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HIGH ORDER LINEARLY IMPLICIT METHODS FOR SEMILINEAR
EVOLUTION PDES

GUILLAUME DUJARDIN AND INGRID LACROIX-VIOLET

ABSTRACT. This paper considers the numerical integration of semilinear evolution PDEs
using the high order linearly implicit methods developped in [?] in the ODE setting. These
methods use a collocation Runge-Kutta method as a basis, and additional variables that are
updated explicitly and make the implicit part of the collocation Runge-Kutta method only
linearly implicit. In this paper, we introduce several notions of stability for the underlying
Runge—Kutta methods as well as for the explicit step on the additional variables necessary to
fit the context of evolution PDE. We prove a main theorem about the high order of conver-
gence of these linearly implicit methods in this PDE setting, using the stability hypotheses
introduced before. We use nonlinear Schrédinger equations and heat equations as main ex-
amples but our results extend beyond these two classes of evolution PDEs. We illustrate our
main result numerically in dimensions 1 and 2, and we compare the efficiency of the linearly
implicit methods with other methods from the litterature. We also illustrate numerically the
necessity of the stability conditions of our main result.

1. INTRODUCTION

High order linearly implicit methods for the time integration of evolution problems have
been derived, analysed and implemented recently in [?]. In the context of evolution ODEs,
[?] provides sufficient and constructive conditions to achieve any arbitrarily high order with
such methods. The goal of this paper is to extend the design and analysis of such methods
to the case of semilinear evolution PDEs, that we semi-discretize in time. We mostly focus
on nonlinear Schrodinger equations (NLS) and nonlinear heat equations (NLH), even if the
analysis can also be extended to other semilinear equations of the form
(1)

oru(t,x) = Lu(t,x) + N(u(t, x))u(t, x), t>0,x€e,

where L is an unbounded linear operator on some Banach space X of functions on some €2
with appropriate boundary conditions The function N is a nonlinear function of the unknown
u from X to itself. The unknown wu is a real or complex-valued function of time ¢ > 0 and space
x € ). The autonomous evolution equation is supplemented with an initial condition at
t = 0. More precise hypotheses and their corresponding functional framework are introduced
below. For example, the cubic NLS may correspond to N(u) = ig|u|? (for some ¢ € R) and
L = iA, and the cubic NLH may correspond to L = A and N(u) = +|ul?2. In classical
cases depending on the geometry of Q and the choice of boundary conditions (e.g. Q = RY
or Q = (R/Z)? = T9), and the choice of X, the localization of the spectrum of L is known.
Indeed, the spectrum of L lies on the purely imaginary axis for NLS, and in the left hand side
of the complex plane for NLH. In particular, we provide in this paper sufficient conditions
to achieve any arbitrarily high order with linearly implicit methods for the NLS and NLH
equations. Our results of course extend to other semilinear evolution PDEs.
1
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The numerical integration of such problems has a long history, and numerical schemes
have been derived and analysed in several contexts. For the NLS equation, let us mention for
example [?] and [?] where the Crank-Nicolson scheme is studied, [?] where the Lie-Trotter
split step method is introduced, [?] where some Runge-Kutta methods are used with Galerkin
space discretization, [?] where a relaxation method is introduced, which is proved to be of
order 2 in [?]. Methods with higher order in time, for example exponential methods [?, ?]
or splitting methods (see [?] [?] for error estimates), have also been designed and studied.
The numerical behaviour in the semiclassical limit has also been studied [?, ?]. For the
NLH equation, one may mention Crank—Nicolson [?] as well as splitting methods [?, 7, 7],
exponential methods [?] [?], including Lawson and exponential Runge-Kutta methods.

Some of these methods are fully implicit (e.g. Crank—Nicolson), some are fully explicit
(e.g. a Lawson method based on an explicit Runge-Kutta method), and some are linearly
implicit (e.g. relaxation scheme of [?] for the NLS equation and the linearly implicit methods
proposed and analysed in [?, ?] for parabolic equations). In some sense, the methods pro-
posed and analysed in this paper appear as generalizations of the relaxation method of [?].
Indeed, they are linearly implicit : at the cost of introducing extra variables, they require
only the solution of one linear system per time step so that they do not require CFL con-
ditions to ensure stability that usually appear in explicit methods. Of course, the solution
of one high dimensional linear system per time step has a computational cost, when com-
pared to other high order methods. For the solution of such a system, one may rely on very
efficient techniques, either direct (LU factorization, Choleski factorization, etc) or iterative
(Jacobi method, Gauss—Seidel method, conjugate gradient, Krylov subspace method, etc [?]),
depending on the structure of the problem at hand. Depending on the problem, linearly
implicit methods can outperform high order methods from the litterature. In particular, the
linearly implicit methods below can be competitive when the spectrum of the linear operator
L is unknown (only the localization of the spectrum in the complex plane matters, in some
sense), while exponential methods may be faster for problems where that spectrum is known.
An example can be found in Section 3.2.2 of [?] for an NLS equation on a domain where
the spectrum of the Laplace operator is not known and a linearly implicit method of order 2
belonging to the class studied below outperforms the Strang splitting method.

Other authors have considered adding extra variables for the time integration of evolution
problems. For example, [?, 7] introduced scalar auxiliary variable methods (SAV) and mul-
tiple scalar auxiliary variable methods (MSAV). These methodes were introduced to produce
unconditionnaly stable schemes for dissipative problems with gradient flow structure. The
auxiliary variables in this context are used to ensure discrete energy decay. The order of the
methods (1 or 2 in the references above) was not the main issue. In contrast, the linearly
implicit methods analysed in this paper achieve arbitratily high order in time.

The reader may refer to the Introduction section of [?] for the comparision of the linearly
implicit methods introduced there and analysed here in a PDE context, and other classical
time integration methods from the litterature (one-step methods, including Runge-Kutta
methods, linear multistep methods, composition methods, etc).

The linearly implicit methods of [?], that we further analyse below for NLS and NLH
equations, embed a classical collocation Runge-Kutta method with additional variables, in
the spirit of the relaxation method introduced by Besse [?]. The analysis of the convergence
of these linearly implicit methods applied to semilinear problems like NLS and NLH relies on
stability hypotheses of two different kinds : on the classical collocation Runge—Kutta method
used on the one hand, and on the explicit update formula for the additional variables. For
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the stability of the Runge-Kutta method itself, we refer to the work of Crouzeix and Raviart
[?7, ?]. In this paper, we generalize some stability notions defined in these works (see Definition
below and also [?]), that allow to ensure global stability of our linearly implicit methods.
For the stability of the explicit update of the additional variables, we extend results of [?] in
the EDO case to the PDE .

This paper is organized as follows. Section [2] describes the extension of the linearly implicit
methods of [?] to the PDE setting. First, we adapt in Section the classical Runge-Kutta
framework for ODEs to the PDE context. This allows for a description of the linearly implicit
methods in the PDE setting in Section In Section [2.2] we introduce the functional
framework that allows to ensure the stability of the explicit update of the additional variables
(Lemma . In Section |3} we analyse the consistency and convergence errors of the linearly
implicit methods in Section and the stability of the linear Runge—Kutta step in Section
3.2l This allows for exposing our hypotheses on the exact solution of as well as on the
numerical parameters in Section to ensure in our main result (Theorem that linearly
implicit methods actually converge with high order. The proof of the theorem is provided in
Section Section [4] is devoted to proving that for the NLS equation, the Cooper condition
on the coefficients of the underlying collocation Runge-Kutta method ensures that the mass
is preserved by the linearly implicit numerical method. We provide numerical experiments in
Section[5] We consider NLS equations in 1D (methods of order 2 in Section methods of
order 4 in Section and a method of ordre 5 in Section and in 2D on a star-shaped
domain (see Section [5.3). We consider NLH equations in 1D (methods of order 2 in Section
. In all these cases, we illustrate numerically the main result of the paper (Theorem [3.1))
and we compare the precision and efficiency of the high order linearly implicit methods with
that of other methods from the litterature. We also demonstrate numerically in Section
the necessity of our stability hypotheses in the PDE setting. Section [6] conludes this paper
and introduces future works. An appendix is proposed in Section [7 which includes proofs of
several technical results (Sections and as well as Butcher’s tableaux of the underlying
Runge-Kutta methods used in this paper for the numerical experiments of Section [5|to allow
for reproducibility of the numerical results.

2. LINEARLY IMPLICIT METHODS FOR SEMILINEAR EVOLUTION PDESs

In this section, we introduce the linearly implicit methods from [?] adapted to the PDE
setting of the equation as well as the associated functional framework.

