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Abstract

In this report, a complete review of the modeling and control schemes employed for overhead cranes has
been provided. Different kinds of modeling strategies used for numerical simulations and controllers have
been reviewed and their properties and validity have been discussed. Subsequently, the control methods
introduced for overhead cranes are reviewed and their characteristics and stability have been analyzed.
The studied modeling and control methods are then classified in tabular formats allowing one to select
the most appropriate strategy for each specific application at a glance. Finally, some controllers have
been selected from each class of controllers and comparative numerical experiments have been made to
extract the key characteristics of each method. In the end, some comments and recommendations are

provided to select the best modeling and control methods for each specific application.
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1 Introduction

Industrial cranes can be found in almost all construction sites and industrial zones. Depending on the
application, cranes come in different shapes and configurations such as overhead cranes, boom cranes, tower
cranes, mobile cranes, etc. Many other systems also involve flexible cables and certainly share many control

and modelling aspects with cranes (helicopters carrying loads suspended to a cable |[Ren et al. 2019], cable-

driven robotic systems [Lamaury and Gouttefarde, 2013, [Merlet, [2017], etc.). Nevertheless this survey work

mostly concentrates on the overhead cranes. A 3D view of a typical overhead crane is shown in Fig. [} As
can be seen, a trolley carries the payload through a hoisting cable with length [(¢) under tension 7'(¢). The
trolley can move in j and k axes to move the payload to a desired place. The length of the cable can also
be changed to move the payload in ¢ direction for hoisting the payload. Asynchronous electric motors are

usually used as actuators to provide appropriate forces F},, Fy and F; in axes i, j and k, respectively.

Fu(n)

Trolley N

(my)

Fiun

Hoist cable
i), I(r)

Payload
(m)

Figure 1: Schematic diagram of an overhead crane [Hong and Shah| 2019

The main parts of a typical overhead crane are shown in Fig. 2] Appropriate control forces Fj, and F;
(see Fig. |1]) are applied to the trolley to move it to the desired place and satisfy some control objectives. A
hook is usually attached to the cable to carry the payload. The payload is connected to the hook through
relatively small links/cables. Hence, this part is usually considered a mass-less rigid body. Cable modeling
is probably the most challenging part of the modeling procedure. Other parts of an overhead crane, e.g.,
electric machines, multi-rope dynamics, nonlinear and nonsmooth effects due to friction, clearances, and

backlash, etc. can also be considered in the modeling or in the closed-loop analysis.
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Figure 2: Schematic diagram of an overhead crane in 2D space

2 DModelling aspects: Generalities

Models can be classified according to different criteria: linear vs nonlinear, finite-dimensional vs infinite-
dimensional (PDEs), control design oriented vs numerical simulation, 2D operating space vs 3D operating

space, etc. Let us propose a possible classification.

2.1 Models for control

For control-design purposes two main classes have been used so far:

1. Finite-dimensional models with very few degrees of freedom (dof), hence tractable for control design
and analysis: trolley+pendulum, where the pendulum is a series kinematic chain made of rigid, or
elastic, links with lumped masses at the joints (revolute or spherical). In most of the literature, it has
one, or two degrees of freedom (dof). They may be nonlinear (Coriolis and centrifugal torques, gravity
torques) or linearized around the vertical posture of the cable. Several subclasses can be considered :

(a) 2-dimensional (2D) operating space, pendulum-like cable with one or two dofs (or links),

(b) 3D operating space, pendulum-like cable with one link,

(c) Single cable cranes,

(d) Multiple-cable cranes,

(e) Fixed-length links,

(f) Variable-length links, with or without control of the length coordinate via some winding device,

(g) links with longitudinal elasticity (and viscous internal damping),
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2. Kinematic models: when the payload is related to the trolley with several cables, the detailed kinematics
between the cables and the payload have to be modelled to understand the payload manipulation. The
trolley+payload system is similar to a cable-driven robotic system. Such models may be used mainly

during static postures of the gantry crane, to stabilize the payload.

3. Infinite-dimensional models (ODE+PDEs): trolley+flexible cable. The cable may be represented by
a linear wave equation, valid in a neighborhood of the cable’s vertical posture (i.e., small angles and
small transversal displacement) |[d’Andréa Novel et all (1994 [Kim and Hong), 2009, |d> Andréa-Novel
and Coron, 2000} |[d’Andréa Novel and Coronl, 2002|. Other models consider the cable as an elastic
curvilinear domain which can only resist to tensile forces and can only undergo elongation, yielding
nonlinear dynamics [Bertrand et al., 2020]. PDEs need to be spatially discretized for simulation and
for control application (for instance see |[Fatehi et al. [2014]) and yield finite-dimensional Lagrange

systems.

It is noteworthy that the models which are used in the control literature, are either nonlinear and with few
dofs (typically less than 5), or linear and infinite dimensional (an exception is [Fatehi et al., 2014] where
both nonlinearities corresponding to the single-pendulum model and infinite dimensional characteristics of
the cable have been taken into account). The literature on cable’s modelling is abundant, and many other
types of cable models exist [Lv et all 2020]. However, to the best of the authors’ knowledge, these models
are barely employed in the control literature, either for control design, or for numerical simulation. The
first class is the most used in the Automatic Control literature, by far, see Section [3.5] Different model
classes correspond to various control tasks: control of payload’s gross motion with compensation of swing or
sway angles with very large payload mass (extremely tense cable) or small payload mass (slack/tight cable),
attenuation of vibrations in long hoisting ropes under fast trolley motion, control of the payload 3D motion

using multiple cables kinematics.

As made clear later, and as a known fact, controlling overhead cranes efficiently, necessarily implies to take
into account and use the inertial and dynamical couplings between the state variables, because of their strong
underactuation. It is therefore quite useful to characterize rigorously these couplings. This is why it is chosen

first to focus on the modeling aspects, before starting the analysis of controllers.

(Linear chains of oscillators) Models as in 1 (g) make the overhead crane a nontrivial extension of linear
chains of oscillators whose analysis and control is studied in [Ovseevich and Ananievski, 2021, |Ovseevich and
Fedorou, |2015]. Then overhead cranes are a kind of nonlinear chain of oscillators. How could the control
of cranes with cables in the neighborhood of the vertical posture, benefit from these studies in case of cables
with significant longitudinal elasticity? See also section[3.3.4 for relationship with linear chains of oscillators

when torsional stiffness is modeled.
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2.2 Models for simulation

For the sake of numerical simulation (in order to settle numerical benchmark tests for robustness analysis),

several classes of models may be used:

1. Finite-element approximations of wave equation |Egeland and Gravdahl, 2002|, of elastic curvilinear

domain models [Bertrand et al. [2020|, Rayleigh-Ritz discretization [Damaren) [2000].

2. Finite-dimensional models trolley+pendulum with a very large number of pendulum dofs (thus a priori
untractable for control design). This requires the use of a reliable numerical toolbox able to simulate
efficiently a Lagrangian system with typically several tenths of dofs, and also which enables the designer
to incorporate neglected dynamics, controller discretization effects. In this work the MATLAB Multibody

toolbox (MATLAB2021b).

The boundaries between these two big classes is, of course, never frozen, as new controller design may emerge
that use more complex models. The main discrepancy between the models for control design and the models
for simulation, is the number of dofs which has to be very large for the latter, so that the cable’s flexible
modes are well taken into account in the virtual cable. Until now two extreme classes of models seem to
be used in the control literature: linear infinite-dimensional and very local (wave equation), and nonlinear
finite-dimensional with global dynamics (lumped-mass pendulum). A few number of references, e.g., [Fatehi

et al. 2014], have tried to cover both of these extreme cases in a single model. This path is investigated

later in this article, see sections -6

2.3 Disturbances, uncertainties, neglected dynamics

Also an unwanted effect may be considered as a disturbance, or as being part of the model for control design.
In addition to cable flexibilities, other effects considered as disturbances can be incorporated in any of the
above for control design or in the numerical benchmarks. Clearly, an efficient simulation toolbox has to

incorporate most it not all of these phenomena.
1. Disturbances:

(a) Coulomb-like friction between the trolley and the rails,

(b) mechanical play (static or dynamic backlash) at some places like actuators,

(¢) measurement noise (sensors),

(d) uncertain parameters (inertial parameters), which result in an equivalent disturbance in the closed-
loop system.

2. Large parameters variations (e.g., switching between heavy-payload and payload-free subtasks),

3. Neglected dynamics:
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actuators dynamics,

(a
(

b) cable’s flexibilities (for lumped masses pendulum-like models with few dofs),

d

)
)
(¢) multiple cables vs single cable (kinematics at the payload attachment),
) 3D effects (for 2D designs), like payload rotations,

)

(e

flexibilities in the trolley’s dynamics (the trolley being itself a multibody system, and its modelling

as a lumped mass point-mass system being an approximation),

(f) flexibilities in the trolley supporting rails,

2.4 Lagrange dynamics in finite dimensions

Let a mechanical system with n degrees of freedom be given, let ¢ € IR"™ be the vector of its generalised

coordinates, the Lagrange equations are given as:

-5 =@ (1)

where L(q,q) is the Lagrangian function, L(q,q) = T(q,q¢) — U(q), T(q,q) is the system’s kinetic energy,
U(q) is its potential energy, @ is the vector of generalized forces (that perform work on the coordinate ¢). It
is assumed that ¢ is minimal, which means that there are no redundant coordinates, and describes the
system’s dynamics without the need to add any equality (bilateral) holonomic constraints. Usually it is much
easier to write the dynamics with redundant coordinates, and adding bilateral constraints that represent the

joints. As is well-known |Brogliato et al.,2020], the Lagrange dynamics can be rewritten as:

M(q)§+C(q,4)q+ g(q) = Q (2)

where: M(q) = M "(q) = 0 is the mass matrix, or inertia matrix (it may be just = 0), C(q, ¢)¢ contains
centrifugal and Coriolis nonlinear generalised forces, g(g) = % is the vector of forces that derive from a
potential (gravity, elasticity, etc). The next property is also well-known (since at least the 1980s in the

Automatic Control and the Robotics scientific communities):
Property 1 The matriz C(q,q), when written with the so-called Christoffel’s symbols, verifies
M(q,q) =C(q,4) +CT(q,4) < M(q,q) —2C(q,q) is skew-symmetric, (3)

where M(q, q) is the matriz obtained from M(q) by differentiating each one of its entries with respect to time.

Property |1 in is a key property for the design of passivity-based controllers [Brogliato et al., |2020], it
implies passivity but it is not implied by passivity. Another fundamental property is that the system ,
seen as an input/output operator @ — ¢, and under a boundedness condition on the potential energy, is
passive, i.e., V(q(t),q(t)) — V(q(0),4(0)) < fot QT (s){(s)ds along the trajectories of the system, and where

Vi(g,q) =T(q,q) + U(q) is the total mechanical energy.
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2.5 Main specific features for control design and analysis

Property [1] is a generic property of Lagrange dynamics, not peculiar to overhead cranes models. Some

essential and specific properties of the overhead crane dynamics are the following ones:

1. Underactuation: the degree of underactuation dy,ac is equal to the number of degrees of freedom,
minus the number of independent torque inputs in Q. In cranes like in Fig. [2| there are 14+2N (with N
the number of joints) in the 2D case with varying lengths, or 1+ N in the 2D case with fixed lengths,
or 2+ 3N (3D case with varying lengths) or 2+ 2N in the 3D with fixed lengths, degrees of freedom.
In a typical overhead crane, the number of independent inputs varies from 1 (trolley controller in 2D
space) to 3 (trolley and length controllers in the 3D space). Thus dunae is usually very large, which
makes crane mechanisms occupy a particular place in the class of underactuated systems, which in fact

contains a variety of systems [Liu and Yul [2013].

2. Dynamical couplings: in view of large dunac, the couplings between the actuated and the unactuated
coordinates dynamics, and between the unactuated coordinates dynamics themselves, play a major role

in the general dynamical behaviour of cranes and more specifically in their control.

3. Passivity: passivity is one major property of such Lagrange systems. as reminded above. However
the passive outputs usually do not correspond to the output to be controlled, mainly due to the
noncollocation. Nevertheless a passive mapping can be recovered by defining another suitable output

function [Khalilpour et al., |2021, Damaren), 2000].

4. Output/input collocation or noncollocation: a pair output/input is said collocated if the feedback
is using only the part of the generalized coordinates on which the input torque performs work. For
instance the trolley is controlled with the force F' which works on the displacement coordinate x, hence
the pair (F,z) is collocated. If the actuator dynamics is considered and F is seen as the output of the
actuator, then collocation is lost. If F' uses the payload’s coordinates it is lost also. Noncollocation is

known to make the control problem much harder.

5. High flexibility: though cables are not the only flexible systems encountered in mechanics, they may
be one of the most flexible ones. The high flexibility of cables also leads us to consider various different

dynamical regimes:

e Small amplitude-high frequency waves (vibrations) when the cable stays close to the vertical

posture,
e Large-amplitude motions during which the cable behaves like a pendulum that swings,

e Large-amplitude waves with lower frequency, which travel through the cable.
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3

An important question for control design is: When do these regimes occur (i.e., with which initial
conditions and parameters)? Characterizing the modes of the cable seems mandatory. This may also

imply splitting the overall control problem into subtasks relying on different models and controllers.

. Cables with variable length: this may be a consequence of cable’s longitudinal elasticity, or of

winding mechanisms. This is considered in robotic systems involving cables [Khalilpour et al., 2021],
in tethered systems with long hoisting ropes (marine or space applications [Quan and Chang, [2020|
Kamman and Huston| [2001]). This implies to consider varying cable’s total mass (depending on the
length in some way) in the derivation of the dynamical equations, and a variation of the trolley’s mass
as well (the total mass being kept constant). If the length variation is very small the mass variation

may be neglected, however [Quan and Chang}, |2020].

. Cables slackness mode: cables can exert very large forces when in the tensile mode, however they

cannot exert any action when they are slack. Long cables undergoing large oscillations/deformations
may undergo such phenomena. This yields models with complementarity constraints |Brogliato, [2016],

Example 1.6].

. Large variations of the payload mass: payloads can have very large mass (several tons), and

typical tasks involve motions with and without payloads, hence huge variations of the system’s inertial
parameters. Should this be taken into account designing robust inputs, or adaptive inputs, or switching

control strategies?

Models: single-cable gantry cranes

This section is dedicated to present the models introduced above, from a general point of view, together with

some peculiar properties. The case of gantry cranes with one cable is treated first.

3.1 Lumped-mass models: the trolley-pendulum Lagrange dynamics in 2D op-

erating space

Lumped-mass (multibody) models consist of a multibody system’s approach to model cables [Kamman and

Hustonl, 2001}, [1985, [Huston and Kamman), (1981} (1982, [Huston et al., [1978, [Winget and Huston, [1981]. As

such they can easily handle large deformations and associated nonlinearities. Sometimes they can also be

seen as a set of particles linked by suitable potentials. Then they become closer to finite-element spatial

(inconsistent) discretization of PDEs, this will be tackled later in this article. Such models are known to be

less accurate than those stemming from continuum mechanics [Lv et al.| [2020], but they have the advantage

of being more tractable for control and thus are abundantly used in Robotics.
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3.1.1 Calculation of the mass matrix
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Figure 3: Scheme of an overhead crane (2D operating space), N = 3
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A Y

Figure 4: Pendulum with elastic links.

The mass matrix of the system in Figure 3| (2D space with variable length cable) is denoted as:

Mg = M@ M@} pasemaem, (4)

Mio(q)  Mu(q)
with M.¢(q) € B(HN)X(HN), My(q) € RY*N and Mai(q) = M} ,(q) € RUHNIXN It is also possible to

go a step further with:

Mep(q) = | _ (5)

with M, (q) € R, My(q) € RN, Myy(q) € RNV,

This expression of the mass matriz corresponds to the choice of the generalized coordinates as ¢ = (x, 61, . ..
N, IN) T € R?NT . Other choices can be made, like those splitting the coordinates into actuated

qo and nonactuated ones ¢nq, which is a classical way of doing in the Control literature [Reyhanoglu et al.|

1999]. This is done below.

In order to obtain the expressions for the mass submatrices, it is necessary to calculate kinetic energies
and then perform differentiations. Roughly speaking, and since we consider that the center of mass G; of
each link is located at the joint A;, the kinetic energy is equal to the kinetic energy of the centers of mass (N
particles), because the inertia operator with respect to A; = G; vanishes. In a more general setting where

the masses are not lumped, it is possible to model each link as a slender bar with G; # A;, and each bar

10
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has a moment of inertia J;. Then the total kinetic energy shown below in has to be augmented with
terms %Jﬂf, 1 <i < N. When the links’ lengths are varying, then J; = J;(¢). It is sometimes also chosen in
the literature to work with a set of nonminimal generalized coordinates (z1,¥1,...,7xn,yn)' where (z;,y;)
are the Cartesian coordinates of A; |Lv et al| 2021]. Since we are interested in Automatic Control, minimal
coordinates are usually preferred.

e Kinetic energy of the trolley:

1
Tirot = —mi>. (6)
2
so that
d aTtrol o .
@ o M @

e Translational kinetic energy of each point-mass m;: let the translational velocity of point A; be denoted
as Vy, € IR® in the (O, x,y,z) Galilean frame. There is a recursive structure for linear velocities of joints
points A;:

i 22:1 Ik (Z?Zl 9j> cos (Z?d t‘)j) 22:1 Ii sin(Z?zl 0;)
Vao = 0]+ | Sicr b (o b)) sin (S50 6) | + | = Sy e cos(S), 6) (®)
0 0 0

The translational kinetic energy of each point mass A; is TvAi = %miVj—i Va,:

Tv, = 3zm (x + 50 (Zle 9j) cos (Zle 9j) +lpsin(Yr, 9j))2
, . . 2
+im; (22:1 Ik (Z?Zl Gj) sin (2?21 Oj) — Ik 005(2521 9j))

and the total translational kinetic energy of all mass-points is:

Tirans = 35N my (36 + 3 (Zle éj) cos (Z?;l 9j> + 1 Sin(zll;:l 9]‘))2

10)
N i koo k i k 2 (
+% Dim1 M <Ek:1 Iy (Zj:1 ‘91’) sin (Zj:l ej) — I COS(Zj:l 9]'))
Therefore the total kinetic energy of the system is

T(Qaq) = Ttrol(j;) + Ttrans(j:aéhely e aéNaeNallailv R 7lNaiN)- (11)

Remark 1 A slightly more general model of rigid links modelled as rigid slender rods may be considered.

Rotational kinetic energies %Jz(t)ﬁf, 1 < i < N, add terms J;(t)0; + Ji(t)6; in the Lagrange dynamics.
They modify the matriz Mpg(q) and the nonlinear terms. If J;(t) = J;(I(t)), then J;i(1)8; + %—l‘]lzﬂl have to
be considered. However multibody approaches may not be suitable for modelling variable length cables with

winding mechanism at Ag.

