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Continuous R-valuations

a,2 b,1,3
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& Université Paris-Saclay, CNRS, ENS Paris-Saclay, Laboratoire Méthodes Formelles, 91190, Gif-sur-Yvette, France
b School of Mathematics, Hunan University, Changsha, Hunan 401182, China

Abstract

We introduce continuous R-valuations on directed-complete posets (dcpos, for short), as a generalization of continuous valu-
ations in domain theory, by extending values of continuous valuations from reals to so-called Abelian d-rags R.

Like the valuation monad V introduced by Jones and Plotkin, we show that the construction of continuous R-valuations
extends to a strong monad V¥ on the category of depos and Scott-continuous maps. Additionally, and as in recent work by
the two authors and C. Théron, and by the second author, B. Lindenhovius, M. Mislove and V. Zamdzhiev, we show that we
can extract a commutative monad VE out of it, whose elements we call minimal R-valuations.

We also show that continuous R-valuations have close connections to measures when R is taken to be IR" | the interval domain
of the extended nonnegative reals: (1) On every coherent topological space, every non-zero, bounded T-smooth measure
(defined on the Borel o-algebra), canonically determines a continuous IR’ -valuation; and (2) such a continuous IR’ -valuation
is the most precise (in a certain sense) continuous IR} -valuation that approximates p, when the support of p is a compact
Hausdorff subspace of a second-countable stably compact topological space. This in particular applies to Lebesgue measure
on the unit interval. As a result, the Lebesgue measure can be identified as a continuous IR’ -valuation. Additionally, we
show that the latter is minimal.

Keywords: R-valuations; measures; dcpos; commutative monads.

1 Introduction

The probability of an event is most often than not understood as a real number between 0 and 1, and
measures, as well as continuous valuations, take their values in R, the set of non-negative real numbers
extended with +o00. What is there that is so special with real numbers, and can we replace R, by some
elements in some other structure? The question was once asked by Vincent Danos to the first author, and
came back to the authors in an attempt to formulate an alternative to measures and continuous valuations
with values taken as exact reals, in the sense of Real PCF [10,9,8,24] for example. Exact reals are modeled
there as intervals that enclose the true value that is intended, and computation proceeds by refining these
intervals further and further. Indeed, one of the points of this paper is that we can extend continuous
valuations to an interval-valued form of continuous valuations, with an interval-valued integration theory.
In addition, this also leads us to commutative valuations monads with intervals as values on the category
of dcpos and Scott-continuous maps.

We should warn the reader that such an endeavor is probably useless for computation purposes. In the
setting of type 2 theory of effectivity, Weihrauch has shown that, under reasonable assumptions, the map
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that sends a representable measure p on [0, 1] to u[0,1/2) cannot be continuous if the target space [0, 1] is
given the Scott topology of the reverse ordering > [27, Theorem 2.7]. (It is continuous with respect to the
usual ordering <. In passing, type 2 theory of effectivity on the reals does not differ much from ordinary
domain-based notions of computability, as Schulz has shown [25].) This roughly means that if we insist on
representing 1[0, 1/2) as precise intervals, namely as intervals [a, a] with the same left and right bounds,
then the rightmost a will evolve in a discontinuous manner.

Despite this, we will show in Section 7 that quite a lot of measures (in the ordinary sense) have
representations as interval-valued “measures” with precise intervals; see Remark 7.8, in particular. Before
that, we will have to define what we mean by “measure” with values in a domain of intervals. We will
start (after recapitulating some preliminary notions and results in Section 2) by giving a pretty general
possible answer to V. Danos’ question in Section 3: we may safely replace R, by any structure of a kind
that we call an Abelian d-rag, which is a weaker form of Abelian semiring, with a compatible ordering that
turns it into a dcpo. This will allow us to define a notion of continuous R-valuation on a space X, for any
Abelian d-rag R, in Section 4. The obvious definition would be as a function from the open subsets of X
satisfying certain requirements, but those requirements have proved elusive, especially in Abelian d-rags
where the additive zero 0 differs from the bottom element 1, as with the domain of intervals. For example,
would you define the measure of the empty set as 0 or as 1.7 One is needed for algebraic reasoning, so
that adding the measure of the empty set does nothing; the other is needed for approximation purposes,
e.g., in order to define the integral of a function f as the supremum of simpler sums. We sidestep the issue
by defining our continuous R-valuations as being directly the functionals that one would usually obtain
by defining an integral out of a measure. In Section 5, we show that continuous R-valuations, much like
continuous valuations [18,17], can be organized to form a strong monad on the category Dcpo of dcpos
and Scott-continuous maps. Furthermore, as in [14] and [16], one can carve out a commutative monad of
so-called minimal R-valuations from the latter. We start to examine the relationship between measures
and continuous R-valuations when R is either R, or the interval domain IR% in Section 6. That section
is devoted to a few simple facts, and notably to the fact that every continuous IR’ -valuation induces an
ordinary continuous (R.-)valuation, which we call it view from the left. In Section 7, we will see that
every non-zero, bounded 7T-smooth measure p on a coherent topological space gives rise to a continuous
IR? -valuation 4 in a natural way, and that i is precise in the sense alluded to above. In Section 8,
under slightly different assumptions, we study the continuous IR* -valuations that approximate a given,
not necessarily bounded, measure, and we show that there is a most precise one; it so happens that this is
[, once again. In all those cases, there is no reason why g should be minimal. In Section 9, we illustrate
the question with the Lebesgue measure A on [0, 1] and its associated continuous IR -valuation A\. We note
that A is not minimal. However, we will show that replacing A by its image measure under the inclusion
of [0, 1] into a dcpo of intervals IR* does yield a minimal IR -valuation. We conclude in Section 10.

2 Preliminaries

We refer to [3] for basics of measure theory, and to [1,11,12] for basics of domain theory and topology.

Measure theory.

A o-algebra on a set X is a collection of subsets closed under countable unions and complements. A
measurable space X is a set with a o-algebra X x. The elements of ¥ x are usually called the measurable
subsets of X.

A measure puon X is a o-additive map from Y x to R def R, U{+oc}, where Ry is the set of extended
non-negative real numbers . The property of o-additivity means that, for every countable family of pairwise
disjoint sets Ey, u(U,, En) = >_,, #(Ey). (Here n ranges over any subset of N, possibly empty.)

A measurable map f: X — Y between measurable spaces is a map such that f~1(FE) € Xx for every
E € ¥y. The image measure f[u] of a measure p on X is defined by f[u](E) & w(f~YE)).
The o-algebra X(A) generated by a family A of subsets of X is the the smallest o-algebra containing

A. The Borel o-algebra on a topological space is the o-algebra generated by its topology. The standard
topology on R, is generated by the intervals [0, b], |a,b] and |a, +o00, with 0 < a < b < +o0. Its Borel
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o-algebra is also generated by the intervals |a, +00] along (the Scott-open subsets, see below). Hence a

measurable map h: X — R, is a map such that h~1(Jt, +00]) € X for every t € R. Its Lebesgue integral can

be defined elegantly through Choquet’s formula: [ hdp def 0+°O u(h=1(Jt, +oc]))dt, where the right-hand

integral is an ordinary Riemann integral.

This formula makes the following change-of-variables formula an easy observation: for every measurable
map f: X — Y, for every measurable map h: Y — Ry, [, hdf[u] = [ (ho f)dpu.

The monotone convergence theorem states that, given any measure p on a measurable space X, given
any sequence (hy), oy of measurable maps from X to Ry that is pointwise monotonic, their pointwise
supremum h is measurable, and [  hdp = sup,,cy J ¢ hndp. I (hy,),, o is antitonic instead, then a similar
theorem holds provided that [ « hndp < +o0 for some n € N (but not in general): the pointwise infimum
h is measurable, and [ hdp = infpen [y hndp.

A practical way of building measures is Carathéodory’s measure existence theorem, which is the fol-
lowing. A semi-ring R on X is a collection of subsets of X that is closed under finite intersections, and
such that the complement of every element of R can be written as a finite disjoint union of elements of
R. A map pu: R — Ry is called o-additive, extending the definition given above, if and only if for every
countable (possibly empty) collection of pairwise distinct elements E,, of R whose union E is also in R,
w(E) = >, n(Eyn). Then p extends to a measure on some o-algebra containing R. A first use of this
theorem is to establish the existence of Lebesgue measure X on R, defined so that A(Ja,b[) = b—a for every
open bounded interval |a, b|.

A measure p on X is bounded if and only if u(X) < +00. A measure p is o-finite if there is a sequence
EyCE; C--- CE,C-- of measurable subsets of X whose union is X and such that u(E,) < +oo
for every n € N. A w-system Il on a set X is a family of sets closed under finite intersections. If X is a
measurable space such that ¥x = 3(II), any two o-finite measures that agree on II also agree on X x. In
particular, Lebesgue measure on R is uniquely defined by the specification \(]a,b]) = b — a.

Domain theory and topology.

A dcpo is a poset in which every directed family D has a supremum sup D. A prime example is IR*,
the poset of closed intervals [a,b] with a,b € R U {—o00, 400} and a < b, ordered by reverse inclusion.
Every directed family ([a;, b;]);c; has a supremum (,c;[as, bs] = [sup;e; as,inficr b;]. Among them, we find
the total numbers a € RU {—o00, +00}, which are equated with the maximal elements [a,a] in IR*.

Another example is Ry, with the usual ordering. We will also consider IR, the subdcpo of IR*
consisting of its elements of the form [a,b] with a > 0.