2.1. Description of the linearly implicit methods. Linearly implicit method from [?]
applied to a semilinear PDE of the form rely on a classical Runge-Kutta method, referred
to as the “underlying Runger—Kutta method” in the following, as well as on additional vari-
ables that are explicitly updated at every time step. Before adapting the definition of the
linearly implicit methods from [?] to the PDE context at hand in we recall some basic
notations for classical Runge-Kutta methods applied to PDE problems and introduce their
(linear) stability function in Section [2.1.1]

2.1.1. The underlying Runge—Kutta method. We fix a number of stages s € N* and we con-
sider throughout this paper a Runge-Kutta method with s € N* stages, and real coefficients
(@ij)1<ij<s> (bi)1<i<s, (Ci)1<i<s- We group these coefficients in a square matrix A of size s
with coefficients (a; ;)1<i j<s, & column vector b of size s with coefficients (b;)1<i<s, and a
column vector ¢ of size s with coefficients (¢;)1<i<s- We moreover denote by 1 the column



4 G. DUJARDIN AND I. LACROIX-VIOLET

vector of size s with all components equal to 1. We recall that the (linear) stability function
of the method is defined for A € C by

(2) R(A) = 1+ \bM(I — AA) ™1,

where [ is the identity matrix of size s. Note that the function R is a rational function of A.
We denote by A® L the operator-valued matrix

a11L s alsL
AQL = :
ale s LLSSL

Similarly, we set
VL= (b1L, - ,bsL).

The notation I will be used for the identity operator in general.

2.1.2. Linearly implicit methods. Following the methods introduced in an ODE context in
[?], we assume we are given an s x s real or complex matrix D and a real or complex column
vector © = (61,---,0,)!, and we consider some h > 0 as a time step. Since the problem
is autonomous, we always consider t = 0 as the starting time without loss of generality. We
take u’ € H? (classical Sobolev space of order o, to be defined in the next section), and we
denote by t +— u(t) the exact solution of (1)) with initial datum u(0) = u°. Of course, for fixed
t = 0, the function u(t) is itself a function of x € Q. We will often omit this dependency in the
notations. We initialize the linearly implicit method with ug € H?, close to u®. We initialize
the additional variables (y_1;)1<i<s With approximations of (N (u((¢;—1)h)))1<i<s and we set
I_1 = (7-1,1) <i<s € (H?)®. Assuming one knows an approximation u, of the exact solution u
at time ¢,, = nh and approximations I'y,—1 = (Yn—1,i)1<i<s Of (N (u(tp—1+¢ih)))1<i<n for some
integer n > 0, the first step of the linearly implicit method consists in computing pointwise
in x

(3) Iy, =DI'y—1 + ON(uy).

Let us recall a definition from [?].

Definition 2.1. The step is said to be strongly stable when the spectral radius p(D) of
the matriz D is stricly smaller than 1. It is said to be consistent of order s when it satisfies

(4) Vo= DV._q + 9,

where V. is the Vandermonde matriz at points (c1,...,cs) (i.e. (Ve)ij = cg_l for all i,7),
Ve—1 is the Vandermonde matriz at points (c1 —1,...,¢cs —1) (i.e. (Ve—1)ij = (c;i — 1)7=1 for
alli,7), and ¥ is an s x s matrix with © as first column and zero everywhere else.

Existence of matrices D and vectors O, such that the step is strongly stable and of
order s is discussed in [?], and formulas are provided as well. In this paper, we will always
assume that the step is strongly stable and is consistent of order s. The second step of the
linearly implicit method uses the Runge-Kutta method introduced in in the following
way. One first solves for (uy ;)1<i<s the following s x s linear system

s
(5) Uni = Up + N Z aij(L + ’yan)unJ‘ 1<i<s.
j=1
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Setting U, € (H?)® as the unknown vector with components (u, ;)1<i<s, the system reads
(6) (I — hA® L)Uy, = unl + hA(T, o Uy),

where T'), @ U, denotes the column vector with components (vy iun i)i<i<s. Afterwards, the
third and last step of the linearly implicit method consists in computing explicitly

S
(7) Unt1 = tn + B > bi( L+ i)t
=1

This last step can be also written
(8) Un1 = Un + h (V' @ L) Uy, + ho' (L, 0 Uy,).

Definition 2.2 (collocation methods). The Runge—-Kutta method defined by A, b and ¢ is
said to be of collocation when ci,ca,...,cs are distinct real numbers and A and b satisfy for
all (i,5) e {1,...,s}?,

1

() aj = J Yo and b= f ti(r)dr,

0 0

where (€;)1<i<s are the s Lagrange polynomials associated to (c1,...,cs) defined by

(10) Vie{l,... s} ei(T)zﬂm.
me

Remark 2.1. In the examples of this paper, we shall order the coefficients c1,...,cs in such

a way that ¢c; < --- < ¢ and assume that they all lie in [0, 1].

2.2. Functional framework. In this paper, for expository purposes, we consider the case
Q = R? in particular in the proofs of our results. In this case, we denote by H? the space of
functions f from R? to C such that

| 1©Pa+igPrag < +ec

l ~
equipped with the norm ||f|go = (SRd 1£(6)]2(1 + ]5\2)”d§> ? where f stands for the Fourier
transform of the function f. The corresponding norm on (H?)® is defined for F' = (f1,..., fs) €
(H7)° by

1
2

(11) |ENreys = (ZJ fo(©)P (1 + |€!2)”d5>
p=1"R?

Of course, our results extend to several other cases. Let us mention two of them : the
d-dimensional torus = T% and the case of a bounded open set  with a Lipschitz boundary
and homogeneous Dirichlet boundary conditions. First, in the case of the torus T¢, we denote
by H the space of functions f from T? to C such that

D FRPA+ k)T < +on,

kezd
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1

equipped with the norm |f|lgs = (Zkezd |F (k)21 + |k:|2)") ? where f stands for the se-

quence of Fourier coefficients of f. The corresponding norm on (H?)* is defined for F' =
(fi,..., fs)t € (H?)® by

(12) |El(zzoys = (Z D 1HR)P(L+ |k|2)0> -

p=1kezd

Second, in the case of a bounded open set 2 with a Lipschitz boundary, the Laplace operator
with homogeneous Dirichlet boundary conditions has compact inverse. Hence its spectrum

consists in a countable set of negative eigenvalues (—/\%)keN with A > 0 and A\ k—» ~+00,
— 400

and there exists an orthogonal Hilbert basis (ej)ren of L%(€2) consisting in eigenvectors of
this Laplace operator. Indeed, the integration by parts formula holds true in this case (see
[?]) and this allows to perform the usual variational analysis (see Theorem 7.3.2 in [?]). We
denote by H? the space of functions f € L?(Q, C) such that

Dkl (1 +27)7 < +oo,
keN

where f = Z,‘:ﬁ% ager. Of course, the associated norm on H? is defined by

| fll e = (Z |k *(1 + Ai)“) :

keN
and that on (H?)® is defined for F' = (f1,..., fs)' € (H?)® by

(13) |Ellzzeys = (i D lafP+ Ai)") 2 7

p=1keN

where for all pe {1,...,s}, f, = Dip abey.

In all cases, we chose o > d/2 so that H? is an algebra. This is well known for Q = R¢ and
Q = T¢, and holds for 2 bounded open set of R with Lipschitz boundary (see for example
after Theorem 1.4.4.2 in [?]). Of course, one can even think of more general settings allowing
for the algebra property on H? (see for example [?] and references therein), but we will not
do so in this paper.

The norm of linear continuous operators from H to itself is denoted by | - || go—ge, and
that of (H?) to itself is denoted by || - [[(go)s—(pe)s-

Lemma 2.1. As above, assume D is a complex s x s matriz. The linear mapping F — DF
sends (H?)® to itself continuously. Moreover, if the step is strongly stable (i.e. p(D) <1),
then for all 6 € (p(D),1), there exists a norm || - ||(goys,p on (H?)*, equivalent to the usual

norm defined above (m or , such that
(14) VFe(H?)*,  |DF|eysp < 0|F| e p-
Proof. We prove the result in the case of the full space R%. The proof in the other cases

follows the same lines. First, one can check that

A~

(15) VFe (H°)®, V¢éeRY  DF(¢) = DF(E).
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Therefore,
VF e (H?)*,  |DF|ge)s < C[F(go)s,

where C is any constant greater or equal to the norm of the matrix D as a continuous linear
operator from the hermitian space C* to itself. If we assume moreover that p(D) < 1 and
0 € (p(D),1) is given, then one can chose ¢ > 0 sufficiently small to ensure that p(D) +¢ < 4.
Denoting by |- |p the norm on C* provided by Lemma we can define a norm on (H7)*
by setting

wEe (s WFlamen = ([ IF@B+ Ira)

Since |- |p is equivalent to the usual hermitian norm on C?, the norm | - [ (o) p is equivalent
to the norm | - | (zo)s. Moreover, thanks to and Lemma one has

V(). IDFleyn = | IDF©B+[P)rde
< | D)+ PP+ P)rae
< O F ey p-
This proves (([14)). O
Remark 2.2. Let us define || - ||(go)s o0 the norm on (H?)* defined as the mazimum of the
H7-norm of the components of the vectors. One can check easily that
VFe(H),  |Fl@weysw < |Fl@e)s < Vs|Flme)s o
In particular, this norm is also equivalent to the norm | - | (goys p-

3. CONVERGENCE FOR LINEARLY IMPLICIT METHODS FOR NLS AND NLH

In this section, we first introduce the consistency and convergence errors of the linearly
implicit method —@- in Section Then, we focus on the anlysis of the quasi-Runge—
Kutta step @ in Section In Section we set the precise hypotheses on the exact
solution of as well as on the linearly implicit method and we state the main result of the
paper, which ensures that linearly implicit methods have high order. The proof of this main
result is provided in Section

In this section, we assume = R? or Q = T even if the results extend to more complex
geometries (see Section [2.2).