Let us now provide the expressions of the entries of M(q) in and , in the general case with varying
links’ lengths.

11
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Proposition 1 Let g = (z,01,...,0N,01,... ,ZN)T, and constant masses m and m;, 1 < i < N. The mass

matriz entries are calculated as follows:

o Moo() = mus(g) = m+ S5, mi

e The components of My (q) are MmN +14n)(N+j+1)(4) = M(N1j+1)(N+14n) () = (Zimaxum) mi) cos(6,—
0,), 1<j<N,1<n<N.

e The components of Mpg(q) are mni1y(j+1)(q) = (Zij\;max(jm) ml) Inljcos(0n — 05) = m(j11)(n+1) (@),
1<j<N,1<n<N.

e The components of Mye(q) are: for all 2 < k < N + 1 (components which multiply Ok) mik(q) =
mr1(q) = (Zf—vqu mz‘) lk—1co8(0k—1).

e The components of Mo are: for all N+2 <k <2N+1, mig(z) = mp1(q) = (Zi]\ik—S ml) sin(fg_3);
and for 1 <n < N, 1 <7 < N: mpqp1y(N+j+1)(2) = (ZN (n.4) mi) L, sin(6; — 0,,).

1=max

The proof with details calculations can be found in |Brogliato, 2022, sections 3 and 4], where the case

N = 2 (with varying lengths) is also treated in details with nonlinear inertial generalized forces [Brogliato,

2022, section 5].

Remark 2 In case of a winding mechanism, the cable’s total mass varies with its length, i.e., mqy = mq(ly).
In all rigor this has to be taken into account when deriving the Lagrange dynamics. If 11 (t) varies little then

this may be neglected [Quan and Chang, |2020)].
3.1.2 Properties of the mass matrix
The next lemma state some generic features of the mass matrix, with varying and constant links’ lengths.

Lemma 1 Let N > 1 and ¢ = (z,01,0a,...,0N,l1,1o,... ,ZN)T, Consider the mass matriz in and (@

1. If small angles are considered (the cable stays in a neighbordhood of the vertical position) with a zero-
order approximation, i.e., sin(6;) = 6; =~ 0, then the mass matriz in (@ has the block-diagonal

form:

M(q) = ' (12)
0 My

where 0 < Mo(q) € ROITN>*A+N) "o 2 Ay e RY*N | and My is constant.

2. If the first order approximation is chosen, i.e., sin(6;) = 0;, then the off-block-diagonal terms Mo, and

Mo are proportional to the angles 8; and sums of them.

3. The matriz My (q) always has constant diagonal entries My, equal to Z?Zl mj. The matriz My, (q)

is the entry myiy and is constant.

12
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4. The matriz M,o(q) has entries proportional to angles cosines, or to the sum of cosines and sines,
and thus remains bounded away from zero in the neighborhood of the cable’s vertical posture (roughly
speaking, the inertial couplings between the trolley’s and the angle’s accelerations, are not weak around

the vertical posture).

5. The submatriz Mpg(q) has entries made of sums of terms functions of products of cosines only, and
of products of sines only. Hence they remain nonlinear in the angles (including terms like 6;0;) if the
first order approzimation is chosen. Also the inertial couplings inside Myg(q) are strong, in the sense

that they remain bounded away from zero even in the neighborhood of the cable’s vertical posture.
6. The submatriz Myg(q) has entries linear in l;, if the first and second order approwimations are chosen.

7. The small angles assumption (even the zero order approzimation) does not imply that the Coriolis/-

centrifugal nonlinearities vanish in the case of varying lengths: products ljek and l,0; are still present.

8. In case of large payload mass, the mass matrixz becomes bad-conditionned, since My(q) loses its rank
around the vertical position when m; =0, 1 <i < N — 1, and has low rank when in addition the zero

order approzximation for small angles is made.

3.1.3 Different generalized coordinates

It is always interesting, both for Control or for Numerical Simulation sake, to investigate the influence of

different generalized coordinates on the Lagrange dynamics structure.

Generalized coordinates with different angles: Most of the authors work with different angles «; =

Z;Zl 0;, with generalized coordinate ¢, = (z,0a1,...,an,li,...,Ixn)", see Figure The transformation
1 0 0
matrix qo =Tqisgiven by T=|0 J 0 |,J € BNXN, with :
0 0 In
1 00 0 0 O 1 0 0 0 0 O
1 1.0 0 0 0 -1 1 0 0 0
111 0 O 0 0O -1 1 0 0
J= Jl= (13)
1 11 1 1 0 0 0 0 -1 1 0
1 11 1 1 0 0 0 -1 1

13
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The matrix J is full-rank Toeplitz |Bernstein, 2009, Definition 3.1.3], and its inverse is calculated using

[Bernstein| 2009, Fact 3.18.11]. Then

1 0 0 1 0 0
My(ga) =T "M@@QT =0 J-T 0 |M@|o Jt o
0 0 In 0 0 In
1 0 0 v () 0 1 0 0
z0\q
—lo J7 o 0 J 0 (14)
0 0 In 0 0 In
1 0 M () 1 0 0 o ( )
z0\q za\qa 0
= 0o J T 0 J! =
0 My,
0 My

Therefore the conclusions of Lemma [ still hold in the new coordinates.

Generalized coordinates with horizontal positions of the joints: Let us analyse the system when
the coordinates are the horizontal coordinates of each point-mass A4;: z; = x+Z;:1 l; sin(X:f;:1 ), and the
angles 6;, see Figure[3] The small angle and large payload mass assumptions are made to ease the calculations
of the transformation (which otherwise involves trigonometric functions): z; = = + E;Zl lj(Z'lizl Or). Tt
is noteworthy that this type of coordinates together with the small angles assumptions, are used in some
PDEs approaches |d’Andréa Novel et al., 1994, |’ Andréa-Novel and Coron, 2000, |d’Andréa Novel and
Coronl, 2002} [Kim and Hong} [2009, |Alli and Singhl (1998, [He and Ge} [2016]. The new generalized coordinate
is g = (z,01,...,0n,21,...,2n) ", and the transformation from ¢ to ¢, is nonlinear: g, = Q(q), hence

. . . . Ny . =T -1
Gz = %(q)q and §, = %(q)q + % (%) (¢,4)¢. In the new coordinates M, (q,) = % M(q)% . We

have:
IN+1 0
oQ _
a*q((l) =] 1 ; (15)
Qr Qo
1

14
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with:
Iy 0 0
01 0 0
I+ 15 Iy 0o ... 0
61 0:1+6, 0 ... 0
h+la+ls lb+ls I3 0 0
QL= : | Qo=
} 0 : : 0
: N-1 N
01 01+65 ... Zk:l 0.
Sl Yol .. IN1+In Iy
(16)
Clearly Qg is not invertible at 61 = 0, efc, its determinant being equal to 61 (61 + 62) ... (Zgzl ), and

neither is %—?(q) at these angles, because the lengths [, cannot be obtained from ¢, at those coordinates

values. From the matrix inversion Lemma:

1
O I )

(g _
0q ~Q;'QL Q'

1
with Qp = : Qr |, and (jcl,...,:tN)T:QLé—i—QgL L= (ly,...,In)". Therefore:
1
Inyt —(Q,'Qr)T Myo(q) Mya(q) Inya 0
Mo(q) = o e o0 (18)
0 Qp Mizo(q)  Mu(q) —Qy QL Qq

Pure horizontal motion of the nodes A;: In order to analyze the dynamics using the positions x; let us
try to start directly with the kinetic energy, doing some basic assumptions as done in the PDEs approaches
|Egeland and Gravdahl, 2002, section 9.3.1] [d’ Andréa-Novel and Coron, 2000} |d’Andréa Novel and Coron,
2002, |d’Andréa Novel et al 1994, [Kim and Hong}, 2009], like pure horizontal motion of the nodes. In this
case ¢ = (x,21,2,...,oN) ", Va, = & + &;, and the total kinetic energy is T = {ma? + %vazl m;i%. In
this case the mass matrix is linear invariant with M (q) = diag(m,my, ..., my), and the Lagrange dynamics
is easily obtained once the potential energy is known. The bending elasticity corresponds to joint stiffness,

and it is linear. Then the Lagrange dynamics is:
M(](t) + KflezQ(t) = Q(t)’ (19)
for some stiffness matrix K fi¢z.

Remark 3 [t is interesting to note that the spatial discretization of the wave (string) equation, yields for a
particular choice of the basis functions, a tridiagonal mass matriz (named the consistent mass matriz), while
the diagonal mass matriz obtained from lumped masses is named the nonconsistent mass matriz [Egeland

and Gravdahl, |2002, Example 147].
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Nodes Cartesian coordinates: each node A; has coordinates (x;,y;) in the Cartesian frame (O, z,y).
Hence ¢ = (z,21,...,2N,¥Y1,...,yn) . The kinetic energy associated with each node is T; = %mz(x? +92),
1 < i < N. The pendulum is seen as a set of N particles (in 2D or in 3D spaces with a third coordi-
nate z;), with mass matrix M(q) = M = blockdiag(m, diag(m; ), diag(m;)). In case of fixed links’ lengths
l;, the coordinates have to satisfy equality holonomic constraints (z; — z;_1)% + (y; — ¥i—1)? = [?, which
can be treated classically either using Lagrange multipliers associated with the constraints [Kamman and
Huston, [2001], or reducing coordinates by eliminating N redundant coordinates. In case of elastic links
the potential energy is Ugjqs = Zfil %ki(li —lis)?= vazl %kz(\/(xl —2-1)2 + (yi — yi—1)% — lir)?, where

l;r are the springs’ lengths at rest. Thus agTe’:S = kn(ln — lmr)%’l + knt1(lngp1 — ln+17r)8l"“ = kn(l, —

Oxn
Tp—Tp—1 Tn4+l—Tn OUclas _
i) ooty Fertllnns —l) G L s n S N = L S = Il —
)0 = ke (=l ) it and Zletee — oy (In—In,) F2 = kn(In—In,r) ST

Va1—20)2+(y1—y0)?’ VEn—on 1)+ ynv—yn-1)?
Therefore the forces that derive from the elastic potential are nonlinear, and the Lagrange dynamics takes

the form (compare with (19)):
M(t) + Ketas (q(t))q(t) = Q(1) (20)

where it is assumed that zo = z. The stiffness matrix K.;qs(q) is given by:

k1(l1—l1,r) kil 0 0 0
[11] 1]
ki(li—l1,r) ki(li—l1,r) ka(la—l2,r) _ ka(l2—la,y)
BTy [ 0] 0 0
0 _ ka(la—lay) ka(l2—l2,r) + ks(la—ls.r) _ kals—lsr) o 0
2] [i2] lis] lt3]
0 0 — En(N—IN+) knUN—IN)
... .. Nl N
(21)

It is a tridiagonal matrix, and the operator @@ — ¢ is passive lossless with storage function %QTM g+
Ueias(q). Joint angular stiffness can be modelled also, where the angles are given by (see Figure |3): 6; =

arctan (M> — arctan (M), 2 <4< N, and 0; = arctan (M) The potential energy associ-
Yi—1—Yi Yi—2—Yi—1 Yo—Y1

2
. .. . . N N i —Ti— i—1—Ti—

ated with joint stiffness is Usieq (q) = 5 Yiiq Kic107 = 3 Y10 Kio1 (arctan (ﬁ) — arctan (%)) +

Z1—%q

1 2
5 ko arctan ( vo—u

), where £, is the angular stiffness at node A;. Calculations yield:

x —x ,—1 x 173'%
O f1en _ (Kn—1—FKn) arctan(iyzilfyn )+ (Kn—Fn—1) arctan( y:tyn+’1L
oxn Wn—Yn—1)2+(Tn—Tn_1)2 Yn—1

(zn+2_zn+1 )

K arctan
ntl ( Yn+1—Ynt2

_ Tn4l—"%n _ Tn41"Tn\ Tn—"Tn—1
arctan( UnUni1 )) K (arctan( Un g1 )—arctan( T T—n )

Un—Yn+1)*+(@ny1—20)? n
(22)
Ty g1 — Ty Ty — Ty 1 Ty — Ty 1 Ty _1—Tp_o
Kn (arctan(iyztynJrI )—arctan(ﬁiil f’.‘/n )) +hn_1 (arctan(iyzilf‘yn )—arctan(7y272_11271 ))
B (yn_yn71)2+(wn_i’7n—l)2 yn
T4l —Tn Tn—Tp_1\\ Ty 42— Tpgly Tppl—Tn

K (zaur(:t£a4r1(7yn7ynJrl ) arctan(iyniliyn )) Fon41 (arctan(iyn+1iyn+2 )—arctan( Un Unl )

(Un—Ynt+1)*+(@nt1—20)? Yn+1
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TN —ETN-—1 ITN—-1"TN-2
for2<n < N_1, Ustes _ '{N*I(amtan(wal*yw >7amtan<yw7r’yw71 )) (
== ’ dxn (yn—1—y~n)?*+(zNn—zN_1)?
OUfea
Oxg

YN—1—YN), and a similar expression
is calculated for This again yields a nonlinear stiffness generalized force of the form Ky;c;(q)g, where

K t1c2(q) has a block diagonal form. Hence the joint and the links elasticities yields Lagrange dynamics:
M(t) + Ketas(q(t))q(t) + K piea(q(t))q(t) = Q(2). (23)

3.1.4 Very large payload mass

When the crane carries very large payloads (this may be in certain applications several tenths of tons),
it it legitimate to model the cables as massless bodies. Consider ¢ = (,01,...,0xn,l1,...,Ix) . Let us
investigate how the mass matrix properties change if it is assumed that my > m;, 1 <i < N — 1, which
may be interpreted as a massless cable with m; = 0, 1 < i < N — 1. The goal is to point out that this

assumption may lead, in some cases, to a singular mass matrix. Let us characterize the submatrix M (q).

my +ms  macos(fs) .
In the case N = 2, My(q) = , see (77). Clearly m; <« mgy and 6, =~ 0 implies
mo COS(&Q) mo

that det(M;;(g)) =~ 0. In general the entries of Mj;(q) are given by (?7?). Taking m; =0forall1 <i< N -1
yields m(1 N 1myp(q) = mn cos(37_, 05 — Z?;{V_l ;). Thus at the vertical posture all entries are equal to
mpy so that rank(My;) = 1 and rank(M(q)) = 2+ N. At the vertical posture it is also true that Mg = 0.
The low-rank property means that there exist combinations of nonzero velocities I; which produce no kinetic
energy. They are obtained by moving the nodes in such a way that the payload does not move: the massless
nodes move but do not contribute to the kinetic energy. Obviously this does not occur if the lengths are

constant.

3.1.5 The potential energies

If no elastic torsional joint stiffness and no longitudinal deformation is modeled, this reduces to the gravity

potential energy of each link, that of the trolley being constant chosen equal to zero.

N i k
Ug = —Zmig;lk COS(Z 6;) (24)

i=1 j=1
Thus:
S0 = o LI mig Xhey b cos(L_y 65) o)
= = Sl mig Ko by €05(500 0) = Eil mig Sjeey besin(5, 65)
so that for small angles 2[9]: = 0 (the potential energy is almost constant), and for my >> m;: ggj =
myg Zszl Ik sin(zlﬁil 0r). And
?911]5 = a(?n Eivzl mig 22:1 U 005(25:1 0;)

= = mig s Yy lecos(h_ 1 05) = = S mig st Y, L cos(X_ 6)) (26)

= = il migcos(Y25 6;)
For small angles %lli" =— Zf\in m;g. For my >> m; this gives %lUj = —mng.
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Remark 4 In case N =1 the general expression gives: o — mygly sin(61) and from @) for N =1:

90,
oU,
ot = —magcos(br).

Joint flexibility: If joint flexibility is added at joints A;, 1 < i < N, in order to model some bending
stiffness for the cable, then the additional potential energy is Uge(0) = %Z;V;Ol /@749?+1 = %BTICH, where
kj > 0 is the angular stiffness at joint A; and K = diag(x;), 0 <i < N — 1. Thus:
OUf1eq(0)
00;

This introduces no couplings between the coordinates, contrarily to what occurs in flexible joint manipulators

:ni_lﬂi, 1 S’LSN (27)

|[Lozano and Brogliatol 1992 Brogliato et al., [1995, [Tomei, [1991]. In the coordinate angles a; = Z;Zl 0;,

1<i<N,a=J0with Jin (13), 0 = J~'a with J~" in (13), hence Usrea(a) = 30TK0 = Ja T J~TKJ 0.
g

In view of (13)): Jtar = “ _ “ , hence Ufjeq(a) = %Hoa% + Zf\:ll Ki(aip1 —a;)?. Tt is inferred that

N — ON-1

8Uﬂe$ (a)

3 = koa1 — K1 (a2 —a1) = (ko + K1)y — K, (28)
aq
for2<j<N-1:
OU flex (v
gT_() = rj-1(aj —aj-1) — Kj(aj — o) = (Kj—1 + Kj)oy — KjQjp1 — Kj—10y-1, (29)
3
and
OU t1ex
glaiNm) =kn-1(an —an—1), (30)
so that
Ko + K1 —K1 0 - 0
—K1 K1+ Ko —KR2 0 ‘e 0
0 —K2 Ko+ ks —k3 O 0
8Ufle:c(04)
L ftex AT 31
N (31)
0 0 —KNy_2 KN_2+KN_1 —KN-1
0 [N 0 —KN-1 KN—-1

This time the joint flexibility introduces a triangular structure in the torques that derive from the elasticity
potential, since the row 1 + n of the Lagrange dynamics, 1 < n < N, corresponding to M(4,)e(q) and
i, contains the flexibility torque (—#p—10n—1 + (Kn—1 + Kn)n) — Knapt1. One can think of using a
backstepping-like control design using the fictitious input c,1. However, as seen in Lemmal [T} the vis-a-vis
terms in the submatrix M, (g, ) always contain strong inertial couplings between ¢, and the other angular
accelerations. Therefore the global triangular structure of Spong’s model for flexible-joint manipulators

|[Lozano and Brogliatol (1992, Brogliato et al., [1995] does not exist in such overhead crane systems.
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Links with Linear Longitudinal Elasticity (2D Operating Space): The same system is considered
as in Figure [3] with elastic links to approximate extensible cables. This is depicted in Figure [@ In this
case necessarily ¢ = (,01,...,0n,l1,...,Ix)". Each link has a longitudinal linear elasticity with stiffness
k; > 0, 1 <4 < N. Damping can also be modeled, see |Gueners et all [2021] for details on Kelvin-Voigt
model parameters estimation. The same framework as in the foregoing sections is adopted, but the potential
energy is augmented with terms 2k;(I; — l;-)* (assuming that springs are at rest for {; = I; ). This model
is close in spirit to the lumped-mass models developed in |[Caverly et al., 2014 Khalilpour et al., 2021],
but nonlinearities are considered here. It is also easy to add some viscous friction (linear spring-dashpot or

Kelin-Voigt model) ¢;l;, which is some kind of Rayleigh dissipation [Brogliato et al., 2020, Definition 6.12].
Remind that | = (I3,ls,...,Ix) ", one has (compare with ):

aUelas

o = (el =lap), (= Ing)) " (32)
3.1.6 Lagrange dynamics
Let us use ¢ = (z,01,...,0n,01,...,Ix) . The Lagrange dynamics of the overhead crane is given by:
daTro Trans_U 8Tro Trans_U -U ex
7(tl+t. g) Lo +Ti g ﬂ):Q, (33)
dt a4 dq
where @Q; works on ¢;. More precisely:
d O(Tirot+Tirans) _ _
§ sl = Q, = F
d Tirans O(Terans—Ug—Upiex) _ _
7 95— =Qo =0 (34)
ans O(Ttrans—Ug—Ufiex
%87}37;"5 - & alg fiee) :Ql:(Fl,O,...,O)T

It may be useful to introduce viscous friction (Rayleigh dissipation |[Brogliato et al., 2020, Definition 6.12]) at
the joints. This may allow to avoid chaotic behaviours of conservative pendula. Such dynamical behaviour
is unlikely to occur in real cables where a small amount of dissipation and of bending stiffness is always
present. The generalized force F' = u + d encompasses the trolley’s control u(t) as well as disturbances or
tangential effects d(t) between the trolley and its rail guide (friction). The actuator which deliver u(t) may
be modelled as an additional dynamics [Brogliato et al., 2020, Sections 6.6.1, 6.6.2]. When links longitudinal
flexibilities are considered as in , then is changed to:

(a) iw:QI:F

dt ox
(b) %Bngns B a(Tu-ansfa(efg*Ufzcz) + 099 — QO =0 (35)
(C) % BTB;M _ a(TtT‘ans_Ug(;lUflew_Uelas) + Cll — Ql — (F17 0’ L. ’O)T

with C; = diag(c;), the form of Cy = 0 depends on the choice of the coordinates.