We will also write < for the ordering on any poset. In the example of IR*, < is D. The upward closure
1 A of a subset A of a poset X is {y € X | Iz € A,z <y}. The downward closure | A is defined similarly.
A set A is upwards closed if and only if A =1 A, and downwards closed if and only if A = | A. A subset
U of a dcpo X is Scott-open if and only if it is upwards closed and, for every directed family D such that
sup D € U, some element of D is in U already. The Scott-open subsets of a dcpo X form its Scott topology.

The way-below relation < on a poset X is defined by z < y if and only if, for every directed family
D with a supremum z, if y < z, then z is less than or equal to some element of D already. We write T
for {y € X | z < y}, and 4y for {r € X |z < y}. A poset X is continuous if and only if {z is directed
and has = as supremum for every x € X. A basis B of a poset X is a subset of X such that $z N B is
directed and has x as supremum for every x € X. A poset X is continuous if and only if it has a basis
(namely, X itself). A poset is w-continuous if and only if it has a countable basis. Examples include R,
with any countable dense subset (with respect to its standard topology), such as the rational numbers in
R4, or the dyadic numbers k/2" (k,n € N); or IR* and IR, with the basis of intervals [a, b] where a and
b are both dyadic or rational.

We write OX for the lattice of open subsets of a topological space X. This applies to dcpos X as
well, which will always be considered with their Scott topology. The continuous maps f: X — Y between
two dcpos coincide with the Scott-continuous maps, namely the monotonic (order-preserving) maps that
preserve all directed suprema. We write £LX for the space of continuous maps from a topological space X
to Ry, the latter with its Scott topology, as usual. Such maps are usually called lower semicontinuous, or
Isc, in the mathematical literature. Note that £X, with the pointwise ordering, is a dcpo.

3
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There are several ways in which one can model probabilistic choice. The most classical one is through
measures. A popular alternative used in domain theory is given by continuous valuations [18,17]. A

continuous valuation is a Scott-continuous map v: OX — R, such that v(()) = 0 (strictness) and, for all
U,V eOX,v(UUV)+v(UNV) = v(U)+v(V) (modularity). There is a notion of integral [ _ h(x)dv, or
briefly [ hdv, for every h € £LX, which can again be defined by a Choquet formula. The map h € LX —
[ hdv is Scott-continuous and linear. By definition, a linear map G: £LX — R, satisfies G(h + h') =

G(h) + G(W) and G(a.h) = a.G(h) for all a € Ry, h,h' € LX. Conversely, any Scott-continuous linear

def

map G: LX — R, is of the form h + [ hdv for a unique continuous valuation v, given by v(U) = G(xv),

where y is the characteristic map of U (xu(x) L ifg e U, 0 otherwise).
3 Rags, d-rags and continuous d-rags

Definition 3.1 A rag is a tuple (R,0,+,1,x) (or simply R) where (R,0,4) is an Abelian monoid,
(R,1,x) is a monoid, and x distributes over 4+. An Abelian rag is a rag whose multiplication x is
commutative.

A semi-ring, or rig, is a rag which satisfies the extra law 0 x r = r x 0 = 0. R, for example, is an
Abelian rig, where + and x are as usual, modulo the convention that 0 x (+o00) = 0. We will see that
IR% is a rag, but not a rig.

We also need some topological structure.

Definition 3.2 A d-rag is a rag R together with an ordering that makes it a dcpo, in such a way that +
and X are Scott-continuous.

Ry is a d-rag. In order to turn IR* into a d-rag, we define its 0 element as [0,0]; addition by
[a,b] + [c,d] & [a+ ¢, b+ d]; its 1 element as [1,1]; and product by [a,b] X [c,d] & [a ¢ c,b- d]. The
operations -y and -, are product operations (for the feft and right part, respectively), and are defined so
that z -y y and z -, y are equal to the usual product zy unless one of z, y is equal to 0 and the other is
equal to +00. We need two distinct, left and right, product operations in order to ensure Scott-continuity,
as we now explain. We must define 0 -y (+00) (= (+00) -4 0) as 0, since 0 -y (+00) must be equal to
sup,cg, 0-¢7 = 0. Symmetrically, we must define 0+, (+o0) (= (+00) -+ 0) as +o0, because 0 -, (+00) must
be equal to inf,~o7 - (+00) = +00. With those choices, we have the following easily checked fact.

Lemma 3.3 IR is an Abelian d-rag.

4 Continuous R-Valuations

Let R be a fixed Abelian d-rag. One might be tempted to define continuous R-valuations on a space X
as Scott-continuous maps from OX to R satisfying some appropriate forms of strictness and modularity,
but, as we have argued in the introduction, this is fraught with difficulties when the additive unit is not
the least element of R.

Since continuous valuations on X correspond bijectively to linear Scott-continuous maps from £X to
R, , another route is to define continuous R-valuations as certain maps from a variant of £X to R instead
of R;. As we will see, this leads to a streamlined theory.

Given any space X, let £%X be the decpo of all continuous maps from X to R, with the pointwise
ordering. With pointwise addition and multiplication, £#X is also an Abelian d-rag.

Definition 4.1 [Continuous R-valuation] A continuous R-valuation on a space X is a Scott-continuous
map v: LEX — R that is linear in the sense that v(a x h) = a x v(h) (homogeneity) and v(h + h') =
v(h) + v(k') (additivity) for all a € R, h,h' € LEX. We write VEX for the dcpo of all continuous
R-valuations on X, with the pointwise ordering.

Remark 4.2 When R = R, £%X = L£X, so that VX can be equated with the dcpo VX of ordinary
continuous valuations.
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In order to help understand the definition, it is profitable to use the integral notation [ hdv to mean
v(h). Hence Definition 4.1 requires that [(a x h)dv =a x [hdv and [(h+ h')dv = [ hdv + [ h'dv.

Beware that the constant 0 map from £%X to R is not a continuous R-valuation, unless R is a rig:
homogeneity would imply 0 = a x 0, which fails in IR , for example. Also, we do not require v(0) = 0 in
Definition 4.1, where 0 is the constant 0 map. This would be a consequence of homogeneity if R were a
rig.

Addition and multiplication by scalars in R are defined pointwise on VEX. This allows us to make
sense of the following definition.

Definition 4.3 The R-Dirac mass at v € X is the continuous R-valuation d,: h € L%X + h(z) € R.
An elementary R-valuation on X is a continuous R-valuation of the form > | r; X 0, where n > 1,
each 7; is in R, and mapping each h € LEX to Y1 | r; X h(z;).
We write Vf%X for the poset of elementary R-valuations on X, and VE X for the inductive closure of
VEX in VEX. The elements of VE X are called the minimal R-valuations on X.

Our definition of the R-Dirac mass reads [ hdd, = h(z) in integral notation.

Remark 4.4 A simple valuation on X is one of the form > | r;d5,, where n € N, each point z; is in X,
and each coefficient r; is in Ry . While continuous valuations can be equated with continuous R-valuations
with R = R, (Remark 4.2), simple valuations and elementary R-valuations are closely related but different
concepts, even when R = R, . First, 6, is an elementary R, -valuation even when r = +o00, but is a simple
valuation only if » < 400. Second, we require n > 1 in the definition of elementary R-valuations, but n
can be equal to 0 in the definition of a simple valuation. The reason why we require n > 1 is that the
constant 0 map is not a continuous R-valuation in general, as noticed above.

The inductive closure of a subset A of a dcpo Z is the smallest subset of Z that contains A and is
closed under directed suprema. It is obtained by taking all directed suprema of elements of A, all directed
suprema of elements obtained in this fashion, and proceeding this way transfinitely.

A pointed dcpo is one with a least element L.

Proposition 4.5 Let R be an Abelian d-rag with a least element 1 that is absorbing for multiplication,

viz., L x a= 1 for every a € R. For every non-empty space X, the constant map 1:helBX— 1 s
the least element of VEX, and also of VﬁX. Thus, VEX and VﬁX are pointed dcpos.

Proof. Since L is absorbing, L is equal to L x &, for any fixed z € X, hence is in VEX. Tt is clearly
least in VX and in VEX. The last claim is obvious. a

Proposition 4.5 applies to the case R = R, where the bottom element is 0, and 0 x r = r for every
r (including 400). It also applies to the case R = IR, where the bottom element is [0, 4+00], and again
[0, +00] % [a,b] = [0 ¢ a, (4+00) - b] = [0, +00].

Remark 4.6 There is a very similar notion of integration of interval-valued functions, yielding interval
values, due to Edalat [7], which he uses to define interval-valued integrals of measurable functions. The
purpose is to set up a computable framework for Lebesgue measure and integration theory. The two
integrals considered in [7] and in the present paper are similar, but different in a subtle way. There are
small differences, such as the fact that Edalat allows one to integrate functions with values in IR, whereas
we only integrate with values in IR , but the main difference is best illustrated by the following example.
Let A be Lebesgue measure on [0,1], and h,: [0,1] — IR} map every x € [0,1/2"] to [0,00] and every
x €]1/2" /1] to [0,0]. The maps h, form a chain whose supremum is the function h that maps every
element of ]0, 1] to [0,0] and 0 to [0, cc]. Using Edalat’s integral, we have [ h,d\ = [0, o] for every n € N,
but [ hdX = [0,0]. This shows that Edalat’s integral is not a continuous IRY -valuation in general. We
will propose a way to fix this issue in Section 7.
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5 Monads of continuous R-valuations

We fix an Abelian d-rag R. We will see that V® and V£ define strong monads on the category Dcpo
of dcpos and Scott-continuous maps. This is essential in describing probabilistic effects, following Moggi’s
seminal work [22,23]. We use Manes’ presentation of monads [21]: a monad (7,7, ') on a category C is a
function T" mapping objects of C to objects of C, a collection of morphisms nx: X — T X, one for each
object X of C, and called the unit, and for every morphism f: X — TY, a morphism fi: TX — TY
called the extension of f; those are required to satisfy the axioms:

(i) flonx = f;
(i) nk = idrx;
(iii) (970 )T =g o f1.
Then T extends to an endofunctor, acting on morphisms through T'f = (ny o f)T.