3.1. Consistency and convergence errors.

3.1.1. Consistency errors. We assume that the equation with initial datum «® € H? at
t = 0 has a unique smooth solution at least on some interval of the form (7,,7*) with
T, < 0 < T*. We estimate consistency errors. Since consistency errors rely on Taylor
expansions of the exact solution with respect to time, the analysis is very similar to that of
[?]. For all integer n greater or equal to —1, we denote by ¢, the time nh, where h > 0 is the
time step that we assume sufficiently small to ensure that T, < t_;.
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Definition 3.1. For alln = 0 and all h > 0 small enough such that t,+1 < T*, we define
the consistency error R in (H?)* of the step by setting

N(u(ty, + c1h)) N(u(tp—1 + c1h)) 01
(16) R, = : -D : = N(u(tn)) | :
N (u(ty, + csh)) N(u(tp—1 4+ csh)) 05

Similarly, we define the consistency error R2 of step as the vector of (H?)® with entry
number i equal to

(17) (R2), = ultn + cih) = u(tn) — 1 > ag (L + N(u(tn + c;h)) ultn + cjh).
j=1

Moreover, we define the consistency error RS in H® of step by setting

(18) R> = u(tni1) —u(ty) —h 2 bi (L + N(u(ty, + cih))) u(ts + cih).
=1

We fix some final time 7" € (0,7™).

Proposition 3.1 (consistency error of step ) Assume that the exact solution and the
nonlinear term are such that t — N o wu(t) has s continuous derivatives in H° on [0,T].
Assume moreover that the step is consistent of order s. There exists a constant C > 0
such that for alln € N and h > 0 sufficiently small, such that t,.1 <T, one has

(19) | Rl r1oys < CRS.
Proof. The proof follows the very same lines as that of Lemma 1 in [?]. O

Proposition 3.2 (consistency error of steps @—) Assume that the Runge-Kutta method
defined in [2.1.1] is a collocation method of order s. Assume that the exact solution and the
nonlinear term are such that t — u(t) has s + 2 continuous derivatives in H? on [0,T].
There exists a constant C > 0 such that for all n € N and h > 0 sufficiently small, such that
thi1 < T, one has

(20) |R2||(reys < CR*TY and  |R}|He < ChST

Proof. For all n > 0 and h > 0 such that t,1 < T, the errors ((R2);)1<i<s and (R2) are that
of the quadrature method (corresponding to the Runge-Kutta collocation method) applied
to the function «’ at points (¢, + c;h)1<j<s With weights (ha; ;)i1<j<s On [tn, ty +c;h] for (R%);
for all i € {1,...,s} and with weights (hb;)1<i<s on [tn,tns1] for R3. Therefore, they can
be expressed, for example, with the Peano Kernel. They depend on the method, and on the
exact solution, but not on the numerical solution. So, since the function v’ € C**1([0,T], H?),
they are controlled as in . O

3.1.2. Conwvergence errors. We introduce the notation for the convergence errors that we use in
the proof of convergence. Following the notation in the paper [?], we denote for all A > 0 small
enough to ensure that the method —— is well-defined, and all n > 0 such that ¢, < T
the following convergence errors: P,, € (H?)® is the vector with component number i equal to
(Pn)i = N(u(ty + ¢ih)) — i, Qn € (H?)® is the vector with component number i equal
to (@Qn)i = ul(tn + cih) — upn;, and e, € H? is defined by u(t,) — u,. Moreover, we set
zn = maxo<k<n(|exl me)-
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3.2. Analysis of the linear quasi-Runge—Kutta step ().

3.2.1. Notions of stability for Runge—Kutta methods. We denote by C~ the set of complex
numbers with non positive real part, and by iR the set of purely imaginary numbers. Following
[?], [?], [?] and [?], we recall the following definitions.

Definition 3.2. A Runge—Kutta method is said to be

o A-stable if for all A\ e C~, |[R(N)| < 1.

o I-stable if for all X € iR, |[R(N\)| < 1.

o AS-stable if for all A\ € C~, the matriz (I — \A) is invertible and X — \b'(I — NA)~1
is uniformly bounded on C~.

o ASI-stable if for all A € C~, the matriz (I — NA) is invertible and X — (I — NA)~1 is
uniformly bounded on C~.

o I[S-stable if for all X € iR, the matriz (I — NA) is invertible and X — Ab'(I — NA)~1
is uniformly bounded on iR.

e ISI-stable if for all X € iR, the matriz (I — NA) is invertible and X — (I — XA)~! is
uniformly bounded on iR.

o A-stable if it is A-stable, AS-stable and ASI-stable.

o I-stable if it is I-stable, 1S-stable and ISI-stable.

A few examples of Runge-Kutta methods and their stability properties can be found in
Section|7.3] The analysis of the stability properties of these methods as well as other examples
can be found in [?].

Remark 3.1. Observe that, from this definition, an A-stable Runge—Kutta collocation method
s also I-stable. Similarly, an AS-stable Runge—Kutta collocation method is also 1.S-stable,
and and ASI-stable Runge—Kutta collocation method is also 1SI-stable. As a consequence,
an A-stable method is also I-stable.

Remark 3.2. If b is in the range of A, then ASI-stability implies AS-stability using Lemma
4.4 of [?]. Similarly, 1SI-stability implies 1.S-stability.

Remark 3.3. Further connections between these eight notions of stability for collocation
Runge—Kutta methods are analysed in [?].

Remark 3.4. The well posedness of the linear PDE (with N = 0) relies on the fact that
the spectrum of the linear operator L is included in a half-plane of the form {z € C | R(z) < so}
for some sy in R. Up to a change of unknown, we may consider the case sy = 0 without loss of
generality. The first ezample L = A (see Sectz’on fits this framework. The analysis of our
methods applied to this example will involove the notion of fl—stability even in the nonlinear
setting. Similarly, the second example L = iA (see Section|1) also fits this framework. The
analysis of our methods applied to this example will involove the notion of f—stability even in
the nonlinear setting.

3.2.2. Stability of Runge—Kutta methods for semilinear PDE problems. In this paper, we con-
sider semilinear evolution problems of the form , with L = A or L = iA as explained in
Section What follows can be adapted for any diagonalizable operator on H?, provided
one knows the localization of the spectrum. The goal of this section is to set notations on
the operators that will be used later in the paper and to establish estimates on these opera-
tors, provided that the Runge—Kutta method has some stability property. The proof of these
estimates is presented in Appendix (Section .
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Proposition 3.3. Assume the Runge—Kutta method is AS-stable and L = A. There exists a
constant C > 0 such that for all h > 0, we have

| (ho'®L) (I —hAQL)™" | (sroysspre < C.

Proposition 3.4. Assume the Runge—Kutta method is 1S-stable and L = iA. There exists
a constant C' > 0 such that for all h > 0, we have

| (ho'®L) (I —hAQL)™" | (groysspe < C.

Proposition 3.5. Assume the Runge—Kutta method is ASI-stable and L = A. There exists
a constant C' > 0 such that for all h > 0, we have

| (I =hA® L) |(foys—(rr7)s < C.
Proposition 3.6. Assume the Runge—Kutta method is 151-stable and L = i/A. There exists
a constant C' > 0 such that for all h > 0, we have

| (I = hA® L) ™ | (moys—s(rreys < C.
3.2.3. Well-posedness of the quasi-Runge—Kutta step.

Proposition 3.7. If the chosen Runge—Kutta method is ASI-stable and L = A or if it is
ISI-stable and L = 1A, then the internal linear step @ of the linearly implicit method —
@— is well defined for h > 0 sufficiently small, where “sufficiently small” depends only on
the norm of T'y, in (H7)®.

Proof. Assume the method is ISI-stable and L = iA (the proof follows the very same lines
in the other case). Since the method is ISI-sable and L = iA, proposition ensures that
for all h > 0, the operator (I — hA ® L) has bounded inverse from (H?)® to itself, and its
operator norm is bounded by a constant that does not depend on hA. Solving @ in (H?)® is
indeed equivalent to solving for U, in (H?)*

(I h(I-hA®L)™: Arn.) Up=(—hA® L) uyl.

Since the operator norm of (I — hA® L)_1 AT, e is bounded by the product of the operator
norm of (I —hA® L)_1 by that of U — AIl'), ¢ U, and since the latter only depends on a
bound on I'y, the result follows using a Neumann series argument. O

3.3. Hypotheses and main result. With the hypotheses on the exact solution and on T
introduced in Section [3.1.1] we choose some r > 0 and we denote by V an r-neighbourhood
of the exact solution of defined by

(21) V={u(t)+wv, | te[0,T] and v e H? with ||v]|g- < 7}

We make the following hypotheses on the nonlinearity N in and on the exact solution
of the Cauchy problem.

