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SUMMARY
This talk will present a low-rank tensor method for parameterized linear fluid-structure interaction
problems. In this work, the fluid is governed by the incompressible Stokes equations, and we assume
a thick-walled solid model. In order to reduce the computational cost associated with the coupled
problem, we develop a low-rank tensor method based on the low-rank Generalized Minimal Residual
method. This one is then employed in an uncertainty quantification task to perform a large number of
simulations. The preliminary results show the significant reduction of the computational cost provided
by the proposed method.

Key words: fluid-structure interaction problem, low-rank method, cardiovascular mathematics

1 INTRODUCTION

In cardiovascular modeling, the patient-specific data needed to simulate blood flow may be uncertain
or even unavailable. The choice of appropriate parameters is therefore crucial since a small variation
can strongly affect the hemodynamic indicators of clinical interest. However, uncertainty quantifica-
tion tasks require efficient models due to the large number of simulations to perform for the different
queried parameters. For theses reasons, we develop a low-rank tensor method to significantly reduce
the computational cost associated with cardiovascular simulations. This low-rank tensor method is
then employed to evaluate the hemodynamic indicators for a large number of parameters in order to
assimilate patient-specific data.

2 METHODOLOGY

Let Ωf be an open set representing the fluid domain, Ωs be an open set representing the solid domain,
and Σ be the interface between Ωf and Ωs. In this work, the fluid is governed by the incompressible
Stokes equations {

ρf∂tu− div(σf ) = 0 in Ωf × R+,

div(u) = 0 in Ωf × R+,
(1)

where ρf denotes the fluid density, u denotes the fluid velocity, p denotes the fluid pressure, σf
denotes the fluid Cauchy stress tensors, given by σf = 2µε(u) − pI with ε(u) = 1

2(∇u + ∇uT )
and µ the fluid viscosity. In the solid domain, we assume a thick-walled model{

ρs∂tḋ− div(σs) = 0 in Ωs × R+,

ḋ = ∂td in Ωs × R+,
(2)

where ρs denotes the solid density, d denotes the solid displacement, σs denotes the solid Cauchy
stress tensors, given by σs = 2λ1ε(d) + λ2div(d)I with λ1 and λ2 the Lamé parameters. The
coupling conditions between the fluid and solid domains read{

u = ḋ on Σ× R+,

σf · n = σs · n on ∂Σ× R+,
(3)



where n is the outward unit normal. Completed with appropriate initial and boundary conditions,
the coupled problem (1, 2, 3) is discretized by an affine finite-element method using the Brezzi-
Pitkäranta pressure stabilization in the fluid in order to avoid the inf-sup compatibility issues and a
Nitsche treatment of the surface coupling. The resulting semi-discrete system is solved in time by the
implicit Euler scheme, leading at each time step tn to the resolution of the linear system

A(θ)y(tn,θ) = b(tn,θ), (4)

where θ = [ρf , µ, ρs, λ1, λ2] ∈ R5 denotes the input parameter and y = [u, p,d] ∈ RNx denotes the
solution.

The first part of this work concerns the evaluation of the solution y corresponding to a possibly large
number of input parameters θ1, . . . ,θNθ . For this purpose, since

A(θ) = ρfAρf + µAµ + ρsAρs + λ1A
λ1 + λ2A

λ2 +
1

µ
A

1
µ +Ac,

system (4) is first written in matrix notation as follows

AρfY (tn)Dρf +AµY (tn)Dµ +AρsY (tn)Dρs +Aλ1Y (tn)Dλ1

+Aλ2Y (tn)Dλ2 +A
1
µY (tn)D

1
µ +AcY (tn) = B(tn),

where

Y (tn) = [y(tn,θ1), . . . ,y(tn,θNθ)] ∈ RNx×Nθ ,

Dρf = diag(ρf1 , . . . , ρ
f
Nθ

)⊗ I(5Nθ)×(5Nθ),

Dµ = I(Nθ)×(Nθ) ⊗ diag(µ1, . . . , µNθ)⊗ I(4Nθ)×(4Nθ),

Dρs = I(2Nθ)×(2Nθ) ⊗ diag(ρs1, . . . , ρ
s
Nθ

)⊗ I(3Nθ)×(3Nθ),

Dλ1 = I(3Nθ)×(3Nθ) ⊗ diag(λ11, . . . , λ
Nθ
1 )⊗ I(2Nθ)×(2Nθ),

Dλ2 = I(4Nθ)×(4Nθ) ⊗ diag(λ12, . . . , λ
Nθ
2 )⊗ I(Nθ)×(Nθ),

D
1
µ = I(5Nθ)×(5Nθ) ⊗ diag

(
1

µ1

, . . . ,
1

µNθ

)
,

B(tn) = [b(tn,θ1), . . . , b(tn,θNθ)] ∈ RNx×Nθ .

Then, the solution Y is approximated by a low-rank tensor in order to significantly reduce the number
of degrees of freedom:

Ỹ (tn) = U(tn)V (tn)T ,

where U(tn) ∈ RNx×Nr and V (tn) ∈ RNθ×Nr with Nr � Nx, Nθ. The approximate solution is
finally determined at low cost by the low-rank Generalized Minimal RESidual (GMREST) method
[1].

In the second part of this work, the previous low-rank tensor method is employed in an uncertainty
quantification task.

3 RESULTS AND CONCLUSIONS

The proposed method is evaluated on the propagation of a pressure-wave within a straight tube in
two-dimensions. The parameter space is defined in accordance with cardiovascular applications as
θ ∈ [0.9, 1.1]×[0.03, 0.04]×[1, 1.2]×[1.1·106, 1.2·106]×[1.6·106, 1.8·106]. The preliminary results
show the significant reduction of the computational cost provided by the low-rank tensor method.
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