The overhead crane dynamics and control may be seen as an extension of the linear chains dynamics and
control [Ovseevich and Ananievski, |2021),|Ovseevich and Fedorod, |2015): it is a nonlinear chain that is much

more complex than its linear counterpart, where (a) and (b) are absent.
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3.2 Some properties useful for control purpose

Some of the characteristics of the Euler-Lagrange model are presented below.

3.2.1 Spong’s coordinates partition

Let us further split the matrix M,g;(q) = , so that:

Mo (q)

Mmr MzG Mrl
M(q) = | M}, My My (36)
M), My, My
Item 1 in Lemma ?7 allows us to perform Spong’s transformation for actuated and unactuated coordinates

[Reyhanoglu et al., [1999]. Indeed 6 = M,,'(—M i — Mgly — N Lg(q, q)), hence:

(me - MIQMQTglMJg) T+ (Mml - MzﬁMg;lMGZ) l.l - MIOM‘;QlNLa(Q7 q) =+ NLz(Qv Q) =F (37)

A A
EM, =My

and

(M, — Mgy Myy" M,Jg)i + (My — Mgy Myg" May) Iy — Mgy Myg' NLg(q,4) + NLy, (¢,4) = Fr ~ (38)

A
My,
where M, = 0 and M;, > 0 from the Schur complement Theorem. Rearranging the matrix in and

applying again the Schur complement Theorem, it follows that:
Lemma 2 Let us consider @, then:

Mqo(q)  Mai,(q)
ML (@) My (q)

xll

1>

M(q) =M'(q) =0 (39)

Consequently the system in with state (m,j:,ll,il)T is controllable, linearizable by state feed-
back. Then the crucial point concerns the integrability properties of the system of unactuated coordinates
|Reyhanoglu et al.l [1999]:

6 = My, (—Msi — Maly — NLo(q,q)) (40)

Usually such dynamics are nonintegrable and thus can be interpreted as second-order nonholonomic con-
straints, which do not reduce the state-space dimension [Reyhanoglu et all[1999]. From Lemma ?? the term
My;(q) vanishes at the vertical cable’s posture and is proportional to 6; and sums of angles in a neighborhood
of it. Thus around the vertical posture only M ;';930 remains available as a control input to this subdynamics,

and some control action may also exist thanks to NLy(q, ). Said otherwise:

Proposition 2 Let ¢ = (z,01,...,0n,11) ", with all links’ lengths from ly to l,, being constant. The only
way to control the 6 dynamics @ in the neighborhood of the cable’s vertical posture, is through % and/or

some velocity couplings in the nonlinearities N Lg(q,q), as visible in (7).
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Let us now investigate in more details these nonlinearities. Let us take a close look at (??), for n = N:

oo ) .. . N b s A
%BSTN =mpy (x + 20101 cos(01) + 1y sin(6r) + >y i (ijl Gj) cos(d_5- 05)

- (S 6) sl 0) ) oS, 6)

+mpy (:L‘ + 11 sin(0y) + Zgil Ik (Z?Zl Hj) cos(Z?Zl Gj))
L lycos(6y) if N=1
x| = (I, ) sin(30L, 0;) + .
0 if N>2
(41)
C . N e\ 2 .
+my | 20101 sin(01) — 1y cos(601) + >y Uk (ijl 9j> cos(D iy 05)

s (S ) sin(5-107)) I sin(EL, 0))

may (=l cos(®) + T3 1 (S5, 65) sin(3), 6)))

. Iysin(6;) if N=1
X (IN(Z;\f_l 0;) COS(Z;'V:l 0;) + { 0 ¢ N> )
1 =z

It can also be calculated that

Hipans =57 m; (90 + 3 b (Zf:1 9j) cos (Zle 91‘) +lpsin(YF, 9j)>
X (E;@':n =l (Z?:l 0]) sin (Z?:l aj) + 1 COS(Z?:l 9]’))
+ vazn my (22:1 Ik (2?21 ej) sin (Z?:l 9j) — Iy COS(Z§:1 Hj))
% (S e (S 65) cos (T4 05) + i sin(25, 07))
Hence for n = N it follows that:

trans = — . N k k L
BTagn =mpy (x +> i b (ijl Gj) cos(X:j:1 ;) + 1 s1n(01)>

N I cos(f) if N=1
x| =l (Z;-Vzl 9j) sin(3277, 05) + .
0 if N>2

(13)
o (SRl b (S5 b)) sin(S5, 0)) — fycos(0h))

. lysin(6;) if N=1
x | In (Zjvzl Qj) COS(Z;-V:1 0;)+ _
0 if N>2

These two expressions allows us to calculate the Coriolis/centrifugal velocity quadratic couplings in the
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d OTirans _ OTtrans
00N

AT . The terms involving /1 are:

Lagrange dynamics row

. N . N N lycos(fy) if N=1
2mnliln01 cos(01) cos(D25_, 0;) + mulisin(6r) | —In (325, 05)sin(325—, 05) + . .
i

. N , N N l1sin(f) if N=1
+2mpliln0rsin(01) sin(3-52, 0;) — mlicos(6r) | In(D252 05) cos(3o52, 05) + . N
i

—mylyly sin(6;) (Z;\le 9j> sin(zjé\[:1 0;) — mnlily cos(6;) (Z;\Ll (‘)J> COS(Z;yzl 6;)

(44)
The terms involving & vanish. For N = 1, equation boils down to:
2mqli116, cos?(01) + myly sin(6;) (—1191 sin(61) + I cos(@l)) + 2mql1l16; sin?(0y) (45)
—mlil COS(gl) (llél COS(01) + l.l sin(01)> — mlilll Sin2(91)91 - mlilll 0082(01)91 = 2m1i1l191.
For N > 2:
2mliln6 (cos(6y) COS(Z;-\;l 6;) + sin(61) Sin(Z?[:l 6;))
—omnlily (zjil e'j) (cos(B1) cos(N., 0;) + sin(6,) sin(, 0,)) "

= 2myhln (91 cos(3)L, 05) — (25-11 9;‘) cos(35 s 9j))

= —2mhily (20 65) cos(SL, )

Lemma 3 Let q = (x,0y,...,0n,11) ", with all links’ lengths from Iy to l,, being constant. The Coriolis/cen-
trifugal velocity couplings in the Lagrange dynamics, corresponding to the O dynamics (the row M(n11ye(q)),

and involving 1y in the vector (C(q,4)q)1+nN, are given by:

2m1i1l191, (47)
for N =1, and
. N . N
— QlellN(Z ej)COS(Z (9]) (48)
j=2 j=2
for N > 2.

Clearly quadratic terms in velocities 0; are present in the nonlinearities also.

3.3 Zero-dynamics

Zero-dynamics and the relative degree are essential characteristics of controlled systems, and for the existence
and the analysis of their normal form. Considering the inputs as the generalized forces F' and F}, the zero-
dynamics of Lagrangian systems obviously depend on the output. If the output is the passive output, then
the vector relative degree is equal to (1,...,1)T, and the zero dynamics possess some stability properties,

provided that the storage function are positive definite |Brogliato et al., 2020]. However the passive output
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for the overhead crane system are the collocated velocities & and l;. Even if in practice one may replace
these by x and I; and perform some differentiation (which anyway introduces some additional dynamics), it
is possible that other outputs are available only, or that the controller is designed with noncollocated (hence
a priori nonpassive) outputs, with possibly higher relative degree. The explicit determination of the normal
form and of the zero-dynamics for Lagrangian systems, is usually a hard task |[Brogliato and Tanwani| [2020|

section 4.2.1] and |[Lanza, 2021].

3.3.1 Passive outputs (collocated feedback control)

The zero-dynamics may be stable but not asymptotically stable. In this case zero-state detectability (ZSD)
and output feedback may be used to get the asymptotic stability of the closed-loop system |Brogliato et al.,
2020, Theorem 5.35] [Byrnes et al., [1991]. As seen in section Property |1| permits to state that the total
energy derivative satisfies along the system’s trajectories: Trotal (t) = zF + [1Fy. If in addition Tiotar 1S a
positive semidefinite function (a property mainly related to the potential energy form), then the dynamics is
passive in Willems’ sense [Brogliato et al.| [2020} Definition 4.21]. Clearly a PD input F = —k,, ,(z—x4)—ky &
and Fy = —ky, (I1—11,a)— kv, |1 shapes the potential energy with the additive term Upp = Skp ot + 1k, 3.
Then it is possible to show that Tyorar = —ky o 22 — ky 1,12 < 0. This is equivalent to applying a static output
feedback ® (i, 1) satisfying (&,1,) T ® (&, 1) = kyod? + ko1 02 > 0 for all (&,1;) # (0.0) to the augmented
system. It remains to check that the system is ZSD, i.e., does F(t) = 0, Fy(t) = 0, &(t) = 0, [;(t) = 0 for all
t > 0, imply that the whole state (g, ¢) vanishes asymptotically. This method has certainly been employed
in several papers using the passivity-based approach using 1 or 2 dof pendulum. However, it is not clear yet
how to extend this to the N dof case. In other words, the ZSD property of the general N-link pendulum
system should be studied.

Roughly speaking, the asymptotic stability is attained in the case that the couplings between the trolley
and link 1 dynamics, and the remaining part of the cable’s dynamics, are such that if the cable is not at
rest, then the trolley and link 1 cannot be at rest. This may however not be optimal from the point of view

of stabilization speed.

Remark 5 If the cable links have longitudinal stiffness and varying lengths l;, but there is no control Fy
and only the trolley is controlled, then ZSD holds only if natural damping is present in the links in addition
to the stiffness. Indeed when in the vertical posture, the cable can oscillate without acting on the trolley.
It is inferred that extensible cables need an additional input for stabilization. If the longitudinal motion is

neglected because the cable is extremely stiff, then the above reasoning holds with & and F.

3.3.2 Study the Lasalle’s invariance principle for multiple-pendulum system

Considering again the general form of a multiple-pendulum system on a cart as M (q)d+C(q, )¢+ 9(q) = Q,
it is straightforward to show that the map between the input force applied to the trolley F' and the trolley

velocity is passive, i.e., E = #F where £ = LiTM(q)g+g Zfil 1;(1 —cos(6;)) vaz_liﬂ mjyi—1. Considering
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a PD controller F' = —2, according to the Lyapunov theorem, the state variable x is asymptotically stable.
However, as can be seen, the Lyapunov theorem doesn’t say anything about the internal dynamics since its
time derivative is just negative semi definite. To study the stability of other state variables, ZSD has to
be investigated. Unfortunately, investigation of ZSD for a general case with arbitrary N seems not to be

straightforward enough. So far, the ZSD has just been ensured for N = 1,2 in the literature.

3.3.3 Payload position and velocity, sway angles as outputs (noncollocated feedback)

The drawback of the "naturally" passive outputs is that they yield a feedback that may not damp the cable’s
oscillations fast enough. It is then of interest to investigate other solutions, still using passivity, but with

different supply rates, using other outputs defined from the payload position and velocity.

3.3.4 Adding control inputs

The classical control inputs in overhead cranes, are the forces F, (2D operating space) and F, (3D operating
space) exerted on the trolley. A torque representing a possible winding control acting on 6 is introduced
above. Motivated by studies on suspended cables control (see section , let us add to the system a force
input F; at node A;. This force works on A; displacement (z;,y;), i.e., SW; = FiT (0x;, 0y;) (this is trivially
extended to 3D operating space).

Another input can be represented by a torque working on the rotational degree of freedom of the trolley
along the (Ag,y) axis. Then it is necessary to introduce the torsional stiffness of the cable. If the cable
is in the vertical posture, and a torsional spring is associated with each link, the payload rotation control
is equivalent to the control of a linear chain of oscillators [Ovseevich and Fedorov, 2015, |[Ovseevich and

Ananievski, 2021].

3.4 Lumped-mass models: the trolley-pendulum Lagrange dynamics in 3D op-
erating space

Some dynamic effects cannot be handled with a 2D operating space model, because they are intrinsically

three dimensional. Hence, modeling in the 3D space seems to be mandatory.

3.4.1 3D pendulum models

In a 3D operating space, the pendulum is made of N links with spherical (or ball) joints, while the trolley
moves in a plane. The system with fixed links’ lengths has 2N + 2 degrees of freedom, when links have
varying lengths it has 3NV + 2 dofs. It is expected, in view of the developments in sections and that
3D Lagrange dynamics are quite complex and cumbersome to analyze in their full generality. The kinetic
energy is the sum of the translational kinetic energies of the links centers of mass, and of the rotational

kinetic energies of each link. If we assume as for the 2D case that the masses are lumped at the joints, we
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may see the system as a system of constrained particles (since in this case the inertia operator of each link,
calculated at the center of mass, vanishes). The simplest case N = 1 yields with varying link’s length a 5 x 5
mass matrix, while the 2-link pendulum has an 8 x 8 mass matrix. Calculations reported in [Ouyang et al.,
2021, Appendix A| for N = 2 and fixed lengths show that the submatrix M.¢(q) has interesting properties
with inertially decoupled coordinates, hence Lemma [1| has to be adapted. The last link may be replaced by
a payload with axial flexibility, and unbalanced payload with 3D dynamics, in order to take into account the
motion of the payload itself, see section [3.4.3] Single-link pendulum models with possible varying lengths
are presented in detail in [Abdel-Rahman et al) 2003] and appear to be strongly nonlinear. The models
developed in and adapt to the 3D case by considering particles in a 3D Cartesian frame.
However the nonlinearities present in the stiffness generalized forces become more complex, and it is unclear

if these dynamics bring significant advantage for Control.

3.4.2 Necessity of 3D models

As alluded to above, 3D dynamics may be necessary in applications to model:

e intrinsically 3D dynamical effects in pendula, studied by the Nonlinear Dynamics scientific community

for the 1-link pendulum [Abdel-Rahman et al [2003],

e 3D motion of the payload, usually called "skew" motion but which deserves more detailed analysis, see

Section [B.4.3

3.4.3 3D payload angular motions

The term “sway” that is largely employed in the literature, may refer to several types of oscillations. The
oscillations of the payload along x and y axes for the pendulum-like model refers to a special sway which
is called swing or pendulation oscillations. In addition to swing, oscillations of the payload around its axes
produce other types of oscillations with respect to the three axes which are called “skew”, “trim” and “list” as
shown in Fig.[5] Note that these angles are different from Euler or Bryan angles since they are studied and
handled separately. Unlike the swing, skew, trim and list rotations only occurs in 3D space, and efficient

control of skew may require modeling in 3D space.
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Figure 5: Other types of payload sway (very small rotations)

Some skew control methods require additional actuators on the hoisting cable. [Ngo et al.| [2008, [Klaassens|

1999| assume that the payload is suspended by four cables which can be adjusted separately by four

actuators.

3.4.4 Literature review for the 3D space

Considering the cranes in 3D space, the literature should be studied under two different aspects, i.e., modeling
and control. Compared to the 2D models, few references have developed the 3D models for overhead cranes,
due to the complexity of obtaining the Lagrange dynamics in their full generality as done in Section [3.1] for

the 2D case. Regarding the modeling, the literature can be divided into the following categories:

¢ Lumped mass 3D model for single-pendulum system: In this category, the cart and the payload,
and possibly the hook (if any) are assumed to be lumped masses and the cable is massless. This kind
of model has been developed by [Maghsoudi et all, 2017} [Toxqui et all [2006] |Garrido et al) [2008]
Knierim et al., 2010, [Lee et al. [2013 Maghsoudi et al., 2016, Tuan et al., 2014}, 2012] were the inputs

are forces applied to the trolley in x and y axes as well as the force applied to the winch. The state
variables are the trolley position in x and y axes, the length of the cable, and the sway angles toward
x and y axes. A similar model has been developed in [Wu and He| 2017, Yoshida and Tabata, [2008,
|Chwal, [2009, [Ebeid et all [1992} |Sun et al., 2013, Wu and He, 2016, |Chwa, 2017, Vazquez et al., 2014]

with this difference that the force applied to the winch is ignored. As the result the cable is assumed to
have a fixed length. The same model with the wind disturbance is also developed in |[Abdullahi et al.
. It should be noted that such lumped mass models does not allow studying the trim and skew
rotations (see Fig. b)) because of lumped masses. In addition, some studies have also considered skew
control problem on the lumped mass models . However, The definition of skew angle, in

such references, is different from the one which has been shown in Fig. [

e Distributed mass 3D model: At least one distributed mass is considered in the modeling. The
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models in this category allow to study the trim and skew rotations (see Fig. [5). Note that, in this
category, it is usually assumed that the payload is connected to the trolley trough multiple cables
rather than only one approximated cable. These cable could be considered either as rigid
et al, 1997 (Cartmell et al., [1996| Klaassens et al., 1999] or flexible links [Morrish et al., 1996, Arena
let al., [2013] |Cartmell et all 1996, [Arena et al.| 2015]. The kinematic of the multi cable cranes have

been addressed in these references.