Hypothesis 3.1. The function N sends bounded sets of H? to bounded sets of HC.
Hypothesis 3.2. The function N is Lipschitz continuous on bounded sets of HC.

Hypothesis 3.3. The exact solution u has s + 2 continuous derivatives with values in H®
on (T, T%).

Hypothesis 3.4. The function t — N(u(t)) has s continuous derivatives in H? on (T,, T*).
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We make the following assuptions on the numerical method ——.

Hypothesis 3.5. The Runge—Kutta method is a collocation method with s distinct points
0<c¢ <---<cs <1 (see Definition .

Hypothesis 3.6. The matriz D € Ms(C) and the vector © € C® are such that the step
is strongly stable and consistent of order s. We denote by 6 a fixred number in (p(D),1), and
by || - | (goys,p the morm on (H?)* provided by Lemma .

Using Hypothesis we have that N ou([0,71]) is a bounded set of H? and we denote by
M > 0 a bound on this set. Moreover, with Hypothesis the set N (V') is bounded and we
denote by m > 0 a constant such that

(22) VoeV,  |N(@)|ge <M +m.
Let us recall that we chose o > d/2 so that H? is an algebra (see Section [2.2)).

Theorem 3.1. Assume that the function N in satisfies hypothes and . Assume
u® € H° is fived and that T € (0,T*), r > 0 and V are defined as in [21). Assume the exact
solution satisfies hypotheses and . Assume M > 0 and m > 0 are defined as in .

Assume that the underlying Runge—Kutta method satisfies hypothesis and that the step
(3) satisfies hypothesis|3.0. Assume that the underlying Runge—Kutta method is I-stable and
L =1iA, or that the underlying Runge—Kutta method is A-stable and L = A.

There exists a constant C > 0, a small hg € (0,T) and a neighbourhood of u® € H® such
that for all ug in this neighbourhood, all h € (0, hg) and all y_11,...,7v-1,s sufficiently close
their continuous analogues N(u(t_1 + c1h)),...,N(u(t—1 + csh)), the numerical method (3)),
, @ is well defined for all n € N such that 0 < nh <T. Moreover, for such n and h, the

method satisfies
(23) Vi e {17"'78}7 H”Yn—l,i‘

and
(24)

max |u(ty)—ug|ge < eC™ (}uo —ug|| o +C ( max [N(u(t-1 + c;h)) —v-1il go + h5)> .

0<k<n ie{1,...,s}

HUSM—Fm,

3.4. Proof of Theorem Let us first introduce all the notations we use in the proof
of the Theorem. Let us define the convergence errors P, € (H?)® with component number
i equal to (P,); = N(u(ty, + cih)) — Vni, Qn € (H?)® with component number i equal to
Qn,i = u(ty, + cih) — up; (provided wy,; is well defined), and e, € H? with e, = u(t,) — uy.
We set z, = maxo<k<n |ex|mo. In the following proof, the letter C' denotes a real number
greater or equal to 1, which does not depend on h (but depends on M and 7 in particular)
and whose value may vary from one line to the other.

Using Hypothesis step is strongly stable. Therefore, we fix § € (p(D),1) and we
use Lemma [2.1] to define a norm | - | (go)s p such that holds.

We divide the proof in two parts. First, we assume an a priori bound for the numerical
solution. Assume we are given an integer v € N such that ¢,11 < T and for all n < v,

o (H1) |Thll(foys,c0 < M +m,
e (H2) the step has a unique solution (un;)1<i<s in (H7)?,
o (H3) upeV.
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We show that, in this case, we have an explicit bound for the convergence errors (P,)o<n<y

and (z,)o<n<y (see equations and ) o

Second, we assume that hg and the initial errors P_; and eg are small enough and we show
that the bounds of the first part of the proof are indeed satisfied.

First part. In addition to the bounds above, we assume that h € (0,1). Let us consider
n € N with n < v. In particular, we have t,,,1 < T. Substracting from we obtain

th
(25) Py = DPy1 + (N(u(ty)) = N(un)) | i | + Ry
05
We infer using estimate of Lemma
(26) | Poll(rroys, 0 < 8] Pactll(zroye,p + Cllenlae + | Ryl 712y,

where the constant C' is proportional to the Lipschitz constant of N over the bounded set V'
(using hypothesis [3.2)).
Substracting () from we obtain

Qn,i

= e, +h Z i j (LQunj + N(u(ty + cjh))u(ty + cjh) — ynjunj) + (R2);
j=1

= e, +h Z a; jLQnj +h Z a;j (N(u(ty + cjh)) — vnj) u(tn + cjh)
j=1 j=1

+h Z Q4,5 Vn,j (u(tn + th) — un,j) + (Ri)z

j=1
S s S
= e, + h Z CLi,jLQnJ‘ +h Z amPn,ju(tn + th) +h Z ai,j’Yn,an,j + (Ri)z
j=1 j=1 j=1
Therefore, the vector Q,, solves
(27) (I —hA®L)Q, = e,1 + hAP, o U;, + hAT',, ¢ Q,, + R2,

where Uy, is the vector with component j equal to u(t,+c;jh). Since the Runge-Kutta method
is either [-stable or A-stable, it is either ISI-stable or ASI-stable and the operator I —hA® L
is invertible (see propositions and |3.6) and the equation above is equivalent to

(I-h(I-hAQL) 'Al',)Q, = (I —hA®L)™" (e,1 + hAP, o U, + R2).

Just as in proposition [3.7] the operator in the left hand side is invertible for i small depending
only on a bound on |I'pl(geys e Let us denote by | - [ the operator norm in ((H?)%,| -
|(E7)s,00)- As soon as (I —hA® L) ' AT, e |, < 1, we have

1
1—h|(I—hA®L) AT, e |, (I

Note that, using (H1), |AL), e |. < C1(M + m), where C; only depends on the matrix A.
Since (I — hA® L)™' (goys—(s7)s is bounded by a constant that does not depend on h, the

|Qnl(tr7)s,00 < € lenllzze + ChI Pl oy oo + |B2 (ro)s o) -
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same holds for (I — hA® L)~!|, with a constant Cy. Then, provided that h is sufficiently
small to ensure that hC1C2(M + m) < 1/2, we have

(28) |Qnll(reys 0 < Clleal e + Ch|Pall(soys,00 + CI R (117)5 oo
Substracting @ from we obtain

ent1 = ep+h Z biLQn; + h Z bi (N (u(tn + cih)) — Yni) u(ty + cih)
i—1 i—1

+h Z bivni (w(ty + cih) — upn;i) + Rz

i=1

= en+h ) biLQni+h . biPojulty + cih) + h > biyniQni + Ry
i=1 =1 =1

= e, +h(B'QL)Q, + hb'(P, e Us,) + hb' (L', ¢ Q) + R
= e, +h(V'®L)(I-—hA®L) e, 1 +h(b'@L)(I —hA® L)' [hAP, e Uy, + hAL,, ¢ Q, + R2]
(29) +hb'P, e Uy, + hb'Ty, 0 Q,, + R3,

where we have used .
Let us denote by v, = e, + h(b! @ L)(I — hA® L) e,1. Assume that the spatial domain
is Q = R9. Observe that if L = iA, then for all £ € R,

Un(€) = R(—ih€*)én(8),
and that if L = A, then for all ¢ € RY,
Un(€) = R(—=h&%)én(9),

where R is the linear stability function of the Runge-Kutta method defined in . Since the
Runge-Kutta method is either I-stable or A-stable, it is either I-stable or A-stable and in

both cases, hence |R| < 1 in the appropriate region. Similar estimates hold in the periodic
case Q = T?. Therefore,

lvnllge < [en]we.