Proposition 5.1 The triple (VE,n, ) is a monad on the category of depos and Scott-continuous maps,

where nx: X — VEX maps z to §,, and for every f: X — VEY | fT is defined by f1(v)(k) i) v(\x €
X.f(z)(k)) for every v € VEX, and for every k € LRY .

Proof. Verifying that 7 is Scott-continuous is routine.

Let us look at fT. For every k € LRY | it is easy to see that Az € X.f(x)(k) is Scott-continuous, because
f is Scott-continuous and directed suprema are computed pointwise in VY. Hence v(Az € X.f(x)(k))
makes sense. The map ff(v): k — v(\z € X.f(z)(k)) is also Scott-continuous, since f(z) is Scott-
continuous for every x € X and since v is itself Scott-continuous. It is easy to see that fT(v) is linear,
too, because f(z) is linear for every 2 € X, and because v is linear. Hence fT(v) is an element of VY
for every v € VEX. Finally, f1 itself is Scott-continuous, as one easily checks.

The monad equations 1), 2) and 3) are immediate. O

Fact 5.2 The VT functor acts on morphisms by VE(f)(v)(k) = v(ko f).

In integral notation, this means v/ def VE(f)(v) satisfies [ kdv' = [(ko f)dv. This is a formula that is
typical of the image measure of v by f, where v is a measure. We may think of VZ(f)(v) as the image of
the continuous R-valuation v by f.

We will now show that VX defines a submonad of V®. To this end, we need to know more about
inductive closures. A d-closed subset of a dcpo Z is a subset C such that the supremum of every directed
family of elements of C', taken in Z, is in C. The d-closed subsets form the closed subsets of a topology
called the d-topology [19, Section 5], and the inductive closure of a subset A coincides with its d-closure
clg(A), namely its closure in the d-topology.

We note that every Scott-continuous map is continuous with respect to the underlying d-topologies.
This is easily checked, or see [19, Lemma 5.3]. In particular:

Fact 5.3 For every Scott-continuous map f: VEX — VEY | for every A C VEX, f(clg(A)) C cla(f(A)).

Lemma 5.4 For every space X, VﬁX is closed under addition and multiplication by elements of R, as
computed in the larger space VEX.

Proof. Let us deal with addition. Multiplication is similar.

For every elementary R-valuation u, the map f,: v € VEX — 1+ v is Scott-continuous, and maps

elementary R-valuations to elementary R-valuations. By Fact 5.3 with A def

of clg(A) = VEX to clg(fu(A)) C clg(VEX) = VEX.

It follows that for every minimal R-valuation v, the map g: p € VEX — p+v = f,(v) maps elementary
R-valuations to minimal R-valuations. We observe that g is also Scott-continuous. By Fact 5.3 with the
same A as above, g maps all elements of clg(A) = VEX to clg(g(A)) C clg(VEX) = VEX. Hence, for
every v € VEX  for every p € VEX, yp+visin VEX. a

VﬁX , fu maps all elements
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Lemma 5.5 For any Scott-continuous map f: X — VEY | T is a Scott-continuous map from VEX to
VEY.

Proof. The only challenge is to show that, for every v € VEX | fT(v) is in VEY. Scott-continuity follows
from the fact that fT is Scott-continuous from VEX to VAY,

For every v def S 1 X 6z, in VEX (n > 1), fT(v) is the continuous R-valuation Y7 r; x f(x;):
for every k € LEY, fI(w)(k) = v(dx € X.f(z)(k)) = S0 ri x flz)(k) = 0, mi x f(x:))(k). By
Lemma 5.4, and since f(z;) is in VEY for each 4, fT(v) is in VEY as well.

Hence fT maps VX to VEY. Using Fact 5.3 with A = f VEX, fi(cla(A)) = fI(VEX) is included in
cla(f1(A) Ccly(VEY) = VEY, O

We observe that nx(z) = &, is in VEX C VEX for every depo X, and every z € X, whence the
following.

Proposition 5.6 The triple (VR, 7, ) 1s a monad on the category of depos and Scott-continuous maps.

A tensorial strength for a monad (T, 7, ") is a collection ¢ of morphisms txy: X x TY — T(X x Y),
natural in X and Y, satisfying certain coherence conditions (which we omit, see [23].) We then say that
(T,n, _T,t) is a strong monad. We will satisfy ourselves with the following result. By [23, Proposition 3.4],
in a category with finite products and enough points, if one can find morphisms tx y for all objects X
and Y such that txy o (z,v) = T'((zol,idy)) o v, where I: Y — 1 is the unique morphism from Y to the
terminal object. Then the collection of those morphisms is the unique tensorial strength. The category of
dcpos has finite products, and has enough points, and specializing this to the V£ monad, we obtain the
following.

Lemma 5.7 The maps txy: X x VEY — VE(X xY) defined by txy(z,v) X \h € LAX xY)v(\y e
Y.h(x,y)) define the unique tensorial strength for the monad (VI g, 1).

Proof. The previous observation shows that we must define txy by tx y(z,v) e VE\y € Yi(z,y)(v).
By Fact 5.2, the latter is equal to Ah € LE(X xY).v(hody € Y.(z,y)) = A € LE(X xY).v(\y € Y.h(z,y)).

It is enough to check that txy is Scott-continuous. This follows from the fact that application (of v
to Ay € Y.h(x,y))) is Scott-continuous.

In integral notation, ¢y y (x,v) is the continuous R-valuation v such that [ hdv’ = [ h(z,_)dv for every
heLB(X xY).

For every v € VEY, for every x € X, txy(z,v) is equal to VE(\y € Y.(2,y))(v) = (no Xy €
Y.(z,y))"(v). By Lemma 5.5, this is an element of V(X x Y). It follows:

Proposition 5.8 (VT p, . t) and (VE n, 1 t) are strong monads on Dcpo.

We now show that Vﬁ is a commutative monad. The corresponding result is unknown for VE, even
when R =R,.

Given a tensorial strength ¢, there is a dual tensorial strength #', where ty . : TX x Y — T(X x Y).
Here ty y(1,y) = Ah € LA(X xY).u(Ax € X.h(x,y)). We can then define two morphisms from TX x TY
to T(X x Y), namely ¢/ E(,Y otrxy and ti{,Y ) t’X7Ty. The monad T is commutative when they coincide.
Lemma 5.9 Two morphisms f,g: X — Y in Dcpo that coincide on A C X also coincide on clg(A).
def

Proof. Let B = {z € X | f(z) = g(z)}. Since f and g preserve directed suprema, B is d-closed. By
assumption, A is included in B, so B also contains cly(A). O

Proposition 5.10 Let X, Y be two dcpos. The maps tT y © t’X7TY and t/ECY otrxy coincide on those
pairs (u,v) € VEX x VEY such that p € VEX orv ¢ VRY

7
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Proof. We prove the claim when p € VEX. The case where v € VEY is symmetric.
In the sequel, h ranges over L&(X x VEY), k over LE(X x Y), z over X, y over Y, and v over VEY.
For all 4 € VEX and v € VEY | we verify that:

(they ot ry) (1, v) = MNep(Az.v My k(. y)))
(#%y o trxy) (1 v) = MewOyp(Aak(z, ).

Those two quantities are equal when  is an elementary R-valuation ) ", r; X 05, (m > 1), since the first
one is equal to Ak.> " ri x v(Ay.k(z;,y)), the second one is equal to Ak.v(Ay. > i~ ri X k(zi,y)), and
since v is linear.

For fixed v € VRY, the maps f: p € VEX — (t;Y oty ry)(p,v) and g: p € VEX — (t’ky o

trxy)(p, v) therefore coincide on VEX. They are both Scott-continuous, since tTXY othy py and ¥’ } v ©
trx,y are. By Lemma 5.9, they must coincide on the d-closure of VﬁX , which is VE X by definition. O

Corollary 5.11 (V,Ifl, n, -t t) is a commutative monad.

The equality of Proposition 5.10 is that, for every u € VEX and for every v € VEY for every
ke LB(X xY), u(hx € Xv(\y € Yik(x,y))) = v(\y € Y.u(\r € X.k(z,y))). In integral notation,

(L s (L o)

which we recognize as the integral permutation property, obtained in the classical measure-theoretic case
as a consequence of Fubini’s theorem.

Fubini’s theorem is more general, and states the existence of a product measure. A similar fact
follows from the above results, as noticed by Kock [20]. We write ® for the morphism ¢’ E(,Y otrx,y and

t&,Y oty ry from VEX x VEY to VE(X x Y), as with any commutative monad [20, Section 5]. Then,

for all p € VEX and v € VEY, ®(u,v), which we prefer to write as 4 ® v, is in VE(X x Y), and by
definition (u ®@ v)(k) = p(Ax € X.v(\y € Yik(z,y))) = v(\y € Y.u(Ax € X.k(z,y))). In integral notation,
we obtain the following form of Fubini’s theorem:

/(w,y)eXxY Hrdesn = /meX </er K y)dy> = /yEY </xeX K y)dﬂ> w

forall pu € VEX, v € VEY and k € LF(X x Y). As an additional benefit, we obtain (for free!) that the
map ®: (u, V) — p® v is Scott-continuous.