The control of overhead cranes in 3D space has also been studied from different point of views. First of all,
it should be noted that there is a research gap in the literature concerning the control of multi cable cranes

in 3D spac{l The authors believe that the control methods developed for the cable-driven robots |Wei et al.

2017] can be employed to control multi-cable cranes based on the kinematics developed by [Morrish et al.
1997], [Cartmell et al. [1996| [Morrish et all [1996] [Arena et al, 2013, [Cartmell et al. [1996], [Arena et al., 2015

Klaassens et al.l [1999|. The studies considering the control of lumped models in 3D space are as follows:

e Decentralized control: In this methods, the linearized model around an stable equilibrium point is
used to design the controller. Under such condition, the coupling among the axes is eliminated and
controllers can be designed for each axis independently, without taking the coupling into account. In

this case, the controllers that designed for the 2D space, can be used to control each channel, separately.

Some of the studies in this category is as follows [Toxqui et al.,|2006} |Garrido et al. 2008, [Yoshida and|
|Tabatal, 2008| [Ebeid et al. 1992]. |Maghsoudi et al. 2016] has designed a PID controller to control

one axis of a crane modeled in 3D space. The PID controller is tuned using the PSO algorithm to

show the best possible payload positioning. |[Maghsoudi et al.| 2017] has designed an input-shaping

control for one axis of a crane. Similarly, PSO algorithm is used to tune the parameters of the shaper.

To handle the coupling effect, in at least one study, each controller has been designed independently

for each channel and the coupling is considered as a disturbance. For instance, [Vazquez et al.| [2014]

developed a super-twisting controller while the coupling is considered as disturbance.

e Control design considering the coupling: In this category, the controllers are designed based on
the nonlinear model of the system and the coupling among the axes has been taken into account in
the control design. In this method, the controllers are usually designed based on a Lyapunov function
containing the variables corresponding to all axes in order to derive a centralized control rule [Wu and
. Partial feedback linearization has been also employed in this category to take the coupling
into account [Tuan et all [2012] [2014] [Lee et al., 2013, |Sun et al) 2013} |(Chwa, 2009] and
. While a centralized control law can be obtained based on these procedures to handle the
coupling, the stability is usually ensured locally [Tuan et al. 2012} 2014, Lee et al., 2013]. SMC is
another approach in this category in order to handle the coupling . Flatness control also

It should be noted that some references |[Klaassens et al.| [1999| proposed basic linear control schemes for the multi-cable

cranes ignoring the coupling among the control channels.
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automatically lead to a centralized control law [Knierim et al., 2010] in 3D space.

One topic still seems to be unaddressed. In fact, in the literature, the forces applied to the trolley toward
the = and y axes as well as the force on the hosting mechanism are the only accessible control inputs. While
these inputs might be sufficient for the payload positioning toward the x and y axes, they cannot be used
to control the rotation of the payload (see fig. [5). The reason is that the lengths of the cables are always
equal and there is not any freedom to change the cables’ lengths independently. However, even for the equal
cables’ lengths, The works just addressed the kinematic problem without taking the control design into
account |[Morrish et al., (1997, |Cartmell et al.l |1996, Morrish et al., 1996l |Arena et al., [2013] |(Cartmell et al.,
1996 |Arena et all 2015]. In this context, the methods developed for the cable-driven robotic systems [Wei
et al.l [2017] may be useful to control the payload rotation in 3D space based on the kinematic developed in
the above-mentioned references.

According to the discussion above, in summary, different control methods developed for cranes in 3D
space are reviewed in Section and it was mentioned that a portion of these methods are to handle the
coupling effect in 3D space. In summary, the control methods developed for cranes with lumped masses in

3D space to handle the coupling are as follows:

e Methods developed by defining a Lyapunov function containing the error variables corresponding to

two axes.

Methods designed based on the partial feedback linearization.

Methods developed based on the flatness theory.

Methods derived by adding some extra terms to the previous methods developed for 2D space.

Methods developed based on the SMC to reject the coupling as a disturbance.

3.5 Distributed-mass models: the trolley-flexible cables dynamics

As is well-known, cables can be also modelled as deformable, infinite-dimensional slender bodies [Lv et al.
[2020]. The trolley’s dynamics imposes to consider ODE-PDE couplings. Interested readers are encouraged
to the work by [Rauscher and Sawodny}, 2021] where the possible sources of flexibility in cranes have been
studied and modeled based on PDEs. In this case, Ritz method is employed to obtain a finite-dimensional
equations corresponding to the PDEs (see |Meirovitch, [2010]). Let us first review the infinite-dimensional

models to describe this infinite-dimensional systems.

3.5.1 The wave equation model with a fixed length

A first class of such models consists of the so-called wave or string dynamics, which are linear PDEs valid

in a neighborhood of the cable’s vertical posture. To derive this dynamical model, following e.g. |Reeken,
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[1977] and [Egeland and Gravdahl, [2002, 9.3.1], we denote s the curvilinear abscissa and W (s, t) the position

at time ¢ of the point whose curvilinear abscissa is s (see Fig. @ Let 7(s,t) be the tension along the cable

and p be the lineic mass of the cable. Then, following |Reeken) 1977, |d’Andrea Novel et all (1991} |d’Andréa)

Novel et al., [1994], we have the following dynamics:

pW (s,t) = pg + (7(s,8)Ws)s (49)

here W denotes the derivative of W with respect to s. The non-stretching assumption gives:

Wi(s,t)? =1 (50)
Let us note that the equilibrium should satisfy
Wrep = sey (51)
Tref = (m+sp)g

where e, denotes the unit vertical vector. Let us denote w and ¢ the deviation of x and of 7 with respect to

respectively x,.s and 7..r. Replacing W and 7 in and , keeping only first order terms and projecting

upon the horizontal e, axis, we obtain the following system (see [d’Andréa Novel et al., |1994]):

W — (aws)s =0
ws(L,t) =0 (52)
w(0,t) = x(t)

w-s(2+)

and where the first boundary condition follows from the verticality of the cable at the free end, and the

where z is the position of the trolley,

second boundary condition is the attached end to the trolley. As far as the trolley dynamics are concerned,
we have
(M + pL)g

mi = W(aws)(o7 t)+u (53)

where u is the force applied to the trolley, m is the mass of the trolley, M is the mass of the payload, and

the smallness assumption of the angles has been used. The total kinetic energy is then computed as

L
7= gm0+ 5 [ oE(0) + il.0) ds + GM (0 + i (L.0)° 649

whereas the potential energy is written as

1 L
U= 7/ aw? ds (55)
2.Jo

See also |Alli and Singhl [1998] for another derivation of these energies.

The reference [Shen and Caverly| [2020] has also considered the flexibility of the cable when the length

of the cable is variable. Following this reference, the elongation of the cable at any point between the winch
and the payload is given by d(xz,t) = U(z,1;(¢))q%(¢t) for all x € [L —1;(¢), L], where [;(¢) is the cable’s length
at time ¢, L is the total length of the cable without winding, ¢¢ is the vector of elastic coordinates. The basis

function is selected as U(x,l;) = [sinZ, sin2Z, sin3z, ...], where Z = w(x — L+ 1;)/(2;).
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3.5.2 The wave equation with a varying cable length

Now, considering the fact that the length [(¢) of the cable is varying asks to modify the previous calculus,
as done in |[Kim and Hong}, [2009, |d’Andréa Novel and Coron| 2002]. We use the same notation as in the
previous section, and we denote J the moment of inertia of the winch, R its radius, and L the total length

of the cable. See Fig. [6] where u; is the force applied to the platform and uy the torque applied to the winch.

U

Figure 6: Inline deflection due to the flexibility with winch

Assuming as in [d’Andréa Novel and Coronl 2002], that the cable is completely flexible and non-stretching,
and that the transversal and angular displacements are small, we may compute the dynamical model of the
cable-load system, that is a partial differential equation of the deviation of the displacement with respect to
a fixed position of the trolley, a fixed length for the cable, and the rest position of the cable and the load.
To do that we first denote the mass of the part of the cable which is wound on the winch by m., we have
me = p(Lo — L).

Denoting by 6(t) the angular displacement of the cable at the connection point to the platform, we have
ws(0,t) = 6(t)

The dynamics of the platform at position z(t) = w(0,t), and of the part of the cable wound on the winch
is written as
(m +me)i(t) = uy + (7(0,1) — pL2(1))0

where the dynamics of the winch is written as

(% +me)L(t) = —%2 +7(0,1)

where 7(s,t) is still the tension of the cable at curvilinear abscissa s and at time ¢. The tension could be

computed as
7(s,t) = (M + p(L(t) — 5))(g — L(1))

The partial differential equation for the cable is written as
pwtt(57 t) = (T(S, t)ws)s(57 t) - 2pL(t)wst(Sa t) - pL(t)w€(57 t)
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Of course in the case of a fixed length cable, we retrieve the dynamics of the previous section.

Finally the dynamics of the load mass is written as
M (wie(L,t) + 20wt (L, ) + L(t)ws(L, t) + L2 (t)wss(Ly ) = —7(L, t)ws(L, t)

According to [Abdel-Rahman et al.l [2003], the models in this category are only valid for a lumped mass
payload of the same order of magnitude as the mass of the cable and for small trolley displacement and
cable angles. So, these models can only be used near the end of the trolley travel. However, even when a
crane operates under no-load conditions, the mass of the hook is typically much heavier than the mass of

the cable. As a result, this approach has limited practical applications.

3.6 Finite-element models

It is well-known since d’Alembert that the wave equation can be derived from the dynamics of a linear
oscillator (a chain of punctual masses linked by linear springs), letting the number of masses (nodes) diverge to
infinity. The pendulum with links longitudinal elasticity and/or joint flexibility, can be viewed as a nonlinear
oscillator. On the other hand the spatial discretization of infinite-dimensional models like the wave equation,
which models the cable in the neighborhood of its vertical posture, yields finite-dimensional dynamics via
the finite-element method. In particular the linear oscillator corresponds to the inconsistent mass matrix
discretization of the wave (or string) dynamics [Egeland and Gravdahl, [2002]. It is interesting to understand
the discrepancies and similarities between these discretized dynamics, and lumped-mass pendulum models.
In particular it seems that no study of overhead cranes has yet been published in the Automatic Control

literature which uses a finite-element model. A short survey is made now.

3.6.1 Cable as an elastic curvilinear domain

Contrarily to the wave dynamics which describe the cable’s dynamics in a neighborhood of the vertical
posture, another class of models considers the cable as an elastic curvilinear domain, and allows for large
deformations Bertrand et al| [2020]. The obtained dynamics contain nonlinearities. Each infinitesimal
element of the cable has the local dynamics p(S)%(S,t) = R/(S,t) + b(S), S € [0, L] is the Lagrangian
curvilinear abscissa, L is the cable’s length, R(S,t) is the linear elastic constitutive law of the cable, b(S) €
IR? gathers the distributed body forces applied to the cable, x € IR® is the vector of positions of the cable
particles (hence this model applies to 3D operating space), p(.S) is the cable’s linear density. The superscript
" is for differentiation with respect to S, the dot is for time derivative. Boundary conditions have to be
imposed for x(0,t), x(L,t), R(L,t) and R(0,t). The finite element approach considers a certain number
of cable’s elements indexed by e € IN. Roughly speaking, setting nodal unknowns z. € IR™ and shape
functions matrices N(§) € IR**"¢, where ¢ € [0,1] is a non-dimensional variable, permits to obtain the
dynamics of each element as MeXe + Ko(Xo)Xe — be — pe- The concatenation of the dynamics of each
element, yields global dynamics with a similar form as , where the nonlinearities are lumped in the
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stiffness. Once the e elements have been assemblied together and the coordinates have been suitable reduced
to a set of independent coordinates, it is found that the cable’s dynamics (the counterpart of the pendulum’s
dynamics) is:

MX(t) + K(X(8)X(t) = b(t) + p(t), (56)

The vector X groups the Cartesian coordinates of both edges of each element of the cable. It is noteworthy
that possesses the same form as , with constant mass matrix and nonlinear stiffness (which make
these approaches significantly depart from more classical approaches that yield linear dynamics
[and Gravdahl, {2002 (Quan and Changj, [2020]). One difference is that in M is diagonal (it is an

inconsistent spatial discretization), while it may have off-diagonal entries in depending on the choice of

the shape function matrix (consistent spatial discretization).

3.6.2 Other finite-element dynamics: cable vibration control

Finite-element 3D dynamics are derived and used for vibration control in |Gattulli, 2007, Johnson et al.l

[2007, [Faravelli and Ubertini, 2009, [Ubertini, |2008|, using displacement components along the Cartesian

frame. Basic assumption is that the cable is horizontally suspended between two end-points, with little or
negligible sag (main applications are in cable-suspended bridges), no longitudinal extension and with small
deflection w(z,t). The dynamics in [Johnson et all [2007] is linear. The dynamics obtained in [Gattulli
Equations (9) and (27)| (and also in [Gattulli et al., 2004} Faravelli and Ubertini, 2009, [Faravelli et al.,

(2010l [Ubertinil [2008|) are nonlinear in the stiffness term. Cubic displacement nonlinearities are derived in

|Gattulli, 2007, Equation (27)]:

Mi(t) + (1= pg" (t)Nq()Ga(t) = faamp(a(t),d(t)) + f (1), (57)

where N = N is a nondimensional matrix, G is a geometric stiffness matrix, and ¢ contains transversal
displacements obtained from Rayleigh test functions ¢;(x), i.e., w(z,t) = Y i ¢:i(t)¢i(x). The term faamp
represents viscous dampers mounted on the cable. It is noteworthy that the objective in
|Johnson et al., 2007, Faravelli and Ubertini, |2009, Faravelli et al., 2010, |[Ubertini, |2008| is to design controllers

that control vibrations, with either active or passive inputs, using advanced control theory.

3.6.3 Cables modeling: conclusions

As surveyed in [2020], several classes of cables models exist, and possess their own advantages
and drawbacks, especially when accuracy and calculation complexity are considered |Lv et al., 2020, Table
1]. However, their suitability for control design apparently remains a largely open issue. GEFBE and

ALE-ANCF methods should be considered in priority, since they allow for large deformations.
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3.7 Complementary-slackness constraints: nonsmooth cables models

Almost all the above modelling approaches (excepted in section neglect one essential feature: cables,
like ropes, cannot exert forces with arbitrary sign along their longitudinal axis. Roughly speaking, cables
can pull but they cannot push: they work only in traction |[Gueners et al.,|2021]. This implies that two main
modes have to be modelled: the tensile mode (with or without cables extensibility and elasticity) and the
slack mode (in the case of prestressed cables, the slack mode is likely to never occur). The transition from the
slack to the tensile mode, can be accompanied by an impact and lead to bouncing motion. Though this may
be more present in tethered systems, some overhead crane applications may undergo such effects [Yoon et al.,
2010, |2014], if the cable is very long and the payload mass is comparable to that of the cable and the trolley
has large accelerations (or a perturbation acts on the payload). Other applications with cable-suspended
payloads are in [Foehn et al) [2017]. This yields so-called complementarity constraints [Brogliatol {20161
Example 1.6] [Kanno, [2011] which have to be added in the Lagrange dynamics, rendering them nonsmooth
|Brogliatol 2016, Chapter 5]. Let us introduce this modelling approach. It is assumed that the cable is slack
if the distance between its tips is smaller than L > 0. In other words, if the distance between the attachment
points Ap and Ay is less than L, see Figure[7] The projection of the payload node Ay onto the constraint
boundary circle is Py, and the gap function entering the complementarity constraints is h(q) = (PvAx) 'n
|Brogliato, 2016} sections 4.1.3 and 5.4.1], where ||n|| = 1. Calculations yield h(q) = L — \/(zn — x)% + y3

If the cable is inextensible (fixed links’ lengths, hence N + 1 degrees of freedom), and given a suitable

generalized minimal coordinate vector ¢ € RN, the Lagrange dynamics has to be modified as follows:

M(q)§+C(q,4)4+ G(q) = Q + Vh(q) A
0 < Au(t) Lw(t) =h(q(t) >0 (58)
Vh(q)T(t") = —enVh(q) T4(t7) if h(q(t)) = 0 and Vh(q(t)) T4(t™) <0,

where A, is the multiplier associated with the unilateral constraint, e, € [0,1] is the restitution coeffi-
cient (the loss of kinetic energy at an impact depends on the cable’s internal damping). The mulitplier

A, mn Tepresents the tension in the cable, it is calculated using the contact linear complementarity problem

(LCP). Since the links’ lengths are constant L = Ef\il l;. The dynamics in is nonsmooth and its

study is thoroughly covered in the literature, see |Brogliato, [2016]. Assume that ¢ = (v, q,...,an)"

(see Figure . Computing (PyAy)'n yields h(q) = L — Zf\;li sin(q;) sin(arctan (%)) -

Ziil l; cos(a;) cos(arctan (%)) It can be checked that at an impact (or a contact) time where
a; = a for all 1 <i < N for some « (the cable is stretched) and since Zfil l; = L, then h(q) = 0. The gap
function is easily rewritten if ¢ = (z,61,...,0x) . If redundant coordinates q = (%, Z1,..., TN, Y1,---,UN)
are chosen, then the gap function simplifies (see above) but bilateral (equality) holonomic constraints
gi(q) = (s —2i-1)®> + (i —vi—1)?> =12 =0, 1 < i < N, have to be added to (we set zp = z).
Then the gradient Vh(q) is easily calculated, but the analysis of the impact/contact problem is made more

complex due to the bilateral constraints which distort the contact LCP |Brogliatol 2013} Blumentals et al.,
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2016| |Brogliato, 2016, section 5.1].

Remark 6 Calculations show that %(q) = 0 at impact times for any 1 < n < N. Hence the unilateral
constraint has no effect on the dynamics and does not induce state jumps (see @) This is due to the fact
that when the pendulum is stretched, a singularity occurs (as is well-known in Robotics) and a "contact” force
along n cannot make the pendulum move. Let ¢ = (z,71,...,oN,Y1,---,yN) . Then 8yN = \/ﬁ
hence ayN =1 at an impact time and applying @ yields yn (1) = —enyn (t7). However all other gradients
vanish, proving that the other coordinates cannot be discontinuous. Then the equality constraints derivative
Vg(q(t))Tq(t) = 0 at all times yields a contradiction. In fact impacts in bilaterally/unilaterally constrained
systems require specific analysis and conditions to be well-posed [Brogliato, 2015, section 6]. In other words,
a multibody model like the N -pendulum is incapable of reproducing any "bouncing” of the cable due to its
inextensibility. First this is a big discrepancy compared to true impacts with an obstacle. Second it calls into

question the use of a multibody model without longitudinal links’ elasticity if such slack/taut dynamics is to

be modeled.