Since the Runge-Kutta method is either I-stable or A-stable, it is either IS-stable or AS-stable
and in both cases, using , we infer with propositions and that

lentillae < llenlme + ChlPall(seys oo + ChITall (o) ool Qull(rre)s o0 + ClRR 17y + | B3l
which gives with (H1)

lensilme < llenl e + ChPallgeys oo + CRM +m)|Qnll (o) oo + CIRE | (trey + | B -
Using , and recalling that h € (0,1) so that h? < h < 1, we have
(30) lent1lae < (1+ Ch)|lenl e + Ch|Pall(meys o0 + CRillr1o)s + | R e
From we have by induction

(31) |Pallzeye,p < 8" Pl oye,p + C Y5 8" (lexllr + | Rillrreys,p) -
k=0
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Using the norm equivalence between | - ||(goys oo and || - | (go)s p, and in we obtain

lensillze < (14 Ch)len]ae + Ch [5n+1|P1(HU)S,D +C 6" (lexlae + |Rllc”(H”)S,D)]

k=0
(32) +C|RY | (oys + | By | 1o
With estimate , we infer that
(33)

lentillze < (1+Ch)|en| e +Ch [5n+1”P—1|(HU)S,D +C Y 8" F (lelme + R (zre)s.0) [+ChT

k=0

Using the maximal error defined previously and the fact that 6 < 1 since the step is
strongly stable, we have, using also estimate ,

lensilme < (14 Ch)zn + Ch | 6" Poy|(groys,p + (2n + 1) D 6"7F | + CRH!
k=0
1
< (1+Ch)z, +Ch [5”+1P1|(H0)S7D + (20 + h%) 1_5] Ch**t1,
and then
(34) lens1lme < (14 Ch)zn + Ch6" Y| P_y | (goys p + ChSTL

Using that z,41 = max{zy, |en+1]| g}, we infer
(35) i1 < (L4 Ch)zn + Ch||P_1||(groys p + Ch*T.
By induction it follows that for all n» in N such that ¢, < T,

n—1
Zn < (1 + Ch)nZO + Ch (HP_:[H(HO‘)S7D + hs) Z (1 + Ch)k
k=0
1+ Ch)”
< efnh h (|| P- oy h?® (7
e 20 + Ch (| P-1] ()50 + )1+Ch—1
< €Cnh (Z() +C (HP*IH(H‘T)S,D + hs))
(36) < eCrh (Zo +C (HP_1’|(HO')S7(D + hs)) .
Using and the same estimations as above, we have moreover, since § < 1,
(37) |Pull(zroys,0 < I1P-1l(r7)s,p + C(2n + h®).
We infer, using ,
(38) | Pl (troys 0 < C€™ (20 + | Pt/ (moys o0 + B°) -

This shows that, as long as (H1), (H2) and (H3) hold for n such that 0 < n < v, the
estimates and ) hold for the convergence errors (P,)o<n<y and (zn)o<n<y. Observe
that the constant C' > 1 above does not depend on h, neither does it depend on v. However,
it depends on the exact solution through the hypotheses stated before the theorem. This
concludes the first part of the proof.

Second part. From now on, we denote by C the maximum of the constants appearing in
the right hand sides of and (38). Choose hy € (0,1) sufficiently small to have hy <
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min{—T,,T*} and Ce®Th§ < r and Ce“Th < m and hoC1C2(M + m) < 1/2 where Oy and
Cy were defined in the first part. Assume ug, Y—14¢;s---»V—1+c, € H? and h € (0, hg) satisfy

(39) T (u° —uolge +C (max Mt — N(u(t— + cih)) e + hs)) <r

1€[[1,s]
and
(@) Ce (1 = walie + o [rvre, ~ Nultor + )+ 15) < om

First, with (for n = 0) and (40), we have

= max [Yo4e, — N(ulto + ¢ih))|ge < m.
i€[1,s]

1Pol (£ 00

Therefore by triangle inequality we have
IToll(zroys,00 < IR0l ()2 0 + [ (N (ulto + cib))r<issllproys 0 < M +m

And then, the hypothesis (H1) of the first part is satisfied for n = 0.

Moreover, with (39), we have |[u® — ug| s < 7 so that up € V and the hypothesis (H3) of
the first part is satisfied with n = 0. With proposition we infer that the system @ has a
unique solution in (H?)* since we assumed h < hg < 1/(2C1C2(M + m)). This implies that
the hypothesis (H2) of the first part is satisfied for n = 0. Then we can apply the analysis of
the first part (with v = 0) to obtain and with n = 1. Using and , we infer
that hypotheses (H1), (H2) and (H3) are satisfied for all n < v = 1, and the result follows by
induction on v.

4. REMARK ON THE MASS CONSERVATION FOR NLS EQUATION

Let us consider the NLS equation with L = ¢A and N taking values in iR, such that
the Cauchy problem associated to is well-posed. In this case, the L?-norm of the solution
is preserved by the exact flow (at least in the case Q = R% and Q = T%). Indeed, classically,
one has along the exact solution w:

——u@®)|? =R (J;) (—i|Vu|2 + N(u)\u|2) dxdy) =0.

For linearly implicit methods, it is possible to reproduce this property numerically, by adapt-
ing a classical condition for the preservation of quadratic invariants by Runge—Kutta methods

7).

Proposition 4.1. Assume L = iA and N takes values in tR. Assume the collocation Runge—
Kutta method satisfies the Cooper condition (see equation (3.9) in Remark 14 of [?] or
below). Assume the eigenvalues of D are chosen so that D is a real valued squared matriz
and 0 is a real valued vector. If y_11,---,7v-1,s take values in iR, then for all uy € L?(Q)
and for all n € N such that u,, is well-defined by the linearly implicit method, one has

2 2
[un]™ = fluol”-
Proof. First of all, let us recall de Cooper condition for a Runge-Kutta collocation method:

(41) V1<1,) <s, bibj — biaij — bjaji = 0.
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Let n be given as in the hypothesis. We have, using :

f P = f e
Q Q

s s
= f (Un +h Z bz(L + ’Yn-‘rci)un,i) (un +h Z bz(L + ’Yn-‘rci)un,i)
Q

i=1 i=1

(42) = f|un|2+hf Il+hf 12+h2J13,
Q Q Q Q

where, since b; € R,

S
Z bi(L + ’7n+ci)un,i Unp,

L =
=1
s
-[2 = Z bZ(L + 'Yn-&-ci)un,i%a
i 51
I3 = Z bibj(L + ’Yn—i—ci)Un,i(L + ’Yn+0j)un,j-
7,7=1

Using (| , we can write:

S s s
L = Z < (L + Ynte; )Un, Z) Un,i — hZ ( (L + Ynte,)Un z) (Z a; (L + ’ynJer)un,j) ,
i=1 ) o
S S
= Z < L + ’Yn—i-Cz)Un Z) Un i Z 'j ( L + 7n+c7 unj> (Z a]J(L + 7”+Ci)un,i> s
i=1 Jj=1 i=1

S

= Zb <L+7n+cz)um>umhz<
j=1 \i

A similar computation leads to

b; CL] i L + 'YnJrcl)un 'L(L + 'YnJrcj)un,])
=1

S S S
Iy = > bi (L4 Ynte)tni) Tng —h ), <Z biti i (L + Ve, )un,i(L + Ynote )M) :
=1

i=1 i=1
Using these two equalities in , we obtain

s
J |un+1|2 = f ‘un’2 +h Z bzf [(L + /Yn-i-ci)un,i Un,i + (L + /Yn-i-ci)un,iﬁ,i]
Q ; Q

+h2 Z 2 — bia;; bjajyi) J;Z(L + ’yn+cl.)un’i(L + 'yn+cj)un7j.
j=1li=1

With the Cooper condition in the last term, this gives

(43) J |tng1]? = J |un|* + 21 ) biRe <J (L + 'ynm)un,iun,i) :
Q Q = Q

Observe that, since the (y_1+¢;)1<i<s are purely imaginary-valued initially, D is a real-valued
matrix, and N takes values in ‘R, the step ensures by induction that (Yn+¢,)1<i<s are
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purely imaginary-valued. Using that and the fact that, for the Schrodinger equation, the
operator L = iA is skew-symmetric, we infer that the last term in is equal to zero. This

implies
f g = f .
Q Q

This concludes the proof. O

5. NUMERICAL EXPERIMENTS

This section is devoted to numerical experiments illustrating the main theorem of the paper
(Theorem . We also demonstrate numerically the necessity of the stability conditions
of Section for the convergence result to hold. Moreover, we compare the precision and
efficiency of the linearly implicit methods analysed in this paper with that of classical methods
from the litterature. We consider NLS equations in 1D (Section and 2D (Section , as
well as NLH equations in 1D (Section. A more extensive numerical comparison of linearly
implicit methods for several semilinear evolution PDEs will be the object of a forthcoming

paper.

5.1. Note on the initialization of the linearly implicit methods. Initializing a linearly
implicit method , , requires not only an approximation uy of u’ but also s ap-
proximations y_1,1, -+ ,Y—1,s of N(u(t_14¢,)), -+, N(u(t-1+4¢,)). To do so, in the numerical
experiments below, we use appropriate methods that ensure that the corresponding terms
in the right hand-side of has order s. This is easy to do for NLS equations since they
are reversible with respect to time. For non reversible equations like NLH equations, we
may compute forward approximations of N (u(tote,)),- -+, N(u(tote,)) and u(t1), by stan-
dard methods of sufficient orders and use these values as initial data for the linearly implicit
method after a shift of A in time.

5.2. Numerical experiments in 1 dimension for the NLS equation. We perform nu-
merical experiments in dimension 1 (£2 = R), on the soliton solution

2
(44) u(t, ) = /%?sech (Va(z — zg — ct)) eilat )t gicle—wo—ct)/2)

to the NLS equation with L = 02 and N(u) = ig|u|? for some q € R\{0}, x¢ real, c real,
a > 0.

We initialize the methods by a projection of this exact solution on the space grid for «° and
by the image by N of the projection of this exact solution on the space grid for y_11,- -+ ,v-1s.
The final error is computed comparing to the projection on the space grid of the exact solution
at final time.