Remark 5.12 A similar Fubini-like theorem was already obtained by Jones [17] for arbitrary (subproba-
bility) continuous valuations, but in the setting of continuous dcpos only. Whether the Fubini-like formula
above holds for every pair of continuous valuations y and v on arbitrary dcpos is unknown. We note that
the problem would be easily solved if all continuous valuations were minimal, but that is not the case, as
is shown in the paper [13].

6 Continuous R-valuations and measures I: A brief viewpoint

We look at the special cases of continuous R-valuations when R is R, or IR% , and we investigate their
relations to measures.

When R = R, this is simple: as noticed in Remark 4.2, we can equate continuous R-valuations with
continuous valuations. Next, continuous valuations and measures are pretty much the same thing on
w-continuous dcpos, namely on continuous dcpos with a countable basis. This holds more generally on
de Brecht’s quasi-Polish spaces [5], a class of spaces that contains not only the w-continuous dcpos from
domain theory but also the Polish spaces from topological measure theory. One can see this as follows. In

8
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one direction, every measure p on a hereditarily Lindelof space X is 7-smooth [2, Theorem 3.1], meaning
that its restriction to the lattice of open subsets of X is a continuous valuation. A hereditarily Lindelof
space is a space whose subspaces are all Lindelof, or equivalently a space in which every family of open
sets contains a countable subfamily with the same union. Every second-countable space is hereditarily
Lindelof, and that includes all quasi-Polish spaces. In the other direction, every continuous valuation
on an LCS-complete space extends to a Borel measure [6, Theorem 1.1]. An LCS-complete space is a
space that is homeomorphic to a G subset of a locally compact sober space. Every quasi-Polish space is
LCS-complete; in fact, the quasi-Polish spaces are exactly the second-countable LCS-complete spaces [6,
Theorem 9.5].

Remark 6.1 A continuous valuation g on an LCS-complete space X may extend to more than one
Borel measure. However, the extension is unique if y is o-finite, namely if there is a monotone sequence
Uy CU; C---CU, C--- of open subsets of X whose union is the whole of X, and such that u(U,) < 400
for every n € N. Indeed, any extension of p will be o-finite in the usual sense. We conclude since any two
o-finite measures that agree on all open sets (which form a 7-system) must agree on the Borel o-algebra.

We now look in detail at the more complex case R = IR%. We use the following notation. Given

any element x of IRY or of IR*, we write 2~ and z* for its endpoints, viz., x = [z7,27]. Every map

h: X — IR* defines two maps h=,h": X — R U {—o00,+00} by h™(z) &t h(z)~ and h*(x) def h(z)*.

Given two maps f,g: X — R U {—o0,+0o0} such that f < g, we write [f, g] for the function that maps
x to [f(x),g(x)]. Note that, given any map f in £X, the map [f, +o0.1]: z — [f(z),+0o0] is in LR X
(We will write r.1 for the constant function with value r, in order to distinguish it from the scalar value
r.) Given any IR -continuous valuation F' on a space X, we also define F'~(h) as F'(h)” and FT(h) as

F(h)*, for every h € LT+ X

Lemma 6.2 (The view from the left I) Let X be any topological space. For every continuous IR -
valuation F' on X, for every h € EIRer, F~(h) only depends on h™, not on h™. Moreover, there is a
unique continuous valuation vy on X such that, for every h € LI+ X,

F(h) = /X h~dvp.

Proof. For the first part, it suffices to show that F~(h) = F~([h~,+00.1]). We note that the bottom
element [0, +-o00] of IRY is multiplicatively absorbing: for every x € IRY, [0, +-00] x x = [0, 4+-00]. It follows
that

F([0.1,400.1]) = F([0, +00] x [0.1, +00.1])
= [0, 400] x F(]0.1, +00.1]) = [0, +00].

Next, [0, +-00] satisfies the following partial absorption law for addition: x € IR, [0, 4-00]+x = [z, +00].
Therefore,

F([h™,+00.1]) = F(h+[0.1, +00.1])

F(h) + F([0.1, +00.1])

F(h) + [0, 400 by our previous result
[F~(h),4o0].

It follows that F~(h) = F~([h~,+00.1]), and the right-hand side does not depend on h™.

In order to show the second part of the lemma, it suffices to observe that the map f +— F~([f, +00.1])
is linear and Scott-continuous, and is therefore the integral functional of a unique continuous valuation
VE. O

It follows that, for every f € LX, [y fdvp = F~([f,+00.1]). In particular, for every open subset U of
X, vp(U) = F~([xu, +00.1]).
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There are many ways in which we can reconstruct a continuous IR’ -valuation from a continuous
valuation, and here is the simplest of all.

Lemma 6.3 (The view from the left II) Let X be any topological space. For every continuous valua-
tion v on X, there is a smallest continuous IRY -valuation F' such that vp = v. For every h € L7X

Fh) ¥ Uxh dv, —i—oo].

For the continuous IR* -valuation just given, the view from the right, namely F*(h), is the constant
400, for every integrand h, including for the constant zero map. This cannot be the integral of A with
respect to any measure, since the integral of the zero map is always zero, with respect to any continuous
valuation or measure.

One possible view of continuous IR? -valuations I’ is that of the specification of some unknown measure.
F~ gives a continuous valuation that is a lower bound on that measure, while '™ measures how precise
that specification is. In this setting, the continuous IR -valuation F' built in Lemma 6.3 is the least precise
specification for v.

On more special topological spaces, we will see that every measure has a much more precise specification,
and that it is minimal.

7 Continuous R-valuations and measures 1I: Measures as continuous IR’ -valuations

We will see that every non-zero, bounded 7-smooth measure p on a coherent topological space X gives
rise to a continuous IR* -valuation in a natural way. (A measure p on X is bounded if u(X) < oo, and we
recall that it is 7-smooth if and only if it restricts to a continuous valuation on OX.) As a first step, we

need to define integrals of functions with values in R, not just R, as is done classically.

More precisely, given a measure p on a topological space X (with its Borel o-algebra), we can define
the Lebesgue integral f ex f(x)du of any measurable map f: X — Ry. We extend this definition to
measurable maps f from X to R,. Just as with multiplication in rags, this comes in two flavors.

Perhaps the most natural extension is:

RC WEW/HMMWWM (1)

T‘GR+

It is known that the Lebesgue integral, as used on the right of (1) can be defined through the following,
so-called Choquet formula [4, Chapter VII, Section 48.1, p. 265]:

/'fmw=/ﬁw*Mwmﬁ 2)
rxeX 0

where the integral on the right is now an indefinite Riemann integral. As a consequence, and since
(min(f(.),7)"1(Jt, oc]) is empty for every t > r, and equal to f~1(]t,00]) for every ¢t < r, we can rewrite
(1) as:

/’waAMﬁwwm 3)

reRy

We observe that this lower integral is linear and w-continuous (by the monotone convergence theorem).
It also commutes with the product structure of the d-rag R;.. We also note the following change of variable

formula, for future reference:
| / £i(@)d, (4)
yey
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for every measurable map j: X — Y, for every measurable map f: Y — R, for every measure p on X,

and where j[u] is the image measure, defined by j[u](E) def w(j7Y(E)). This is an obvious consequence
of (3).

A function f: X — R, is lower semicontinuous if and only if it is continuous from X to R, with the
Scott topology; equivalently, for every r € R, \ {0}, f~*(Jr, oc]) is open in X. Every lower semicontinuous
function is measurable.

Lemma 7.1 The lower integral (1) is:

(i) additive: for all measurable maps f, g from X to Ry, [ (f(x) + g(x))dp = [ _y flx)du +
f:;EX g(@)dp;

(ii) -¢-homogeneous: for every measurable map f: X — Ry, for every a € Ry, a - vex f(@)dp =
Joex(a-e f(z))dp;

(iii) w-continuous: for every monotonic sequence (fn),cny of measurable maps from X to R,,
f:(:_EX SUPTneN fn(w)dp = SUaneN x_eX fn(z)dp;

(iv) Scott-continuous on lower semicontinuous maps, provided that p is T-smooth: for every directed family
(fi)ie of lower semicontinuous maps from X to Ry, [ _ sup';e; fi(z)dp = sup'c; sex Jilz)dp

Proof. 1. This follows from the additivity of Lebesgue integral of R, -valued functions and the inequalities
min(f(z) + g(z),r) < min(f(z),7) + min(g(z), r) < min(f(z) + g(x), 2r).
2. For every a € Ry \ {0},

a g/ f(x)dp = sup / Xamin(f(;r),r)du

TER+
= SUPT/ min(a -¢ f(z),7")du by letting ' < ar
r’'eR4 X
= [ s
reX
When a =0, a gf eXf x)dp is equal to 0 by definition, and f cx (a-¢ f(x) fxeX Odp =

The new, key case is when a = co. We split this into two subcases. If ,u,( £71(]0,00])) = 0, namely
if f is p-a.e. zero, then min(f(,),r) and min(oco -y f(),7) are also p-a.e. zero, so 0o+ [ f(x)dy and
Jrex (00-¢ f(x))dp are both equal to 0. If (£~ (]0, 00])) > 0, then u(f~!(]r, o0])) > 0 for some r € Ry \{0},
since p(f1(10,00])) = sup’yeq, (o #(F (g, 00])). Tt follows that [ =y f(z)du > ra(f~(r,o0])) > 0,
50 00 ¢ [ o f(x)dp = oo, while [ _\ 00y f(x)du > [, min(co-¢ f(z),r)du > ru(£71(]0,00))) for every
r € Ry \ {0}, so that [ _y 0o f(z)du = oo as well.