It is noteworthy that links with longitudinal elasticity can also be embedded in a complementarity framework
via a unilateral spring, with L = Zil li r, l; » are the springs rest lengths. We assume that if the cable’s
tip Ay is outside the circle with radius R and center Ay, then it is stretched with all angles equal to «. It
is also assumed that longitudinal linear elasticity is modeled as in . The longitudinal unilateral spring

exerts a tensile force F' € IR? along n which takes the form:

. () if h(q) >0 (59)

Z —L+/(zn —2)2+y%)n= h() if h(q) <O.

The switching "contact" force in is equivalently rewritten in a complementarity framework as F = An

where )\ is the solution of:

0<An LA+ l];ilh(q) >0 < A\, = max(0, - —=L

= N
Zi:l ki Zi:l ki

The corresponding continuously differentiable unilateral elasticity potential energy is

h(q))- (60)

0 if h>0
Uuel(h) = 1 ok h2 i h<0 (61)
2Nk 1 < 0.
Therefore 6U“égh(q)) = %ZBUg‘;L(h) Vh(q )M = Vh(q)\, enters the right-hand side of the Lagrange
dynamics:

M(q)§+ C(q,4)q + Glq ) = Q + Vh(q)Aa
ki
0< A Lw(t)=X +ZN11€ h(q) > 0.
The big difference between the complementarity Lagrange dynamics in and in 7 lies in the relative

(62)

degree r between the complementarity variables A, and w: in , and provided the gradient matrix has
full column rank, r = 2 while in (62), » = 0 [Brogliato 2016| Brogliato and Tanwani, [2020].
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Figure 7: Slack cable.

3.8 Natural frequencies of the double-pendulum system

One of the objectives of this project is to calculate the natural frequencies of the double-pendulum system.
This can be done by linearization of the Euler-Lagrange model around the nominal operating point as done

in [Singhose et al.| [2008|, and the following formula has been obtained:

o fhfoen (G5) =
=m0 )

where R is the ratio of the payload mass to the hook mass. This formula has been validated for a dou-

(63)

ble=pendulum system with hook mass 0.4326kg, load mass 8.8 kg, I; = 1.079m,l> = 0.27m. According to
this formula, the natural frequencies are 0.4308 and 4.9367 Hz. The spectrum of the first angle sway has
been provided in Fig. According to this photo, one can see that the dominant frequency component of
the first sway angle is equal to 0.43 which validates the formula. Note that this waveform has been obtained

under an open-loop control force.
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Figure 8: Spectrum of the first sway angle

4 Models: multiple-cable gantry cranes

Most of overhead crane systems are designed with several cables and pulleys mounted on the trolley, hook,
and spreader. Single-cable models may then be seen as an approximation where the multiple-cable dynam-
ics/kinematics is lumped in a unique equivalent cable, however, they are unable to take the rotations of
the payload/hook into account. A fine model has to take into account the kinematics of the pulley/mul-
tiple cables, which does not exist in the case of a single cable. During gross motions of the system, the
multiple-cable crane may be modelled as a single-cable crane (in which case an equivalent cable has to be
determined). During static postures (trolley at rest), multiple cables introduce a specific kinematics between
the trolley and the payload, which can be used for fine manipulation and stabilization of the payload: the
overall control problem is then similar to that of cable-driven robotic systems [Wei et al., |2017], the study
of which has witnessed an abundant literature in the Robotics scientific community [Merlet, 2017, Lamaury
and Gouttefarde] [2013]. Multiple-cable mechanisms can be very useful to control the motion of the payload
as described in section

Some studies have been conducted to model or control cranes with multi-cables. The first approach in
this category is to consider the cables as rigid links studied by |[Morrish et al., |1997, [Nayfeh et al., |2005|
Nayteh and Baumann| 2008, (Cartmell et al., 1996, Kim et al. 2004]. More accurate models have also been
developed in the literature to take the cable’s longitudinal extension into account [Morrish et al., 1996} |Arena,
et al.l [2013] [Cartmell et al., (1996, |Arena et al., 2015|.

A planar model for a multi-cable crane has been developed by [Nayfeh et al., 2005, Nayfeh and Baumann),
2008] (see also |Kim et al., 2004]) where the cables are considered as rigid links. The diagram used in these
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references are shown in Fig. 0] Considering OP= [, the following constraints can be written for the loop
AOPB:
[sin¢ — %wcosG—i— %d = Lsin ¢,
lcos¢p — %wsinQ = L cos ¢

Similarly, for the loop ODCP, one has:

[sin ¢ + %wcosﬁf %d:Lsinng

lcoso + %wsinﬁz L cos ¢o

AY

PR - B
i Trolley
E A () 12] P
N
d,
T\ 0,
¢
L [ \L )
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Figure 9: Modeling a multi-cable crane with rigid link [Nayfeh et all 2005, Nayfeh and Baumann) [2008

Squaring and adding both equations shown in gives:

A , 1 1\
lcos¢—§w31n0 + l31n¢—§wcosﬁ—|—§d =L~ (66)
And for the
2 2
(l cos ¢ + %w sin 0) + <l sin ¢ + %w cosf — ;d) =12 (67)

Eliminating L? from and @ gives:
dsin ¢ = wsin(¢ + 0) (68)
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This equation shows that for a multi-cable crane when the cables are considered as rigid links, the sway

angles are not independent, like the one for the single-link double-pendulum system. Substituting into

@ gives:

1
?=1I%- Z(d2 + w? — 2dw cos 0) (69)
The value of [ from can be used for a single-pendulum approximate model as shown in Fig.

AY

[

Figure 10: Modeling a multi-cable crane with rigid link |[Nayfeh and Baumann! 2008

A 3D modeling scheme (compared to |[Nayfeh et al.| 2005, Nayfeh and Baumannl [2008] which was devel-

oped for the planar movements) for the cranes with four rigid links have been presented in [Morrish et al.

(1997, |Cartmell et al. [1996]. This model can be specially used for rubber tyred gantry (RTG) cranes shown

in Fig. The kinematic of the RTG crane is specifically addressed in these studies with the selected frames
illustrated in Fig. The effect of the cable stretch on this model has also been taken into account by

[Arena et al.| 2015 [2013], and it is shown that it can change the payload oscillation by 8% depending on the

cable length. The purpose of such studies is to obtain the position and the rotation of the payload required

to calculate the Lagrangian.

All the studies on the multi-cable modeling, i.e., [Nayfeh et al., 2005 [Nayfeh and Baumannl [2008| |Arena
let al [2015| [2013] [Morrish et al., |1997, |Cartmell et al.,|1996], share the following specifications:

e The dynamic of the trolley is neglected, i.e., its energy is ignored when calculating the Lagrangian.

e These models are developed without considering the external forces. The only exception is |Cartmell
1996] where the effect of the wind disturbance, and not the control force, is considered.
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e Reference |Cartmell et all [1996] is the only one that considered the control problem of the multi-cable
system. However, this is a fuzzy control method that is designed based on the linguistic fuzzy rules,
and not the mathematical model. Moreover, the controller is to generate the desired trajectory, and

not the force.

e The effect of the sway angles corresponding to the skew rotations has not been considered in these

references.
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Figure 11: Schematic of a RT'G crane
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Figure 12: Frames considered in |Arena et all |[2015| to address the kinematic of RT'G cranes.

5 Models used in the Control Literature

This section surveys the modelling approaches which have been chosen in the Automatic Control literature

dedicated to overhead cranes, since the beginning of the 1980s.

5.1 Dimension of the operating space

Industrial cranes operate in 3D space. However, for the sake of simplicity, some references provide the models
only for a 2D space. Depending on the operating space dimension, the references can be classified into the

following parts.

5.1.1 2D models

The most convenient but not necessarily accurate way to model an overhead crane is to consider that as a
single-pendulum mounted on a trolley (see Section for N = 1). In this solution, the cable is assumed to
be a rigid massless link as explained in Section [3.1} Such a strategy has been employed in many studies such
as |Schindele and Aschemann| 2011, Ngo and Hong| 2012, |Chen et al. 2019, Hamdy et al. [2018 |Zhang]
[2019] [Chen et all, 2016} [Bonnabel and Claeys|, [2020] [Singhose et all, [2000], [Ohnishi et all, [T981], [Mansonl,
[1982] [Yoshida and Kawabe, [1992] [Fliess et al. [1991), [Yu et al., [1995] [Lee et all, [1997] [Liang and Koh| [1997,
[Singhose et all, [1997] [Collado et all, [2000| [Fang et all, 2001, [Piazzi and Visioli, 2002 [Hong et all 2003]

et all [2003], [Omar], 2003] [Omar and Nayfehl, [2005] [Kuo-Kai Shyu et al.| [2005| [Kolonic et al. [2006], [Hic¢ar
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and Ritok, 2006 [Park et all, [2008] [Aschemann], [2009] [Sano et all, 2010} [Le et all [2012] [Sun and Fang), 2012,
[Wu and Xia}, 2014} |Zhang et al., [2014] |[Vaughan et al, [2010| |Chen et al., 2016, Smoczek and Szpytkol 2017].

Some studies have also taken into account the friction between the trolley and the surface [Fang et al., [2012]
[Wu and Hel 2015, Wu et al., 2015, Zhang et all |2017al. In addition to the friction, some references
have also considered the disturbances as external forces appear in @ (see )

The single-pendulum model may not be accurate enough specially in the presence of heavy hooks. In
this case, double pendulum models (see Section for N = 2) are employed by [Sun et al. 2017, [Ramli
let all 2017] [Sun et all, 2018], [Sun et all, [2019] [Ouyang et all, [2019al [Singhose et all 2008, [Zhang et al., [2016],
[Tang and Huang), [2016], [Khorshid and Al-Fadhli, 2021], [Ouyang et all 2019, [Ouyang et all, 2019b, [Sun et al.]
[2018} |Sun et al.,|2019]. This scheme also allows to study the wind disturbances applied to the trolley
2016]. Double pendulum with trolley friction is also considered by [Ouyang et al., 2019, [Ouyang et al,
[2019b}, [Sun et al., 2018]. Double pendulum models with joint flexibility [Sun et al. [2019] has also been

considered to avoid PDEs corresponding to cable modeling. Distributed payload mass in double-pendulum

model was also the topic of [Tang and Huang [2016].

In real Cranes, there is always a hoisting mechanism which is composed of a winch which are completely

ignored in the above-mentioned references. To fill this gap, some studies has also taken into account the

dynamic of the hoisting mechanism as can be seen in [Sakawa and Shindol, [1982] [Auernig and Troger}, [1987]
Moustafal, [1994] [Kimiaghalam et al [1999] [Bartolini et al.l 2000, [Karkoub and Zribi, [2001], Bartolini et al.]

2002, 2004, [Kim et al., [2004] [Lee et al.| [2000], [Park et al., [2007, [Moon et al. 2013} [Le et all [2014] [Park
let all 2014l [Sun et al [2015].

Compared to the above-mentioned modeling schemes, another approach is to consider the cable as a
flexible object as explained in Section [3.5|[Chentouf and Hanl, 2020, [He and Gel, 2016}, [Shen and Caverlyl, 2020,
[d> Andréa-Novel and Coron) 2000, |d’Andréa Novel and Coron), {2002} |Alli and Singh| [1998]. Small transversal

displacements is the main assumption of such strategies. Hence, these models are mainly introduced for
vibration control. As the results, when dealing with large transversal displacements caused by shocks, large
amounts of forces or external disturbances, these kinds of models may not be efficient enough. Moreover,
a spatial discretization method might be necessary along with this modeling strategy to convert the PDEs
into ODEs appropriate for numerical simulations or controller design.

In addition to the cable dynamics, the payload can also play an important role on the overall dynamic
equations. In this context, introducing more sophisticated models rather than just point-mass models was

the topic of some studies (for instance, see [Alshaya and Alghanim| 2020, [Khorshid and Al-Fadhli, [2021]

where the dynamics of the payload containing liquid has been considered).

In addition to the aforementioned modeling scheme, special modeling issues can also be found in the
literature. For special cases when there are two trolleys , or modeling the Multi-rope
structures . In this category, the effect of “shearing deformation” and “rotational inertia” of
the bridge beam are also taken into account in a PDE model [Xing et al., 2020].
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5.2 Other static/dynamic effects

In addition to the trolley, cable and payload, other parts can also potentially affect the operation of an
industrial crane such as dynamics of electric Motors [Ebeid et al., (1992 |Omar and Nayfeh, 2005|, friction
between the trolley and the surface |[Fang et all [2012], etc. Considering these details can be very crucial
in real implementation. For example, [Omar} [2003] has reported that without considering the friction, the
experimental results can be unacceptable.

The strategy used by [Sun and Fangj, 2012| for friction compensation is interesting since it is independent
of the controller design. In other words, the inverse of the friction model is used to modify the input force

for friction compensation.

6 Control strategies

The main control objective in any industrial crane is to put the payload into the desired position as fast as
possible with as small as possible payload sway. To this end, the controllers are designed based on one of

the following strategies:

e Input-shaping: this is an open-loop control scheme where the force is calculated offline based on the

system’s dynamic equation.

e Trolley control (collocated control): as it can be inferred from the name, this strategy mainly

controls the trolley position/velocity without directly taking into account the sway angles.

e Payload control (noncollocated control): in this strategy, the controller directly takes into account

both the trolley position/velocity and the sway angles.

One can find a few surveys on crane control methods in the literature |[Ramli et al. 2017, |Abdel-Rahman
et al., 2003, Bonnabel and Claeys| 2020]. Comparing these two strategies, the trolley control strategy usually
needs less number of sensors since the payload control usually requires some additional feedback from the
payload. A general study has been conducted by [Vaughan et all 2010] on the input-shaping methods and
it is concluded that the input-shaping or more generally open-loop control can provide more economical

solutions compared to the closed-loop control systems.

6.1 Input-shaping

Input-shaping is a completely open-loop strategy where the input of the system (usually force applied to the
trolley) is calculated such that the natural frequencies of the sway angles are not excited (see for example
[Hazlerigg), [1972] for the very first works in this topic). A common approach in this category is to obtain
the dynamic equations and extract its linearized approximation around a nominal operating condition. The

linear model is then used to analyze the modes or natural frequencies of the payload. This approach is usually
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used along with a human-operated crane system where the trajectory is generated by the driver |Singhose
et al,[1997]. Input-shaping can also be integrated with some other algorithms like the one which is presented
in [Tang and Huang], [2016] where an input-shaping method is integrated with a wind rejection algorithm to
help an operator get rid of the wind disturbances as well as load sway. The input-shaping technique has also
been developed for double-pendulum models to avoid excitation of the primary and secondary oscillatory
modes [Singhose et al., 2008, [Vaughan et all [2010]. Some references have also considered input-shaping
design for specific applications such as a suspended liquid container with sloshing dynamics |Alshaya and
Alghaniml, |2020 [Khorshid and Al-Fadhli} [2021].

Zero-vibration (ZV) [Singhose et al.,|1990] and zero-vibration-derivative (ZVD) [Vyhlidal et al.| 2013] are
two well-known input-shaping algorithms which achieve sway reduction by convolving the desired command
with a sequence of impulses to obtain the amplitudes and time locations of the impulses for sway reduction.
These approaches have also been utilized by taking into account some constraints on the sway angles during
the transient [Hong et al. [2003]. While input shapers are usually designed based on tangent linearization of
the nonlinear models, there are also some works that are dedicated to nonlinear input-shaping design based
on heuristic algorithms such as particle swarm optimization (PSO) [Maghsoudi et al.l [2017].

Another input-shaping scheme has been proposed by |Alhazza et al.) 2016] based on the trigonometric
manipulations of the responses when tangent linearization is employed. It is shown that in the nominal
case (when there is no perturbation), the final sway can be eliminated. Moreover, this method shows faster
responses compared to the ZV method. The effect of the hoisting during the motion in the presence of
several input shapers has also been studied by [Singhose et al. |2000]. It should be noted that in the input-
shaping strategy, the required force is directly generated to be applied to the cart. It is different from the
so-called command-shaping strategy where the cart’s trajectory is modified in order to reduce the payload
sway. In other words, for the command-shaping strategy, a closed-loop controller has to be used to generate

the required force based on the shaped trajectory.

6.2 Trolley control

Compared to the input-shaping, this is a closed-loop strategy where the aim is to control the trolley position
without directly taking into account the payload’s dynamic. This strategy is also called collocated control
since only the collocated feedback (trolley position, velocity, and acceleration, etc.) is used to synthesize the
control law. Unlike the input-shaping, the required force applied to the trolley is calculated by a closed-loop

controller based on the trolley position and/or velocity feedback according to the following strategies:

6.2.1 PID and linear controllers

PID control is the most utilized one in the collocated strategy. This kind of controller is implemented by
default on many motor speed drivers used in industrial cranes. PID controllers are usually designed based

on the tangent linearized models using classic control tools like loop-shaping [Lee et al., |1997]. Reference
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[Ouyang et al. [2019a] has developed a velocity reference trajectory for the trolley based on the S-curve

technique to control the sway. Afterward, a PID controller has been used to track the mentioned velocity

reference where the only feedback signal is the trolley position. Similarly, a PID controller along with a

command-shaping scheme has been developed in |Garrido et al., [2008] for sway control. The proposed

method can detect sway angle specifications caused by disturbances using filters and generate appropriate
velocity trajectories to remove their effects. Many details like PID tuning, filter design, and practical

implementations have been addressed in this paper which make it worthwhile for practical applications.

It is shown in |Weiping et al., 2004] that a single PD controller with just feedback from the trolley can

make the whole system asymptotically stable including the underactuated dynamics even in a 3D space

[Ouyang et al. 2021]. However, it is noted in |[Ouyang et al., 2021] that this strategy may lead to poor sway

reduction. Hence, extra measurements from the sway angles are included in the control law by [Ouyang
2021| to increase the damping on the angles. |[Kimiaghalam et al.| [1999] has obtained the linearized

dynamic corresponding to the trolley and then used the inverse of the model as the feed-forward controller.
Subsequently, a genetic algorithm is used to generate the optimal trajectory for collision avoidance and sway

reduction.