5.2.1. Methods of order 2. The linearly implicit method with the underlying Runge-Kutta
method of Example and i% as eignevalues of D, applied to a nonlinear Schrodinger
equation with exact solution with ¢ =4, « =1, ¢ = 0 and zg = 0, has been implemented
in [?]. The computational domain was truncated to (—50,50) with homogeneous Dirichlet
boundary conditions and discretized with 2!® points in space. The final computational time
was T = 5. Observe that this method is A-stable (see Example .

We refer the reader to Figure 4 in [?] for the numerical comparison with other convergent
methods of order 2 from the liltterature (the Crank-Nicolson method and the Strang splitting
method). The left panel shows the order 2 of each method and in particular illustrates
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Theorem for the linearly implicit method. Moreover, the right panel shows the efficiency
of the methods in terms of CPU time as a function of the error: The numerical cost for a
given error is a bit higher for the linearly implicit method of order 2 than for the Strang
splitting method and it is much lower than for the Crank—Nicolson method.

To complete the illustration of Theorem [3.1] for methods of order 2, we investigate the
relevance of the hypothesis of /l—stability for the underlying Runge-Kutta method. To this
end, we implement the linearly implicit method relying on the Runge-Kutta method described
in Example |7.3| with i% as eigenvalues of D on the same soliton test case. This underlying

Runge-Kutta method is not A-stable (and even not I-stable) and hence not A-stable. We
emphasize the fact that this linearly implicit method is of order 2 when applied to an ODE
thanks to Theorem 9 in [?]. However, Figure |1| shows that this method fails to converge
for the soliton case. This demonstrates the relevance of the hypothesis of A-stability (or at
least I-stability) for the numerical solution of nonlinear Schrédinger equations using linearly
implicit methods (this is in fact similar to the use of classical Runge-Kutta methods, where
A-stability is required as well to ensure convergence).

10 ® ® Linearly implicit
=)
=
230
=
=
5 20
-
3 °
E
g 10+

[ ]
0 \ \ \ — \ ®

T
-12 -1 -08 -0.6 -04 -02 0 0.2
time step (Injg scale)

FIGURE 1. Numerical error as a function of the time step for the soliton test
case with the linearly implicit method based on the Runge-Kutta collocation
method of Example which is not A-stable (since not A-stable) with \; =
1/2, A9 = —1/2.

5.2.2. Methods of order 4. For the numerical methods of order 4, we use the parameters g = 8,
xg = 0, ¢ = 0.5, @ = 4 in the nonlinear Schrédinger equation and its exact solution above.
The computational domain is truncated to (—62.5;62.5) and we set homogeneous Dirichlet
boundary conditions. We use finite differences with 22° points in space for each method. We
denote by L the classical homogeneous Dirichlet Laplacian matrix times the purely imaginary
unit. We perform the simulation until 7" = 5.

We compare four numerical methods of order 4 on the 1D soliton case mentioned above :
e the linearly implicit method of order 4 (LI UP) defined by (c1, co, c3,¢4) = (0, %, %, 1)
and (A1, A2, Az, \g) = (% —%, ﬁ', —ﬁ'). The corresponding coefficients (a; ;j)1<i,j<4 and
(bi)1,<i<a are computed in Example The underlying Runge—Kutta method is

~

A-stable.
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FIGURE 2. Comparison of methods of order 4 applied to the NLS equation.
On the left panel, maximal numerical error as a function of the time step
(logarithmic scales); on the right panel, CPU time (in seconds) as a function
of the final numerical error (logarithmic scales).

e the linearly implicit method of order 4 (LI GP) with Gauss points defined by
( ) = 1 onl al opl LY
T\ T2 02 T 002 0)°
where a; = 1/525 + 70v/30 and s = 1/525 — 70v/30 and (A1, A2, A3, Aa) = (=3, %, —

The underlying Runge-Kutta method is A-stable (see [?]).
e the Suzuki composition (see (7)) of the Crank-Nicolson method (ScCN) where the
Crank-Nicolson method ®, : uy — upy1 is given by:

Up4+1 — Un _ <£ n N(un+1) + N(“n)) Un+1 + Up
h 2 2 ’

e the Suzuki composition (see ([47))) of the Strang splitting method (ScSs) where the
Strang splitting method ®p : uy, — uyy1 is given by:

Un,1 = exp (hN (up)/2) up,

D=
S~—

I

D=

(45)

h h
(46) (1 — 2£> Un,2 = <1 + 2£> Un,1,

Un+1 = €XP (hN(un,Q)/2) Up,2-
The Suzuki composition method that we use is given by the following numerical flow:

(47) ®a3h o q)ozgh o (I)tha

with a1 = a3 = and ag = 1 — 2. Since the methods @, are symmetric and of order

2— /2
2, their composition above is symmetric of order 4.

The results of Figure [2] indicate that the four methods above have order 4 in this soliton
case (left panel). This illustrates Theoremfor the linearly implicit methods. Moreover, the

two linearly implicit methods of order 4 outperform the ScCN method in terms of efficiency
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(computational time required for a given error) and so does the ScSs method (right panel).
Indeed, the two linearly implicit methods and ScSs, as implemented above, require to solve
a linear system at each time step and they display similar efficiencies within the final error
range used for this simulation.

5.2.3. A method of order 5. For the illustration of the importance of the ASI-stability of the
underlying collocation Runge-Kutta method hypothesis, we implement the 5-stages linearly
implicit method defined in Example For that linearly implicit method the underlying
Runge-Kutta method is A-stable, AS-stable, but not ASI-stable. We use it to solve numer-
ically the nonlocal nonlinear evolution PDE

(48) Opu = 10%u + u* u * u,

with periodic boundary conditions on the torus R/(277Z) and where » denotes the convolution
product. To understand the Cauchy theory for equation , note that the evolution of the
Fourier coefficient ¢ (u) of order k € Z is such that

(cx(uo))?

1— i(ck(kqéo)V) o2kt 4 (er(u0))?’

2 k‘2

(49) (ck(u(t7 ))2 = <

where ug is the initial datum associated to at t = 0. Assuming that ug € L2(R/(27Z))
is real-valued and even, we have that for all k € Z, cx(up) € R and taking appropriate square
roots in , and forming the corresponding Fourier series, we obtain a solution to for
all t € R. We plot in Figure [3| the discrete L?-norm of the difference at times close to 7' = 1.0
between the exact solution of defined using (49) and the numerical solution obtained
by the non-ASI method described in Example We take N = 30 Fourier modes (from
k=0tok =29) and ¢(up) = e 1¥l. We chose time steps between 1.0/2% and 1.0/2% and
we also consider time steps satisfying 1 — hk?a = 0, where o = 3+/7/56 (see the analysis of
this method carried out in [?]). For these time steps, the matrix (I — hA® L) (for diagonal
L with entries —ik?) is not invertible. We observe in Figure [3| that the method displays a
convergence of order 5 for regular time steps, which is destroyed for resonant time steps of the
form 1.0/(ak?). This illustrates the importance of the hypothesis of ASI-stability (included
in fl—stability) in Theorem for the convergence of linearly implicit methods applied to a
nonlinear Schrédinger evolution PDE.

Remark 5.1. The numerical examples above (in Figure|l| of a method which is not A-stable
(see Section [5.2.1) and in Figure [3 of a method which is A, AS and not ASI stable (see
Section @ ), show that linearly implicit methods may fail to converge for evolution PDE
problems, even if they would converge for evolution ODE problems. Moreover, these two
numerical examples demonstrate the relevance of the concepts of A-stability and ASI-stability
in the hypotheses of Theorem [3.])].

5.3. Numerical experiments in 2 dimensions for the NLS equation.

5.3.1. Space discretization. We consider the focusing NLS equation
(50) i0u = —Au — qlul?u,

on a star-shaped domain S — R? with homogeneous Dirichlet boundary conditions, with
q € R. The energy associated to reads

1
E(u) = 3 fs |Vu|*dazdy — % L Jul*dzdy.
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@ regular steps
---slope 5
resonant steps

15 4

10 4

log10 of the error
(@2
|

T T T T T T
-20 -1.8 -16 -14 -12 -1.0
log10 of the time step

FIGURE 3. Numerical L?-error at time 7 = 1.0 as a function of the time step
for the solution to Equation with initial datum given in the text through
its Fourier coefficients, using the non-AST linearly implicit method of order 5
described in Example We plot regular time steps of the form 1.0/2P for
pe {3,---,8} (green dots), a regular line of slope 5 (dashed green line), and
resonant time steps of size 1.0/(ak?) for 1 < k < 30.