3. We use the monotone convergence theorem, and the fact that sup',cymin(f,(z),r) =
min(sup' ey fo(z),) for all z € X and r € R,

4. Since Riemann integration of non-increasing maps from Ry to R is Scott-continuous (see for

example Lemma 4.2 in [26]), it follows from (3) that the lower integral [ _ f(x)du is Scott-continuous in
the lower semicontinuous map f, provided that p is 7-smooth. a

We also consider the following, upper integral. This will really only make sense when the integrated
function f is upper semicontinuous, namely when for every r € Ry \ {0}, f~1([0,r[) is open in X; and
when the measure  is non-zero (u(X) # 0), and 7-smooth.

A support of a measure p on X is any set F such that, for all measurable subsets A and B of X
such that ANE = BN E, p(A) = u(B). When E is itself measurable, this is equivalent to requiring
w(E) = p(X), and when g is additionally bounded (i.e., u(X) < oo), this is equivalent to u(X \ E) = 0.
We sometimes say that u is supported on E to mean that E is a support of u.

11
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For every 7-smooth measure p on X, the intersection of all closed supports of u is again a closed
support of p: this smallest closed support will be denote as supp pu. But beware that there might be
smaller (non-closed) supports. For example, supp (d,) is equal to the closure | x of the point z, but {z} is
a smaller (non-closed) support. Note that {z} is the intersection of the compact saturated set 1z, which
happens to be a support of p = ¢,, with supp ().

In general, not all compact saturated sets () are measurable, so we will restrict to measurable compact
saturated subsets in the sequel. The intersection of two supports E and E’ may also fail to be a support,
but if one of them (say E’) is measurable, then F N E’ is also a support. (Indeed, let A, B be measurable
such that AN (ENE)=BN(ENE'). Then (ANE")NE = (BNE')NE, and since E is a support of
p, W(ANE") = pu(BNE"). Since E’ is a support of p, and since A and A N E’ have the same intersection
with E', u(ANE’") = p(A), and similarly u(B N E’") = u(B). Therefore u(A) = u(B).)

For every 7-smooth measure 1 on X, we say that a measurable map f: X — Ry is p-bounded if and
only if there is a measurable compact saturated support @ of u such that f is bounded on Q) N supp wu,
namely if Sup,consupp o f () < 0o. We will also say that @Q is a witness of u-boundedness of f, or that f
is pu-bounded, witnessed by @, in that case. We say that f is p-unbounded if it is not u-bounded.

Lemma 7.2 For every non-zero T-smooth measure i on a topological space X, for every compact saturated
support Q of p, Q Nsupp p is non-empty.

Proof. Otherwise, supp © and the empty set have the same intersection with @), and since @ is a support
of u, we would have p(supp p) = (@) = 0. Since supp p is a measurable support of u, u(supp p) = u(X),
and therefore we would have u(X) = 0, contradicting the fact that p is non-zero. O

Lemma 7.3 For every non-zero T-smooth measure p on a topological space X, and for every upper semi-
continuous map f: X — Ry, for every compact saturated support Q of u, there is a point x € QQ Nsupp p

such that f(z) = Supzeonsupp u f()-
Proof. Every upper semicontinuous R -valued function f reaches its maximum on any non-empty com-

pact set K. Here is a quick proof: let a def sup,cx f(x), and assume that f(x) < a for every x € K. The
open sets f~1([0,7[) with » € [0,a] form an open cover of K. We extract a finite subcover f~1([0,7]),
where r ranges over some finite set A of numbers strictly below a. This implies that, for every z € K,
f(z) < r for some r € A, so that a = sup,cx f(x) < max A < a, a contradiction.

We now apply this to K def @ Nsupp p, which is non-empty by Lemma 7.2. O

Corollary 7.4 For every non-zero T-smooth measure i on a topological space X, for every upper semicon-
tinuous map f: X — Ry, f is p-unbounded if and only if for every measurable compact saturated support
Q of u, there is a point x € QQ Nsupp p such that f(z) = oco. |

This being done, for a 7-smooth measure 1 and an upper semicontinuous map f: X — R, we define:

/ZX F()dp def { Joex f(x)dp if fis p-bounded 5)

00 otherwise.

We say that a topological space is coherent if and only if the intersection of any two compact saturated
subets is compact (and saturated).

Lemma 7.5 Let o be a non-zero T-smooth measure on a topological space X. The upper integral (5) is:
(i) additive if X is coherent: for all upper semicontinuous maps f, g from X to Ry, f;eX(f(x) +

g(@)dp = [y f@)du+ [ gle)du;

(ii) -r-homogeneous: for every upper semicontinuous map f: X — Ry, for every a € Ry, a -
f:;—EX (z)dp = ;_G)((a v f(2))dp;

(iii) Scott-cocontinuous if pu is also bounded: for every filtered family (fi);c; of upper semicontinuous maps
from X to Ry, f;eX inftier fi(x)dp = infbie; :c+eX filz)dp;

12
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(iv) above the lower integral: for every measurable map g: X — R, for every upper semicontinuous map
f: X — Ry such that g < f on ENsupp p, where E is any measurable support of i, fm_GX g(z)dp <

+
fxEX f(x)d:u’;
(v) for every p-bounded upper semicontinuous map g: X — R, witnessed by Q, fz;X g(x)du =

f;eX g(x)dp is the usual Lebesgue integral [ 9(x)1Qnsupp u(@)dpt;

Proof. We prove item 5 first. When ¢ is u-bounded, witnessed by @, we can define a new measurable
map ¢.1Qnsupp ,» Which maps every x € Q Nsupp p to g(x), and all other points to 0. Then ¢.1gnsupp u
is bounded, and coincides with g on @) Nsupp . Since the latter is a support of u, it is an easy exercise,
using (3), to show that [ _ g(z)du is equal to [ _y 9(x).1Qnsupp u(x)dp, which is the ordinary Lebesgue

integral [ _y 9(z).1Qnsupp u(2)dp.

1. If f and g are both p-bounded, witnessed respectively by @ and @', then so is f + g, witnessed by
Q N Q'. The latter is measurable, and compact saturated since X is coherent. It is also a support of p,
since @ (or Q') is measurable. The claim then follows from Lemma 7.1, item 1.

If, say, f is not pu-bounded, then for every measurable compact saturated support @ of pu, there is a
point x € Q Nsupp p such that f(x) = oo by Corollary 7.4. Then, f(z)+ g(z) is also equal to oo, showing
that f + ¢ is not pu-bounded either. In particular, f cx (f(x) + g(z))dp and f ey f(@)dp + f;eXg(:):)du
are both equal to co.

2. If f is p-bounded and a # oo, then a -, f is also pu-bounded: for every measurable compact saturated
support @ of u, f and therefore a -, f is bounded on @ Nsupp p. Then the claim follows from Lemma 7.1,
item 2, and the fact that -, and -, both coincide with the ordinary product on R.

Ifa = 00, then by definition oco- f cx f(x)du = oo, since oo is absorbing for -; and f;reX(oo~rf(a;))du =

$€ y oodp = oo. The latter equality follows from the fact that the constant map oo is not u-bounded;
indeed, for every measurable compact saturated support @ of u, Q Nsupp u is non-empty by Lemma 7.2,
SO that oo is not bounded on that set.

If f is not p-bounded but a € Ry, then for every measurable compact saturated support @) of u, there is
a point € Q Nsupp p such that f(z) = oo by Corollary 7.4. Then a -, f(x) = oo as well. This shows that

a - f is not p-bounded either. It follows that f;rex(a-r f(z))dp = oo, while a -, f;eX f(z)dp =a-r oo = oo.
3. First, the pointwise infimum f def infiie 1 fi of upper semicontinuous maps f;’s is upper semicontin-
uous. Let us write ¢ < j if and only if f; < f;.
If f;, is p-bounded for some iy € I, then f; < f;, is also p-bounded for every @ < ip, and witnessed by

the same measurable compact saturated set ). Similarly, f is also p-bounded, witnessed by Q). We let r
be an upper bound of f;, on @) Nsupp p. Then, using item 5,

/g: fl@)du = /meX f(@)Lgrsupp u(z)dp

= ru(X) = [ = @) gy )

Indeed, the map (r — f(-))1gnsupp o also takes its values in Ry, and the sum of [ _y f(2)1gnsupp u(2)du

and of [ _(r — f(2))1gnsupp u(2)dp is equal to [y 71gnsupp u(®)dp = ru(Q Nsupp p) = ru(X), since
Q@ Nsupp p is a measurable support of . Since integration of lower semicontinuous maps with respect to

13
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a T-smooth measure is Scott-continuous, as in Lemma 7.1, item 4, we obtain:

/ f(@)dp = rp(X) — sup! /€X<r—fl-(x))lmsuppu(x)dﬂ

=10

= .in.fi fi(x)lQﬂsur)p u(ﬂf)dﬂ
iz Jgex

= inf* / fi(z)dp = 1nf¢ / fi(z
i=io

If no f; is u-bounded, then f cannot be u-bounded either, as we now claim. If f is y-bounded, witnessed
by @, then, let 7 € Ry be such that for every x € Q Nsupp u, f(z) <. Since f = infcs fi, every point
z of Q Nsupp 4 is in the open set f; ([0, 7[) for some i € I. The family (f; (|0, 7[));c; is then an open
cover of @ Nsupp . The 1ntersect10n of a compact set and of a closed set is compact, so Q Nsupp p is
compact, and therefore (f; ([0, 7[));c; has a finite subcover. Since (f; (o, 7[));er 18 a directed family, we

can assume that this subcover consists of just one open set f; *([0,7[). But that implies that f; is bounded
on @ Nsupp u, hence p-bounded, a contradiction.

