC).
(: rate of infection of RBC by merozoites.

s natural death rate of healthy cells.

1 natural death rate of i-th stage of infected cells.
~i: transition rate from i-th stage to (i + 1)-th stage
of infected cells.

r : number of merozoites released by the late stage of
infected cells.

war : natural death rate of merozoites.

The first k stages of infected erythrocytes (I,...,Ix)
with k£ € (2,m) correspond to the concentrations of free



circulating parasitized erythrocytes than can be observed
(seen on peripheral blood smears). Typically, the quantity

k
y(t) = h(x(t)) = ZL»(t)

is measured at any time ¢. Among parameters in (7), most
of them (u;, 7, and r) are known or at least widely
accepted by the community, but the infection rate g,
which is playing a crucial role, is unknown and cannot
be estimated by biological considerations. This estimation
problem has already been studied in Bichara et al. (2014)
for the particular case of m = 5. We show here how to
generalize to any m > 2 with the systematic approach we
propose here.

Let us then write the dynamics (7) as @ = f(z, ), which
takes the form

{Qb:f(mi) = Az + (BSM)E + e, ®
y=Cuz

with the matrices A, E, C as follows:

—us 0 0 0
0 —Y1 — M1 0 0
0 T —Yy2—p2 0 0
A= . . . .
0 0 0 TYm—1 —Ym — Hm 0
0 0 0 0 ™Ym — s
1 0
0
E= , €1= y C:[0,1,~~~,1,0,~~~,0]
: ) ———
0 : k times
-1 0

4.1 Identifiability

Due to the dimension of the dynamics, it is not easy to
check the identifiability of he parameter 3. However, on
the domain X = (R4 \ {0})", one has SM # 0, which
implies the property

filz,p1) = fi(z,B2) = b1 = P2, z€X.

For the parameter 8 = 3, condition (2) of Proposition 1 is
thus fulfilled. Note that one has FCE = E. Therefore one
can consider the variable

w=g(z,y) =2 —FEy=(I—-EC)x
whose dynamics is independent of the non-linear term
BSM:
W= l(w,y) = Aw+ AEy + Ae;
where we posit A = A — ECA. Given w and y, the state
z is then given by
v = §lw,y) == w+ Ey.

Conditions (3) and (4) of Proposition 1 are thus also

satisfied, which allows to conclude without any other
calculation, that the parameter [ is identifiable.

4.2 State reconstruction

Conditions (1) and (2) of Proposition 2 are naturally
satisfied, the maps [, g and g being all linear with respect
to their arguments. As suggested in Remark 3, we look for
an observer of w of the system

W= Aw+ AEy + Ae;

y =Cx

in Luenberger form:

W = A+ AEy + Aey + L(y(t) — C(w + Ey(t))

= (A= LC)w+ (L+ (A—LO)E) y(t) + Aey, 9)

where L is a vector in R™ to be chosen, which is completely
decoupled from the unknown parameter 8. The estimator
of z is then given by

Z(t) = w(t) + Ey(t).
The dynamics of the error e(t) = &(t) — x(t) is given by
¢=(A-LC)e
Note that one has CA = 0. Therefore the rank of the
observability matrix of the pair (A,C) is equal to one,

and 0 is an eigenvalue of A. The matrix A has the block
structure

_ 0
A—[—‘»{i;] with U =

0
and
[—n 2 e HE—1 Vi + Lk
Y1 —v2— 2 0 e 0
W = 0 Y2
Ye—2 —Vk—1 — MEk—1
L V-1 Yk — Mk
[ “Yk+1 T MEk+1 |
Ve+1
T = 0
. 0 0 Y1 —Yn — 0
L O o 0 rf}/n *,UJM ]

If one considers a vector L with L; =0 for i # 2, A — LC
has the same block structure than A where the sub-matrix
W is replaced by W — Lo, K with

0 v 0
i BT 1
K=|¢0g...... 0

Then, for Ly > 0, the matrix (W — LoK)T is strictly
diagonally dominant with negative diagonal and thus
Hurwitz. The other eigenvalues of A — LoC are —pug and
those on the diagonal of the triangular matrix 7', which



are all negative. Therefore, for this choice of L, (9) is an
observer for system (8) with exponential convergence, that
does not use the unknown parameter f3.

4.8 Estimation of 8

As we know that the system is identifiable, the param-
eter B can be reconstructed by a least-square method.
Alternatively, one may also consider an additional observer
for its estimation. While the estimation error of the state
reconstruction provided by the observer (9) is small, which
is indicated by the innovation y — ¢ remaining close to
0, one may consider that the state is (almost perfectly)
known, and consider then the following observer for 3

{ S = A — psS(t) = BSM(t) + G1(S(t) — 5(1))
B =Ga(S(t) — 5(t))

where S(t), M(t) are the estimated state variables
given by the observer (9). The estimation error e(t) =

(5050 st

The time varying matrix A(t) converges asymptotically to
|-Gy =S M
Boo = [—GQ 0

where S* > 0, M* > 0 are the steady-state values of (7).
With G; > 0, G2 < 0, A, is Hurwitz guaranteeing the
asymptotic convergence of the error € to 0.

4.4 Numerical illustrations

Simulations have been conducted for n = 5 age classes and
k = 4 first classes, with the values of the parameters given
in Table 1.

B A us My T
10-%  4.1710% 833103 72 16

pi || 0O 18 0 01 0
v || 196 378 285 176 235

Table 1. Parameters values for the simulation

Figure 1 shows a simulation of the observer (9) with
Ly =3.

For the estimation of 3, as the values of S are large and (3 is
small, we have renormalized S by A i.e. we have considered
the observer

: 5 S(t)

sy 2 5o ) S)

s sy A (t) + G ( A s)

to avoid a peaking phenomenon. Figure 2 shows the
estimation of # with G; = 10 and Go = —0.5 in log
variables to better appreciate the small value of f.
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Fig. 1. Simulation of the state reconstruction
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Fig. 2. Simulation of the estimation of the parameter 3

5. CONCLUSION

In this work, the example of an intra-host malaria infec-
tion model illustrates the interest of exploiting conjointly
identifiability and observability to solve the identifiability
problem, as stated in Proposition 1. Moreover, this allows
to reconstruct the state with an observer without having
to estimate the unknown parameter (Proposition 2). The
unknown parameter can then be estimated with an addi-
tional observer based on the state reconstruction.
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