The domain S consists in the union of the interior of the triangle with vertices
(R sin (21%)  Rcos (2/%)) . 0<k<2,
and that of the triangle with vertices
(Rsm ((2k + 1)%) , R cos ((Qk: + 1)%)) . 0<k<2

for some R > 0.
The discretization of S is carried out using GMSH by generating an admissible (in the sense

of finite volumes) triangular mesh of S. The triangles are denoted (7;)1<j<s for some J > 1.
The set of the corresponding edges is denoted by £, and is partitioned in the set £ of interior
edges (belonging to 2 triangles) and the set £ of exterior edges (belonging to 1 triangle).
For all triangle 7;, we denote by £; < £ the set of its 3 edges. Denoting by U € C” a finite
volume approximation of a complex-valued function u over S, we define a J x J matrix L by
setting for all ke {1,---,J}

i U; — Uy 0— Uy
(LU)k = Z 2 ls + Z ls |,
m (i) 0EER NEME do OEE NEXE do
where
e in the first sum, for o € & N &M, the letter j denotes the integer in {1,---, J}\{k}

such that o is both an edge of 7; and 7y, d, is the distance between the centers of
mass of 7; and 7, and /, is the length of the edge o;

e in the second sum, for o € & N £, d, denotes the distance between the center of
mass of T and the edge o, and ¢, still denotes the length of the edge o;



22 G. DUJARDIN AND I. LACROIX-VIOLET

e the area of the triangle T is denoted by m (7x). In our case all the triangles share
the same area m(7T).

This way, LU is a finite volume approximation of ¢Awu. It is easy to check that the matrix L
is skew-symmetric, with spectrum included in {R~. From now on, we consider the following
semidiscretization of :

(51) U'(t) = LU(t) + N(U) = U,

where N(U) € R’ has component j equal to ig|U;|> and = stands for the componentwise
multiplication in C”.

5.3.2. Comparison of methods of order 2 on the star shaped domain. We consider the case
q = 1, R = 1 with the initial datum Uj as the interpolation of

uo(z,y) = \/%?exp (—49(9132 + y2)) exp (—20ix) ,

at the centers of the triangles. We set T' = 0.1 as the final time. and we consider. An example
of the dynamics is presented in Figure [ with J = 161472 triangles.

Note that, since the spectrum of L is not explicitly known, the computation of exponentials
involving L requires approximations. Depending on where these approximations are used (in
splitting methods, in e.g. Lawson methods, or in exponential Runge-Kutta methods), the
order of approximation has to be chosen carefully. Moreover, when J is big, computing these
approximations can be costly.

t =0.001
5 t=002 t=004 )
z 3.0 2.00
—0,750,580,2.000.250.500.75 ! ) T
—0,750,500,29.000.250.500.75 —0.750.560.29.000.250.500.75 .

t=0.06 t=008 t=01
T 2.0 r -
—0,750,560,29.000.250.500.75 —0,750,500,29.000.250.500.75 —0,750,500,20.000.250.500.75 175

FIGURE 4. The dynamics of the test case of the NLS equation on a star-
shaped domain.
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We present in Figure [5| a numerical comparison with J = 10 092 of methods expected to
be of order 2 for this problem. We show at the same time the final error as a function of the
time step (left panel) and the CPU time as a function of the final error (right panel), both in
log scales. The four methods we consider are

e the Strang splitting method with (Id + hL/2)(Id — hL/2)~! as an approximation of
e in a classical and efficient implementation involving only the Lie splitting method,
e the Crank—Nicolson method (C-N),
e the linearly implicit method with uniform points (LI UP) based on the Runge-Kutta
method of example with Ay = =g = 1/2,
e the linearly implicit method with Gauss points (LI GP) based on the Runge-Kutta
method of example n with Ay = =g = 1/2.
We implement the four methods in Python and use the spsolve function of scipy.sparse.linalg
to compute the solutions to all the linear systems. We use a reference solution computed with
a method of order 5 with a very small time step to compute the final errors. The three
first methods have numerical order 2 as predicted by Theorem The fourth one seems
to have order 3 and hence to behave even better than predicted by Theorem In terms
of efficiency, the linearly implicit method with Gauss points outperforms even the explicit
Strang splitting method describe above. However, the Strang splitting method is faster than
the linearly implicit method with uniform points.

—0.5 /
F) K 2.5 % o o
= ® 2 - ¢ o
) . / ) o o
< )/ K =
g 14 o , g 2 %6 4
gg o / = + 4 o O
= ) / S + @)
= o , , = + O
5 ® ; ¢ 15+ t o4
215 ; g +
<] A +
3 : o
E =0
OLI UP LI GP + Strang OLI UP LI GP
24 6CN --- slope 2 - - - slope 3 + Strang ¢ C-N
\ \ \ \ \ \ T 0.5 T T T T \ T T
—42 —4 -38-3.6-34-32 -3 —2.8-2.6 -16 -14 -1.2 -1 -08 —0.6 —04
time step h (Injg scale) final error (Injg scale)

FIGURE 5. Comparison for J = 10 092 of methods of order 2 applied to the
NLS equation on a star-shaped domain. On the left panel, final numerical
error as a function of the time step (logarithmic scales); on the right panel,
CPU time (in seconds) as a function of the final numerical error (logarithmic
scales).

We compare in Figure |§| the preservation property of the mass (squared L?-norm) and
energy

J
(52) E(U) = mg” U*LU ~ qu) 2 Uk,
k=1

where U™ is the conjugate transpose of U. As expected, the Crank-Nicolson method and
Strang splitting method preserve the mass. So does the linearly implicit method with Gauss
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points since it satisfies the Cooper condition (41[). This is coherent with Proposition The
linearly implicit method with uniform points does not preserve mass as it does not satisfy the
Cooper condition. Among the four methods of order 2, the Crank—Nicolson method is the
only one preserving the energy.

-5
-10 .1072
—LIUP LI GP /\N—_’———r—“—\w—
14 — Strang— C-N 0
0.8
—0.21 —LIUP — LI GP
% 0.6 - @_0.4 | — Strang — C-N
= = -
[«5]
0.4
0.2
O —
T T T T T T T T T T T T
0 2.10724-10726-10728-10"2 0.1 0 2.10724-10726-10728.1072 0.1

time time

FIGURE 6. Deviation of the mass (left panel) and energy (right panel) from
their initial values by the four methods of order 2 for J = 10 092 and h = 10~4

5.4. Numerical experiments in 1 dimension for the NLH equation. The comparaison
of methods of order 1 has been carried out in [?]. We focus here on methods of order 2.

In this section, we perform numerical experiments in dimension 1 on Q = (—50,50) with
homogeneous Dirichlet boundary conditions, on the equation
(53) dvu(t,x) = 02 u(t, z) + u(t, z)3,
starting from

1 . us T

ug(z) = 5 sin (mx + 5) ,
for t € (0,7) with 7" = 1.0. We use classical finite differences in space with points.
We compare two linearly implicit methods (with uniform (Example or Gauss points
(Example , the eigenvalues of the matrix D being i% in both cases) with the classical
methods of Crank-Nicolson and Strang splitting. A reference solution is computed with a
classical Runge—Kutta method of order 10 with a small time step. For the initialization of the
linearly implicit methods, we use one step of Strang splitting starting from ug over [0, cih],
[0, c2h] and [0, k] and then run the method (see Section [5.1]). Numerical results are displayed
in Figure[7]

The underlying Runge-Kutta methods of both linearly implicit methods are A-stable and
the eignevalues of their matrix D belong to the open unit disc. Therefore, Theorem
ensures that they converge with order (at least) 2. The numerical experiment described above
demonstrates numerically that both methods have order 2. For this numerical example, the
Strang splitting appears to be the most precise and the most efficient of all four methods.
The two linearly implicit methods have an efficiency which is comparable to that of the
Crank—Nicolson method.

214
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. a0 14 3 !
voogoo oLI UP oC-N 0y
. 500 00 . +Strang«LI GP ¢
5 4+ 56006 0° 5 05 %
o L O % o o1
A ' OU o o N OC‘,A
S DO o0 = - e,
g 560 S0 =] 1% %
=5 o 00 o = 0 ¥ 0%,
5 670 4+t & + %
£ +7F = K el
o +t +—0.5 + 0
= + ++ -] e R
& —8- 4+ S " ©
L+ OLI UP ¢C-N 14 +
L+ +t + Strang = LI GP +++
J
T T T T T T T T T T T T T T T
—26—24-22 -2 —1.8—-1.6—-1.4—-1.2 -9 -8 -7 -6 -5 -4 -3
time step h (Injg scale) final error (Injg scale)
FIGURE 7. Comparison for 24 points of methods of order 2 applied to the
p p PP

NLH equation (53)) over (=50, 50) with Dirichlet boundary conditions. On the
left panel, final numerical error as a function of the time step (logarithmic
scales); on the right panel, CPU time (in seconds) as a function of the final
numerical error (logarithmic scales).

6. CONCLUSION AND FUTURE WORKS

This paper extends the analysis of high order linearly implicit methods developped for
ODEs in [?] to the numerical integration of evolution semilinear PDEs. It introduces several
notions of stability for the underlying collocation Runge-Kutta method, the analysis of which
is carried out in the compagnon paper [?]. Assuming these stability conditions as well as
additional stability conditions for the extra variables, the main result of this paper states
that linearly implicit methode with s stages have order at least s (Theorem [3.1)).

The necessity of all the stability conditions is illustrated numerically. Numerical experi-
ments for the NLS and NLH equations illustrate the efficiency of the linearly implicit methods
in dimensions 1 and 2 when compared with classical methods from the litterature. In par-
ticular one obtains better performance for high order linearly implicit methods in dimension
2.