6.2.2 Flatness

Flatness theory is studied in the literature to handle the underactuated dynamics of overhead cranes. The

aim of this method is to modify the reference trajectories in order to achieve the payload position tracking

|[Fliess et all) [1995]. This is mainly an open-loop technique that can be combined with other closed-loop

controllers |[Zhang et al.| [2017Db], [Knierim et all, 2010, Diwold et al. [2022]. Before explaining this topic, it

should be noted that desired trajectory is normally defined for the payload and not for the cart. Assuming
that = and x,, are positions of the cart and the payload, respectively, the control objective is that =, converges
to the desired payload trajectory, i.e., x, — ©pq. For 8 = 0, x,4 is equal to the desired cart position x4
which may not be the case during the motion when 6 # 0. According to the literature, the flatness theory

can help with the following items:

Calculating the desired cart position x4 based on the desired payload position x,q. This is especially
useful for applications with the pre-installed speed driver where the input is the desired trolley position

[Bonnabel and Claeys|, 2020, Fliess et al., [1995].

e Flatness theory can be used to generate the desired trajectory based on the desired final position such

that the total motion is robust against the perturbations |Zhang et al., 2017b).

Calculating the control force required for tracking [Zhang et al., |2017b, Fliess et al., |1995].

System linearization, different from the feedback linearization strategy |Zhang et al., 2017Db].
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e Taking the actuator dynamic into account for the controller design |[Knierim et al.| [2010, [Fliess et al.,

1995).

Flatness theory can only be performed on flat systems. A nonlinear system & = f(z,u) with the state
vector € R” and the input u € R is differentially flat if there is an output y = g(z,u, 1, ...,u(™) € RY

such that x and u can be written as functions of y and a finite number of its derivatives as follows:

x:ffl?('r7y7y7"'7y(rw)) (70)

u:fu(x’y’y7"'7y(ru))
where r, € N and r, € N.

Assuming that the Cartesian payload position y = [y1, y2]T is the output of a single-pendulum system,

and z and 6 be the state variables, one has:

y1 = x + sin(0) (1)

y2 = —lcos(6).

Following [Zhang et al. 2017b|, the state variables can be written as functions of the output and finite

numbers of their derivatives as shown in which indicates the flatness of the system with the flat output
Y.

f = arctan ( l ) (72a)

Y2+ g

rT=y — ———. (72b)

Similarly, the input of the system, i.e., the force applied to the trolley, can also be expressed as functions

of flat output and its time derivatives as follows |[Zhang et al., [2017D]:

Y1y2 i 2 i
= (mo+m < — —— | —mqlcos | arctan | — —= | arctan | — +
o+ )\ Y29 ' o +g e o +g
" . 2
+malsin (arctan ( I )) (jt (arctan (ylw)))
Y2+9 Y2 +g

The above-mentioned equations can be used for several applications. According to [Fliess et al.l [1995],

(73)

(72b)) can be used in applications with a pre-installed speed driver where the input is the desired position of
the trolley to calculate the trolley trajectory based on the desired payload position in order to suppress the
sway at the end of the motion. This equation only depends on g which makes the calculations independent
to the system’s parameters. Moreover, according to the simulations conducted in [Fliess et al., [1995], in
the presence of a non-ideal speed driver (non-perfect trolley position tracking) the overall performances of
the system are still acceptable enough (according to |Fliess et all [1995|, this can be concluded from the
singular perturbation theory of ordinary differential equation). Note that a PID controller has been used in

the example provided in [Fliess et al., [1995] as the speed driver without further addressing its effect in the
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design procedure. Furthermore, according to [Knierim et all [2010], the actuator dynamics can be taken into
account when using the flatness theory.

In applications without a pre-installed speed driver, the flatness theory can also be used to generate
a payload trajectory for robust movements of the payload. According to |Zhang et all |2017b|, since the
diffeomorphic relationship exists, full-state feedback linearization can be performed on the flat output

as follows:
0 =
(74)
(4 _
Yg @ = U2
where u; and us are the virtual inputs to be designed in order to generate the desired payload trajectory.

Considering that the desired final Cartesian payload position is (y14,¥24), the dynamic of the error can be

formulated as follows |Zhang et al., 2017b|:

(3)

e1=Yy1—Yid, €=y, e3="Y1, es=1Y
él = €9
€y = e3 (75)
é3 = €4
é4 = U1
The following virtual control can exponentially stabilize the error dynamic system |Zhang et al., 2017b|:
U] = —C1€1 — C2€y — C3€3 — C4€4 (76)
where ¢;,i = 1,...,4 € RT. The same procedure can be done for us. Substituting the obtained virtual control

into 7 the desired payload trajectory can be synthesized. Other virtual control signals, e.g., finite-time
control |Zhang et al., 2017b], can also be used. The flatness of the discrete-time equations corresponding to

the overhead cranes has also been addressed in |[Diwold et al., 2022]

6.2.3 Adaptive control

A model reference adaptive control has been proposed in [Abdullahi et al., [2018] for payload sway reduction.
In this work, the transfer function of a crane is obtained using tangent linearization considering the torque as
the input and position as the output. Subsequently, a feed-forward controller is considered such that under

an adaptation law, the system tracks a reference system with the desired damping.

6.3 Payload control

As it was mentioned before, payload control schemes are more sophisticated than trolley control one since
they also take into account the payload and receives some additional types of feedback like the sway angles,
etc. Moreover, payload control schemes can potentially provide better stability proof since it also takes into

account the underactuated dynamics. The studies are categorized below, based on the control strategies.
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6.3.1 Gain-scheduling

Gain-scheduling refers to a method where the gains of controllers are calculated offline to build a lookup
table based on the operating condition. [Omar, 2003} Omar and Nayfeh| |2005] has developed such a strategy
where the gains of a feedback controller are selected based on the linearized model such that the response is
critically damped to avoid sway oscillations. The least-square algorithm is also used to estimate the friction

parameters in an offline manner.

6.3.2 PID (quasi-PID) control

In addition to the trolley control scheme (see Section7 the PID controllers are also employed for payload
control. A quasi-PID control law has been proposed by [Sun et al., 2019] based on a Lyapunov function
for a double-pendulum model. The state space variables are required to synthesize this control law. A
PID controller combined with the neural network to compensate for the steady-state error has also been
introduced in |Toxqui et al., 2006].

It should be noted that the application of PID controllers when a driver is in the loop has been considered
by [Peng et al.l [2012|. In this study, the error signal is the difference between the desired payload position
and the real payload position which is measured by a vision sensor. Command-shaping is also utilized along
with the PID control loop. However, the stability has not been proved by analytical calculations. Several
configurations of PID control families have been studied for overhead cranes by [Omar, 2003] and compared
with a fuzzy controller. The dynamic of the actuator has been taken into account in this study and the input

of the system is the velocity command, i.e, the controller generates the velocity reference.

6.3.3 Linear state-feedback control

In this method, a linear model is developed based on a linearized model using tangent linearization, and then
a state-feedback law is developed based on classic methods like |Ackermannl [2012} |Jaulin and Eric Walter}
1996, [Piazzi and Marrol 1996, Moustafay, |1994]. Such a strategy is used by |[Piazzi and Visioli, [2002] along
with a state-observer. Subsequently, a trajectory has been designed based on the inverse of the closed-loop

transfer function.

6.3.4 Passivity-based control

The very basics of this method are briefly introduced in Section While the above-mentioned strategy
makes the whole closed-loop control system asymptotically stable (as reported by several references such as
|Collado et al.; 2000} [Fang et al.,|2003|), it may not be able to control the payload sway efficiently since the
noncollocated dynamics are controlled only because of the natural coupling between the trolley dynamic and
the payload one. This issue has been addressed by |[Fang et al., [2003] and two new control laws namely, E?

coupling and nonlinear coupling have been proposed. While experimental results reveal that the new control
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rules can improve the transient response compared to that of the PD control, there are no analytical results
to show the stability of the new control laws.

The aforementioned issue has been further addressed by [Sun and Fang} |2012] and supported by analytical
results, where horizontal displacements of the payload have been considered as a new output (see (8) in [Sun
and Fang, 2012] as well as |[Chen et all 2019]) and it is shown that the map between the input force
and the horizontal payload velocity can also be passive and dissipative (see (11) in [Sun and Fang] [2012]).
This can be done by defining a new storage function that includes the payload horizontal displacement.
Subsequently, a new passivity-based control law has been proposed which includes both actuated (trolley
position) and underactuated (payload position) variables and the asymptotic stability has been ensured based
on the Lyapunov and LaSalle’s invariance theorems. Since the new control law contains the underactuated
dynamics, it may lead to a more efficient sway control strategy as reported by |Sun and Fang} 2012]. The
same idea has been employed in |[Chen et al| [2019] where the problem of the emergency stop of a crane is
considered. In such a strategy, the payload position is more important than the trolley position. Hence,
the underactuated dynamic, i.e., payload position, has been taken into account in the control design. A
new term has been added to the Lyapunov function to guarantee the safety of the braking and make the
payload position bounded during emergency braking. This is a full state control feedback, and the asymptotic
stability has been ensured based on Lyapunov and LaSalle’s invariance theorems.

Another approach for passivity-based control design has also been introduced which is called intercon-
nection and damping assignment (IDA). In this approach, the sum of the potential and kinetic energies are
considered as the Hamiltonian of the system and the controller is designed such that the amount of the
Hamiltonian is minimized for the desired equilibrium point. IDA-PBC provides a systematic way to obtain
stabilization through two steps. The first step is the so-called energy shaping where the desired storage func-
tion is designed. Subsequently, the damping injection technique is utilized to provide asymptotic stability.
However, IDA-PBC law usually requires solving PDEs which might be difficult to handle. Such a strategy
has been developed for underactuated systems by [Aschemann| [2009] and the implementation on an overhead
crane based on some simplifying assumptions, e.g., sin(f) ~ 6 and cos(f) ~ 1. Subsequently, it is concluded
that the IDA-PBC may be sensitive to uncertainties, and friction compensation and uncertainty observers
are designed to address this issue.

Passivity and dissipation have been also well-studied for linear time invariant systems. Several available
theorems have been reminded by |Alli and Singhl [1998]. Subsequently, two LTI models have been developed
for overhead cranes. The first one is based on the tangent linearization of the single-pendulum model. To
obtain the other LTI model, the flexibility of the cable corresponding to the single-pendulum model has
been taken into account which led to a PDE. Subsequently, the PDE has been solved based on the Laplace
transformation to form the transfer functions in the Laplace domain. It is shown that these two transfer
functions are positive real (PR). Hence, any strictly positive real (SPR) block can be placed in the feedback
path to form a passive closed-loop control system (see |Alli and Singhl [1998] for the related theorems). The
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coeflicients of such SPR controllers are designed based on an optimization technique. The same strategy
has been employed by [Shen et all [2021] with this difference that the torque applied to the winch drum
has been also taken into account for position tracking of the load. Adaptation rules are also designed to
make the overall control law independent of the system parameters. The control is based on the full-state
feedback where six state variables are required to synthesize the control law. The asymptotic stability has
been assured based on the Lyapunov theorem.

An energy shaping method has been introduced by [Sun et al.,|2013] for 3D problems where the differen-
tiations of the variable do not appear in the control law to form an output feedback control. The method is
different from the IDA-PBC and another storage function has been defined based on the concept of virtual
payload. Another PBC design has been introduced by [Wu and He} 2017] where the main contribution is to
define a new output function that contains both trolley and payload coordinates. Subsequently, a storage
function is defined based on this output. Note that partial feedback linearization is used in the beginning to
obtain an appropriate dynamic equation for the control design. Since the position has been taken into ac-
count in the error signal, the damping characteristic is not constant and changes according to the distance to
the desired position which can reduce both load sway and operation time. Lyapunov theorem and LaSalle’s
theorems are employed to show asymptotic stability.

In |Zhang et all 2020], a dynamic equation mapping the control input and the underactuated dynamics
has been obtained by canceling the actuated dynamic to show the internal damping. Subsequently, a new
storage function containing both actuated and underactuated dynamics has been proposed to form a noncol-
located control strategy. The method has been validated experimentally and it is shown that the proposed
controller shows appropriate responses in case of overshoot and oscillations. Specifications of some of the

passivity-based controllers are summarized below:
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Table 1: Specifications of the controllers

reference control problem
Sun et al., 2013 regulation
Lu et al., 2020 regulation
Fang et al.), 2012 tracking
Sun and Fang) 2014 tracking
Sun and Fang], 2012 regulation
Fang et al., 2001 regulation
Fang et al.), 2003 regulation
Lu et al 2018 regulation
Sun et al 2018 regulation
Sun et al. 2019 regulation
Sun et al, 2017 regulation
Lu et al., 2017 regulation
Sun et al.), 2019 regulation
|Zhang et al., 2020 regulation
Zhang et al., [2018 tracking

6.3.5 Feedback linearization

As it is reported by [Wu and He| 2017|, for underactuated systems it may not be possible to use feedback

linearization directly. In this context, either partial feedback linearization or nonlinear coordinate transfor-

mation is used.

In |[Park et all 2007], firstly, the dynamic model of an overhead crane considering the length as a time-

variant variable has been obtained and it is shown that there is a coupling between the cable’s length and
the sway dynamic. Subsequently, a control law has been proposed which can be divided into two parts, to
control the actuated and underactuated dynamics. Asymptotic stability is also shown using the Lyapunov
theorem. However, the feedback linearization approach should be studied more clearly for such a system. |Le
has proposed a partial feedback linearization controller for the trolley motion to control the sway
angle. Subsequently, a sliding-mode controller is designed for the hoisting mechanism. The combination of
these two controllers is also addressed.

A control scheme based on feedback linearization has been developed in and its asymptotic
stability has been studied. This scheme has also been compared with the PD [Fang et al) 2003] and a

Lyapunov-based control called E? coupling control law [Fang et all 2001]. In |Lee et all [2013], firstly,

a single pendulum 3D model has been obtained which includes three inputs and five outputs and then

the actuated and underactuated dynamics have been separated. Subsequently, a map between actuated
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and underactuated systems has been developed. After that, the feedback linearization technique is utilized
to obtain the required control forces for the actuated and underactuated dynamics and finally, the linear
combination of these control laws is considered as the controller. This strategy has also been integrated with
the SMC by |Tuan et all 2014]. Another partial feedback linearization has been proposed in [Wu and Hel,
2016] along with a new error signal for a 3D crane. The reference trajectory is added with some integrations
corresponding to the payload sway to provide command-shaping. Asymptotic stability has been ensured
using the Lyapunov theory.

A feedback linearization control has been studied in |[Boustany and d’Andrea Novel, [1992]. Since this
method can be sensitive to the payload mass, an estimation technique has been developed. The exponential
stability has been assured using the Lyapunov theorem. Another feedback linearization control for 3D
motion of an overhead crane is introduced in [Tuan et al., 2012] where the controller is mainly designed for
the actuated parts and the sway angle is considered as an internal dynamic. Subsequently, it is shown that
the internal dynamics are asymptotically stable.

While feedback linearization can lead to a lack of robustness (since it relies on the system’s parameters)
it can stabilize the internal dynamics [Hamdy et al.,[2018|. The deadbeat control scheme is then utilized by
[Hamdy et all [2018] after feedback linearization to improve the time optimality. According to [Yu et al.
1995|, in feedback linearization, the singularity may occur around the equilibrium point which makes the
control design cumbersome. This problem has been resolved by separating the whole dynamics into fast and
slow parts, corresponding to the average and oscillatory movements, and designing two different controllers

for these parts [Yu et al., [1995].

6.3.6 Sliding-mode control

Sliding-mode control (SMC) is another widely used approach in this topic. In the simplest case, the single-
pendulum model with a constant length link is considered, and a linear sliding surface is defined containing
the trolley position error, sway angle, as well as their time derivations |[Chen et all|2020]. Subsequently, an
equivalent-based control law is proposed, and the asymptotic stability of the closed-loop system is ensured
based on the Lyapunov stability theorem. This classic approach has been employed in many references
including [Kuo-Kai Shyu et al.,|2005]. A similar procedure with a variable length link has also been developed
where the sliding surface also contains error variables corresponding to the length of the link [Lee et al.|
2006]. The SMCs in this topic need full-state feedback.

SMC with a nonlinear sliding surface has also been introduced for the single-pendulum [Lee| |2004] with
variable length cable and double-pendulum [Ouyang et al., 2019] systems. Such a sliding surface can change
the damping ratio of the system depending on the operation condition to reduce the load sway [Ouyang et al.,
2019]. Finite-time convergence of such a strategy has been studied by [Ouyang et al., 2019]. SMC has also
been integrated with disturbance observers to compensate for disturbances based on the single-pendulum

model [Lu et al., 2017]. Moreover, |Park et al., 2014} [2008] have developed a fuzzy observer for this purpose
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to estimate the dead-zone characteristic of the actuator as an uncertainty. Furthermore, [Moon et al.l [2013]
has proposed an SMC for trolley position, hoisting, and sway control. Since this control law depends on the
payload mass and friction factors, adaptation laws are developed to estimate these parameters [Moon et al.
2013).

In addition to the first-order SMCs, Other variants of the SMCs have also been developed for the overhead
cranes such as super-twisting SMC [Vazquez et all 2014]. Second-order SMC for controlling the trolley in
both z and y axes without considering the hoisting mechanism has been addressed in [Bartolini et al., 2000].
This strategy has been further developed by |[Bartolini et al., 2002] to include the hoisting mechanism. The
sliding surface depends on the load sway for sway reduction. As a result, a kind of virtual damping is added
to the closed-loop equations which stabilizes the zero dynamics corresponding to the underactuated dynamic.
Such a control strategy has been compared with state-feedback controllers and linear robust controllers like
p-synthesis by |[Karkoub and Zribi), 2001].

It should also be noted that SMC has been used along with the feedback linearization scheme because of
its robustness. For instance, [Le et al., |2014] has designed a partial feedback linearization controller for the
trolley motion to control the sway angle. Subsequently, a sliding-mode controller is designed for the hoisting
mechanism. Furthermore, a hybrid control strategy has been proposed by [Tuan et al., [2014] where SMC
and partial feedback linearization (PFL) have been utilized together. The PFL is for sway control and the
SMC is used for payload lifting and position tracking.

An adaptive tracking SMC has been developed in [Ouyang et al., [2019b| for a double pendulum model
where one of the parameters of the sliding-surface, i.e., the pole of the linear sliding surface, is calculated
based on an adaptation law. Asymptotic stability has been ensured based on the Lyapunov theorem. Prac-
tical experiments show that the adaptive method can improve the tracking performance, compared to a few
non-adaptive schemes.

A discrete-time integral SMC (ISMC) has been developed in [Xi and Heskethl [2010] for a general class of
discrete-time linear systems and robustness in the presence of matched and mismatched uncertainties (which
cannot be handled in typical SMCs) has been addressed. In this scheme, the order of the closed-loop system
during the sliding phase is equal to the order of the open-loop system. The application of this controller to
an overhead crane in 3D space is also considered.