Hence we have proved that f is not p-bounded, so f;e + f(x)dp = oo, which is then vacuously equal
to infter ZJFGX fi(x)dp.
4. When f is p-bounded, witnessed by Q, f cx f(@)dp is equal to [ f(x)du, hence to the ordinary

integral [ cx f()-1gnsupp p(7)dp by item 5. Since E is a measurable support of p, E'NQ N supp p
is also a (measurable) support of y, so the latter is also equal to [ _y f(#).1En@nsupp u(%)dp. Since g

is below f on E Nsupp p, g - 1EnQnsupp x is (bounded and) below f - 1rnQnsupp u, SO fx+6X f(z)dp =
Jrex f(@)-1EnQnsupp u(@)dp is larger than or equal to [,y 9(2).1EnQnsupp u(%)dp, and the latter is equal
to [ cx 9(z)du by a similar argument,

If f is not p-bounded, then f cx f(z)dp = oo, and the claim is trivial. 0

We let R < IR% , and we fix a topological space X. For every h € LRX, for every x € X, h(x) is

an interval [h~(x), h*(z)]. The function h~ is lower semicontinuous. Indeed, for every r € R, \ {0},
(W) H(Jr,00]) = K= (}[r, 00]): for every [a,b] € IR, [r,00] < [a,b] if and only if 7 < a. Symmetrically,
the function A" is upper semicontinuous. Our preparatory steps on the lower and upper integrals then

allow us to make sense of the following definition. The fact that [ _y h™(z)du < [y * hT(x)du is by
Lemma 7.5, item 4.

Definition 7.6 For every r-smooth measure p on a topological space X, we define fi: £LTF+ X — IR% by

F(h) E [y b (@)dp, [y ().

Proposition 7.7 For every non-zero, bounded 7-smooth measure p on a coherent topological space X, [
is a continuous IR -valuation.

Proof. First, i is linear by Lemma 7.1 (items 1 and 2) and Lemma 7.5 (items 1 and 2). We verify that
It it Scott-continuous. Let (h;);c; be a directed family in £ X, with supremum h. We aim to show
that fi(h) = sup',c; fi(h;). On the one hand, h~ = sup',; h;, 0 Joex b (z)dp = supTzGI vex My (z)dp
by Lemma 7.1, item 4. On the other hand, h* = inf*;c; b, so f+ ht(x)dp = infbie; h (z)du by
Lemma 7.5, item 3. O

meX

Remark 7.8 We think of i as being really the measure y, seen as a continuous IR* -valuation. Note in
particular that for every bounded continuous map h: X — Ry, f([h, h]) = [ [, oy hM(x)dp, [, h(z)dp].

14
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8 Continuous R-valuations and measures III: continuous IR’ -valuations as approxi-
mations of measures

Let us say that [a,b] approzimates x if and only if a < x < b, and that a continuous map h € LR X
approximates a measurable map f: X — R, if and only if A(z) approximates f(z) for every z € X.
We will say that a continuous IR -valuation v approzimates a measure p on X if and only if, for

every measurable map f: X — R, and for every h € L™ X that approximates f, v(h) approximates

Joex f(@)dp.

Lemma 8.1 For every non-zero, bounded T-smooth measure p on a coherent topological space X, i ap-
proximates L.

Proof. We consider any measurable map f: X — R, and any h € L™ X that approximates f. We
write h(x) as [h~(x), hT (x)] for every x € X, so that h~ < f <h*. Then [ _ h™(x)du < [y f(z)dp <
f;e « W (z)dp, where the last inequality is by Lemma 7.5, item 4 applied to f < ht. 0

Our objective is now to show that ji is the most precise, namely the largest, continuous IR* -valuation
that approximates u, under some reasonable assumptions. This will notably hold when the ambient space
X is compact Hausdorff and second-countable, for example [0, 1] with its usual, metric topology. More
generally, this will hold when X is stably compact, second-countable, and contains a sufficiently nice
support K of u.

The value of restricting to second-countable spaces is the following.

Lemma 8.2 Let X be a topological space, and B be a base of its topology that is closed under finite unions.

(i) For every compact saturated subset Q of X, and every open neighborhood U of Q, there is a V € B
such that Q CV CU;

(i1) Every compact saturated subset of X is equal to the intersection of the sets in B that contain it.

In particular, if X is second-countable, then every compact saturated subset of X is measurable.

Proof. 1. We write U as the union of the sets V € B that are included in V. This forms an open cover
of @, from which we can extract a finite subcover. Since B is closed under finite unions, there isa V € B
that contains ) and is included in U.

2. Let @ be compact saturated in X. Since @) is saturated, @) is the intersection of its open neighbor-
hoods U. Then claim 2 follows from 1.

When B is countable, () is then a countable intersection of open sets, so () is measurable. O

A space X is stably compact if and only if it is sober, locally compact, compact, and coherent. We let
XPatch denote X with its patch topology, which is the smallest topology that contains the original open
subsets of X and the complements of compact saturated subsets of X. When X is stably compact, and <
is its specialization ordering, (XP2t" <) is a compact pospace, meaning that XPh is compact Hausdorff,
and that the graph of < is closed in XPatch x XPatch e say that a subset of X is patch-open if it is open in
Xrpateh - Qimilarly, we use the terms patch-closed, patch-compact. If X is stably compact, then patch-closed
and patch-compact are synonymous. We should add that the original open subsets of X can be recovered
as those patch-open subsets that are upwards-closed with respect to <.

Example 8.3 IR* is stably compact in its Scott topology. Indeed, it is a continuous dcpo in which any
pair of elements [a,b] and [c,d] with an upper bound (namely, such that [a,b] N [c,d] # 0, or equivalently
max(a,c) < min(b,d)) has a least upper bound (which is [max(a, ¢), min(b, d)]). That kind of continuous
depo is called a be-domain, and every be-domain is stably compact [12, Fact 9.1.6].

Reasoning similarly, the larger dcpo IR* of all closed intervals in R U {—o00, 0}, ordered by reverse
inclusion, is also a be-domain, hence is also stably compact. (To make it clear, note that IR* not only
contains the usual intervals [a,b] with a,b € R, a < b, but also [0, b], [a, o0] with a,b € R; finally, it has
a least element [—o0, o0].)
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Both bc-domains are second-countable as well. Indeed, as continuous dcpos, they have a basis B of
intervals with rational endpoints, and then the set of Scott-open sets Tb, b € B, forms a countable base of
the Scott topology.

Patch-compact subsets K of stably compact subspaces X enjoy many nice properties. For example,
their downward closure | K in X is closed [12, Exercise 9.1.43]. In fact, we have the following, where K
is order-convex if and only if for all x,y, z such that y <z < z, if y, 2 € K then z € K.

Lemma 8.4 For every compact, order-convex subset K of a stably compact space X, K is patch-compact
if and only if | K is closed. In that case, | K is the closure cl(K) of K in X, and K =1KNJ] K.

Proof. We only have to show that if K is compact and order-convex and if | K is closed, then it is patch-
compact. This will be a consequence of the last equality K =T K N | K, since 1 K is compact saturated,
and we have assumed that | K is closed, hence both are patch-closed; then K is patch-closed, too, hence
patch-compact.

The inclusion K C T K NJ| K is clear. Conversely, every x € T K N} K is such that y < x < z for some
Y,z € K, so order-convexity implies y = z, and therefore also x = y = z. In particular, x is in K. O

We will say that a subset K of a space X is Hausdorff if and only if it is Hausdorff as a subspace,
namely with the subspace topology inherited from X. Since the specialization ordering of a Hausdorff
space is equality, every Hausdorff subset is trivially order-convex.

Example 8.5 Let X %' IR*. Then the unit interval K % [O 1] embeds into X, provided that we equate
every point x € [0,1] with the interval [z,z] in IR*. It is Hausdorff, hence order convex. Its downward
closure | K in X is the set of all intervals [a,b] such that [a,b] N [O, 1] # 0, or equivalently such that
max(a,0) < min(b,1), or equivalently a < 1 and b > 0. Then | K is closed: for every directed family

([ai, bi]);er in L K, its supremum [a b] is such that a = supTzel a; < 1and b = inff,c;b; > 0. By
Lemma 8.4, [0, 1] is patch-compact in IR*.

When K is patch-compact in a stably compact space X, we have the serendipitous property that K,
with the subspace topology, is stably compact, and that the patch topology on K is the subspace topology
inherited from XP2*h [12] Proposition 9.3.4]; also, the specialization ordering on K is the restriction of
that on X.

The previous remark, together with the fact that KP2h = K if K is compact and Hausdorff (since
every compact set is already closed in K), entails the following.