More extensive numerical experiments will be carried out in a forthcoming paper.

7. APPENDIX

7.1. Proof of Proposition This section is devoted to the proof of the estimates of
Propositions and For the sake of brevity, we only write the proof of Proposi-
tion|3.5|in the case of the torus. The proof of the three other propositions can be derived using
the same technique: that of is the very same, with a different localization of the spectrum
of L, and that of and has to be adapted for isomophisms that are not endomorphisms.
That technique has to be adapted for other continuous cases, for example when L = A or
L = iA on R?, but the spirit is the same.

Proof. Let us consider the case of the torus Q = (R/Z)?, with the Laplace operator L = A.
Let ¢ > 0 and h > 0 be fixed. Since L is an unbounded operator from H? to itself, with
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domain H°*2, and is selfadjoint over H?, we have
H? = @ Ker(L— Aldgo).
XeSp(L)
Defining for A € Sp(L), Vy as (Ker(L — Aldg-))®, we infer
(54) (H°) = @ Vi
AeSp(L)

Observe that, for all A € Sp(L), V), is stable by A ® L. Moreover, for all A € Sp(L) and
(vlv T 7Us) e Vi, we have

U1 U1
(55) (ARL)| : |=)A

Vs Vs
Observe that Sp(L) < (—0,0]. Let A € Sp(L) be fixed. We have hA € C™. In particular,
with the hypothesis that the method defining A is ASI-stable (see Definition , the matrix
(I—hAA) is invertible. This, together with (55]), implies that (Id(fsys —hA®L))y, is invertible
from V) to itself. Moreover, using the norm defined in , we have

-1
' | (14rey: —nA®L) ,, | H = (1 = nAA)Y|
(Ha')s_,(Ho‘)s
where the norm in the right-hand side is the usual hermitian norm on C?®. Since this holds
for all A € Sp(L) and the spaces V) are pairwise orthogonal, we can use to derive that
that (Id(go)s — hAA® L) is invertible from (H?)* to itself, with

|(4zey: —ha® L)

2 )

< I—h A, .
(Ho)s—(H)* )\eSSlll)I()L) H( ) H2

The hypothesis that the method defining A is ASI-stable ensures that the right-hand side of
the inequality above is bounded independantly of h > 0. This concludes the proof. O

7.2. Two technical lemmas.

Lemma 7.1. Let D € M4(C). We denote by p(D) the spectral radius of the matrix D and
by | - |2 the usual hermitian norm on C*. For all € > 0, there exists an invertible matriz P
such that

(56) Yz e C?, |PDP 2]y < (p(D) + €) |z|2.

Proof. Let D and € as in the hypotheses. Using for example the Jordan reduction theorem
for the matrix D, there exists an invertible matrix U € M,(C) such that UDU ! is upper
triangular. The coefficients on the diagonal of UDU ™! are therefore the complex eigenval-
ues Aq,...,As of D. After conjugation by the diagonal matrix My with diagonal elements
1,0,---,6% 1 for § € (0,1), we obtain

A1 (5151’2 (52t173 - (587115175

0 A 515271 - (5872152,5
MUDM;U) ™t = |+ 0 o e o,

0 e As—1 6ts—1,s

0o ... 0 As
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where the coefficients (¢; ;) are that of the upper triangular part of UDU~!. For all vector
u € C® with |u|2 < 1, we infer

|MsUD(MsU) ™ ul3

S
Apug + 0 Z 5j_k_1tk7juj

I
M-

k=1 j=k+1
2
S - S ) S )
= Z ])\kuk\2+258? AUk Z (Wikiltk’juj‘ + 62 Z (Wfkiltk,juj
k=1 j=k+1 j=k+1
2
S S )
< ). (D) IUk|2+25Z D)lule Z 67k 1\tk]\|u]|+522 Do T ]
k=1 j=k+1 k=1 |j=k+1
< p(D)? +2C5p(D)s|uly + 62C%s|ul?,

where C' denotes the maximum of the moduli of the (¢; j)i<; and we have used the fact that
|uloo < |ul2 < 1. Since we have |u|; < 4/slulz < +/s, we infer finally that

|MsUD(MsU) " ul? < p(D)? + 2Cs*26p(D) + C26%s>.

Chosing § € (0,1) small enough to ensure that ¢ (2053/2p(D) + C?%§s%) < €%, we infer that
for all uw e C* with |uls <1,

|Ms;UD(MsU)  ula < A/p(D)? + €2 < p(D) + ¢.
This implies with P = MU by homogeneity. g
Lemma 7.2. Let D € M4(C). We denote by p(D) the spectral radius of the matriz D. For
all € > 0, there exists a norm |- |p on C® such that
(57) Vo e C?, |Dz|p < (p(D) +¢) |z|p-
In particular, for the norm || - ||[p on Ms(C) induced by |- |p, we have
IDllp < p(D) + =

Proof. One obtains the result by setting for all z € C*, |x|p = |Px|e with the notations of
Lemma [71] O

7.3. Underlying collocation Runge—Kutta methods used for numerical examples.
This section is devoted to introducing the collocation Runge-Kutta methods used for nu-
merical examples. Details on the stability properties (see Definition [3.2)) can be found in

[7].

Example 7.1 (Collocation Runge-Kutta method with s = 2 Gauss points). For s = 2 Gauss
points the method reads,

ST
=

=~ @‘
S

(58)

D= D=
+
=
_|._
oI
—_
D= >~

It is A-stable (see [?]).
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Example 7.2 (Trapezoidal rule with s = 2 stages).
with s =2 and (c1,c2) =

Example 7.3 (Collocation Runge-Kutta method with s = 2 stages not A nor I stable).

(1/4,1/3)

It is A-stable (see [?]).

(0,1) reads

G. DUJARDIN AND I. LACROIX-VIOLET

Butcher tableau of the Runge—Kutta collocation method with s = 2 and (¢1,c2) =
reads

Example 7.4 (Lobatto collocation method with s = 4 uniform points).
of the Range-Kutta collocation method with s = 4 and (c1, ¢, c3,cq)

It is neither A-stable nor I-stable (see [?]).

olo o 0 0
1/3]1/8 19/72 —5/72 1/72
2/311/9 4/9 1/9 0
1 |1/8 3/8 3/8 1/8

1/8 3/8 3/8 18

This method is A-stable (see [?]).

The Runge—Kutta collocation method

The

The Butcher tableau
= (0,%,%,1) reads:

Example 7.5 (Collocation Runge-Kutta method with s = 5 stages which is A, AS but not

AST stable). We consider the 5-stages Runge—Kutta collocation method defined by its Butcher
tableau
1 3259 1421 2147 163 _ 1421 217 829
1440 720 64 120 720 64 1440
1 V7| w2(281/7+1120) 343 10747 K2 (106+/7+455) k2 (97VT+770) w2 (T1+/7+280)
2 14 15435 T 180 315 10290 17640 15435
1 203 343 7T 22 _ 343 7\f 53
2 90 180 24 15 T 180 90
1, V7 K2 (281/7-1120) k% (97+/7—770) #% (106 v7-455) 343 107\[ K2 (71+/7-280) 7
2t 1 15435 17640 o 10290 ~1s0 T 315 B 15435
3 363 _ 147 _ 217 63 _ 147 21f 93
4 160 80 64 40 80 160
128 —343 44 —343 128
45 90 15 90 45
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where k4 = 7 £ +/7. This method is A-stable, AS-stable, yet not ASI-stable (see [?]). For
the linearly implicit method, we choose \; = i/6 for i € {1,---,5}. Therefore, we have

1153 3707¢; 3283 (¢; —1)? L 61 (er— 1) L 5ler— H* ]
1944 1944 76 1944 76,
1153 I 3707 Co I 3283 (Cg - 1) n 61 (02 - 1) n 5} (CQ — 1)
1944 1944 76 1944 776,
o | 1153, 3707c; 3283 (¢ —1)° 61 (c—1)° , 5 (cs—1)
1944 1944 76 1944 776,
1153 | 3707¢; 3283 (cj —1)* 61 (¢ —1)° 5 (¢;—1)
1944 1944 6 1944 776,
1153 3707¢; , 3283 (c; —1)* 61 (c;—1)* 5 (c5—1)
[ 1944 1944 7776 1944 7776

Example 7.6 (Collocation Runge-Kutta with s = 5 stages which is I but not A stable). We
consider the 5-stages Runge—Kutta collocation method defined by its Butcher tableau

1| 4453 4347 221 1917 1123
1 | 2400 1600 120 1600 2400
13824 133 742 179 944
3 | 2025 50 405 150 2025
1| 281 513 29 243 71
2 | 150 200 15 200 150
2| 3808 194 824 28 928 -
3 | 2025 75 405 25 2025
3| 1503 4131 81 1701 393
4 | 800 1600 40 1600 800
176 189 58 189 176
75 50 15 50 75

This method is I-stable but not A-stable (see [?]).
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