A nonlinear 3D model for an offshore container crane has been obtained by |[Ngo and Hong] 2012| and
a first-order SMC has been developed to control the load position in one-dimensional space as well as load
in two-dimensional space. The asymptotic stability of the closed-loop system has been studied using the
Lyapunov theorem. An adaptive fuzzy SMC has been developed by |Lee et al.,|2014] for trolley position and
sway control in two (z,y) directions where two linear sliding surfaces have been defined for the position and
sway angle. The values of the sliding surfaces are fed into a fuzzy system through two gains to generate the
control signal. The gain of the sway angle is calculated adaptive to achieve both tracking and sway reduction

simultaneously. This method is integrated with visual feedback using two cheap handy cameras.
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It should be noted that the above-mentioned references mainly utilized explicit (forward) Euler discretiza-
tion leading to numerical chattering. To solve this issue, saturation functions are utilized instead of the sign
function. Some studies have also been dedicated to the numerical chattering reduction of SMCs implemented
explicitly using alternative methods. In [Park et al.,[2008|, the control gain of an SMC is calculated using a
fuzzy system to determine the width of the boundary layer of the saturation function to reduce the numerical
chattering. Two sliding-mode control, i.e., first and second orders strategies, along with the sliding-mode
based differentiators are developed in |Bartolini et al., |2003] and compared with the PI controller and a
time-varying feedback strategy. Experimental results indicate that the SMC schemes are more robust than
the other counterparts.

An SMC namely “Global-Equivalent” SMC has been introduced by [Wang et all |2021a] and compared
with conventional SMC and the PID controller. The control is designed for the single-pendulum model
with a varying length link. The asymptotic stability has been proved using the Lyapunov stability theorem.
The simulations show that the proposed scheme shows better transient and steady-state performances.
Moreover, it shows less chattering than the conventional SMC. The reaching phase of the system has been
ensured. However, the sliding phase as well as the stability of the sliding surface has to be further addressed.
Additionally, the chattering reduction mechanism, i.e., replacing the saturation function with the sign one,
imposes extra design parameters to the system, where there is not any straightforward tuning procedure.
This strategy has been further modified by [Wang et al., |2021b| to form a time-variant sliding surface. This

controller has been designed based on the double-pendulum model with a fixed length.

6.3.7 Dynamic programming

The literature shows that dynamic programming is a popular control strategy for overhead cranes. In this
method, the control law is calculated in an offline manner based on the model to minimize an objective
function for some sort of optimality such as energy [Sun et al. [2018] or time [Zhang et al., 2014]. However,
this is an offline scheme that may be too sensitive to uncertainties and disturbances.

Some of the command-shaping schemes can also be categorized in this section. For example, |Zhang et al.,
2014] has used dynamic programming to optimize the trajectory based on the command-shaping strategy.

In these kinds of studies, the effect of the controller on the optimality of the trajectory is usually neglected.

6.3.8 Convex combination of several time-varying systems

Overhead cranes are classified as nonlinear time-variant systems which makes the control design difficult.
|[Kolonic et al., |2006] has developed a linear time-invariant model for such a system based on the convex

combination of several subsystems linearized around different operating conditions.
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6.3.9 Lyapunov-based control design

In this strategy, a Lyapunov function is proposed, and the control law is determined such that the time
derivative of the function is negative definite to ensure at least the asymptotic stability of the system. This
strategy usually leads to full-state feedback for 2D [Sun et al.l 2018] and 3D problems [Fang et al., [2001].
This strategy has also been compared with the LQR and PD controllers for a single-pendulum model [Zhang
et al. [2017a]. Note that there is a very strong link between the Lyapunov-based control and passivity-based
control when the Lyapunov function indicates the physical energy of the system. In this case, passivity-based
theory can be used to investigate the stability and behavior of the system [Sun and Fang 2012, [Fang et al.,
2001]. Some studies have also been conducted to develop output feedback strategies based on this scheme
[Sun et al.| 2017]. Furthermore, it is possible to avoid the control saturation in this method [Sun et al.
2017]. Reference [Wu and He, [2015| has proposed two Lyapunov functions for overhead cranes. The first
one only includes the sway angle. Then, by calculating the time derivative, the desired velocity trajectory
has been obtained to control the sway. The other Lyapunov function includes both the sway angle and the
cart position. Hence, by calculating the time derivative, the control law for force is calculated.

|Zhang et al., 2016] has proposed to integrate the Lyapunov-based control strategies with command-
shaping schemes to reduce the payload swinging. The control law as well as the adaptation laws are obtained
based on Lyapunov functions for the length of the rope, weights, and eternal forces. In |Fang et all|2012], a
command input-shaping is developed such that if the trolley tracks that, the sway angle will be sufficiently
reduced. Then an adaptive controller is designed based on a Lyapunov function. This is a full-state feedback
control, and the adaptation laws are for frictions, external forces, cable length, and weights. [Sun et al.|
2015|, has proposed a Lyapunov function that allows deriving the control laws without having feedback from
the sway angle. Furthermore, some adaptation rules are also developed in this study based on the Lyapunov
function for uncertainties in the payload’s weight, frictions, etc. Lyapunov-based control design has also been
considered for a multi-rope overhead crane by [Lu et al., [2018]. A Simple linear state-feedback controller is
obtained in the study which just contains the first derivatives of the state variables. Asymptotic stability
has also been addressed based on the Lyapunov theorem.

The effect of the time delay in the state feedback when considering PDE models corresponding to flexible
cables has been studied by [Chentouf and Han| [2020] and it is shown that the system can remain exponentially
stable. A Lyapunov-based feedback controller has been introduced by |[d’Andréa Novel et al. (1994] where
the model of the overhead crane is described by PDE-ODE models and the flexibility of the cable has been
taken into account. This control law only needs the absolute position of the trolley and the angle between
the cable and the vertical axis at the attached end. Asymptotic stability of the closed-loop system is ensured,
and by studying the decay of the energy it is concluded that the provided feedback cannot ensure uniform
convergence. See also [Chentouf and Hanl 2020] for similar results with an input delay and [He and Ge, [2016]
for the use of cooperative control in presence of parameter uncertainties. Note that the Lyapunov approach

has also been used for the controller design when the cable flexibility is considered modeled with the joint
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stiffness |[Sun et al.l |2019].

A tracking controller for the 3D space has been proposed in |[Zhang et all 2018]. It is concluded that
this controller supersedes the collocated PD and the energy coupling output feedback [Sun et al., [2013] in
terms of transient response. Another Lyapunov-based [Shi et al., 2022 control strategy has been introduced
for the double pendulum system where the length of the first link is variable. Subsequently, a Lyapunov
function has been defined containing the error variables of both the trolley position and the cable’s length

to obtain the coupled control forces applied to the trolley as well as the cable’s winch for the tracking case.

6.3.10 Model-free control

In this category, the mathematical model of the system is not required for the controller design. [Smoczek
and Szpytko, 2017] has assumed that the dynamic of the trolley and the sway angle are decoupled. Then
two discrete-time transfer functions are obtained for input force to trolley velocity and trolley velocity to
the sway angle. These transfer functions have fixed orders (first and second-order models) the coefficients
of these models are obtained using particle swarm optimization. Then, the model predictive control is used

based on these models.

6.3.11 Backstepping control

Back-stepping strategy is generally utilized for underactuated systems. For overhead cranes, in this strategy,
the trolley velocity is firstly considered as a virtual input to control the payload sway. Subsequently, the
input force applied to the trolley is designed such that the trolley tracks the velocity reference which was
calculated in the first step.

In |[d’Andréa Novel and Coronl 2002|, considering the flexibility of the cable with variable length, a PDE-
ODE model as done in Section [3.5.2] a boundary feedback law is proposed to stabilize the system. Because
of the cascade structure, the backstepping control scheme can be utilized for the system |[d’Andréa Novel and
Coron, 2002|. See also |d’Andréa Novel et al., 2019 for a fixed-length cable, where a controller is designed so
that the solutions to the closed-loop system converge in finite time towards the equilibrium. Back-stepping
has also been combined with sliding-mode observers to form output feedback control laws [Chen and Saif]

2008].

6.3.12 Fuzzy control

Fuzzy control can also be considered a model-free control scheme since it is designed based on the behavior
of the system rather than the mathematical models. These kinds of control strategies are usually provided
without solid stability proof. One of the earliest works on this subject has been done by |[Liang and Koh)|
1997]. In |Zhao and Gaol 2012|, a Takagi-Sugeno (T-S) fuzzy model has been developed for an overhead

crane based on obtaining the dynamic equations, and linearization over three different points using three
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fuzzy rules. Then, the control rules are developed based on these rules. Input delay and actuator saturation
are also considered in the control design.

A terminal sliding-mode control has been designed in [Lin et al., 2012] where the uncertainties are
estimated using a type-2 fuzzy system. The parameters of the fuzzy system are also tuned online based on
adaptation laws developed in the work using the Lyapunov theory. [Chunshien Li et al. [2004] has proposed
a self-organizing neuro-fuzzy system based on the pseudoerror concept. It seems that pseudoerror is utilized
as a kind of command-shaping. As usual, there is no stability proof for such a model-free control strategy.
An adaptive fuzzy control scheme coupled with H, control is designed in [Wu et all, [2017] for a class of
nonlinear MIMO underactuated systems with a combination of dead-zone, hysteresis non-linearity at the
input, external disturbance, and time-delays. The application of the control scheme for the cranes is then
considered.

A fuzzy controller for a single-pendulum model has been developed in [Yi et al. 2003] which requires
full-state feedback. In [Yi et al., [2003|, a fuzzy inference system has been used for trajectory planning of
the trolley to reduce the sway angle based on the single-pendulum model and full-state feedback (four state
variables are required). A fuzzy controller has been developed by |Li et al.| [2022] for the double pendulum
system in 2D space with variable rope to address input uncertainties, e.g., dead-zone. The parameters
(weights) of the fuzzy system are updated adaptively, and the effect of the adaptation has been taken into

account for the stability proof using the Lyapunov theorem.

6.3.13 Model predictive control

Model predictive control calculates the control sequences based on the model to minimize some objective
functions (e.g., corresponding to energy consumption [Wu et al.,|2015]) over a horizon while satisfying some
constraints like input saturation. Such a control strategy has been already developed based on the tangent

linearized [Chen et al., 2016] and nonlinear models |Schindele and Aschemann), [2011] of a single-pendulum.

6.3.14 Optimal control

Optimal control refers to any control method where the aim is to minimize an objective (cost) function. The
Linear quadratic regulator (LQR) is probably the most well-known one in the control community. An LQR
controller has been developed by [Yoshida and Kawabel |1992] for the linearized model of a single-pendulum
system while satisfying some constraints on the control input to avoid control saturation (see |Sakawa and
Shindo| [1982] when the cable length is variable and |Yoshida and Tabata [2008] for the bang-bang control).
This approach was further developed for 3D space by |[Al-Garni et al., |1995]. However, LQR controller can
ensure the optimality just for linear systems (or locally for nonlinear systems). To solve this drawback, soft
computing-based algorithms like particle swarm optimization (PSO) have also been developed for optimal
control of nonlinear systems. PSO algorithm has been employed by [Maghsoudi et al.| 2016] to tune the

parameters of a PID controller such that an objective function indicating the payload tracking and sway is

56



Modeling and control of industrial cranes M. R. Mojallizadeh, B. Brogliato, C. Prieur

minimized. This scheme has been integrated with a command-shaping scheme and compared with classic
PID controllers. However, these approaches usually lead to offline optimizations which may not be efficient
enough when dealing with uncertainties and disturbances.

Optimal controllers can be designed to satisfy some constraints on the state variables and the control
input as well. Considering the constraints in the optimization usually leads to boundary value problems
(see |Auernig and Troger} |1987| which can be solved by Pontryagin maximum principle). However, [Manson,
1982] has reported that optimal controllers can be sensitive to parameters, and they just can provide a kind
of sub-optimality for real online applications. Note that flatness theory is widely used in optimal control
to provide a map among inputs and the desired outputs while respecting various constraints, e.g., collision

avoidance, and sway reduction [Chen et al., [2016].

6.3.15 Adaptive control

An adaptive controller for the double-pendulum system with constant rope in the 3D space has been de-
veloped by |Zhao et al., 2021] where the masses and the friction parameters are estimated, The adaptation
laws are obtained based on the Lyapunov theory, and the velocity has been estimated as well instead of
direct measurement. The results show that the adaptive controller performs better compared to the LQR

and SMC in the case of the sway reduction and the transient response.

6.4 Control methods for other crane structures

Control methods have been developed by [He and Ge, 2016, [He et al. [2014] with the assumption that a
thruster is installed on the trolley which produces an extra control force for the underactuated dynamic which
is not the case for our application. Some studies have also considered overhead cranes with multiple trolleys
which can be controlled independently, e.g., [Lu et al.| [2020]. Control of offshore container for ship-to-ship
transportation |Kim and Hong), 2019]. Anti-swing control of a quadrotor suspended payload system with

variable length cable [Yang et al., 2021]. Cable suspended from to a helicopter [Ren et all |2019].

6.5 Sensor selection and state estimation

[Sano et all [2010] has proposed using vision-based sensors for sway detection, and an observer has been
developed for time delay correction corresponding to such sensors. This kind of sensor has been integrated
with the time optimal control by [Yoshida and Tabatal [2008|. Estimation of the mass and the payload sway
in the single-pendulum model was the topic of [Hi¢ar and Ritokl [2006] where the estimated linearized model
of a crane is obtained using Auto regressive models with exogenous variables (ARX). The state estimator is
developed based on the Ackermann formula. [Lee et al.| [2014] has developed a new visual feedback method
using two cheap handy cameras for trolley position, payload sway, and cable length in 3D space. A study has

also been conducted by [Kim et al.,2004] on using an inclinometer to estimate the trolley velocity and the

57



Modeling and control of industrial cranes M. R. Mojallizadeh, B. Brogliato, C. Prieur

angular velocity of the payload. It is reported that using the proposed method, an inclinometer can provide

the same performance as a vision-based observation which is more expensive. An inertial measurement unit

(IMU) is used by |[Kim and Hong, 2019] to measure the angles. Note that the differentiators, e.g., arbitrary-

order super-twisting differentiator (AO-STD) have been also employed to estimate the velocities without

directly measuring them |[Chen and Saif, 2008|.

6.6 Sway control using passive mechanical elements

Some papers have also studied passive sway control using mechanical elements like dampers which are out

of the scope of this project (for instance see |[Balachandran et al. [1999]).

6.7 Sway control using cable length manipulation

All the above-mentioned studies try to control the payload sway by manipulating the force applied to the

trolley as the only control input. However, there are still other studies [Wei et al., 2017, [Hayajneh et al.,|2008],
[Bockstedte and Kreuzer], 2005, [Abdel-Rahman and Nayfeh| 2000, |[Abdel-Rahman et al.,[2003] Moustafa), [1994]

that the sway is controlled by manipulating the cable length. In other words, the cable length is considered
a control input rather than a control output. As has been already mentioned in Remark 2] a coupling exists
between the winding velocity and the sway |[Abdel-Rahman and Nayfeh| 2000, [Abdel-Rahman et al.| |2003|
. Hence, cable length manipulation can be used to control the sway. Following

land Kreuzer|, 2005|, and considering Fig. the force along a massless visco-elastic rope is:

Frope :FO+C(Z 710)+d(1710)7 (77)

where ¢ and d are the stiffness and damping parameters. The force Fy = mg and the length [y are the rope

properties at equilibrium (I = [ = 0).

Figure 13: A simple fixed pendulum
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Dynamic equations of the system shown in Fig. [13] can be written as follows:

$+29 4 Ising =0

A . (78)
= ¢+ g(1—cosg)+L(I—lp)+ <(1—1p) =0.

According to (78), the hoisting (I) and the sway channels (¢) are inherently coupled. Note that this coupling

cannot be observed in the linearized equations shown in

d+929=0
[+ 23 —lp)+ =(1—1y) =0.

(79)

According to |Bockstedte and Kreuzer, 2005], the coupling effect among the modes is dominant when the

following condition is satisfied:
> kiw; &0, (80)

where k; are integers and w; are the resonant frequencies of the system. This effect is called autoparametric
or internal resonance [Nayfeh, 2000]. Following |Bockstedte and Kreuzer} [2005|, this effect is amplified when
the natural freuqney of the lift (wig;) is twice the value of the natural frequency of the pendulation wpena as
follows:

Wlift = 2wpend (81)

For the system shown in Fig. [I3] these frequencies are as follows:

Wpend = \/

(82)
wWiify = % 30 Dur = % jlnc
Using and one has:
c=1 :“;DQ lgo = 2\/meD (83)

Hence, a closed-loop controller, based on the pole placement, has been designed to emulate a cable with such
damping (d) and flexibility (¢) parameters. while tracking the desired length (Ip).
Another interesting study has been conducted by [Moustafa), [1994] where a linearized time-varying model

is developed where the input length and the trolley position are the inputs and the sway angle is the output.