Lemma 8.6 Let X be a stably compact space, and K be a Hausdorff, patch-compact subset of X. Then
K has both the subspace topology inherited from X, and the subspace topology inherited from XP2h O

We also note that every Hausdorff subset is order-convex, since the specialization ordering on any
Hausdorff space is equality.

Proposition 8.7 Let K be a Hausdorff, patch-compact subset of a stably compact, second-countable space
X. Let p be a non-zero measure on X supported on K, and v be a continuous IR -valuation on X. If v
approximates u, then v < .

Proof. We first note that, since X is second-countable, every measure on X is 7-smooth, in particular u.
Let h be an arbitrary continuous map in £+ X let us write h(z) as [h~(x), bt (z)] for every = € X
(for short, h = [h=, h*]), and v(h) as [v~ (h),v" (h)]. We must show that v~ (h) < [ -y h™ (z)du, and that
f;éX ht(z)du < vt (h).
For the first claim, we note that h(z) is the supremum of the chain of maps [min(h™,r),h"],
r € Ry. For each r € Ry, [min(h™,7),h"| approximates the bounded lower semicontinuous (hence

measurable) map min(h~, 7). Since it is bounded, [ _, min(h~(z),7)du = [, min(h~(z),r)dp. By as-
sumption, v([min(h~,7), h*]) approximates [ _, min(h~(z),7)du. In particular, v~ ([min(h~,r),h*]) <
L. cx min(h™(z),r)du. By taking suprema as r grows to infinity, and using the Scott-continuity of v, hence
of v=, v (h) < [ oy b~ (z)dp.
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For the second claim, we distinguish two cases. If h™ is p-bounded, then since h approximates h™,
v(h) approximates Joex M (@)du, which is equal to f:jeX h*(x)dp by Lemma 7.5, item 5. In particular,
[ ht(@)dp < vt (h).

The only case where we have to work a bit is the final case, when h™ is y-unbounded. We let Q def TK.

This is a compact saturated subset of X, and since X is second-countable, @) is measurable by Lemma 8.2.
Moreover, () is a support of u, since () contains K, which is already a support of .

QNsupp w is then a measurable, compact support of y. We claim that supp p is included in the closure
cl(K) of K in X. Equivalently, we claim that every open set U that intersects supp p also intersects K.
Since U intersects supp u, by definition of supp u, we have p(U) > 0. If it did not intersect K, then U and
the empty set would have the same intersection with K, and that would imply u(U) = u(@) = 0, which is
impossible.

Since supp p C cl(K), we obtain that @ N supp p is included in T K Ncl(K). But cl(K) = | K and
K =1KN|K by Lemma 8.4. (Recall that K is order-convex since Hausdorff.) Therefore, Q N supp ,u is
included in K. By Corollary 7.4, there is a point xo in Q Nsupp u, hence in K, such that ht(zg) =

Since K is compact Hausdorff hence locally compact, xo has a base of compact neighborhoods (K. )ze I
in K. Each Kj; is compact hence closed in K (since K is Hausdorff). Let C; be the closure of K; in X.
Then C; N K = K;: the inclusion K; C C; N K is clear; conversely, since K; is closed in K, we can write it
as C N K for some closed subset C of X, and then C D C;,s0 K; =CNK D C;,NK.

The family (K;),; is filtered: for all 4,5 € I, K; N K is a compact neighborhood of zg, using the fact
that the intersection of two compact sets in a Hausdorff space is compact; hence K; N K contains some
Ky, k € 1. Tt follows that (C;);c; is a filtered family of closed subsets of X.

| . .. . .
Let O ﬂ , IC’Z-. This is a closed subset of X containing xg. We claim that C' is exactly the
(2
downward closure of zp in X. It only remains to show that C C | zg. Let us assume the contrary: for

some & € ﬂiEIiKi, x £ xg. Then xg is in (X \ T2) N K, which is open in K. Indeed, 1z is compact
7

saturated hence patch-closed in X, so X \ Tz is open in XP*" and therefore (X \ 1) N K is open in K,
using Lemma 8.6. Since (K;);; is a base of neighborhoods of 2 in K, some K; is included in (X \T2)NK.
This is impossible, since = € | K.

For every i € I, let h; be the function that maps every x € C; to 0o, and all other points to ™ (z). This
is an upper semicontinuous map, since h; *([0,7[) = r1([0,7) \ C; for every r € Ry. The family (hi)icr
is filtered, since (C;);c; is a filtered family of sets. Moreover, for every z € X, infticr hi(z) = ht(z). If
z < xg, we argue as follows. First, z € Jzg = C = ﬂi‘el C;, so that infc; hi(2) = infrier oo = oo,

1
while ht(xz) > ht(z9) = oo, since upper semicontinuous maps are antitonic. If z £ xp, then z is not
in C = ﬂi'el C;, so x is not in C; for some i € I, and therefore h;(x) = h™(z). This implies that
7
inft;c; hi(x) < ht(x), while the reverse inequality is obvious.

For every i € I, [h™,h;] approximates h;, so v([h~,h;]) approximates [ _ hi(x)du. In particular,
Jrex hi(x)dp < v ([, hi]). However, we claim that the left-hand side is equal to oo, so that v ([, hy]) =
oo. Indeed, h;(z) is equal to oo on Cj, hence on K; C Cj, hence on the even smaller set U; N K, so
Jyex hi(z)dp > oo.u(U; N K). (The latter makes sense because K = + K N | K by Lemma 8.4, 1K is
compact saturated hence measurable by Lemma 8.2, U; is open and | K are closed, hence are measurable.)
Since K is a support of u, u(U; N K) = u(U;). We have an open set U; that intersects supp p (at xg):

by definition of the support, u(U;) > 0. (Namely, if we had u(U;) = 0, then U; would be included in the
largest open subset with zero p-measure, which is the complement of supp p by definition.) It follows that

Jeex Pi(@)dp > 00.u(K;) > 00.pu(U;) = oc.

Hence we have shown that v*([h™,h;]) = oo for every i € I. Taking suprema, and recalling that
ht = inft;cs i, hence that sup',c;[h~,hi] = [h=,h*] = h, we obtain that v*(h) = co. The inequality
Jrex * o ht(x)dp < vt (h) then follows trivially. 0

Theorem 8.8 Let K be a Hausdorff, patch-compact subset of a stably compact, second-countable space
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X, and p be a non-zero, bounded measure supported on K. Then u is T-smooth and 1 is the largest (“most
precise”) continuous IRY -valuation that approximates fu.

Proof. First, p is 7-smooth because X is second-countable. Second, i is a continuous IR -valuation by
Proposition 7.7, it approximates p by Lemma 8.1, and it is largest by Proposition 8.7. a

9 The Lebesgue R-valuation on the unit interval

def [

Let A be Lebesgue measure on [0, 1]. By Theorem 8.8 with X = def pg de ,1], \is the most precise continuous

IR
IR? -valuation that approximates A. However, X is not in Vi, ([0,1]), by the following argument, whose

details we leave to the reader. If A were minimal, then its view from the left would be in VEL*([O, 1]), so
A would be a minimal valuation. Any minimal valuation is point-continuous, in the sense of Heckmann
[15], because every simple valuation is point-continuous, and point-continuous valuations are closed under
directed suprema. However, a valuation v is point-continuous if and only if for every open set U, for every
real number r such that 0 < r < v(U), there is a finite subset A of U such that v(V) for every open
neighborhood V of A; and A fails to have this property, since every finite subset has open neighborhoods
of arbitrarily small A-measure.

Instead, we consider the image measure j[A] on IR*, where j is the usual embedding of [0, 1] inside
IR*, mapping x to the interval [z, x]. We will show that, contrarily to A, j[A] is minimal.

This may sound somewhat paradoxical, considering that both have the same effect: drawing an interval
at random with respect to measure j[A] means drawing an interval of the form [z, z] with = € [0, 1] with
probability 1, where x is drawn uniformly at random in [0, 1], hence works just like A; only the ambient
space differs (IR* instead of [0, 1]).

We will say that j[A] is the Lebesgue valuation on the unit interval in IR*. By Theorem 8.8 with

X IR and K & [0, 1], A[/\/] is the continuous IR’ -valuation that approximates j[A] in the most precise
possible way. It is a bounded, non-zero, and 7-smooth measure (because IR* is second-countable, see

Example 8.3). The objective of this section is to show that j[)\] is in V T (IRY).

To this end, we will show the stronger statement that j [)\] is the directed supremum of a countable
chain of simple IR* -valuations A,, n € N.

We define X, on IR* as S°2" 1[2n,2n] X Opiz1 iy
27 )31
equating points a € RU {—o00, 00} with intervals [a, a].

—which we will write more simply as ZZ 13m (5[ i

o

Lemma 9.1 The simple IR -valuations A, n €N, form an ascending chain in V:R+ (IR*).

Proof. It suffices to show that \, < \,.1. For every h € LR (IR*),
1—1 1
Ton 7 on

=3 g

zzw <P;ﬁ;zD+W<F;ﬁ;D>
z(

5

| A

—2 2i—1 1 2 —1 2i
2n+172n+1 t oo X\ | o et

The second line is Justlﬁed by the fact that x distributes over +. The inequality on the third line follows
from the fact that [+ Qn , 5w is below (contains) both [2nﬁ, gfwﬂ and [gﬁ—ﬂ, %], and that h, product and
addition are monotonic. The last line follows by rearranging the sum. O
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The chain (A,),cy then has a supremum in VIEL (IR*), which is in VE} + (IR*) by definition of the

latter, since every A, is simple.