6.8 Summary of all methods

A summary of all methods used for control purposes are listed in Tables [ to [I0] The nomenclature corre-

sponding to these tables are provided in Table
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Table 2: Nomenclature

Feedback (feed) O: open-loop, C: collocated, N: noncollocated
Scenario (sce.) R: regulation, T: tracking
Stability (stab.) GE: global exponential, LE: local exponential, GA: global asymptotic

GF: global finite-time, LA: local asymptotic, LF: local finite-time
N/A: not available

Validation (val.) S: simulation, E: experiment, SE: both simulation and experiment

Control (cont.) x: control trolley in one direction, z,y: control trolley in two direction

l: control the cable’s length, 6: just sway control

Number of cables (NC) | The indicated number is the number of cables
R and F stands for rigid and flexible link
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Table 3: Summary of the control methods in 2D space for the lumped single-pendulum

Reference

|Park et al.|[2007

|Chen et al.||2020]
|[Kuo-Kai Shyu et al.| 2005
[Hamdy et al.||2018]

|[Fang et al.||[2012]

[Lee et al.| 1997

[Lee| 2004

[Fliess et al.||1991]

[Lee et al.| 2006

|Alhazza et al.|[2016]

[Chen et al.|[2016]

[He et al.|[2014]

[Sun et al.|[2015]

|Abdullahi et al.| 2018

[Ngo and Hong| 2012

[Moon et al.||2013]

[Park et al.| |2014]

[Sano et al.| 2010

[Yi et al.| 2003]

[Park et al.| [2008

|Ohnishi et al.| |1981]

|Collado et al.| 2000]

|Omar| |[2003]

|Zhang et al.| 2017b)

[Diwold et al.| 2022

|[Hong et al.| 2003

[Singhose et al.| 2000

[Wu and He| 2015

|Zhang et al.||2017a)]

[Moustafa, 1994

|Zhang| [2019]

|[Fliess et al.| 1995

|[Kimiaghalam et al.| 1999

Feed | Sce. | Stab. | Val. | Cont. Control method
N T GE SE x Sliding-mode control
N T GA S T Sliding-mode control
N T GA S x Sliding-mode control
N T LA S T Partial feed. lin. + deadbeat
N T GA S T Lyapunov der. 4+ adap. frict. comp.
C R LA E T PID
N T GA S x,l Sliding-mode control
N T | N/A S x,1 Flatness
N T GA E x,l Sliding-mode control
O - N/A | SE T Input-shaping
N R N/A | SE T MPC
N T LA S T Feedback lin. + adaptive law
C R GA SE x,l Lyapunov derived adaptive law
(0] - N/A E T Input-shaping
N T GA SE x Sliding-mode control
N T GA SE x,l SMC with parameter estimation
N T GA S T SMC + fuzzy uncertainty estimation
C T | N/JA | SE x Obs.-based time-delay tolerant PI
N R LE S T State-feedback + fuzzy traj. generator
N T GA SE T SMC + fuzzy compensator
N R | N/A S x Linear state feedback
C R GA S T PD control
N T LA SE x PD - fuzzy - time-delayed
N R Lya. S x,l Flatness control
N T LE E x,l Discrete-time flatness control
O - N/A S T Input-shaping
(0] - N/A | SE T Input-shaping with hoisting
N R LA S T Lyapunov derived
N R GA SE x Lyapunov derived
N T LA S Linear feedback (z,[ are inputs)
N T GF SE T Terminal SMC
O - N/A S x Flatness control
N T N/A S x,l Linear feedforward + GA generated traj.
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Table 4: Summary of the control methods in 2D space for the lumped single-pendulum (continued)

Reference Feed | Sce. Stab. Val. | Cont. Control method
7|Wang et al. 72021a: N | Sce. GA S z,l SMC
7|Qian and Yi 72016: N R | Asymptotic S T SMC
7|Zhang et al. 72020: N R GA E x Lyapunov derived
7|Singhose et al.| |1997] O - N/A S x Input-shaping
7|Zhang et al. 72014i (0] - N/A SE x Dynamic programming
7|Shao et al.| 5020] N R LA S x LMI design based on fuzzy model
7|Fatehi et al.|2014] N T LA S T Linear state feedback
| [Wa et al.| 2015, N | R N/A S x MPC
7|Sun and Fang||2012] N R GA SE x Lyapunov derived
7|Fang et al. 72001: N R GA S x Lyapunov derived
7|Yu et al. 1;)957 N T LA S x Approx. feedback linearization + LQR
7|Sun and Fang| |[2014] N T GA SE x,l Lyapunov derived
7|Piazzi and Visiolii2002: C T N/A S x Observer-based linear state-feedback
7|Wu and Xia| 2014 O - N/A S x Offline trajectory design
7|Chen et al.‘72016] N T GE SE T Feedback linearization + flatness
7|Bartolini etial.‘ 2003 C T N/A SE x,1 SMC
7|Le et al.||2014] ) N T GA SE x,l partial feedback linearization + SMC
7|Smoczek and Szpytko‘72017: N T N/A E x PSO model identification + MPC
7|Aschemann 2009 ) N T N/A E z,l Observer-based IDA-PBC
7|Chunshien Li et al.‘72004: C T N/A S x Neuro-fuzzy system
7|Kark0ub and Zribi "2()()1: N R N/A S x,l SMC, u synthesis, state-feedback
7|Hiéér and Ritok| 2000] C R LA SE x,1 State-observer based classic linear
7|Bartolini et al.‘72002: N T GA S z,l SMC
7|Singhose et al. 71990} (0] - N/A S x Input-shaping
7|Vyhlidal et al.‘72013: (0] - N/A S x Input-shaping
7|Lu et al.| 2017; N T GA SE x Disturbance observer based SMC
7|K010nic et al.| 2006 N R LA SE x Convex combination of LTT systems
7|Auernig and Troger‘71987: (0] - N/A S x,l | Optimal control (Pontryagin’s principle)
7|Manson 1982 ) O - N/A S x Optimal control
7|Peng et al.||2012] C R N/A SE x PD control
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Table 5: Summary of the control methods in 2D space for the lumped-mass double-pendulum

Reference Feed | Sce. Stab. Val. | Cont. Control method

|Ouyang et al.| 2019 N T GF SE x Sliding-mode control
7|Chen et al.i 2019 N R GA E T Lyapunov derived
7|Wang et al.ﬂ 2021b) N R GA S x Sliding-mode control
7|Zhang et al.r 2016| N T GA E T Lyapunov der. + adap. param. estim.
7|Vaughan et al.‘72010: O - N/A SE x Input-shaping
7|Sun et al.| 201% N R GA E T Lyapunov der. output feedback
7|Sun et al.i2018: O - N/A SE T Dynamic programming
7|Vaughan et al.‘72010: O - N/A SE T Input-shaping
7|Ouyang et al.| 5019(17 C T LA SE T PID control + S-shaped trajectory
7|Li et al.) 2022:7 N R GA E x,l SMC with Adaptive fuzzy law
7|H0ng et al.‘72003] O - N/A S x Input-shaping
7|Tang and Hiuang 2016 ) - N/A SE x Input-shaping for distributed mass
7|Zha0 and Ga0‘72012} N R N/A SE T Input-shaping for distributed mass
7|Qian and Yi 27()16i N R | Asymptotic | S x SMC
7|Singhose et al.| 2008] 0] - N/A SE z Input-shaping
7|Sun et al.i 2018] N R GA E x Adaptive Lyapunov derived
7|Ouyang etﬁ al.||2019b| N T GA E T SMC with adaptive pole surface
7|Khorshid and Al-Fadhlii2021] 0O - N/A SE T Input-shaping for sloshing payload
7|Weiping et al.‘72004: C R GA S x PD control
7|Shi et al. 202£ C R GA SE x, by PBC
7|Tuan and Lee| 2013] N R GA S x SMC
7|Sun et al.‘72019: N R GA E x Quasi-PID

Table 6: Summary of the control methods in 2D space for flexible single-pendulum model

Reference Feed | Sce. | Stab. | Val. | Cont. Control method
7|d’ Andréa-Novel and Coron72000 N R LE S x Lyapunov derived
7|d’Andréa Novel et al.‘719947 R LA S x Lyapunov derived
7|d’Andréa Novel et al. 72019: N R LF S T Lyapunov derived
7|Shen and Caverly‘720207 N R LA E x,1 PBC with Ritz discretization
7|Sun et al.| 2019 ) C R GA B T Joint stiffness 4+ Lyapunov derived
7|Chentouf and Han‘72020] N R LA S x Lyapunov derived with extra actuators
7|Alli and Singh| 199787 C T LA S x PBC
7|Shen et al.| |2021] C R LA SE x,1 Adaptive PBC
7|d’Andréa Novel and Coron‘72002 N R LA S x,l Boundary Lyapunov derived controller
7|Cui and Zheng 2019] ) N R LA S T Lyapunov derived
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Table 7: Summary of the control methods in 3D space for the lumped single-pendulum with rigid link

Reference Feed. | Sce. | Stab. | Val. | Cont. Control method
7|Wu and H672017 N R GA SE T,y Lyapunov derived
7|Tuan et a1.520147 N R GA SE | z,y,l Partial feedback linearization
7|Tuan et al.‘72012: N R LA SE | z,y,! Partial feedback linearization
7|Lee et al.| 27013: N R LA S x,y,1 Partial feedback linearization
7|Sun et al.f 2013] N R GA E z,y Lyapunov derived
7|Chwa‘ 20079: N T GA S z,y Lyapunov derived
7|Wu and He‘72016: N T GA SE z,Y Partial feedback linearization
7|Chwa‘72017: N R GA S T,y Sliding-mode control
7|Knierim et al.‘72010] N T GA E z,y, 1 Flatness
7|Lee and Ch0‘72001: C T N/A E | x,9,l Fuzzy
7|Yang and Yang| [2006] C R GA E T,y Lyapunov derived adap. param. est.
7|Zhang et al.|[2018] N T GA SE T,y Lyapunov derived.
7|Maghsoudi et al.|[2017 (0] N/A | SE T,y PSO optimized input-shaping
7|Maghsoudi et al. 720167 C R N/A | SE T,y optimized PID with PSO
7|Toxqui et al.| |2006] N R LA E T,y PID + neural compensator
7|Garrido et al.||2008] C R N/A E z,y PID + command-shaping
7|Xi and Hesketil‘ 2010 C R LA SE z,y Discrete-time integral SMC
7|Chen et al.| 200:’): N T GA S z,y,1 Partial feedback linearization
7|H0ng and 1\}g0‘ 2012 - - N/A | SE - Kinematic of ship-mounted cranes
7|Lee et al.| 20147: N T N/A E z,y adaptive fuzzy SMC + visual feedback
7|Ebeid et al.‘71992: N T LE S x,y,l | Classic linear control + motor dynamics
7|Schindele and Aschemanni?()lli N T | NJA| E z,y MPC
7|Bart01ini et al.iQOOO: N T LA E z,y SMC
7Lee]1998: C T LA E | z,y,l Classic linear control
7|Fang et al.‘72003: N R GA S T,y Lyapunov derived
7|Fang et al. 72001: N R GA SE T,y Lyapunov derived
7|A1—Garni et al.||1995] N T | N/A S | z,y,l Linear state feedback
7|Chen and Saif| 72008J N T GA E | x,9,l Back-stepping + exact differentiators
7|Véxzquez et al.‘72014: N T GA SE | z,y,l SMC (coupling as disturbance)
7|Chang and Chiang| 2008 N R N/A E T,y Fuzzy control
7|Lin et al.|[2012] ) N T GA E T,y TSMC + adaptive fuzzy tuning
7|Yoshida alld Tabata| 2008] N R | NA| E z,y Optimal control
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Table 8: Summary of the control methods in 3D space for the lumped double-pendulum with rigid link

Reference

|[Zhao et al., [2021]

[Ouyang et al., [2021]

Feed. | Sce. | Stab. | Val. | Cont. Control method
N T GA E x,y,l | Adaptive Lyapunov derived
N R GA SE T,y Lyapunov derived

Table 9: Summary of the control methods in 2D space for multi-cable models

Reference

|Kim et al.|[2004]

[Yoon et al.|[2014]

[Yoon et al.||2010]

[Nayfeh et al.||2005]

|[Nayfeh and Baumann| 2008

|[Lu et al.|[2018]

Feed | Sce. | Stab. | Val. | NC | Cont. Control method
N R LE E 4R x Linear state-feedback
(0) - N/A | SE | 2F x Input-shaping
0] - N/A | SE | 2F T Input-shaping
C T N/A S 2R T LQR time-delayed and classic linear
N R LE S 2R 0 Control 6 when z is input
N R GA E 2R x Lyapunov derived

Table 10: Summary of the control methods in 3D space for multi-cable models

Reference

|[Klaassens et al., [1999]

|Arena et al., 2015]

[Morrish et al., [1997|

[Ngo et al., 2008|

[Ngo and Hong, [2012]

[Arena et al., [2013]

Feed | Sce. | Stab. | Val. | NC | Cont. Control method
C R | N/A S 4R x,l classic linear
- - N/A | SE | 4RF - kinematic modeling
- - N/A S 4R - kinematic modeling
C R | N/A S 4R x Kinematic + skew control
N T GA S 6R x SMC
- - N/A S | 4RF - kinematic modeling

Table 11: A list of the review papers in the literature

|[Ramli et al.; 2017]

systems in 2D space

Review of several control methods for single and double-pendulum

|Hong and Shahl [2019]

|Bonnabel and Claeysl, [2020]

Review of control methods for several models in 2D and 3D spaces

Survey on flatness control
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7 Comparisons of the controllers implemented for 2D space (trolley

moves on a line)

Some numerical simulations have been conducted to investigate the general behavior of the controllers in
2D and 3D operating spaces. The specifications of the controllers as well as the nominal parameters of the

overhead crane are summarized in Tables [I2] and [I3] respectively.

Table 12: Overview of the controllers. (S: single-pendulum, D: double-pendulum, L:infinite dimensional)

Controller Feedback Number of parameters | scenario | Required sensors
Unshaped input open-loop - - -
v open-loop - - -
ZVD open-loop - - -
Collocated PD collocated 2 regulation 2
Noncollocated Quasi-PID | noncollocated (D) 4 regulation 4
Noncollocated PD noncollocated (S) 3 regulation 4
Collocated PD tracking noncollocated (D) 5 tracking 2
PD-PD noncollocated (I) 3 regulation 4
SMC single-pendulum noncollocated (S) 6 regulation 4
SMC double-pendulum noncollocated (D) 5 regulation 6
PD energy noncollocated (S) 6 regulation 5
Coupling tracking noncollocated (S) 3 tracking 3
Table 13: Parameters of the simulation

number of cables 8

cart mass 10T

hook mass 13.6T

maximum payload mass 40T

distance between the hook and the payload 1

number of pendulum (including the hook and the payload) 20

damping coefficient for the joints 0.2 x 8 (NM/(deg/s))

joint flexibility 0.1 x 8 NM/deg

Maximum distance between the trolley and the payload 10m

controller sampling time 50ms

simulation time 100s

measurement delay 100ms
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Some objective functions are defined for the ease of comparison as shown in Table

Table 14: Objective functions

ep =Ty — Zq Payload position error

€ = Xe — ITg Cart position error

Ly(X) = 10°Ly(X) /length(X) | Ly norm

Lo(X) = 105La(X)/length(X) | Ly norm

Loo(X) =103 Lo (X) Lo norm

eq(t) =20 16:(t)] Summation of sway angles

ts For all t > t, one has |01 (t)| + |0,(t)] < 0.1°

tes For all ¢ > t.s one has |01(t)| + 0, (t)] < 0.1°, |2(¢)] < 3.5 x 0.02

and |x(t) — z4| < 0.1. Note that for all t > t.s, u(t) =0

and breaks stop the trolley and the hoisting mechanism.

Note that 6,,(¢) is the last angle (payload sway).

7.1 The studied control strategies

The control methods used in the numerical simulations are briefly introduced below:

7.1.1 Input-shaping strategy (unshaped input, ZV, ZVD)

Input-shaping is an open-loop method where the control signal is generated in an offline manner to reduce
the sway angle. Assuming that the desired acceleration of the payload is a4(t), considering the whole crane as
a point mass system, the nominal required force applied to the trolley can be calculated using the Newton’s
formula as follows:

F(t) = meay(t) (84)
where F'(t) is the control force applied to the trolley, and m; is the total mass of the system including the
trolley, cables, the hook and the payload. Since this force has been calculated without considering the load
sway, it can lead to severe load oscillations. To solve this problem, several types of input-shaping methods
has been developed in the literature. Among them, ZV (zero vibration) and ZVD (zero vibration derivative)
approaches are probably the most well-know ones. In these methods, instead of applying the control force
directly, its integral convolution with a few number of impulses A; at time steps ¢;, i = 0,1,...,n is
calculated and applied to the trolley, where for ZV and ZVD one has n = 1, n = 2, respectively. These
impulses can be calculated for ZV and ZVD using and (86)), respectively, as follows [Hong and Shah,
2019]:

1 k
t1 ta 0 de
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k k2
A Ax Ay _ (k+11)2 (kil)2 (k+1)2 (36)
t1 ta t3 0 = 2

where wy is the damping frequency and can be calculated by modeling of the whole system as an LTI
second-order dynamical system which may not be realistic enough. In this study, wg is considered as a
design parameter which is obtained based on trial and error such that the steady-state load oscillations are

minimized.

7.1.2 Collocated PD - regulation

This is a well-known control strategy which has been analyzed in several references (see for example |[Sun
and Fang} 2012} |Chen et al., 2019] for the stability proof). In this scheme, the control force is calculated as
follows:

u(t) = kpeg(t) + kaes(t) (87)

where e, = z(t) — z4 and e, = v(t) — vg, respectively. This controller has two parameters k, € R* and
kq € RT.

The control law is obtained for the single-pendulum system based on the following energy function:
1, .
E= iqTMq—&—mgl(l — cos). (88)

where ¢ is the vector of generalized coordinates, M is the mass matrix, 6 is the sway angle, and [ is the
length of the link. Note that is composed of the kinetic %qu and potential mgl(1 — cos) energies of

the single-pendulum system. Time derivative of gives:
E=iF (89)

7.1.3 Noncollocated quasi-PID - regulation

This controller has been borrowed from [Sun et all[2019]. The control law is calculated as follows:

F = —kytanh(e,) — kqtanh(e,) — kg1 tanh?(0;) tanh(e, ) — kgo tanh?(;) tanh(e,)—

(90)
k; tanh (/\261. A tanh(ex)dt) ,
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where e, (t) = z(t) — x4, and e,(t) = v(t) — vq and ky, kq, ki, kg1, kg2, A are six positive real parameters of

this controller which are designed as following inequalities:

kp +ka+ke1 + Ekgo + ki <up

k. o_ kady+ (kg1 +kpe+ds)?
P

L >0

2
ngLQ ’
dy
(my +my)gly’

Ym

V2yma’

4y +2 (TR +772) 11 +2M2 s
3dy ’

A > max

Ay +T2la 42221112
3ds ?

4vm +(m1 +mo )il +2\/§ﬁ221?2
3d1

where o £ min{(m; + my)gly, msgls, (1/2)ky}, |u| < uas, ups is the control saturation constant, (-) and )
indicate maximum and minimum values of the uncertain parameter (-), d,, d; and ds indicate the frictions

(damping) on the trolley, first and second joints. Moreover, v, and v, satisfy the following inequality:

Ymlldl* < 4"M (a)d < yarlldlf?, (92)

where M (g¢) is the mass matrix and ¢ is the vector of generalized coordinates.

The following energy function is considered to design this controller for the double-pendulum system:

E = 3¢"M(q)q + (m1 + ma)gL1(1 — cos(61)) +magLa(l — cos(fa)) + kp Infcosh(e)] + 52TM (q)q
1
+F f05 ki cosh?(¢)dr

C=Xe+ A fot tanh(e)dr (93)
§ = tanh(¢)
v = [tanh(e) sin(6;/2) 5111(02/2)]T

7.1.4 Noncollocated PD regulation

This method is basically designed for the single-pendulum system [Sun and Fang, [2012|. The control law

can be synthesized as follows:

F(t) = —kp(ex(t) — kqsin(6(t))) — ka(e,(t) — E.6(t) cos(0)) (94)

where k, € RT, kg € RT, k, € RT a