Definition 9.2 Let A be suaneN An-

For every h € LT (IR*), we have:

(k) = sup A (h)

neN
2m . . 2m . .
1 1—1 1 1 1—1 1
_ 0 e i inft —pt .
e (7)) e ((55])] ©

Theorem 9.3 The continuous IRY -valuation X is the largest (“most precise”) continuous IR* -valuation

JIA] that approzimates Lebesgue measure on the unit interval in IR*.

In particular, j[\] = X is in VEE{:L (IR*).

Proof. The interval [0, 1], with its usual ordering, is a continuous dcpo, and its way-below relation < is

such that < y if and only if z = 0 or x < y. For every n € N, for every x € [0, 1], let j,, (z) be the largest
def

integer multiple of 2% way-below z; explicitly, j—(z) = 2% if v e ]2%, Z;'—nl], i€ {1,2,---,2" — 1}, and
Jn () oifre [0, 5k ]. By the definition of <, j, is Scott-continuous from [0,1] to RU{—o0, 00} (both
taken with their usual orderings). This implies that j, is lower semicontinuous from [0, 1] to RU{—o0, 0o},
with their usual, Hausdorff topologies.

Let also j,/ (x) defy Jn (1 — ). The function j is an upper semicontinuous map, and j, (z) < z <
g (z) for every x € X. This implies that, if we define j,(x) as [j,, (z), 4,7 ()], jn is a continuous map from
[0,1] to IR*, and j, < j.

One checks easily that j,~ < j, ., hence > jTJ[H, and therefore j, < jh41. It follows that
(Jn)pen is an increasing chain of continuous maps. Moreover suaneN jn = j. Indeed, for every x € X,
supl ey go () = @, and infen gt (z) =1 — supl ,enijn (1 —2) =1— (1 —2) = .

Let now h & [h~, h*] be any element of L™+ (IR*). We wish to show that j[\](k) = X(h), namely that

— _ . + . ~
yexse F @G, Jyae b ()] = X(R).

Note that A~ is lower semicontinuous, or equivalently Scott-continuous from IR* to IR%} . We have:

/ h™(y)dj[\] = / h=(j(x))d\ by the change of variable formula (4)
yeIR* z€[0,1]
= / sup' h™ (jn(z))dA since h™ is Scott continuous
z€[0,1] neN
= supT/ h™ (jn(x))dA by Lemma 7.1, item 3 (or 4).
neN Jzel0,1]

The function h™ o j, is piecewise constant: it takes the value h_([g—,}, 2%]) on the open subinterval
]1‘71 i

Sy g [, 1 <4 < 2" Since the values in [0, 1] that are not in one of those open subintervals, namely the

integer multiples of 2%, form a set of Lebesgue measure 0, they do not contribute to the integral, so:

- 21 i—1
h™(y)dj[\] = sup' ff([,]),
/yeIR* W)djA neN 2" PASA
and we recognize the left endpoint of the final interval of (6).
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We now deal with the right endpoint. For that, we need to understand what the supports of j[\] are
on IR*. Let K be the image of [0,1] by j in IR*. We have seen in Example 8.5 that | K is closed in IR*,
hence that K is patch-compact in IR*, using Lemma 8.4.

For every open subset U of IR*, j[A\](U) > 0 if and only if A\(j71(U)) > 0, if and only if j7*(U) is
non-empty. Indeed, the Lebesgue measure of any non-empty open set is non-zero. Now j~1(U) is empty
if and only if U does not intersect K, if and only if U does not intersect the closure of K, which is | K,
since | K is closed. This entails that supp j[A\] = | K.

We note that K is a support of j[A]. The easy argument is as follows. First, K is a set of maximal
elements of IR*, so K = 1 K; by Lemma 8.2, it is measurable. In order to show that K is a support of j[A],
it then suffices to observe that j[A](K) = 1, and this follows from the fact that j[\(K) = A(j~}(K)) =
A(0,1]) = 1

We claim that every compact saturated support @ of j[A] must contain K. We argue as follows. By

Lemma 8.6, and since @ is patch-closed in XP¥*h (where X = dof IR*), @ N K is closed in K. If @ does not

contain K, then Q N K is a proper subset of K. Let U = dof i \ Q this is a non-empty open subset of K,

and therefore §771(U) is a non-empty subset of [0,1]. Hence A(7*(U)) > 0, so j[\]J(U) > 0. It follows that
JA@Q@NK)=1-j[A](U) < 1. Since K is a support of j[\], we obtain that j[A\](Q) = jIN(QNK) < 1,
and that contradicts that @ is a support of j[A].

It follows that 1 K (= K) is the smallest compact saturated support of j[A]. In that case, and with

1 def j[Al, the definition of u-boundedness simplifies: h* is p-bounded if and only if 2™ is bounded on

TKNsuppu=TKN|K=K.

It is even easier to show that h* o j is A-bounded if and only if it is bounded on [0,1]. Indeed,
supp A = [0, 1], and therefore the only compact (hence closed) support @ of A is [0, 1], so that there is only
one possible set ) Nsupp A to be considered, namely [0, 1].

If h* is p-unbounded, then fyeIR* Rt (y)dj[\] = oo by definition. By Corollary 7.4 with Q def K =K,

there is a point [z,z] € Q Nsupp p = K such that h+([x x]) = oo. For every n € N, there is a natural
number ¢ such that x € [2—7}, o], 1 <i<2m Then [52, 4] < [z, 2], and since every upper semicontinuous
map is antitonic, A ([:52, 2n]) > h*([x x]) = co. It follows that 37| LA™ ([52, 55]) = co. Since that
holds for every n € N, inft, oy ZZ 1 5=h T (52, 5 ]), which is the right endpoint of the final interval of
(6), is equal to oo, hence to [, yp. h ™ (y)dj[A].

It remains to deal with the case where h™ is u-bounded, and we have seen that this means that hA™ is
bounded on K. Let r € Ry be such that for every y € K, h*(y) < r. Hence K is included in the open set
h (0. 7).

For every n € N, let Q, = of M5 ,2;] | i € {1,2,---,2"}}, a compact saturated set that contains
K. (The upward closure of any finite set is compact saturated.) It is also easy to see that any point of

(]i @y, is of the form [z, z] with = € [0,1], so ﬂi @, = K. Since IR* is sober, it is well-filtered,
neN neN

and therefore K C h™'(]0,7[) implies the existence of an n € N such that Q, C h* ' ([0,r]). (Here
is an alternate argument that avoids well-filteredness. @),, is compact saturated hence closed in IR*Patch,
The complements of the sets @, then form an open cover of the complement of 2+ ([0,7[) in IR*. That

complement is closed hence compact in IR*P*" We can then extract a finite subcover, and since the sets
@y form a chain, there is a single n € N such that the complement of @), contains the complement of

R0, 7]).)
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Let ng be the natural number n that we have just found. Then we perform the following computation:

+ —
/ Wt (y)di[A] = / h* (y)dj[N] since ht is j[\]-bounded
yeIR* yeIR~
= / R (j(x))dA by the change of variable formula (4)
z€[0,1]

<
— [ W (laar

€[0,1]

The latter is justified by the fact that h™ o j is bounded (by r) on [0, 1], hence is A-bounded, as we have
seen above.

Let us proceed. The first step below is justified by the fact that h™ is upper semicontinuous, hence
Scott-continuous from IR* to R with the opposite ordering; in particular, ™ maps directed suprema to
filtered infima:

+ +
[ i = [ty

€0,1] z€[0,1] »EN

+
= infi/ Rt (jin(z))dA by Lemma 7.5, item 3
neN z€[0,1]

+
= inf / Rt (G (x))dA,
neN,n>ng z€[0,1]

where we have restricted the infimum to the indices above ng in the last line. (The infimum of a chain
coincides with the infimum of any coinitial chain.)

For every n > ny, for every z € [0,1], j,(z) is an interval of the form [, 5= (if « is in the interval
]Zg—nl, g, orif x = 0, or if z = 1), or of the form [Zz_—nl, ’;‘—,}] (if x is exactly 57, 1 <4 < 2" —1). Since n > ny,
whichever the case is, j,(z) is in Qp,, hence in h+_1([0, r[). This means that h™ o3, is a bounded function,

and therefore that f;e[o I h* (jn(z))dA is the ordinary Lebesgue integral fze[o I h* (jn(z))dA. Since At oy,

is piecewise constant, (as with ™ o j,, earlier on), that Lebesgue integral is equal to S 2 (=)
Therefore:

/+ ht(y)dj[\] = inf* ilfﬁ ol
yeIR* va _TLEI\IT,n>n0 n AL ’271

=1

i i—1
BT U Py Kl
= nfr D> gt <[2n QnD

=1

and we recognize the right endpoint of the final interval of (6). O

10 Conclusion

We have proposed an extension of the notion of continuous valuation, or measure, with values in suitable
domains beyond R. We have argued that continuous R-valuations, where R is a so-called Abelian d-rag,
provide such an extension. Beyond R, a particularly interesting Abelian d-rag is the domain of intervals
IR% , and we have shown that there is an ample supply of continuous IR -valuations stemming from
measures.

There are many pending questions. For example, is VR(X ) a continuous dcpo, provided that X
is a continuous dcpo and R is a continuous Abelian d-rag? Is there a form of the Fubini theorem for
continuous R-valuations, beyond the one we have obtained for minimal R-valuations? None of the usual
proof arguments, in realms of measures or of continuous valuations, seems to apply.
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